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Realizing Symmetric Set Functions as Hypergraph Cut Capacity

Yutaro Yamaguchi

Abstract

A set function is a function defined on a set family. It is said to be symmetric if the
value for each set coincides with that for its complement. A cut capacity function of an
undirected graph or hypergraph is a fundamental example of symmetric set functions, and
is also submodular if the capacity on each edge or hyperedge is nonnegative. Fujishige and
Patkar (2001) provided necessary and sufficient conditions for set functions to be realized
as cut capacity functions of several types of networks. In this paper, we consider the case of
undirected hypergraphs, which was not dealt with in their previous work. We characterize
symmetric set functions that can be realized as cut capacity functions of undirected hyper-
graphs, and present various types of “standard forms” of hypergraphs for the cut capacity
realization of symmetric set functions.

1 Introduction

A cut capacity function of a network with nonnegative capacity is a fundamental example of
submodular functions, which are set functions f: 2V — R satisfying

FX)+fYV) =z f(XUY)+ f(XNY)

for every X, Y C V. The submodularity is necessary for set functions to be realized as cut
capacity functions of networks with nonnegative capacity, but is far from sufficient. When is a
set function realized as a cut capacity function? As an answer to this natural question, Fujishige
and Patkar [2] characterized set functions that can be realized as the cut capacity functions of
the following types of networks:

1) a directed graph with nonnegative capacity on each arc,
2) an undirected graph with arbitrary or nonnegative capacity on each edge, and

3) a directed hypergraph with arbitrary or nonnegative capacity on each hyperarc, which
has exactly one specified tail.

For a finite set V, a set function f: 2" — R is said to be symmetric if f(X) = f(V \ X)
holds for every X C V. In the case of an undirected graph or an undirected hypergraph, a cut
capacity function is also symmetric regardless of the nonnegativity of edge capacity.

The symmetry of submodular functions is an important property from the viewpoint of
optimization. It is well-known that one can minimize an arbitrary submodular function in
polynomial time [3,4,10]. The fastest strongly polynomial algorithm currently known requires
O(|[VI°EO + |V|%) time [7], where EO denotes the time to evaluate the function value. On the
other hand, for minimizing a symmetric submodular function, Queyranne [8] provided a much
faster algorithm, which runs in O(|V[*EO) time.

Queyranne’s algorithm generalizes the algorithm of Nagamochi and Ibaraki [6] for finding a
minimum cut in an undirected graph with nonnegative capacity on each edge, which was also
naturally extended to the case of an undirected hypergraph by Klimmek and Wagner [5]. Based
on this fact, the class of cut capacity functions of undirected hypergraphs with nonnegative
capacity on each hyperedge seems to be quite close to that of symmetric submodular functions.



In this paper, we first characterize symmetric set functions that can be realized as cut
capacity functions of undirected hypergraphs with arbitrary capacity on each hyperedge. It in
fact turns out that there exists such a realization for any symmetric set function f: 2V — R as
long as () = 0 (Theorem 3.1). Such realizations are not unique in general, since the number of
possible hyperedges in a hypergraph with the vertex set V is 2/V!, which means that the degree
of freedom of the cut capacity realization is 2!V!, whereas that of a symmetric set function
f:2Y = R with f(0) =0 is 2lVI=1 _ 1. To fill this gap, we define various types of “standard
forms” of hypergraphs (see Section 3.2). A hypergraph with the vertex set V' in a standard form
can realize any symmetric set function f: 2V — R with f((})) = 0 as its cut capacity function by
uniquely determining the capacity of each hyperedge. Our standard forms may be useful also
for showing several properties of symmetric set functions (e.g., Proposition 4.7).

The rest of this paper is organized as follows. In Section 2, we give necessary definitions
and describe related results due to Fujishige and Patkar [2]. Section 3 presents our results: the
realizability of symmetric set functions as cut capacity functions of undirected hypergraphs,
and various standard forms for such realization. Their proofs are provided in Section 4.

