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Abstract

By extracting combinatorial structures in well-solved nonlinear combinatorial optimization
problems, Murota (1996,1998) introduced the concepts of M-convexity and L-convexity to
functions defined over the integer lattice. Recently, Murota—Shioura (2000, 2001) extended
these concepts to polyhedral convex functions and quadratic functions defined over the
real space. In this paper, we consider a further extension to more general convex functions
defined over the real space. The main aim of this paper is to provide rigorous proofs for
the fundamental results of general M-convex and L-convex functions over the real space.
In particular, we prove that the conjugacy relationship holds for general M-convex and

L-convex functions over the real space.
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1 Introduction

Combinatorial optimization problems with nonlinear objective functions have been dealt with more
often than before due to theoretical interest and needs of practical applications. Extensive studies
have been done for revealing the essence of the well-solvability in nonlinear combinatorial optimiza-
tion problems [3, 5, 13, 16, 17, 29]. By extracting combinatorial structures in well-solved nonlinear
combinatorial optimization problems, Murota [18, 19] introduced the concepts of M-convexity and L-
convexity to functions defined over the integer lattice; subsequently, their variants called M f-convexity
and Li-convexity were introduced by Murota-Shioura [23] and by Fujishige-Murota [10], respectively.
Applications of M-/L-convexity can be found in mathematical economics with indivisible commodities
[4, 26, 27], system analysis by mixed polynomial matrices [20], etc. Recently, Murota—Shioura [24, 25]
extended these concepts to polyhedral convex functions and quadratic functions defined over the real
space. In this paper, we consider a further extension to more general convex functions defined over
the real space. The main aim of this paper is to provide rigorous proofs for the fundamental results
of general M-convex and L-convex functions over the real space.

The concepts of M-convexity and L-convexity are defined for polyhedral convex functions and
quadratic functions as follows. A polyhedral convex function (or quadratic function) f : R" —
R U {+00} is said to be M-convex if dom f # () and [ satisfies (M-EXC):

(M-EXC) Vz,y € dom f, Vi € supp™ (x — ), 3j € supp™ (z — y), Jag > 0:
f@) + fy) = flz—alu —xp) + fly+ala—x;) (Ve € [0, a0)),

where supp™ (v —y) = {i | #(i) > y(i)} and supp~(z —y) = {i | z(¢) < y(i)}, and x; € {0,1}"
is the i-th unit vector for ¢ = 1,2,--- ., n. A polyhedral convex function (or quadratic function)
f:R" = RU{+00} is said to be Mi-convex if the function f:RxR"—>RU {+0o0} defined by

= { f(@) ((zo,2) e RX R, zg=— 31, (i),

x0, ) =
flwo ) +oo  (otherwise)

is M-convex. On the other hand, a polyhedral convex function (or quadratic function) g : R" —
R U {400} is said to be L-convex if dom g # () and g satisfies (LF1) and (LF2):

(LF1) g(p)+9(q) 29(pNa)+9lpVq)  (Yp,q€ domy),
(LF2) 3r € R such that g(p+ A1) =g(p) + \r (Vp € domg, A € R),

and Li-convex if the function §: R x R® — R U {400} defined by

9(po,p) =g(@—pol)  ((po,p) € R x R")

is L-convex.

To fully cover the well-solved nonlinear combinatorial optimization problems, it is desirable to
further extend these concepts to more general convex functions defined over the real space on the
basis of (M-EXC), and (LF1) and (LF2), respectively. It can be easily imagined that the previous



results of M- /L-convexity for polyhedral convex functions and quadratic functions naturally extend to
more general M-/L-convex functions. However, the proofs cannot be extended so directly to general
M- /L-convex functions, but some technical difficulties such as topological issues arise. By taking
such technical difficulties into consideration, we define M-convex and L-convex functions over the real
space as closed proper convex functions satisfying (M-EXC), and (LF1) and (LF2), respectively. The
contribution of this paper is to provide rigorous proofs of the fundamental results of general M-convex
and L-convex functions over the real space. In particular, we prove that the conjugacy relationship
holds for general M-convex and L-convex functions over the real space, as in the cases of functions

over the integer lattice [19], polyhedral convex functions [24], and quadratic functions [25].

Theorem 1.1. For f : R"™ — R U {+oo} with dom f # 0, define its conjugate function f® : R"™ —
R U {+o0} by

f*(p) =sup{>_p(i)x(i) - f(x) [z €R"}  (p€R").
=1

(i) If f is M-convex, then f*® is L-convex and (f®)® = f.
(ii) If g is L-convex, then g*® is M-convex and (¢°)® = g.
(ili) The mappings [+ f* (f : M-convez) and g+ g* (g : L-convez) provide a one-to-one correspon-

dence between the classes of M-convexr and L-conver functions, and are the inverse of each other.

