A MULTIPOLE BOUNDARY ELEMENT METHOD
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Abstract. The boundary element method requires discretization only on the boundary. How-
ever, O(NS) work and O<N2) memory is usually required, where N is the number of boundary
elements. To avoid these problems, Rokhlin proposed the multipole method for the potential prob-
lem. This paper extends the method to the two dimensional elastostatic problem. Formulations are
given for the Dirichlet, Neumann and mixed boundary value problems, including the evaluation of
the internal stress. The method requires O(NN log N) work and memory. Theoretical error estimates
for the multipole expansions are also derived. Numerical examples demonstrate the efficiency of the
proposed method compared to the standard techniques.
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1. Introduction. The Boundary Element Method (BEM) [1] has become a pop-
ular simulation method in science and engineering in recent years. Its main advantages
are the following:

1. Discretization is required only on the boundary of the region being considered.
This also holds when the region is infinite, making the method even more
attractive.

2. The field variable and its derivatives are calculated accurately using all the
data on the boundary, instead of local interpolation or numerical differentia-
tion.

3. Discontinuities such as cracks may be treated accurately by the use of singular
fundamental solutions.

However, the method is not necessarily computationally efficient for large scale
problems. This is because the method involves solving a system of linear equations for
the unknowns on the boundary, where the matrix is dense and nonsymmetric. If the
boundary is discretized into N boundary elements, the standard LU decomposition
procedure would require O(N?’) computation and O(NZ) memory, which becomes
prohibitive as N becomes large, as in three dimensional problems, and even for two
dimensional problems if the geometry i1s complex, as in regions with many holes.

The last decade has seen the development of efficient iterative solvers for non-
symmetric systems of linear equations such as GMRES [5] and Bi-CGSTAB [6] in
conjunction with the use of efficient preconditioners. Although these methods have
been mainly addressed for sparse systems arising in the finite difference or finite el-
ement methods, they may also be applied to BEM. This would reduce the amount
of computation, provided the number of iterations is less than O(N). However, the
memory required to compute the matrix vector product is still O(NZ), and 1t is this
fact, more than the amount of computation, that hinders the use of BEM for large
scale problems, since the actual elapsed time is governed by the memory size.
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In order to resolve this problem, Rokhlin proposed the multipole expansion method
for the two dimensional potential problem [4]. The method computes the above matrix
vector product approximately (to any required accuracy), with O(N log N) compu-
tation and memory, by clustering the effect of the distant boundary elements using
multipole expansions. Greengard et al. improved the method to O(N) (the fast mul-
tipole method), and generalized it to three dimensional potential problems [3] and
multiply connected domains [2].

In this paper, we propose a multipole expansion method for the two dimensional
elastostatic problem. The elastostatic problem is computationally more intensive com-
pared to the potential problem, since it requires d-unknowns per boundary element
for the d-dimensional problem, instead of one. Moreover, the fundamental solutution
of the elastostatic problem is more complicated compared to the potential problem,
so that a new formulation is required in order to apply the multipole method.

2. Boundary element formulation of two dimensional elastostatics. [1]
Throughout this paper, the Greek characters a, # and v will be used to indicate the
coordinate components, and the Roman characters ¢ and j will be used to represent
the boundary elements, i.e. o, 3,7y = 1,2, and ¢,5 = 1,2,..., N, where N is the total
number of boundary elements.

Let @ be a point in a domain Q in R? ie. @ = (x1,22)T € Q. The partial
differential equation governing the two dimensional elastostatic problem is given by

(1) Za"“ﬁ “ba(x),  af=12

(9l‘@

where (04p5) represents the stress tensor. To simplify the argument, the body force
term b, is ignored in the following. The relation between the stress tensor and the

displacement
_ [ w(=)
u(x) = ( ws () )
is given by
_ 1 /0uy  dug
(2) Oap = /\(Sa@ ZE’Y’Y + Q/JE(X@, €ap = 5 <3l‘@ 3l‘a)

~y

where €, is the strain tensor, 6,5 is the Kronecker’s delta, and A, p are Lamé’s
constants.
The boundary condition for (1) is given by

(3) U = ﬂa T C F&D)a
(4) Po = Y oapmp=pa  well,
where

't 4 1N = 1 = 90,

n 1s the unit outward normal vector at @ € I', and p = p, 1s the traction at « € I'.