2 Preliminaries

2.1 Set functions

A function is called a set function if its domain is a set family. Throughout this paper, we
consider only set functions defined on families of subsets of a finite set V', which is called the
ground set. We say that a set function f: 2" — R is symmetric if f(X) = f(V \ X) holds for
every X C V.

For a finite set V and i = 0,1,...,|V], let (‘;) denote the family of i-element subsets of V,

ie., (‘:) ={X CV ||X]|=1}. The following two propositions are special cases of the Mobius
inversion formula (see, e.g., [1,9]).

Proposition 2.1. For a set function f: 2V — R, there uniquely exists a family of set functions
@ (‘Z/) —R (i=0,1,...,|V]) such that

) =3 M)

YCX

holds for every X C V. Moreover, they are explicitly written as

FO0) =Y ()W)

YCX
for each i =0,1,...,|V| and each X € (‘l/)

Proposition 2.2. For a symmetric set function f: 2V — R and a fized element r € V, there

uniquely exists a family of set functions j}gz): {X|reXe (‘Z/) } =R (i=1,2,...,|V]) such
that
= )
Y:reyYCx

holds for every X CV with r € X. Moreover, they are explicitly written as

Xy =Y ()EWIHY) = fOX) + (X —r)

Y:reYCX

for each i =1,2,...,|V| and each X € (‘l/) withr € X.



2.2 Hypergraphs

Let V be a finite set. A pair of V and a family £ of subsets of V' is called an undirected hypergraph,
where each element of V is called a wvertex and of £ a hyperedge. We call a hyperedge E € £
of size at least 2 with a specified tail tg € E a hyperarc. In other words, a hyperarc is a pair
E = (tg,E —tg) € V x 2" such that {tg} C E C V. A pair of V and a set € of hyperarcs is
called a directed hypergraph. Although it may be more popular to assign exactly one specified
head to each hyperedge, we adopt the present way following Fujishige and Patkar [2].

A pair N = (H,¢) of an undirected hypergraph H = (V,&) and a function c¢: £ — R is
called an undirected hypernetwork. For an undirected hypernetwork N, define the cut capacity
function ky: 2V — R as

ia(X) = S {e(B) [ ENX £04 B\ X } (1)
EeE
for each X C V. Similarly, a pair N' = (7-_[, ¢) of a directed hypergraph H = (V, 5) and a
function ¢: &€ — R is called a directed hypernetwork, and the cut capacity function g 2V 5 R
for N is defined by

k(X)) =Y {c(E)|E=(tp, E—tp), tg € X, and E\ X #0}
Ee&
for each X C V. In both (undirected and directed) cases, the function c is called the capacity
function of the hypernetwork (A and N, respectively).

Note that simple undirected and directed graphs are special cases of undirected and directed
hypergraphs, respectively, with the size of each hyperedge and hyperarc exactly 2. When the
underlying hypergraph H (or 7—7) is a simple undirected (or directed) graph, we refer to the
hypernetwork A (or ) simply as an undirected (or directed) network.

2.3 Previous work

For a finite domain D, we often regard a function f: D — R as a vector in R? without notice.
For example, f > 0 means that f(X) > 0 for every X € D. For a pair of functions f: D — R
and g: D — R, f = g means that f(X) = g(X) for every X € D.

Here we describe theorems due to Fujishige and Patkar [2] that are related to our results.
These theorems correspond to the cases 2) and 3) in Introduction.

Theorem 2.3 (Fujishige and Patkar [2]). A symmetric set function f: 2" — R can be realized
as the cut capacity function of an undirected network if and only if the following conditions
hold:

() £(8) =0, and
(i) f@ =0 fori=3,4,...,|V].
Theorem 2.4 (Fujishige and Patkar [2]). A symmetric set function f: 2" — R can be realized

as the cut capacity function of an undirected network with a nonnegative capacity function if
and only if the following conditions hold:

(i) f(0) =0,
(i) f@ =0 fori=3,4,...,|V|, and
(ii) f@ <0, which is equivalent to the submodularity of f under (ii).