The organization of this paper is as follows. Section 2 provides a number of natural classes of
M-/ MP-convex and L- / LA-convex functions. To develop the theory of M- /L-convexity, we also consider
the set version of M-/L-convexity in addition to M-/L-convex functions. In Sections 3.2 and 4.2. we
give definitions of M-convex and L-convex sets, and show that these sets are in fact polyhedra. We also
investigate positively homogeneous M- /L-convex functions, which are shown to be polyhedral convex
functions. Fundamental properties of M-/L-convex functions are shown in Sections 3.3 and 4.3. We
present equivalent axioms for M-/L-convex functions, and give some properties on local combinatorial
structure of M-/L-convex functions such as directional derivatives, subdifferentials, minimizers, etc.

Finally, the conjugacy relationship between M-/L-convexity is shown in Section 5.



2 Preliminaries

2.1 Notation and Definitions

Throughout this paper, we assume that n is a positive integer, and put N = {1,2,...,n}. The
cardinality of a finite set X is denoted by |X|. The characteristic vector of a subset X C N is denoted
by xx (€ {0,1}"), i.e, xx(i)=1fori e X and xx(i) =0 for i € N\ X. We denote 0 = x4, 1 = xn.

The set of reals and the set of nonnegative reals are denoted by R and by R, respectively. For
x=(z(i)]i=1,2,...,n) € R", we define

supp™(z) = {i € N | z(i) > 0}, supp (x) = {i € N |z(i) < 0},

lzli =Y |z, (p,2) = p(z(i) (PeR"),  a(X)=) x(i) (XCN).
=1 i=1

ieX
For p,q € R"™, we define p A q,pV q € R" by
(p A q)(i) = min{p(i), ¢(9)}, (pV q)(i) = max{p(i),q(i)} (i€ N).

For a € RU{—o0} and # € RU {+oo} with a < 8, we define the intervals [a, 5] = {y e R | a <

vy<Bh (,f)={veER|a<y <}, and [a,3) ={y € R |a <y < S}
A set S C R" is said to be convez if it satisfies

l—-a)r+ayes (Vz,y € S, Ya € [0, 1]),
and polyhedral if there exist some {p;}¥_; (C R") and {a;}*_; (C R) (k > 0) such that
S={zeR"|(pir)<a; (1i=12,...,k)}.

A polyhedral set is also called a polyhedron.
Let f: R"™ — RU {400} be a function. The effective domain and the epigraph of f, denoted by

dom f and epif, respectively, are given by
dom f ={zx € R"| —o0 < f(x) < +00}, epif ={(z,a) e R" xR |a > f(z)}.

We denote by argmin f the set of minimizers of f, i.e.,argmin f = {zx € R" | f(z) < f(y) (Vy € R")},
which can be an empty set.
A function f: R"™ — R U {+oc} is said to be convez if epif is a convex set. If f > —oo, then f is

convex if and only if
flax+ (1 —a)y) <af(x)+(1-a)f(y) (Yz,yeR", Yae|0,1]). (2.1)
In contrast to (2.1), we consider the following weaker condition:

[z +y)/2) <{f(x)+ f(y)}/2 (Vo,y e RY), (2.2)

called mid-point convezity. For a continuous function, mid-point convexity (2.2) is equivalent to

convexity (2.1).



Remark 2.1. Mid-point convexity does not imply convexity in general. Let ¢ : R — R be a function

satisfying so-called Jensen’s equation:

pla) +¢(B) =2¢((a+5)/2) (Yo, B €R). (2.3)

It is known that there are discontinuous and nonconvex functions satisfying Jensen’s equation (see,

e.g., [1, pp. 43-48], [30, p. 217]). Such a function ¢ is mid-point convex, but not convex. O

For any set S C R", its indicator function g : R™ — {0,400} is defined by

{0 (z€S),

5@ =1 oo (@dS).

Note that S is a convex set if and only if §g is a convex function.

A convex function f : R" — R U {+oo} is said to be proper if dom f # 0, and closed if its
epigraph epif is a closed set. For a closed proper convex function f : R™ — R U {40}, any level
set {z € R" | f(z) <n} (n € R) is a closed set, and argmin f # () if dom f is bounded. A convex
function is said to be polyhedral if its epigraph is polyhedral. Any polyhedral convex function is closed
convex.

A function f: R"™ — R U {£o00} is said to be positively homogeneous if
flaz) = af(x) (Vz € R", Ya > 0).
For a positively homogeneous convex function f with dom f # ), we have f(0) = 0 and
flox+ By) < af(x)+6f(y)  (Vz,y € R", Va,8 € Ry).