Let uzﬁ(az;azo) be the fundamental solution of (1) in terms of the displace-
ment, and let pzﬁ(az;azo) be the traction caused by uzﬁ(az;azo). The closed forms
of uls5(®; ®o) and p;,4(w; @o) are given by

1 1 rar@
* = ———<(3—-4v)1 — 16,
Vo = gy (s () st

-1 or 2r,r N — Ngr
= = 21— w8, a'f 19yl Bl
pozﬁ 47"(1_1/)7’ [8n {( V) ﬁ—i— 7” } ( V) r I

where » = & — &g, r = |r| and J/0n stands for the normal derivative @ € T'. Besides,
v is the Poisson’s ratio given by 2v = A/(A+ p). Then, (1) and Gauss’s theorem give
rise to the boundary integral equation

(5) —uCY —I—Z/pa@ (y; x)up(y)dT(y Z/ (y)dI'(y), =e€T.

Next, the discretization of (5) is considered. First, the boundary T' is approxi-
mated by N line segments, i.e.

where Y represents the union of sets without any intersection except for their bound-
aries. Fach I'; is called a boundary element. Let @; be the representative point of I';,
e.g. its mid point. Also assume that u,(®) and p,(#) remain constant within each
boundary element I, i.e.

Uiq = UQ(QB), Pia = Pa(w), S FZ

Then, (5) can be discretized as

(6) Wa+§:Wﬁ/)RwyﬂmdF E:M@/ s(y;xi)dl(y).

Let
Jia,jg = / UZﬁ(y;wi)dF(y),
. 1
hiajp = Pa@(y,wz)df( Y)+ 58apbiy,
G = (ma,m) H = (hia,jp)
U = (U11 U1z Uzl "'UNz)T, P= (P11 P12 P21 "'PNz)T

Using these notations, (6) can be expressed in matrix vector form as

(7) HU = GP.

(U™

Let

j21)
( P )



where the entries of U™) and P™) are the values of u;o and Pia, Tespectively, on
@) and the entries of UN) and P™ are the values on I'™). Then U™ and PV

are known values, and U™ and P®) are unknown values. By bringing the unknowns

to the left hand side, equation(7) yields a system of linear equations
j21) U®)
(8) ( -G g ) ( U(N) ) = ( —H®) G ) ( P(N) ) )

where (—G(D) H(N)) 1s a dense non-symmetric matrix.
3. The multipole method.
3.1. The basic idea of the multipole method. In the standard boundary

element method, (8) is solved using LU decomposition, requiring O(N?’) computation
time and O(NZ) memory.

If one were to apply iterative methods such as GMRES [5] or Bi-CGSTAB [6] for
the non-symmetric system of linear equations, computation time may be reduced pro-
vided the number of iterations is less than O(N). However, memory and computation
time of O(NZ) is still required to perform the dense matrix vector multiplication for
each iteration. Hence, one would like to reduce this bottleneck.

Let us, for the moment, consider the Dirichlet problem, where P is to be solved
for given U in equation (7). Then, in order to apply an iterative solver, one must
be able to evaluate the inner product between any row vector of G and an iteration
vector

_ T
q= (Q11 q12 421 - .- QNz)

to compute Gq.
From (6), the inner product related to the observation point @; is given by

N
Lo = Z/F > sy @i)gipdl(y).
=173

Define an) as the set of boundary elements I'; which are near x;. Assume that

the size of the set an) is a constant independent of N, and let
Y =p -,
To distinguish between the contributions of an) and Fgf) to I;w, denote I;, as

Lo = S 1 +3 10,
B B

Iy = /F(D)UZ@(y;wi)qmdF(y),

f *

First, the near contribution IZ»(;]) is calculated directly using

(n) _
Lins = Z Jio, 8958
rycr
4



where

Jio,jB = / UZ@(y;wi)dF(y)~
i
Next, consider the calculation of the far contribution Il(i)ﬁ Construct clusters Gy,

by assembling boundary elements I'; which are included in Fgf). Gy, satisfy
(9) Gp EZF]', Fgf) = ZGh,
J h

i.e. Gy, is a disjoint union of boundary elements I';, and Fgf) in turn is a disjoint union
of clusters GGj,. The clusters must be formed so that there exists C}, for each cluster
G, such that

|w2_Ch|>2|y_Ch|a vyEGha

as shown in Fig. 1. Cy, is called the center of cluster Gy,.