Theorem 2.5 (Fujishige and Patkar [2]). A set function f: 2V — R can be realized as the cut
capacity function of a directed hypernetwork if and only if f(0) = f(V)=0.



Theorem 2.6 (Fujishige and Patkar [2]). A set function f: 2V — R can be realized as the cut
capacity function of a directed hypernetwork with a nonnegative capacity function if and only if
the following conditions hold:

(i) f@ <0 fori=2,3,...,|V|, and

Remark 1. Their proof of Theorem 2.6 leads to a slightly more general result. When we assume
that a directed hypernetwork contains only hyperarcs of size at most k (2 < k < |V]), the
condition (ii) in Theorem 2.6 is replaced by the following conditions: f@ <ofori=23,....k
and f D —=0fori=k+1,k+2,..., |V|. This generalized claim extends their characterization
for simple directed graphs (i.e., k = 2) [2, Theorem 3.2].

3 Results

3.1 Realizability as hypergraph cut capacity

Analogously to Theorem 2.5, the following theorem provides a simple answer to the question:
“when is a symmetric set function realized as a cut capacity function?”

Theorem 3.1. A symmetric set function f: 2V — R can be realized as the cut capacity function
of an undirected hypernetwork if and only if f(0) = 0.

We can claim a slightly stronger statement as follows. It should be noted that Theorem 3.2
also extends Theorem 2.3 in the same direction as the extension seen in Remark 1.

Theorem 3.2. A symmetric set function f: 2V — R can be realized as the cut capacity function
of an undirected hypernetwork that contains only hyperedges of size at most k (2 < k < |V|) if
and only if the following conditions hold:

(i) f(0) =0, and
(i) fD =0 fori=k+1,k+2,...,|V|

Regarding the nonnegativity, it may seem possible to extend Theorem 2.4 to the case of
undirected hypernetworks analogously to Theorem 2.6. However, a straightforward extension
by using the submodularity and the decomposition by Proposition 2.1 fails to give a sufficient
condition for symmetric set functions to be realized as the cut capacity functions of undirected
hypernetworks with nonnegative capacity functions. The next theorem claims only one direc-
tion, i.e., shows a necessary condition for such a realization, and there exists a counterexample
for the converse direction (see Remark 2).

Theorem 3.3. If a symmetric set function f: 2V — R can be realized as the cut capacity
function of an undirected hypernetwork with a nonnegative capacity function, then the following
conditions hold:

(-1)if9 <0 fori=1,2,...,|V|,
(iii) f >0, and

f is submodular.

~— — ~— ~—

(iv



Remark 2. As a counterexample for the sufficiency, let us define a hypernetwork N = (7:[ =
(V,€),¢) with |[V| =5 as follows: let £ :={E CV | |E| =2or 4}, fix two distinct vertices
u,v € V, and define ¢ as

-1 (F={u,v})
B RN

L (E2V\{uv})

0  (otherwise)

for each E € £. Then, it is easy to check that the cut capacity function  satisfies the four
conditions in Theorem 3.3. Furthermore, we can see that there is no undirected hypernetwork
N = ((V,€),c) such that ¢ > 0 and Ky = ki by Theorem 3.5 and Corollary 4.4.

Suppose to the contrary that there exists such an undirected hypernetwork N' = (H =
(V,E),¢). Since ¢ is unique for H to realize & + by Theorem 3.5, £ contains some hyperedges of
size 3 or 5. By Corollary 4.4, a hyperedge {x,y, z} C V of size 3 with capacity 1 can be replaced
by the (g) hyperedges {z,y}, {y, 2}, {z,x} of size 2 with capacity 1/2 without changing the cut
capacity function, and so can the hyperedge V with capacity 1 by the (g) hyperedges X C V
of size 2 with capacity —1/4 and the (Z) hyperedges Y C V of size 4 with capacity 1/2. Hence,
we have

[

1 1

-1 = 6({U7U}) = C({U,U})—Fi Z C({U,U,w})—zC(V) = _ZC(V)7
weV\{u,v}
1= &V —v) = c(V—v)—k%c(V) > %C(V).

