NP-hardness of Linear Multiplicative Programming

and Related Problems

T. Matsui

Department of Mathematical Engineering and Information Physics

F aculty of Engineering, University of T okyo

Bunkyo-ku, T okyo 113, Japan.

METR95-13 (December 1995)

Abstract. The linear multiplicative programming problem minimizes a pro duct

of two (p ositive) variables sub ject to linear inequality constraints. In this pap er,

we show NP-hardness of linear multiplicative programming problems and related

problems.

Key words: NP-hard, minimization of pro ducts, linear multiplicative program-

ming, linear fractinal programming, multi-ratio programming.

1. Introduction

In this note, we consider the following problems:

(P1)

minimize x

1 x

2

sub ject to Ax � b;

(P2)

minimize x

1

� 1=x

2

sub ject to Ax � b;

(P3)

maximize 1=x

1

+ 1=x

2

sub ject to Ax � b;

where x = (x

1

; x

2

; : : : ; x

d

) is a d-dimensional real-valued vector and

the feasible region = fx 2 R d

j Ax � bg satis�es the condition

that for any feasible vector x

0

2 ; x

0

1

; x

0

2

> 0: Problem P1 is called a

linear multiplicative programming problem. The ab ove problems arise

in many application settings, see the survey (Konno et al., 1995) and the

forthcoming b o ok (Konno et al., 1996). F or solving the ab ov e problems,

there exist many algorithms (Aneja et al., 1984; Konno et al., 1990;

Konno et al., 1991; Konno et al., 1992; Konno et al., 1992; Kuno et al.,

1991; Pardalos, 1990; Swarup, 1966; Thoai, 1991; T uy et al., 1992). In

the recent pap er (Pardalos et al., 1991), Pardalos and V a v asis asked the question whether linear multiplicative programming problems are

p olynomially solv able or not. The purp ose of this pap er is to show

NP-hardness of Problems P1, P2 and P3.

In (Pardalos et al., 1991), Pardalos and V av asis proved that the

following quadratic concav e optimization problem is NP-hard:

(P4) minimize x

1

� x

2

2

sub ject to Ax � b:

W e will b egin the next section by re�ning on the pro of of NP-hardness

of P4 describ ed in (Pardalos et al., 1991). Our new pro of o�ers the key

to main results.

2. Preliminaries

As a b eginning, we will examine how to calculate the square of a num-

b er. Given a vector x 2 [0; 1] n

and a p ositive integer num b er p; the

v alue px

1

+ p

2

x

2

+ p

3

x

3

+ � � � + p n

x

n is denoted by [x]

p

: F or any vector

x 2 [0; 1] n

; the square of [x]

p is obtained by the equation:

([x]

p

)

2

= n

X

i=1 n

X

j =1 p i+j

x

i x

j

:

Now, we describ e a metho d to approximate ([x]

p

)

2

by a linear inequality

system. When i 6= j; we replace the term x

i x

j by a v ariable y

ij satisfying

linear inequalities:

0 � y

ij

� 1; y

ij

� x

i

; y

ij

� x

j

; y

ij

� x

i

+ x

j

� 1: (1)

F or all i; we replace x

i x

i by a variable y

ii satisfying:

y

ii

= x

i

: (2)

By using y v ariables, the square of [x]

p is approximated by:

n

X

i=1 n

X

j =1 p i+j

y

ij

:

METR95-13.tex; 16/01/1996; 14:42; no v.; p.2

TIPLICA

TIVE PROGRAMMING 3

Linear inequalities (1) imply that if either x

i or x

j is 0-1 valued,

then y

ij

= x

i x

j

: The equality (2) implies that x

i

2 [0; 1] is 0-1 valued

if and only if y

ii

= x

i x

i

: So, for any 0-1 v alued vector x; the equality

([x]

p

)

2

=

P

n

i=1

P

n

j =1 p i+j

y

ij holds. Howev er, if a given vector x 2 [0; 1] n

is not 0-1 v alued, the equality do es not hold in general. Now we consider

the di�erence b etween ([x]

p

)

2

and

P

n

i=1

P

n

j =1 p i+j

y

ij

, when x is not 0-1

v alued.

THEOREM 2.1. L et x 2 R n

and y 2 R n�n

b e a pair of ve ctors satis-

fying:

0 � x

i

� 1 (for al l i);

0 � y

ij

� 1 (for al l i; j );

y

ij

� x

i

; y

ij

� x

j

; y

ij

� x

i

+ x

j

� 1 (for al l i; j such that i 6= j );

y

ii

= x

i

(for al l i):

(3)

Assume that p is an positive integer, x is not 0-1 valued and ther e exists

a positive value 0 < " < 1=2 satisfying that e ach element x

i is either

x

i

= 0; 1 or " < x

i

< 1 � ": Then the ine quality

P

n

i=1

P

n

j =1 p i+j

y

ij

�

([x]

p

)

2

> p

2

"=2 � pn

2

holds.