In order to reduce memory and computation time, the Gp’s are formed so that
they can be shared among different ;’s, and so that the total number of clusters Gy,
is O(N). Once the clusters Gy, are formed, one chooses which clusters Gy, are required
to form Fgf) before calculating each I;,5. Let H; be the set of indices h of G which

are required to form Fgf). We will refer to H; as the cluster list for ;. Then, (9) can
be written more precisely as

I = 3" Gy

heH;

More specifically, the clusters G}, are formed by recursively halving the rectangular

FiG. 1. Observation point, source point and cluster.

region containing €2 in alternate directions and assigning a cluster G to the set of
elements contained in the sub-rectangle, as shown in Fig. 2.

5
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FiG. 2. Formation of clusters Gy,

Let r =y — @;, » = |r|. If we can expand each term of equation
I(f) — * Vg adl
REEEDY | uip(yiedgadl ()
h h

(10) - Zh: m /G {(3 —4v)log (%) g + 252 } 42T (y)

into Taylor series around C',, and truncate them at the p-th term to obtain

(11) DO F(ai — Cusk) e(Gh, k),

where ¢(Gp, k) is independent of ®;, and p & log(§), where § is the required accuracy
in computing the inner product, then ¢(Gp, k) can be used to calculate inner products
for many @;’s, thus reducing the total computation time and memory in computing
the matrix vector product Ggq.

3.2. Multipole expansion of the two dimensional elastostatic kernel.
First, consider the expansion of the term

/G log(r)g;5dT (y),

in the first term of (10). For convenience, identify R? with the complex plain C and
regard @;,y, Cy € C. In other words, regard @ = (2 z5) € Rlasw=ua,+iz,€C
and so on. Then,

/G log(r)gjpdT(y) = Re / log(; — y)g55dT'(y)
= Re/G { log(®; — Ch) + Z %%}QJﬁdF(y),

6



k
where
ag(Gp, k) = / (y — Cr)qjpdl(y),
G
log(), k=0,
fla; k) = { 1 k=1,2,...,
T
and
o a@(Gh,O), k‘ = 0,
Aﬁ(Gh,k):{ —%a@(Gh,k), k=1,2,...

Hence, the form of (11) is obtained by truncating at the p-th term.
Next, consider the second term of (10) with o = § = 1. Still regarding » = r1+ira,
the equation

" 1 1 (y — Cn)*
— = Re— =—Re = —Re —_
7“2 r (azZ»—Ch)—(y—Ch) Z .

leads to the expansion

2
Ch)
r—lz—RE (y—C) —————Rer

r

(y—Cn)"*
= Re Z Th)k‘l'l Re(ilfz - Ch)

(y — Ch)k
—Re ———————— 3 Re(y — Cp).

Besides, since Re z; Re z2 = Re (21 Re z2) for arbitrary complex numbers z; and za,

/Gr%qmdf() = Re /G ZMRe(azi—Ch)qj@dF(y)

e~ (332 _ Ch)k+1
(y—Ch
/ 3”1 Re(y — C1)qj5dl(y)
Gr k>0 Ch)
If we now let
Gk = [ (= O Rely - Colspdl(w),
Gr
Gty = [ (- C)lmly - Crgsodl (),
Gr
R Rex
x
; Imax
x



we obtaln

Zf(r) Ch k—i—l)a@(Gh,k)

2
(13) / 2qmdF = Re
G, T

—Re

> fwi — Chsk + 1)l (G, k)
k

Hence, the second term of (10) can also be expressed in the form of (11). From (10),
(12) and (13), we have

(14) 8ru(l— )Y = (40— 3)Re Zf — Chi k)AL (G, k)

+Re Zf(r)(azi —Chik+Dai1(Gh, k)
Bk

—Re Zf(azi—Ch;k—l—l)a(lr)(Gh,k) ,

where ag(Gp, k), (r)(Gh, k) can be shared by many @;’s
Similar results follovv for « =1, 7 =2 and « = 2 by replacing Re by Im.

3.3. The procedure for computing the inner product. In order to eval-
uate the inner products which constitute the matrix vector product in the iterative

solver, we take the following procedure. First, the values of ag(Gh, k), ag)(Gh, k) and
ag)(Gh, k) are computed for all the clusters Gj. The amount of computation for this

step is O(N log N), since the time to compute ag(Ghy, k) (r)(Gh, k) and ag)(Gh, k)
for all the clusters Gj at any level [ is proportional to N, and the number of levels of

clusters is O(N). Fig. 3 shows a one dimensional schematic diagram.
Gy

G2 GS

FiG. 3. Clusters Gy, at level .