Combining these inequalities, we obtain —4 > —¢(V) > —2, a contradiction.

3.2 Standard forms of hypergraphs for cut realization

Fix a nonempty finite set V. Let F be the vector space consisting of all symmetric set functions
f:2V = R with f(0) =0, ie.,

F={feR" [f0)=0and f(X)=f(V\X) (VX CV)}.

For an undirected hypernetwork N' = (H = (V, £), ¢), the construction (1) of the cut capacity
function kp € F from the capacity function ¢ € R defines a linear mapping ¢y : R — F
(¢ = ky). We say that a hypergraph H is in a standard form (for cut realization) if oy is
bijective. Note that dim(F) = 2/VI=1 — 1 and dim(R¢) = |£|. Hence, || = 2!VI=1 — 1 if H is in
a standard form.

Here we present several types of standard forms. Note that Theorem 3.1 immediately follows
from the correctness of each standard form, which is shown in Section 4.

Theorem 3.4. Fiz an arbitrary vertex v € V, and let £, be the set of all hyperedges of size at
least 2 that contain v, i.e., & = {E |r € ECV and |E| > 2}. Then, H, = (V,&) is in a
standard form, which we call a rooted standard form (or, in particular, the r-standard form).

Theorem 3.5. Let € be the set of all nonempty hyperedges of even size, i.e., E={E|0#EC
V and |E| is even}. Then, H = (V,€) is in a standard form, which we call the even standard
form.

Theorem 3.6. Suppose that |V| is odd, and let E be AtheAset of all ‘magjority hyperedges, i.e.,
E={ECV||E|>1[|V|/2]}. Then, for any X € &, Hx = (V, E\ {X}) is in a standard
form, which we call a majority standard form.



Remark 3. Even when |V| is even, there is a similar standard form. Let € be an arbitrary
maximal family of subsets £ C V with |E| > |V|/2 such that E; # V \ B for every E, Ey € &'
Note that & contains all majority hyperedges and exact half of hyperedges of size |V|/2, and
hence |€] = 2IVI=1. Then, for any X € £ with |X| = |V|/2, Hx = (V, £\ {X}) is in a standard
form. We give a proof of Theorem 3.6 in Section 4.2, which also implies this standard form.

In advance of proofs, here we confirm that the size of each hyperedge set defined in Theorems
3.4-3.6 is indeed equal to 2/VI=1 — 1.

First, in the r-standard form, the hyperedge set is & = {E | r € E C V and |E| > 2}.
Then, for each X CV, X € &, if and only if ) # X —r C V —r. The number of such nonempty
sets X —r is equal to 21V — 1 =2IVI=1 — 1 and hence |&,| = 2IVI-1 — 1

Next, in the even standard form, the hyperedge setis € = { E | § # E C V and |E| is even }.
Since V' is nonempty, we have

M= ) -V = Y (14 (1))
XCV
= 2{X CV||X|iseven}| = 2(|€| +1),
which leads to |€] = 2IVI=1 — 1. A
Finally, in a majority standard form, the hyperedge set is obtained from & = { E C V|

|E] > [|V|/2] } by removing exactly one hyperedge X € €. For each Y C V, Y € £ if and only
if V\'Y &€&, and hence |€] = 2IVI=1. This implies |\ {X}| = 2IVI-! — 1.

4 Proofs

In this section, we consider only undirected hypernetworks, and we refer to them simply as
hypernetworks.

4.1 Rooted standard forms (Proof of Theorem 3.4)

Since we have already confirmed the equality between the dimensions of R® and F, it suf-
fices to show the following lemma, which claims that we can construct the inverse mapping of
ou RE = F (¢ = kp).