Pro of. Let k b e the largest index satisfying 0 < x

k

< 1: F or any

index i > k ; x

i is 0-1 v alued and so y

ij

= x

i x

j for all j: Then we have

the following inequalities;

n

X

i=1 n

X

j =1 p i+j

y

ij

� ([x]

p

)

2

= k

X

i=1 k

X

j =1 p i+j

y

ij

+ n

X

i=k +1 k

X

j =1 p i+j

y

ij

+ k

X

i=1 n

X

j =k +1 p i+j

y

ij

+ n

X

i=k +1 n

X

j =k +1 p i+j

y

ij

� n

X

i=1 n

X

j =1 p i+j

x

i x

j

= k

X

i=1 k

X

j =1 p i+j

y

ij

+ n

X

i=k +1 k

X

j =1 p i+j

x

i x

j

+ k

X

i=1 n

X

j =k +1 p i+j

x

i x

j

+ n

X

i=k+1 n

X

j =k +1 p i+j

x

i x

j

� n

X

i=1 n

X

j =1 p i+j

x

i x

j

METR95-13.tex; 16/01/1996; 14:42; no v.; p.3

= k

X

i=1 k

X

j =1 p i+j

y

ij

� k

X

i=1 k

X

j =1 p i+j

x

i x

j

� p

2k

y

k k

� (p

2k

(x

k

)

2

+ p

2k �1

(k

2

� 1))

= p

2k

(x

k

� (x

k

)

2

) � p

2k �1

(k

2

� 1)

> p

2

(x

k

� (x

k

)

2

) � pn

2

� p

2

"=2 � pn

2

The ab ove theorem says that when p is su�ciently large, the vector

x 2 [0; 1] n

is 0-1 v alued if and only if

P

n

i=1

P

n

j =1 p i+j

y

ij

� ([x]

p

)

2

is non-

p ositive. This result gives an idea to show NP-hardness of Problem

P4. T o show NP-hardness of Problem P4, we hav e to transform an

NP-complete problem to the decision version of P4. Here we use the

following NP-complete problem.

SET P AR TITION (Garey et al., 1979; Karp, 1972)

INST

ANCE : An m � n 0-1 matrix M satisfying n > m:

QUESTION : Is there a 0-1 vector x satisfying M x = 1 ? (Here, 1

denotes the all one vector.)

Then, it is natural to consider the following problem:

(P4(M )) minimize

P

n

i=1

P

n

j =1 p i+j

y

ij

� (

P

n

i=1 p i

x

i

)

2

sub ject to (3) and M x = 1;

where M is an m � n 0-1 matrix with n > m: Clearly

, when the equality

system M x = 1 has a 0-1 v alued solution, the optimal v alue of the

ab ove problem is less than or equal to zero. W e will discuss the case that

M x = 1 do es not have any 0-1 v alued solution. The feasible region of

Problem P4(M ), denoted by (M ); is a b ounded p olytop e. The number

of constraints of Problem P4(M ) is equal to n+ n

2

+4(n

2

�n) +n + m and

so the number of constraints is less than n

3

; when n � 5: Let (x

0

; y

0

)

b e a vertex of the p olytop e (M ): Since each co e�cient of constraints

is �1, 0 or 1, Cramer’s rule implies that each element of (x

0

; y

0

) is

0-1 valued or contained in the interv al [1=(n

3

) n

3

; 1 � 1=(n

3

) n

3

]: This

observ ation implies the following prop erty .

METR95-13.tex; 16/01/1996; 14:42; no v.; p.4

TIPLICA

TIVE PROGRAMMING 5

THEOREM 2.2. L et M b e an m � n 0-1 matrix with n > m and n � 5:

Assume that p = n n

4

: The equality system M x = 1 has a 0-1 valued

solution if and only if the optimal value of Problem P4(M ) is non-

positive. When M x = 1 does not have any 0-1 valued solution, the

optimal value of P4(M ) is gre ater than p:

Pro of. If M x = 1 has a 0-1 v alued solution, it is clear that the

optimal value of Problem P4(M ) is non-p ositive. W e consider the case

that M x = 1 do es not have any 0-1 valued solution. F or any vertex

(x

0

; y

0

) of the p olytop e (M ); each element of (x

0

; y

0

) is 0-1 valued

or contained in the interv al [1=(n

3

) n

3

; 1 � 1=(n

3

) n

3

]: Since M x = 1

do es not have any 0-1 valued solution, x

0

is not 0-1 valued. Lemma2.1

implies that:

n

X

i=1 n

X

j =1 p i+j

y

0

ij

�( n

X

i=1 p i

x

0

i

)