Next, the inner product for each observation point #; are computed using (14).
The cost of computing an inner product for one observation point ; is O(log V), since
an O(1) number of clusters are required from each level. Hence, the total computation
for the inner products for all the points a;, i =1,2,... N is also O(N log N).

Thus, we can conclude that the amount of computation to solve the original
system of linear equations (6) by an iterative method is O(N log N) per one iteration.

8



(One may improve the order to O(N) using techniques similar to those in [3].) Hence,
if M iterations are required to solve equation (6), the total amount of computation is
O(MNlog N).

If we adopt the Bi-CGSTAB method [6] as the iterative method, all we have to
save are ag(Ghy, k), ag)(Gh, k), ag)(Gh , k) and some 2 N-dimensional vectors, all of size
O(N). This reduces the memory requirement to O(N log N). Note that the memory
required is O(N) for storing ag(Ghp, k), ag)(Gh, k), ag)(Gh, k) (floating numbers), but
the memory required for storing the integer list of clusters related to each observation
point @; is O(N log N'). However, the number of iterations M may become large if the
problem is ill-conditioned. On the other hand, if we adopt the GMRES method [5], it
is guaranteed that M is not larger than the number of unknowns 2N, in theory. But
the memory requirement is O(M N), since we must save all the Krylov bases. Then,
the memory requirement increases with M.

3.4. The computation of the known vector for the Dirichlet problem.
In the standard technique, the computation of the right hand side HU of (6), or the
known vector, also requires O(NZ) operations, although the memory requirement is
O(N). The multipole method can also be applied to this phase.

Let the inner product between the row vector of H and the temporary vector g
related to the observation point ®; be J;o3, and let the part of J;o5 due Fgf) be JZ»(i)ﬁ.
Then, we have

f *
JZ»(Q)@ = Z/G Do (¥ 2:)q;dT (y)
I3 3

— Z/ _71 ﬁ (1_2y)6aﬁ+27°a7°,6 +(1_2y)w dF(y).
n Gn 871

dr(1—v)r P2 r

Now consider the Taylor expansion of each term of JZ'(?@ around C7,. First, since

n 1Jr n . Mor] — Ny
—=-—+4i— -
T r dn 2 ’
%g_;; and (nary — nirs)/r? can be expanded as
10 - Cp)f
Lo Re™ mRe a3 WO
ron 7 i kzo(wi_ch) ]
— —C.\*
LA ILP R o B/
T r i E>0 (wz - Ch) |
Hence, we obtain
1 9r (y—Cn)’
gipdl(y) = Re / n gipdl(y) |
/ ron @ ish(@—C )et

/ MM AlGy) = / ny
Gr




or letting

we have

/ lﬁdF(y) Re Zf(wi—ch;k)b(Gh,k-i- Dy,
k>0 ]

Nary — NTr
L%df(y) = Im | f(@i— Cu;k)b(Gh k + 1)
h

r

30 ]
Next, the equation
1 9r 2riry B 1\?
;% 7:2 = —Re (’r‘n) Im (;)
_ (y—Cp)"
= Re(rn)Im k+1)———
{Z (O

leads to

| Rettw=com) Yo+ 1>(?’j70’”dr<y>]

= (332 Ch)k+2

—Im

/G Re {(x; — Cr)n} Y (k+ 1)Mdr(y)] :

E+2
k>0 (@ = Ca)™"
where 7 denotes the complex conjugate of n. If we define

b (G k) = Re(n)(y — Ci)'q;5d(y),

bg)(Gh, k) = Im(n)(y — C1)*q4j5dT(y),

b(Gn, k) Re(y — Cr)Re(n)(y — Cr)*q;5dT (y),

b (G, k) Im(y — C)Im(n)(y — C1)"q;5dL(y),

we have
19r 2riry
- dr
/Gh ron r? W)

- Imlz {bg”(Gh, k) + 657 (G, k)} f(mi = Chik+2)