For a function f: R" — RU{+o0}, z € dom f, and y € R", we define the directional derivative
of f at x with respect to y by

fy) = }lilfg{f(:v +ay) — f(z)}/a

if the limit exists. If f is a convex function, then f’(x;y) is well-defined and a positively homogeneous
convex function in y with f/(x;0) = 0. For a convex function f : R” — R U {+o0} and = € dom f,
the subdifferential of f at x, denoted by 0f(x), is defined as

Of(x) ={peR" | f(y) > f(z)+ (p,y —2) (Vy € R")}.

2.2 Examples
M- /M?-convex and L-/Lf-convex functions have rich examples.

Example 2.2 (affine functions). For pg € R™ and § € R, the function f: R"” — R U {+o0} given
by

f(@) = {po, )+ B (€ domf)



is M-convex or M"-convex according as dom f = {z € R" | 1", 2(i) = 0} or dom f = R".

For o € R™ and v € R, the function g : R — R U {400} given by

g(p) = (p,z0) +tv (peR")
is L-convex as well as Li-convex. O

We denote by C! the class of univariate closed proper convex functions, i.e.,
C'={p:R — RU{400} | p: closed proper convex}.
Example 2.3. For ¢, € C!, the functions f,g: R? — R U {+occ} given by

dom f = {(x1,22) € R" | 21 + 22 = 0}, f(z1,29) = p(x1) ((x1,72) € dom f), (2.4)
9(p1,p2) = ¥(p1 —p2) ((p1,p2) € R?) (2.5)

are M-convex and L-convex, respectively. Moreover, if ¢ and 1) are conjugate to each other, then f

and g are conjugate to each other. ]

Example 2.4 (separable-convex functions). Let f; € C' (i = 1,2,...,n) be a family of univariate
convex functions. The function f: R™ — R U {400} defined by

fl@) =) filz(@))  (z€R")
=1

is Mf-convex as well as Lf-convex. The restriction of f over the hyperplane {z € R" | Y. | x(i) = 0}
is M-convex if its effective domain is nonempty.
For functions g;; € C! indexed by i,j € {1,2,...,n}, the function g : R™ — RU {+00} defined by

9(p)=> > aip())—p@)  (peR")
i=1 j=1
is L-convex with » = 0 in (LF2) if dom g # 0. O

Example 2.5 (quadratic functions). Let A = (a(i, 7))} ;—; € R"*" be a symmetric matrix. Define
a quadratic function f : R® — R by f(z) = (1/2)zT Az (x € R"). Then, f is M"convex if and only if

zta; > min{zTa; | j € supp™(z)} (Vx € R", Vi € supp™ (7)),

where a; denotes the i-th column of A for i = 1,2,...,n. The function f is L%-convex if and only if

n

a(i,j) <0 (Yi,j, i#j), Y a(i,j)=0 (Vj=1,2...,n)

=1

See [25] for proofs. O



Example 2.6 (minimum cost flow/tension problems). M-convex and L-convex functions arise
from the minimum cost flow/tension problems with nonlinear cost functions.

Let G = (V, A) be a directed graph with a specified vertex subset T C V. Suppose that we are
given a family of convex functions f, € C! (a € A), each of which represents the cost of flow on the
arc a. A vector £ € R4 is called a flow, and the boundary 9¢ € RY of a flow ¢ is given by

0¢(v) = Z{g(a) | arc a leaves v} — Z{g(a) | arc a enters v} (veV).

Then, the minimum cost of a flow that realizes a supply/demand vector z € R is represented by a
function f: RT — R U {£oc} defined as
fla) = irglf{z fa(€(a) [ (98)(v) = —z(v) (Ve T), (0)(v) =0 (v € V\T)} (zeRT).
acA
On the other hand, suppose that we are given another family of convex functions g, € C! (a € A),
each of which represents the cost of tension on the arc a. Any vector p € RV is called a potential, and
the coboundary 6p € R4 of a potential p is defined by 6p(a) = p(u) — p(v) for a = (u,v) € A. Then,
the minimum cost of a tension that realizes a potential vector p € R7 is represented by a function
g:RT — RU {£oc0} defined as
9(p) = inf{>_ ga(n(a)) | n(a) = —=3p(a) (a € A), p(v) = p(v) (v T)} (peRT).
TP e
It can be shown that both f and g are closed proper convex if f(xg) and g(pg) are finite for some
zo € RT and py € RT, which is a direct extension of the results in Iri [13] and Rockafellar [29] for the
case of |T| = 2. These functions, however, are equipped with different combinatorial structures; f is

M-convex and g is L-convex, as follows. j

Theorem 2.7. Suppose that f, and g, are conjugate to each other for all a € A. Then, f and g are
M-convex and L-convez, respectively, and conjugate to each other if one of the following conditions
holds:

—00 < f(zg) < 400 for some xy € RT, (2.6)
—00 < g(po) < +oo for some py € RT, (2.7)
f(zg) < +00, g(po) < +00 for some xg € RT, pg € RT. (2.8)

We first prove the closedness of f and g and the conjugacy relationship. For this, we use the

following duality theorem for the minimum cost flow and tension problems:

Theorem 2.8 (cf. [29, Sec. 8H]). Let G = (V, A) be a directed graph with a specified vertex subset
T C V. Also, let fq,94 € C' (a € A) and f,, 9, € C* (v € T) be conjugate pairs of closed convex

functions. Then, we have

A (e(e) + 00 | 0)0) = —alo) (0 € 7). 00)0) =0 (v VAT) |

¢eRA, zeRT (03 veT
= s LS @) - S5 | 00 = —60) (ae 4)}
neRA, peRY acA veT
unless inf = +o00 and sup = —o0.



For p,z € R, we denote (p, z)r =Y, o1 p(v)z(v).

Lemma 2.9. Let x € R™ and p € R™.

(i) f(z) = sup{(p, )7 — g(p) | p € RT} if f(x) < +00 or g(po) < +00 for some pg € RT.
(ii) g(p) = sup{{p, z)7 — f(2) |2 € R} if g(p) < +00 or f(zo) < +00 for some my € RT.

We see from Lemma 2.9 that three conditions (2.6), (2.7), and (2.8) are equivalent to each other.
Hence, if one of these conditions holds, then Lemma 2.9 implies that f = ¢°®, g = f*, and both f and
g are closed convex functions with f, g > —oo.

[Proof of Lemma 2.9] To prove (i), consider functions f,, g, € C! (v € T) given as

)]0 (a = x(v)), .
fv( )_{ 1o (a;é:n(v)), gv(ﬁ) ( )ﬁ (ﬁER)

for the given z € RT. The functions f, and ¢, are conjugate to each other for each v € T. If
f(x) < 400 or g(pg) < +oo for some pg € RT, then Theorem 2.8 implies that

f@) = inf D ful€(a)) | (06)(v) = —2(v) (v €T), (9€)(v) =0 (v € V\T)}

(eR4 a€A
— neRi?geRV {z;ﬁ(v)x(v) - (;49(1(77((1)) I n(a) = —6p(a) (a € A)}

= sup{(p,z)r —g(p) [ p€ R"}.

To prove (ii), consider functions f,, g, € C' (v € T) given as

0 (ﬁ = —p('U)),
+oo (B # —p(v)).

If g(p) < 400 or f(zg) < +oo for some z¢g € RT, then Theorem 2.8 implies that

fo(a) = —p(v)a (o € R), gu(B) = {

g(p) — inf {Zga(n(a))‘n(a)=—5ﬁ(a) (a € 4), F(v) = p(v) <veT>}
acA

neRA
- geRE?EERT {<p,x>T - gfa(f(a)) ' (0¢)(v) = —z(v) (veT), (0)(v)=0(weV\T) }
= sup{(p, )7 — f(z) |z € R"}.

We then prove the M-convexity of f and the L-convexity of g.
[((M-EXC) for f] Let z,y € dom f and u € supp™ (z — y). For any ¢ > 0 there exist &, £, € R* with

D falbela) < f@) +e,  (06)(0) = —2(v) (vET),  (9&)(v) =0 (veV\T),

a€A

S fallyla) < fy)+e, (9 (w) =—y() weT),  (9¢)(v) =0 (e V\T).

a€A

By a standard augmenting path argument, there exist 7 : A — {0,£1} and v € supp (. —y) (C T)
such that

supp™ () C supp™(&y — &), supp™ (7) C supp™ (& — &), O™ = Xu — X,

8



where we can assume the following inequality with m = |A|, n = |V|:

min{|¢x(a) = &y(a)| | a € A, w(a) = £1} = {x(u) —y(u)}/m".

Putting ag = {z(u) — y(u)}/m", we have

Ja(&z(a) + an(a)) + fa(gy(a) —an(a)) < fa(éx(a)) + fa(gy(a)) (a €0, )

for all @ € A. Hence follows that

[ —alxu —xv)) + f(y + alxu — Xxo))
< > {fallala) + am(a)) + fa(y(a) — am(a))}

acA

< Y {faléel@) + fal&y(a)} < fl@)+ fly) +2¢ (a€[0,aq)).

acA

Since € > 0 can be chosen arbitrarily and T is a finite set, there exists some v = v, satisfying

f@—alxu —x0) + fly+alxu—x0) < f@)+ fly)  (ae]0,aq)),

implying (M-EXC) for f.
[L-convexity for g] Let p,q € domg. For any ¢ > 0 there exist p,¢ € R with

> 9a(=0p(a)) < g(p) +e,  Bv) =p(v) (vET),

a€A

Y 9a(=04(a)) < g(g) +e.  q(v) = q(v) (vET).