2

> p

2

=(2(n

3

) n

3

)�pn

2

> p(n n

4

=(2n n

3

)�n

2

) > p

F or any feasible solution (x; y ) of P4(M ), (x; y ) is represented by a

conv ex combination of vertices of (M ): Since the ob jective function

of P4(M ) is concav e, every feasible solution (x; y ) satisfy the inequality

P

n

i=1

P

n

j =1 p i+j

y

ij

� (

P

n

i=1 p i

x

i

)

2

> p:

F rom the ab ov e, we can decide the answer to SET P AR TITION

by solving Problem P4(M ). The input size of the largest co e�cient

app earing in P4(M ) is dlog(p

2n

)e + 1 = dlog (n n

4

)

2n

e + 1 = d2n

5

log ne +

1; and so the input size of Problem P4(M ) is b ounded by a p olynomial

of n: It implies that Problem P4 is NP-hard.

W e can extend the ab ove result to a more general global optimization

problem.

COROLLAR

Y 2.3. L et n be a positive integer with n � 5 and we use

p for n n

4

: Assume that g (x

0

; y

0

) is a function satisfying the conditions

that:

(1) 8x

0

2 [0; np n

]; 8y

0

2 [0; n

2

p

2n

]; if y

0

� x

2

0

� 0 then g (x

0

; y

0

) � 0;

(2) 8x

0

2 [0; np n

]; 8y

0

2 [0; n

2

p

2n

]; if y

0

� x

2

0

> p then g (x

0

; y

0

) > 0:

METR95-13.tex; 16/01/1996; 14:42; no v.; p.5

Given an m � n 0-1 matrix M with n > m and n � 5; we de�ne the

problem:

(Pg (M )) minimize g (x

0

; y

0

)

subje ct to (3) and M x = 1;

x

0

=

P

n

i=1 p i

x

i

;

y

0

=

P

n

i=1

P

n

j =1 p i+j

y

ij

:

Then, the optimal value of Pg (M ) is non-positive if and only if the

equality system M x = 1 has a 0-1 valued solution.

3. Main Results

First, we show NP-hardness of Problem P1. W e consider the sp ecial

function:

g

1

(x

0

; y

0

) = (y

0

� p + 2p

4n

)

2

� 4p

4n

x

2

0

� 4p

8n

= (y

0

� p + 2p

4n

+ 2p

2n

x

0

)(y

0

� p + 2p

4n

� 2p

2n

x

0

) � 4p

8n

where p = n n

4

and n � 5: W e can show that g

1

(x

0

; y

0

) satis�es the

conditions in Corollary 2.3 as follows.

(1) If (x

0

; y

0

) satis�es x

0

2 [0; np n

]; y

0

� 0 and y

0

� x

2

0

� 0; then

g

1

(x

0

; y

0

) � (y

0

� p)

2

+ 2(y

0

� p)2p

4n

+ 4p

8n

� 4p

4n

y

0

� 4p

8n

� (y

0

� p)

2

� 4p

4n+1

� (y

0

)

2

+ p

2

� 4p

4n+1

� (x

0

)

4

+ p

2

� 4p

4n+1

� n

4

p

4n

+ p

2

� 4p

4n+1

� 0:

(2) If (x

0

; y

0

) satis�es y

0

� x

2

0

> p and y

0

� 0; then

g

1

(x

0

; y

0

) > (x

2

0

+ 2p

4n

)

2

� 4p

4n

x

2

0

� 4p

8n

= x

4

0

� 0:

F rom the ab ove, we can show NP-hardness of the problem:

(P1(M )) minimize z

1 z

2

sub ject to (3) and M x = 1;

x

0

=

P

n

i=1 p i

x

i

;

y

0

=

P

n

i=1

P

n

j =1 p i+j

y

ij

;

z

1

= (y

0

� p + 2p

4n

+ 2p

2n

x

0

);

z

2

= (y

0

� p + 2p

4n

� 2p

2n

x

0

):

METR95-13.tex; 16/01/1996; 14:42; no v.; p.6

TIPLICA

TIVE PROGRAMMING 7

Corollary 2.3 implies that the optimal v alue of Problem P1(M ) is less

than or equal to 4p

8n

if and only if M x = 1 has a 0-1 valued solution.

So, we hav e shown the following theorem.

THEOREM 3.1. Pr oblem P1 is NP-hard.

Pro of. When we solve Problem P1(M ), we can decide the answer

to SET P AR TITION. The largest co e�cient app earing in P1(M ) is

2p

4n

= 2(n n

4

)

4n

= 2n

4n

5

and the threshold value is 4p

8n

= 4(n n

4

)

8n

=

4n

8n

5

: Thus, the input size of Problem P1(M ) and the input size of the

threshold v alue are b ounded by a p olynomial of n: Clearly

, Problem

P1(M ) is a sp ecial case of P1 and so we have the desired result.