E>0

—Imlz {bg)(Gh, k) FO (@ — Crsk+2) + 65 (G, k) fO (s — Crsk + 2)}
E>0

10



Finally, we are left with the expansion of

19r ryr,
-

ron r
Instead of expanding this term, we expand the term

2 2
19rr] —7r;

ron 2

This is sufficient, since the expansion of

Lorriard_tor
ron > ron
has already been obtained. Since
1orri—r2 _ 1\’
P = Re(rn)Re "
(y—Cn)F
= Re(rn)Re (k+1)—————— >,
{go (wi_ch)k-I—Z
we obtain
1orr? — 2
- dr
[ ot
(y—Cn)'
= Re / Re{(y—Cp)n} > (k+1) dT'(y)
G, kZZO (x; — Cp)F+?
(y—Cn)F
—Re / Re{(w; — Cp)n} ) (k+1) dT'(y)
G l;) (azi—Ch)k"'z
= R k4 1) 48U (G, k) 4 650 (G, b . — Chi k42
e| >k +1) 1557 (Gn, k) + by (G, k) | [ = Cuik +2)
E>0
—Re| 3 {b (G k= 1) i - Chik +2)

E>0

—I-bg)(Gh, k—1)fD(@; — Chsk + 2)}

By the above argument, equations such as

—4n(1-v)J ]

= 2(1-v)Re [Z f(®i — Chik + 1)bs(G, k)]

E>0

S+ 1) {657 (G, k) + 5" (G k) F s — sk +2)
k>0

+Re

11




—Re Z(k +1) {bg)(Gh, k—1)f" (2 — Chik+2)

E>0

+55 (G, k= 1) D (i — €k +2) }

are obtained.

So far, we have only treated the Dirichlet problem, but we can similarly treat the
Neumann problem or the mixed boundary value problem, by exchanging the role of
the known and the unknown variables.

3.5. Calculation of the interior displacement and stress. Once all the
quantities u;j3 and p;s on the boundary I' are determined by the above procedures,
the displacement w(#) at any interior point @ of the region Q can be computed using

(15) o) = —Zu]@/ Poslys +Zpﬂ/ (i) (y).
If we define

=30 [ wisli)ilw) =3 up [ shatwa)iro)
(15) becomes

(16) ua(@) =Y {lap(x) = Jas()} .
B

In the following, we show how to compute I,z(#) and J, () using the multipole
method. Similar to sections 3.1 and 3.4, let F(n)(az) be the set of boundary elements
T; which are near @, and let T")(2) = I — T™)(z). To distinguish the contributions
of T (&) and TM)(x) to Ig(z), let

Lp(x) = 1) (w)+ 10)(x),
1@ = [ ),
F(n)(az)

T *
1@ = [ i)
r(e)

Similar to the calculation of Il(a)ﬁ of (14), the Taylor expansion of I(fg(az) around
C'j, leads to the equations

p
(17)  Smu(l—)IY(x) = (v —3)Re| > 3 fle — Chik) Ai(Gh k)
heH; k=0
P
> (@ = Cusk+ 1) ar(Ga, k)
heH; k=0

(]

bl

P
S flx— Cuik+1)al)(G k)
k=0

s k=

12

T

he



etc. Jop(x) can also be calculated in a similar way.
Next, consider the calculation of the stress oog(x) at an interior point . From
(2), in order to calculate onp(®), it is sufficient to calculate

g
(91‘@

(@),

which, in turn, can be derived from
Oay ()
(9l‘@ ’

The contribution from F(f)(az) of the above term can be obtained by differentiating
(17) by @, for instance,

(f)
871'”(1—1/)81(191736(133)
p
= (Av=3)Re | > > (=k)f(x— Cpik+1) A(Gn, k)
heH; k=0
P
+Re | D Z{f(w —Cusk+1) = (k+ 1) f") (e - Ch;k+2)} ar (G, k)
heH; k=0
p
+Re ZZ<k+1)f(93—ch;/€+2)a(1r)(Gh,k) ,
heH; k=0

where it is important to note that Ag(Gy, k), ag(Gp, k) and ag)(Gh, k) are indepen-
dent of the variable .

3.6. Analytical formulae for the coefficients. The coefficients ag(Ghp, k),
(G, k), a} (Gu k), bs(G k), b3 (Gu, k), 03(Ga k), 057 (G, k), 057(G, k) de-
fined in section 3.2 and 3.4 can be calculated analytically, if constant straight line
elements are used for the discretization. Of course, this is more accurate and efficient
compared to numerical integration.