a€A

It holds that (pAQ)(v) = (pAq)(v), (PV q)(v) = (pVq)(v) for all v € T, and

9a(=0(P A q)(a)) + ga(=0(PV ¢)(a)) < ga(—0P(a)) + ga(—dq(a))  (a € A)

by convexity of g,. Hence follows that

9pAa) +9(Va) <D ga(=0BAD (@) + D 9a(=0(BV D)(a) < g(p) + 9(q) + 2¢.
acA a€A

Since € > 0 can be chosen arbitrarily, we have g(p) + g(q) > g(p A q) + g(pV q).
The property (LF2) for g is immediate from the equation §(p+A1) = 6p for p € R and A € R.



3 M-convex Functions over the Real Space

3.1 Definitions of M-convex and M"convex Functions
We call a function f: R” — RU {400} M-convez if it is closed proper convex and satisfies (M-EXC):
(M-EXC) Vz,y € dom f, Vi € supp™ (x — ), 3j € supp™ (z — y), Jag > 0:

f@)+ fly) > flx—alxi —x3) + fly+alxi —x;5)) (Yo € [0, aq)). (3.1)

As shown later in Proposition 3.2, the effective domain dom f of an M-convex function f is con-
tained in a hyperplane {x € R" | z(N) = r} for some r € R. Hence, no information is lost when an M-
convex function is projected onto an (n—1)-dimensional space. We call a function f : R™ — RU{+o00}
M?-convez if the function f : RY - RU {+0o0} defined by

= { f@) ((z0,2) € RN, g = —a(N)),

f(xo,z) = (3.2)

+oo  (otherwise)

is M-convex, where N = {0} UN. M!-convexity of f is characterized by the following exchange
property (cf. [23, 24, 25]):

(M!-EXC) Vz,y € dom f, Vi € supp™ (z — y), 3j € supp™ (x — y) U {0}, 3o > 0:

f@)+ fly) > flx—alxi —x5) + fly+alxi —x;5) (Ve €0, aq)),

where yp = 0 by convention.

Theorem 3.1. A closed proper convez function f : R™ — R U {+o0} is M -convez if and only if it
satisfies (M-EXC).

Proof. The “only if” part is obvious from the definition. The “if” part is proven later in Section 5. [

We denote by M,, (resp. ME@) the class of M-convex (resp. Mf-convex) functions in n variables:
M, ={f]|f:R" = RU{+o0}, M-convex}, ME={f|f:R" = RU{+o0}, Mi-convex}.

As is obvious from the definitions, M%-convex function is essentially equivalent to M-convex function,
whereas the class of M%-convex functions contains that of M-convex functions as a proper subclass.

This relationship between M-convexity and M%convexity can be summarized as
M, © ME >~ My

From the definition of M-convex functions, every property of M-convex functions can be restated
in terms of M%convex functions, and vice versa. In this paper, we primarily work with M-convex
functions, making explicit statements for M %-convex functions when appropriate.

We also define the set version of M-convexity and M?-convexity. We call a set B C R" M-convex
(resp. MP-convex) if its indicator function dp : R® — {0,400} is an M-convex (resp. Mf-convex)
function. Equivalently, an M-convex set is defined as a nonempty closed set satisfying the exchange
property (B-EXC):

10



(B-EXC) Va,y € B, Vi € supp™ (z — y), 37 € supp ™ (z — y), o > 0:
z—alxi—xj)€B, y+alxi—xj) €B (Vo € [0, avg))-

In fact, M-convex and M?-convex sets are polyhedral as shown later in Section 3.2. Hence, these
concepts coincide with those of M-convex and M?-convex polyhedra introduced in [24]. In particular,
M-convex and M%convex sets are nothing but the base polyhedra of submodular systems [9] and
generalized polymatroids [7, 8], respectively.

We now prove that the effective domain of an M-convex function is contained in a hyperplane of
the form {x € R™ | 2(N) = r} for some r € R.

Proposition 3.2.
(i) For an M-convex set B C R", we have x(N) = y(N) (Vx,y € B).
(ii) For an M-convex function f : R" — R U {400}, we have z(N) = y(N) (Vz,y € dom f). In

particular, dom f satisfies (B-EXC), and is an M-convex set if it is a closed set.