Here we note that for any feasible solution of P1(M ), b oth z

1

> 0

and z

2

> 0 hold. Since p is large enough, z

1

> 0 is clear. F or the v ariable

z

2

;

z

2

� �p + 2p

4n

� 2p

2n

np n

= �p + 2p

4n

� 2np

3n

and assumptions n � 5 and p = n n

4

imply the prop erty z

2

> 0:

Next, we consider Problem P2. Given three p ositive values z

1

; z

2 and

a; z

1 z

2

� a

2

if and only if z

1

� a

2

=z

2

� 0: So, we decide the answer to

SET P AR TITION by solving the problem:

(P2(M )) minimize z

1

� 1=z

3

sub ject to constraints of Problem P1(M ),

z

3

= z

2

=(4p

8n

):

It is clear that the optimal v alue of P2(M ) is non-p ositive if and only

if the equality system M x = 1 has a 0-1 v alued solution. So, we have

shown the following theorem.

THEOREM 3.2. Pr oblem P2 is NP-hard.

Lastly

, we consider Problem P3. Given three p ositive v alues z

1

; z

2

and a; z

1 z

2

� a

2

if and only if 1=(z

1

+ a) + 1=(z

2

+ a) � 1=a: Thus, we

METR95-13.tex; 16/01/1996; 14:42; no v.; p.7 can decide the answer to SET P AR TITION by solving the problem:

(P3(M )) maximize 1=z

4

+ 1=z

5

sub ject to constraints of Problem P1(M ),

z

4

= z

1

+ 2p

4n

;

z

5

= z

2

+ 2p

4n

:

Clearly

, the optimal value of P3(M ) is greater than or equal to 1=2p

4n

if and only if the equality system M x = 1 has a 0-1 v alued solution.

So, we obtained the following.

THEOREM 3.3. Pr oblem P3 is NP-hard.

References

Aneja, Y.P

., Aggarwal, V. and Nair, K.P

.K. :1984, ‘On a class of quadratic pro-

grams’, Europ e an Journal of Oper ational Rese ar ch 18, 62-70.

Garey

, M.R. and Johnson, D.S. (1979), Computers and intractability: A guide to the

theory of NP-completeness, F reeman.

Karp, R.M. (1972), Reducibility among combinatorial problems. in Complexity of

Computer Computations(R.E. Miller and J.W.Thatcher eds.), Plenum Press.

Konno, H. and Kuno, T. (1990), Generalized linear multiplicative and fractional

programming, Annals of Oper ations Rese ar ch 25, 147-162.

Konno, H., Y a jima, Y. and Matsui, T. (1991), Parametric simplex algorithms for

solving a sp ecial class of nonconv ex minimization problems, Journal of Global

Optimization 1, 65-82.

Konno, H. and Kuno, T. (1992), Linear multiplicative programming, Mathematical

Pro gr amming 56, 51-64.

Konno, H., Kuno T. and Y a jima, Y. (1992), Parametric simplex algorithms for a

class of NP complete problems whose average number of steps are p olynomial,

Computational Optimization and Applications 1, 227-239.

Konno, H. and Kuno, T. (1995), Multiplicative programming problems, in Hand-

bo ok of global optimization (R. Horst and P

.M. Pardalos eds.), Kluwer Academic

Publishers.

Konno, H., Thach, P

.T. and T uy H. Global Optimization: Low Rank Nonconvex

Structures, Kulwer Academic Publishers (to app ear).

Kuno, T. and Konno, H. (1991), A parametric successive underestimation metho d

for convex multiplicative programming problems, Journal of Global optimization

1, 267-285.

METR95-13.tex; 16/01/1996; 14:42; no v.; p.8

TIPLICA

TIVE PROGRAMMING 9

Pardalos, P

.M. (1990), Polynomial time algorithms for some classes of constrained

nonconvex quadratic problems, Optimization 21, 843-853.

Pardalos, P

.M. and V av asis, S.A. (1991), Quadratic programming with one negative

eigen-value is NP-hard, Journal of Global Optimization 1, 15-22.

Swarup, K. (1966), Inde�nite quadratic programming, Cahiers du Centre d’Etudes

de Re cher che Oper ationnel le 8, 217-222.

Thoai, N.V. (1991), A global optimization approach for solving the convex multi-

plicative programming problem, Journal of Global Optimization 1, 341-357.

T uy , H. and T am, B.T. (1992), An e�cient solution metho d for rank two quasicon-

cave minimization problems, Optimization 24, 43-56.

METR95-13.tex; 16/01/1996; 14:42; no v.; p.9