Let X; and X; be the end points of the straight line element I';, and let Y; =
X;—Cp, Z; = X; — C'p. Then, we have

Z;-Y;| 1
—Ccp)far _ =Yl L ey
/Fj(y h) (y) Z]'—Y]' k‘—l—l( J J )
If we define
(18) 010 = [ (= O,
we have

_ |ZJ' _Yj| 1 k+1 k+1
(20) ag(G, k) = Y ap(Ty k).

I';CGn



Similarly, if we define

(21) W0 = | O Rely ~ Ougypal o).

(22) k) = [ (= Cnfimiy = Cugsd )

we obtain
af (T, k) 7Reéfi_Y§f)aﬁ(rj, k+1)

(23) L i —Y;)Re(Z; +21;]Z)]:};“f]()z] ~Y;)(Z;+Y)) as(T5, k)
o (G, k) = D dP(Ty k).

ag)(Fj , k) is calculated similarly by replacing Re by Im. Further, we have
Gh, Z b@ b@(F]’,k‘) = na@(l“j,k).
r;CGy
Formulae for the other coefficients can be derived similarly.
4. Theoretical estimation of the error due to the multipole expansion.
Let as(L, k), Ag(L;, k), a5 (T;, k), al(T;, k) be the values of as(T;, k), Ag(L;, k),

agr)(Fj,k), ag)(Fj, k), respectively, for the case ¢;3 = 1. Then, the entry g;; j; of the
matrix G satisfies

8mu(l — v)gi1 ;1 = (4v — 3)R, Zf —Chik) l(Fjak)
E>0

Zf(r)(wi — Chik+1)ay (L, k) p — Re Zf(azi —Chik+ 1)d(1r)(rjak)

E>0 E>0

The multipole method truncates the above infinite series at the pth term. Then
the error AG = (Ag;a;p) in approximating G by the multipole method satisfies the
equation

(24) 8ru(l—v)Agiij1 = (4v—3)R Z f(®i — Cri k) 1(Fj’k)
k>p

e (@ — Cik+1)ar (T, k)

k>p

3" f(@i - Cusk+1)a"(T, k)

k>p

In the following, we derive an upper bound for Ag;1 ;1. By physical considerations,
we have 0 < v < 1/2, so that

(25) l4v — 3| < 3.
14



The inequalities

1zl _1 ¥l _1
x; — O, 2 x; — O, 2
C ’ C
and (19) give
Z-_Y. gk+l _ yktl
|f(x; — Chsk)apg(Ly, k)] = 12; Y] ! ! -
k+1 (2 -Y;)(xi — Ch)
radius(T;)
Since A@(Fj, k)= —ag(T;,k)/k, we have
- radius(T)
(27) |f(xi — Chik) Ag(Ly, k)| < T_lj, k # 0.

Thus, we obtain the inequality

radius(T';)

(28) |[f ) (@i — Crik + 1) ap(Ty, k)| < |f(w; — Chsk)ag(Ty, k)| < =

Moreover, from (23) we obtain
(@i = Chik+ 1) a3 (T, k)|
< f(wi = Cnik 4 Dag(Gr, k+ 1))

|1Z; —Y,;||Z; + Y] )
|fazi—Ch;ka Gh,k’|.
2((Z; =Y j)(x; — Ch)| ( Jas( )

Thus, (26) gives

|[f(e; — Cpik+1) dgr)(Fj, k)| < radius(T;)/2% 4 radius(T;)/2"
(29) = radius(T;)/2°71.
Hence, (24), (25), (26), (27), (28) and (29) give

3 .
[87p(1 — v)Agin ja| < Z (E +1+ 1) radius(T;)/2F~1
k>p

3
—— 42 ) radius(I';) /2P~
< (p—|—1+ )ra ius(T';)/

Noting that 0 < v < 1/2, we obtain

dius(I'; 3 1
Aginin| < radius(T';) ( n 2)

T p+1 an

Similar arguments lead to

dius(T:) [ 36, 1
|Agiagsl < — ius(T;) ( 2 +2)

T p+1 2rtt
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for general o and 3. Hence, we arrive at

radius(L';) [ 36ap 1
AG|lee = Agia i J 2
|AG| max ]'E@ |Agia,jsl < max ;ﬁ: _ (p—l— 1 T%) 1
(30) < L2 )t
- mp\p+l1 2ptl’

where L is the perimeter of the boundary I'.
Similarly, an upper bound for AH = (Ah;q jg), which is the error in the approx-
imation of H is given by