Proof. Let f: R" — RU{+0o0} be an M-convex function, and =,y € dom f. Assume, to the contrary,
that (N) > y(IV) holds for some z,y € dom f. Put

S={zeR"|zAy<z<zVy, f(2) <max{f(z),f(y)}}

which is a bounded closed set. Let x4, y, € S minimize the value ||z, — ys||1 among all pairs of vectors
in S with z,(N) = z(N) and y.(N) = y(N). The property (M-EXC) for x, and y, implies

@) + flye) > f@e — alxs — x5)) + f(ys + alxi — x5))

for some i € supp™ (2« — yx), j € supp (v« — y«), and a sufficiently small o > 0. Putting T =
xy —a(x; — xj) and ¥ = yx + a(x; — X;j), we have T € S or § € S, a contradiction to the choice of x,
and y, since ||Z — y.||1 < ||z« — ¥|[1 and ||z. — Y||1 < ||z« — y«||[1. The property (B-EXC) for dom f
is immediate from (M-EXC) for f, and (i) is a special case of (ii). O

Remark 3.3. The property (B-EXC) alone, without closedness, is independent of good properties

such as convexity and connectivity. An example is the set
{(xl,l‘g) S R? | 1+ 22 =0,21 < O}U{(Qj‘l,l‘g) € R | 1+ =1,2270 > 1},

which satisfies (B-EXC); however, it is neither convex nor connected, and not contained in a hyperplane
{zx € R" | (N) = r} for some r € R (cf. Proposition 3.2 (i)). Even if convexity assumption is
added, (B-EXC) is still independent of nice combinatorial properties. A typical example is {x € R"™ |
S z2(i)? <, (N) =0} (y > 0), which is an open ball in a hyperplane. O

Remark 3.4. The property (M-EXC) alone is independent of good properties such as convexity and
continuity. Consider a function ¢ : R — R satisfying Jensen’s equation (2.3) such that ¢ is neither
continuous nor convex, and define a function f : R?> — R U {+c0} as in (2.4). Then, (M-EXC) for f

follows immediately from Jensen’s equation for ¢; however, f is neither convex nor continuous. U
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Remark 3.5. The effective domain of an M-convex function is not a closed set in general. An example
is the function f: R? — R U {400} given by

dom f = {(z1,22) | 1 + 22 =0, 21 >0},  f(x1,22) = 1/21  ((w1,22) € dom f).

3.2 M-convex Sets and Positively Homogeneous M-convex Functions

M-convex sets and positively homogeneous M-convex functions constitute important subclasses of M-
convex functions, which appear as local structure of general M-convex functions such as minimizers
and directional derivative functions (see Theorem 3.16). We show that M-convex sets and positively

homogeneous M-convex functions are polyhedral sets and polyhedral convex functions, respectively.

Theorem 3.6.
(i) Any M-convex set is a polyhedron.

(ii) Any positively homogeneous M-convex function is a polyhedral convex function.

In the following, we prove Theorem 3.6. For a nonempty set B C R"™, we define a set function
pp 2N — R U {+00} by pp(X) =sup{z(X) |z € B} (X C N).

Lemma 3.7. Let B C R" be a nonempty bounded closed set with (B-EXC), and {Xy}I_, be subsets
of N with X1 C X9 C --- C Xp,. Then, there exists x, € B with x.(Xy) = pp(Xr) VE=1,2,...,h).

Proof. The claim is shown by induction on the value h. Let x, € B be a vector with xp(X}) =
pp(Xp). By the induction hypothesis, there exists a vector z € B satisfying (X ) = pp(Xi) (k =
1,2,---,h — 1), and assume that x minimizes the value ||z — x| of all such vectors. Suppose that
x(Xp) < pp(Xp). By (B-EXC), there exist i € supp™ (z — xp,) \ X;, and j € supp™ (z — x5,) such that
¥’ =z —a(xi — xj) € B for a sufficiently small & > 0. Here j € N\ X,_; holds since i € N \ Xp,_1
and 2/ (Xp_1) < pp(Xpn_1) = (Xp_1). Therefore, 2’ satisfies 2/'(Xy) = pp(Xx) VE=1,2,--- , h— 1)
and ||z’ — zp||1 = ||z — i1 — 2¢, a contradiction. Therefore, x(X},) = pp(Xp). O

Let p: 2V — R U {400} be a set function. We call p submodular if it satisfies
p(X)+pY)>p(XNY)+p(XUY) (VX,Y € domp), (3.3)
where domp = {X C N | p(N) < +00}. We define a polyhedron B(p) C R" by
B(p) = {z € R" | 2(X) < p(X) (X € N), 2(N) = p(N)}. (3.4)

For any convex set S C R", a point x € S is called an extreme point of S if there are no
y1,y2 € S\ {z} and o € (0,1) such that x = ay; + (1 — a)ys.

Theorem 3.8 ([9, Theorem 3.22]). Let p: 2" — RU{+oo} be a submodular function with p(()) =
0 and p(N) < +00. Then, x € R" is an extreme point of B(p) if and only if there exists {X}}_, C
dom p such that ) = Xog C X7 C --- C X, = N and x(Xg) = p(Xg) for all k=0,1,... n.
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Proof of Theorem 3.6 (i). Let B C R"™ be a nonempty closed set with (B-EXC). It suffices to show
B = B(pp) since B(pp) is a polyhedron. The inclusion B C B(pp) is easy to see; therefore we prove
the reverse inclusion.