Lemma 4.1. For any symmetric set function f: 2V — R with f() = 0, there exists a capacity
function ¢,: €& — R such that Kz, = [ for Np = (H, = (V, &), ¢,), where &, ={E |r € E C
V and |E| > 2}, for an arbitrary fizved element r € V.

Proof. By using Proposition 2.2, let us define ¢, as
a(B) = —fE) = — 3 (~)EVIp) ¢
Y:r€YCE

for each E € £.. We then obtain the cut capacity function ky;, = ¢, (¢;) such that, for each
X C V with r € X (note that r € EN X for each E € &,),

g (X) = ) {e(E)[ENX #0} (3)

Eeg,

- =YY )Y

EcE | Y:reYCE

= = > Y {E)EY Y cRand BAX £0}

Y:reYCV Eeé,

= f(X).

E\X #0




This means ky;, = f since kp. (V) = 0 = f(0) = f(V). In the rest of this proof, we confirm
the last equality by evaluating the second summation for each ¥ with » € Y C V (note that
f(V) =0), which is equal to —1 when Y = X and 0 when Y # X.

Suppose that Y = X C V. Then, Y CF € &, and E\ X # () if and only if F = X U Z for

some nonempty Z C V' \ X. Hence, the second summation is rewritten as

3 DIZ = S O gzl VALl — W10 = g,

Z: (Z);éZgV\X ZCV\X

Suppose that Y\ X # (). Then, Y C E implies £\ X = (), and hence the second summation
is similarly rewritten as (1 — 1)IV\Y1 = 0.

Otherwise, we have Y C X C V. In this case, Y C E € & and E'\ X # 0 if and only if
E=Y UZ for some Z CV \Y with Z\ X # (). Hence, the second summation is rewritten as

Z (-7l — Z (- = @ —)VWI—q - )XW = o, m

ZCV\Y ZCX\Y

Remark 4. We can use Proposition 2.2 more directly to show Lemma 4.1. Let £ := &, U{{r}} =
{X |re X CV}, and define a symmetric set function g: 2" — R by

9(X) =k, ({r}) —wn (X) = Y {e(B) | EC X}
E€é&,

for each X € &/, where the second equahty follows from (3). Then, by Proposition 2.2, there

exists a unique family of set functions gr {X |reXe (‘Z/) } =R (i=12,...,|V|) such
that
g = S M) = S {glEN(E) | BC X}
Y rngX Eeé&l.

holds for every X € £/. By the definitions, we have gr ({'r}) = g({r}) = 0, which implies that
o(B) = gl")(E)
= Y (nFV¥gx)

X:reXCE
= a3 DR ()W (X)
X:reXCE X:reXCE
= = > )PV x) = —A(B)
X:reXCFE

for every E € &, (note that |E| > 2). Thus we obtain the inverse mapping of vy, : ¢ — Kp/,.

Note again that Theorem 3.1 immediately follows from Theorem 3.4, and hence it also has
been proven.

Since the construction (2) defines the inverse mapping of the linear bijection ¢y, : RE — F,
the capacity function ¢, is always uniquely determined by ng F — RE . Based on this fact,
the following corollary characterizes symmetric set functions that can be realized by rooted
standard forms with nonnegative capacity functions.

Corollary 4.2. For anyr € V, a symmetric set function f: 2V — R can be realized as the cut
capacity function of a hypernetwork N, = (H,,c,) with H, in the r-standard form and with a
nonnegative capacity function ¢, if and only if the following conditions hold:

(i) f(0) =0, and
i) £ <0 fori=2,3,...,|V|



4.2 Kernel of the cut capacity construction (Proofs of Theorems 3.5 and 3.6)

The next lemma shows the kernel of the linear mapping @« : R2" — F with respect to the
complete hypergraph H* = (V,2"), which leads to other standard forms.