(3p + 8)radius(T;)
2p+1ﬂ'|a§l’ — Ch| ’

|hia,jp| <

so that

3p+8 radius(T';)
AHl. = o ikt Sult' VA
| loo HZ{%YXZ| iojol < 9P IniaX Z Z |z; — Cy|
3P heH;T;CGp
If the number of elements N is sufficiently large, most clusters Gp, except for a
constant number of large clusters, can be regarded as straight line segments. For
these clusters G, we may assume that

Z radius(T';) ~ radius(Gp).
I';CGn

As discussed in section 3.3, the number of clusters which each cluster list H; contains
is O(log N'), and the definition of the cluster guarantees the inequality

radius(T';) < 1
le; = Cn| ~ 2
Hence,
dius(I'; dius(G
S 30 e~ otog ) ) — o 10g )
ne vice, 1= Cnl |#i — Cl
g h
holds.

Based on the discussions above, we will consider how to determine the number
of terms p for the multipole expansion. Let us restrict the problem to the Dirichlet
problem. Consider the inequality [7]

|AU | |Gloo G oo |AG]
< + R,

(31) < -
U |oo 1 — |AG|0o |G oo \ 1Glos

where | - |o stands for the max norm of a vector and the max norm of a matrix
derived from the vector norm. AU stands for the error of the solution obtained by
the multipole method, compared to the true solution of (6). R can be split into two
components, i.e.,

(32) R =R 4 R,

16



where R is the relative residual due to the iterative method, and R(®) is the relative
residual due to the approximate calculation of HU using the multipole method. (31)
and (32) suggest that |AG|e/|Gleo, R and R(C) should be of the same order for
efficiency. Hence, we will consider how to choose p suitably when R is given. Since

AHU| |AH | |U] (3p+ 8)|U| radius(l’
R(C) < | o0 < o0 o0 < o0
- |HUlx ~— |HU|w 2x|HU |0 i Z Z Ch|
heH, I';CGh
p should be chosen so that
3p+8)|U | radius(T
33 RO ~ (7
( ) 2p7T|HU| z Z Z Ch|

heH; I';CGy,

when calculating HU. On the other hand, since

AGL. _[AGIelPle _ LPl (3 1
Gl = TGPl mulapl \pr1 t)

p should be chosen so that

L|P| 3 1 L|P| 1
34 RY = 4 ~ =
(34) Tu|GP|o \p+1 + P+l " |HU | 271

when calculating Gq, where q is the temporary vector. We can argue in a similar
way for the Neumann and mixed problems, and conclude that (33) should hold when
calculating Hq, and (34) should hold when calculating Gq. The only difference is
that

when considering a mixed problem. The above theoretical error estimates, though
pessimistic, were reflected in the numerical experiments.

5. Numerical experiment results. In this section we will give numerical ex-
periment results for two dimensional elastostatic problems, comparing the proposed
multipole method with previous methods. The computations were done on the work-
station DEC 3000 model AXP (150 MHz) with 64 Mbyte main memory and 200
Mbyte swap area.

The term ‘simple iteration’ will indicate the results obtained by the usual iterative
methods such as the Bi-CGSTAB [6] or the GCR (GMRES) [5] without using the
multipole method.

The convergence threshold for the relative residual of the iterative methods (with
or without multipole method) was set to RD = 1075, The multipole expansions were
truncated at p = 25. The discretization of the boundary was done using constant
straight line elements.
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5.1. Dirichlet problem. First, we will give results for a Dirichlet problem. The
domain and the boundary conditions are given by

2
Il

{@lef +23 <9},
u(e) = —107% x z, xz el

The elastic constants were set to ¥ = 0.1 and g = 9.45 x 10*, where the length is
measured in meters and the Larhe constants are in MPa.

140 T T
GCR ¢
GCR + Multipole + a
Bi-CGSTAB ©
120 F Bi-CGSTAB + Multipole x
a LU Decomposition &
a
100 a o
L o
E’ 80 . IS
= %0 oo
& cof : R
(8} a o X
a0o x
a uoo XX +
L qoe XXX
40 a 00° x x .
9 x et
a O%%yx & ot
a uRO x +
' o
207 AA uéé. ¥"N a
a x§.‘ e
pe
AAA i"”? +
o “A--.i\ L L L L L L

100 200 300 400 500 600 700 800 900
Number of Elements

FiG. 4. Comparison of the CPU time for the multipole method, the simple iteration and LU decom-
position.