We first assume that B is bounded. Let X,Y € dompp (= 2V). From Lemma 3.7, there exists
zx € Bwith (X NY)=pp(XNY)and z,(XUY) = pp(X UY), which implies the inequality

pB(X)+pp(Y) > 2 (X)+2.(Y) =2.(X NY)+ 2. (XUY) = pp(XNY) 4+ pp(XUY).

Therefore, pp is a submodular function. By Lemma 3.7 and Theorem 3.8, any extreme point of B(p )
is contained in B. Hence we have B(pp) C B.

Next, assume that B is unbounded. For a fixed x¢p € B, define By = {z € B | z(i) — 2¢(i) <
k (i € N)} and put py = pp, for k =0,1,2,.... Since each By, is a bounded M-convex set, we have
B = B(px). To prove B(pp) C B, let y be any vector in B(pp). Then, there exists a sequence of
vectors {zj}2, such that z; € B(py) € B (k= 0,1,2,---) and limy_,c 2 = y. Since B is a close
set, we have y € B, i.e., B(pp) C B. O

We then prove Theorem 3.6 (ii). For a convex function f : R" — R U {400}, z € dom f, and
1,7 € N, we define

f;4,0) = (x5 = xa)-
For a function v : N x N — R U {£o0}, we define f, : R" — R U {fo0} by

fr@) =mt{ Y Ny | Y Al —xa) =2 Ay =0 ((i,5) € A} (z € R, (3.5)
(i,5)€A (i,5)€A

where A = {(i,j)|4,j € N, 7(i,j) < +oo}.

Proof of Theorem 3.6 (ii). Let f: R™ — RU{+00} be a positively homogeneous M-convex function,
and define v: N x N — R U {+o0} by v(4,5) = f(x; — xi) (¢,7 € N). Then, it suffices to show that
f(z) = fy(x) holds for any € R".

We first claim that there exists {Ai;}ijen (€ Ry) satisfying >, oy Aij(X; — xi) = 2 and f(z) >
Zz’,jEN Xijf'(x; 3,4), which implies f(x) > f,(x). We prove this claim by induction on the cardinality
of the set {i € N | z(i) # 0}, where we may assume = # 0. By (M-EXC) for f, there exist some
h € supp™(z) and k € supp~ (z) such that

f(x)=f(z)+ f(0) > f(z — alxn — xk)) + flalxn — xx) = f(z — alxn — xx)) + ay(k, h)

for any « € [0, min{z(h), —x(k)}], where we use the fact that f is positively homogeneous. Put 2’ =
x —ap(xn — xx) with a9 = min{z(h), —z(k)}. By the induction hypothesis, there exists {)‘éj}i,jGN (C
R ) satisfying 3, oy Ay (0 — xi) = 2" and f(2) = 32, sy Aij f' (25, 4). Putting Ape = A}y + ap and
Aij = Aj; for (i, j) # (h, k), we have the claim.

On the other hand, we have f(z) < >,y Aijf(x; — xi) for any {Aij}ijen (€ Ry) with
Zi, JeN Aij (Xj — Xxi) = « since f is positively homogeneous convex. Hence f(z) < f,(z) follows. O
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3.3 Fundamental Properties of M-convex Functions

We firstly show that an M%-convex function has supermodularity over R".

Proposition 3.9 ([28, Cor. 7.5.1]). For any closed proper convez function f : R™ — R U {400}
z € R", and y € dom f, we have f(x) = limyp1 f(Az + (1 — N)y).
Lemma 3.10. Let f : R™ — RU{+o0} be an M-convex function, and x,y € dom f satisfy supp~ (z —
y) = {k} for some k € N. Then, for any i € supp ™ (z —y) we have x — {x(i) —y(i) }(xs — xx) € dom f,
y+{z@) —y@)}(x;: — xx) € dom f, and

f@)+ f(y) > fle—{2@@) —y(@)}xi — xa) + Fly + {2(0) = y(0) }(xi — xx))- (3.6)
Proof. Put @ = z(i) — y(i), and define functions ¢, ¢, : [0,a] — RU {400} by

pa(a) = f(z —alxi —xx)), @y(@) =fly+{a—-a}(xi —xx)) (acl0,al).
Claim 1. Let « € [0,4a].
(i) If () < 400, then p,((a+@)/2) < +oo. (ii) If ¢, () < 400, then p,(a/2) < 400.

[Proof of Claim 1] ~ We prove (i) only. It may be assumed that « < & Put £ =2 — a(x; — xx) and

oy, =sup{B | f(Z — B0xi —xx)) + [y + B0 —xk) < f(@) + f(y), B<A{2() —y(i)}/2}.