Lemma 4.3. For a hypernetwork N* = (H* = (V,2"),¢*), the following capacity functions
form a basis of the kernel of oy : R & F (c* = Kp=):

e c;: 2V — R such that c(0) = 1 and c(E) = 0 for every nonempty E C 'V, and
o 2V 5 R <U € (%‘il), kE=0,1,...,[|V|/2] — 1) such that

. app (ECUandk+1< B <2k+1)
cir(B) =4 | (4)
0 (otherwise),
where a; € R (k=0,1,...,[|V]/2] =1, i=k+1,k+2,...,2k+ 1) are defined as
( ' )
L\ 2k+1—1 . El(i —1)!
- _1 2k+1—1 — _1 2k+1—1 .

2k
2k+1—1

Proof. First of all, we have dim(ker p3-) = 2IVI — (2IVI=1 — 1) = 2lVI=1 11 by the dimension
theorem since Theorem 3.1 implies that g+ is surjective. Let K* := {cf} U{¢c; | U €
(Qk:‘:—l)’ k=0,1,...,[|V]/2] — 1} be the family of such functions.

Foreach k =0,1,...,[|V]/2] =1 and each U € (2,3;1), we have ¢;;(E) = 0 for every E € 2V
with |E| > |U| and E # U, and ¢};(U) = oy 2,+1 = 1. Based on this fact, it is easy to confirm
that K* is linearly independent. It is also easy to see that |K*| = 2/VI=1 41, ¢y € ker pg4+, and
C?v} € ker 3+ for each v € V. Hence, it suffices to show that c; € ker o3+ for each U C V' with
|U| = 2k + 1 for each k = 1,2,...,[|V|/2] — 1. Fix such k and U, and define a hypernetwork
NG = (H*, ¢fy). We show #pr2 = 0 below.

Let 5;}71. = (lZ]) fori = k+1,k+2,...,2k+1 and &; = U?Ecil 5[*],1-. We then have
¢ (E) = 0 for every E € 2V \ & by (4). Hence, for each X C V with k+ 1 < [ X NU| < 2k
(note that X N E # () for each E € &), we have

vy (X) = Y {H(BE)| ENX #0}
Eegy
2k+1

= > > {ani | ENX#0}

i=k+1 E€E},

2k+1
= > ani(El - {E€e&, | ECXY)
i=k+1
2k+1 | XNU]|
2k+1 XnU
= D ak( . )— > %(' Z. ') = g(IX nU).
i=k+1 i=k+1

We shall prove g(j) =0 for j =k+ 1,k +2,...,2k.



First, we check the value of g(2k):

2k
2k +1 2k +1 2k
g(2k) = ak,2k+1<2k+1>+lz ak,i(( ; >_<z)>
i=k+1
B Zila <2k>
- ki 1

1=k+1

i= k—l—l

B 2’““ . l<2k:+1—z) ( 2/<;>

-1
k:—i—l—z

2k+1
— 2k+1 i
2k + 1 —1

1= k+1
k y
= ;::0(—1)’ <Zk,> = (1-1F =0

Next, we confirm that g(j +1) —g(j) =0 for j = k+ 1,k +2,...,2k — 1, which inductively
completes this proof:

WAD-g) = 3 ons(]) - 5 oni(V1)

i=k+1 i=k+1
j+1 < )
i=k+1
Jj+1 a .
l
o £ 25(2)
’ zzk;»l ak’jJrl
J+1 .
= g Y (S (=D = F)! J!
s =G+ OG- GO
J+1 j _k
= —op . an =0 O
i=k+1

Since gy : R2" 5 Fis surjective by Theorem 3.1, Theorem 3.5 follows from the next
corollary, which implies that the quotient space R2" / ker g+ is isomorphic to Rg, where £ =
{E |0 # FE CV and |E| is even }. This corollary can be seen by straightforward calculation
using (4) in Lemma 4.3 repeatedly.