Fig. 4 compares the CPU time for the multipole method, simple iteration and LU
decomposition, as the number of boundary elements increases. The LU decomposition
consumed the most CPU time, regardless of the number of elements N. For N larger
than 500, the second slowest algorithm was the Bi-CGSTAB by simple iteration,
the third was the GCR by simple iteration, the fourth was the Bi-CGSTAB by the
multipole method, and GCR by the multipole method was the fastest.

5.2. Neumann problem for a domain with many holes. Next, a Neumann
problem defined for a domain © with many circular holes is considered, where

3 4

Q = f{e|-2<2 <2 ~1<e <=3 3 C,
m=1n=1

Cp, = {az ‘{9951 ~ (4m —18)}7 + {925 — (20— 5)}% < 0.81}

as shown in Fig. 5. The boundary condition is given by

) = { (1, 0)T r] = £2,

0 otherwise .

The elastic constants are the same as in the previous example.
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FiG. 5. Domain with many holes.

600 [T T L— 50 [T T
GCR ¢ GCR *—
GCR + Multipole + Bi-CGSTAB *
Bi-CGSTAB o L . i
500 |- Bi-CGSTAB + Multipole * 1 45 ! .
. . 3
40 t * 1
400 [ x 7 2
T x £
a g
T i)
£ o
= 300 [ f 5
(7]
x P 3
200 [ + X 7
x L x .
+ X * oo
x R +
a
100 | . L + % R . N g o o
. % . * o o 8
+ % + a 98 ° 8
M ges® C . : }
a § @ A . . ’ : 3
02 f | | | | | 154 Ly g H | | |
200 300 400 500 600 700 800 900 200 300 400 500 600 700 800 900
Number of Elements Number of Elements

FiG. 6. Comparison of CPU time between multi-  FIQ. 7. Number of iterations ( stmple iteration,
pole method and simple iteration ( RM =10-5, RD =10-"° ).
p=25 ).

This is a model problem of a porous media, and suggests that the number of
boundary elements N can become quite large, even for two dimensional problems,
when the geometry of the boundary I is complex. Asshown in Fig. 6, simple iteration
is faster than the multipole method when N is smaller than 900. Fig. 7 shows the
number of iterations with respect to the number of elements N. Only the results for
the simple iterations is shown, since the difference between the simple iteration and
the multipole method is very small. This problem is very ill-conditioned and requires
many iterations compared to the previous Dirichlet problem. Also the convergence
behavior is oscillatory with the increase of N, depending on the discretization of the
holes. In the multipole method, the multipole expansions have to be performed for
each iteration, whereas for the simple iteration, the G and H matrices are computed
only once and can be shared among the iterations. Hence, the more iterations required
to solve the linear systems, the lighter the weight of the CPU time for the construction
of G and H matrices becomes. This 1s the reason why the simple iteration is relatively
fast for this problem. However, when the number of elements exceeds 800, the data
for the simple iterations can no longer be saved on the main memory, and frequent
access to the disk makes the elapsed time far longer compared to the CPU time. Fig.
8 compares the elapsed time for the simple iteration and the multipole method for
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the same problem.

In order to make the multipole method more competitive and robust, we need
an efficient method to reduce the number of iterations. Preliminary attempts using
diagonal scaling or ILU decomposition did not improve the situation substantially.

800 [T T
GCR © a
GCR + Multipole +
700 Bi-CGSTAB © 4
Bi-CGSTAB + Multipole x
600 [ x o7
B L |
ﬁ 500
£ Y.
E
o 400 [ x L
{7 X
2
©
Y 300 - 1
x + X
x .o
200 [ + X 7
x . x .
x X + + *
100 [ x tx 3 1
x oxt ) . *q o 99 2
+ X + g e °
. 98 %8
Py L L pev | | . .
200 300 400 600 700 800 900

500
Number of Elements

FiG. 8 Comparison of the elapsed time between the multipole method and the simple iteration (
R =105, p=25).

6. Conclusions. We proposed a multipole method for economizing the solution
of the two dimensional elastostatic problem using the boundary element method.

Preliminary experiments showed that the method reduces the CPU time and
memory remarkably. However, for ill-conditioned problems which require many iter-
ations, the method becomes less competitive in CPU time, although it is still com-
petitive in terms of elapsed time, which 1s determined by the required memory.

The search for an effective method for reducing the number of iterations, and a
more efficient implementation of the multipole method are left for future work.
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