Corollary 4.4. Let N* = (H* = (V,2"),c*) be a complete hypernetwork. For any positive
integer k with 1 < k < [|V|/2] — 1 and any vertex subset U € (2k+1) &2V = R defined as

follows is in the kernel of o= : R2 5 F (" = Kkpn):

1 (E=U)
cy(E) =4 Brjp (0# ECU and |E| is even)
0 (otherwise),

where P ok+1 = —1 and Bi,; € R (i =2k,2k —1,...,2) are recursively defined as

min{i—1, k}

2k4+1—1
/Bk,i = Z (2] +1— >/Bk 2j4+1%;54
j=Ii/2]



by using the constants aj; € R (j = 1,2,...,[|V|/2] =1, i =j+1,j+2,...,2j + 1) defined
as (5). Moreover, {c§} U {C’EU} lveV3iu{e |Ue (21211) and k=1,2,....[|V]/2] =1} is a
basis of ker pg=.

Next we prove Theorem 3.6. Since we have already confirmed |€] , it suffices to

show the following lemma similarly to the proof of Theorem 3.4 in Section 4.1.

Lemma 4.5. Suppose that |V| is odd, and let £ :== { E C V | |E| > [|V|/2]}. Then, for any
symmetric set function f: 2V — R with f(() ) = 0, there exists a capacity function éx : 5\{X} —
R such that k. = [ for Nx = (Hx = (V, E\{X}), éx), for an arbitrary fized hyperedge X € £.

Proof. Since Lemma 4.3 claims that cj, : 2V — R (whose domain can be regarded as & since
ey (Y) # 0 if and only if [Y| > [|V|/2]) is in ker *, it suffices to consider just one X € £
Fix arbitrary X € £ with |X| = [|V]/2], and let £x := & \ {X}. We then have

R (V) = D {ex(B) | B\ Y #0} (6)
Eeéx

for each Y C V with [Y| > [|V|/2]. Since X cuts all hyperedges in £x and each other Y C V
with [Y| > [[V]/2] cuts all hyperedges in Ex of size at least |Y| but Y € Ex itself, we can
determine éx: £x — R from & Ary recursively (in the ascending order of the size) as

ex(B) = kg (X)— kg (B)— > {éx(F)|E CE} (7)
Ereéx

for each E € Ex. This construction (7) defines the inverse mapping of the linear mapping
Y5, Ex = F (éx > Ky ) defined by (6). O

Remark 5. Similarly to Remark 4, we can obtain a more direct expression of the construction (7)
by applying the Mobius inversion formula over a partially ordered set (€, C) (see, e.g., [1,9]) to
a set function g: £ — R defined as

9Y) = rg (X) —ng (V) = S {éx(B) | EC Y}
Eeéx

for each Y € £. Here we omit the straightforward calculation and describe only the result:

éx(B) = (—1)IE=TVI21 <|E|‘f|(|_vl\/2}>ﬁNX(X) _ Z {( 1)EW]g ‘ Y C E}

Ye€&

4.3 Decomposition of cut capacity functions (Proofs of Theorems 3.2 and 3.3)

The following lemma shows the decomposition of the cut capacity function of a hypernetwork
into the i-th components (i = 0,1,...,|V]) (see Proposition 2.1).

Lemma 4.6. For any hypernetwork N = (H = (V,£),c), we have
0 (i=0)
> «(B) (i is odd)

- Z c¢(E) + 2¢(X) (i is even and i > 0)
E: XCFEe&

for each i =0,1,...,|V| and each X € (‘:)
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Proof. The case of i = 0 is obvious. Fix an integer i with 1 <1 < |V|. By Proposition 2.1,
XY = 30 ()W) (®)
YCX
for each X € (‘Z/) For each hyperedge E € &, let us count the contribution of its capacity ¢(F)
to the right-hand side of (8).
Case 1. Suppose that E C V' \ X. Then, ¢(F) does not contribute to kp/(Y) for every ¥ C X.

Case 2. Suppose that £ C X. Then, for each Y C X, ¢(FE) does not contribute to xpr(Y) if
andonlyif ECY orYCX\E,ie,Y=EUZorY = Z for some Z C X\ E. Hence, the
contribution of ¢(F) to the right-hand side of (8) is

Z(_l)\X\Yl_ Z (—1)IX\EVA) Z (—D)IXNV) o(B)

YCX ZCX\E ZCX\E
_JO=(=D) = (=) e(B) (E=X)
o (E C X).

The former value is equal to —2¢(X) if | X| = ¢ is even, and 0 otherwise.

Case 3. Otherwise, we have ENX # 0 # E\ X. If X C E, then ¢(F) contributes kp(Y") for
every nonempty Y C X, and hence the total contribution to the right-hand side of (8) is

¢(E) (|X|=11isodd)

—)WH By = (1= )X = (—1)XT) o(B) =
Z (—1)X\ | () ((1 DX (1)X) (E) {—c(E) (|X| =i is even).

Y: 0#YCX
Otherwise, i.e., in the case of X \ E # 0, ¢(F) does not contribute to xx/(Y) (Y C X) if and
only if Y C X \ E. Hence, the total contribution is 0 similarly to Case 2. O

Let F/ := {f € R?" | f(X) = f(V\ X) (VX C V)}. Theorem 3.5 and Lemma 4.6
imply Proposition 4.7, which claims that the decomposition of symmetric set functions by

Proposition 2.1 defines a linear bijection from F' to R(0) xR(2) .- -XRG%) where n := ||V]/2].

Proposition 4.7. Let V be a finite set. For any family of functions fo;: (22) — R (i =

0,1,...,|V|/2]), there uniquely exists a symmetric set function f: 2V — R such that f) = foi
fori=0,1,...,||V|/2].

Proof. For any f € F', there uniquely exist f € F and a € R such that f' = f + a1, where
1 € R?" denotes the all-one vector. We obviously have o = f/(0) = f'9(0), and hence it
suffices to show that the decomposition of symmetric set functions f € F (i.e., with f(0) = 0)
defines a linear bijection from F to R RG:) x R(D) x ... x RGA).
Recall that the linear mapping ¢, : RE - F is bljectlve (Theorem 3.5), where H = (V, £ )
and £ = {E | ) # E C V and |E| is even }. Moreover, for any hypernetwork N' = (#, ¢é),
: & — R is recursively (in the descending order of the size) determined from mj(?[l) € R(:)
(i =1,2,...,n) as follows by Lemma 4.6:

- 1 E -
iE) =~ R 02) RN S 050 (9)
E': ECE'c€
for each E € £. This means that the linear mappmg goe"en. ¢~ (nﬁ\?/) j(é), cel 5\2/ )) is also
bijective, and hence the composition gpe"e“ogo P i (/1/((2/), K,jé), . /{5\?[ )) is a linear bijection
from F to R(2) x R(3) x ... x R(za), 0
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We finally give proofs of Theorems 3.2 and 3.3.

The proof of Theorem 3.2 is almost done by Theorem 3.5 and Lemma 4.6. Take arbitrary
f € F. If there exists a hypernetwork N’ = (H = (V,£),¢) such that knr = f and |E| < k for
every E € £, then we have f()(X) = IQJ(\Z[)(X) =0 for each i = k+ 1,k +2,...,|V| and each
X e (Y) by Lemma 4.6. To the contrary, if we have f)(X) = 0 for each i = k+1,k+2,...,|V|
and each X € (‘Z/), then é(E) = 0 holds for every E € £ with |E| > k + 1 in the even standard
form H = (V, ) (see the construction (9) of & from )> which leads to a desired hypernetwork.

Theorem 3.3 is almost obvious, where we note that the condition (ii) follows from Lemma 4.6
and that the condition (iv) is a well-known property of cut capacity functions of hypergraphs
with nonnegative capacity.
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