It follows from Proposition 3.9 that f(Z — a.(xi — xx)) + f(y + ax(xi — xx)) < f(Z) + f(y). Put
T=T—oau(Xi— Xk), Y=Y+ ax(Xi — Xx).- Assume, to the contrary, that o, < {Z(i) — y(7)}/2. Then,
we have i € suppt(Z — 7). By Proposition 3.2 for 7,y € dom f, we also have y(k) —Z(k) > (i) — y(i),
from which supp~(z — y) = {k} follows. Hence, (M-EXC) for z and y implies that there exists a
sufficiently small 8 > 0 satisfying

F@)+ fly) = f@)+ f1) = F(@ = B0 —xx) + fFW+ B0 — xx),

a contradiction to the choice of .. Hence, a, = {Z(i) — y(i)}/2, and we have ¢, ((a + @)/2) =

(@ —au(xs — xx)) < +o0. [End of Claim 1]
We also define a function ¢ : [0,a] — R U {£oo} by ¢(a) = ¢a(a) — ¢y(a) (a € [0,a]). Since

¢z and ¢, are closed convex functions with ¢,(0) < 400, @y(@) < 400, we have ¢ (o) < +00

(Vo € [0,@)) and ¢y(a) < o0 (Yo € (0,@]) by Claim 1. Hence, Proposition 3.9 for ¢, and ¢, implies

that ¢ is continuous on (0, @), and ¢(0) = lirl% o(a), p(a) = li%rigo(a). To prove (3.6), it suffices to

[e% [eAKe%

show that ¢(«) is nonincreasing on [0, @], which follows from Claim 2 below:

Claim 2. ¢'(a;1) <0 and ¢'(a;—1) > 0 for all a € (0, @).

We now prove Claim 2. It is noted that the values ¢’(a; £1) = ¢} (a; £1) — ¢} (a; £1) are well-defined

for all a € (0,@). We here prove ¢’(a;1) < 0 only since ¢'(a; —1) > 0 can be proven similarly. Put

¥ =x—aly—xk) and y5 =y + {@—a— 35} x; — xx) for § > 0. Then, we have i € supp™ (2’ — yj)

and supp~ (2’ — y5) = {k}. By (M-EXC), there exists some 3o > 0 such that

F@) + fys) = f(@" = BOG — xw)) + flys + B0a —xx)) (VB €10, Ba)),
implying ¢} (a; 1) < —¢y (o + 0; —1). Hence follows ¢} (a; 1) < —limg|o ¢y (o + 05 —1) = oy (s 1). O
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Theorem 3.11. An M°-convez function f:R" — R U {+o0} satisfies the supermodular inequality:

f@)+fly) <fleny)+ flezvy)  (z,y € R"). (3.7)

Proof. We show (3.7) by induction on the cardinality of the sets supp*(z — y) and supp™ (z — y). If
|suppt(z — y)| <1 or |supp™ (z — y)| < 1, then (3.7) follows from Lemma 3.10 and the definition of
M!-convex functions. Hence, we consider the case when |supp™(z — y)| > 1 and |supp~ (z — y)| > 1.
We may assume = A y,x V y € dom f, since otherwise (3.7) holds immediately. Let j € supp ~(x — y).
Then, we have (xAy)+{y(j) —2(j) }x; € dom f by Lemma 3.10, and the induction assumption implies

f@)=flxny) < fla+{y() —2()xs) — f((zAy) +{y() —2()xs) < flaVy) — fy)
]

We then present two equivalent definitions of M-convex functions. The property (M-EXC) is

equivalent to the following stronger property:

(M-EXCy) Vz,y € dom f, Vi € supp™ (x —y), 3j € supp™ (z — y):

f@)+ ) = fle—alxi —x) + fly+ala—x;))  (0<Va <{x(i) —y(i)}/2t),
where ¢t = |supp~ (z — y)|.

Theorem 3.12. For a closed proper convex function f : R™ — R U {400}, (M-EXC) <«— (M-
EXCy).

Proof. We assume (M-EXC) and show (M-EXCy) for f. Let xg,yo € dom f, and i € supp™ (29 — o).
Put supp™(zo — vo) = {Jj1,J2, -+ ,Jjt}. For h =1,2,--- ¢, we iteratively define a function ¢, : R —
R U {+o0}, a real number ay, € R, and vectors zp,, y, € R™ by

on(a) = f(ep—1 —alxi — x5,)) + flyn—1 + alxi — x5,)) (@€ R),
ap, = sup{a | pp(a) < @p(0), a <minfzp—1(i) — ya-1(4), yn-10jn) — Tr-10jn)l/2},
Th = Th-1 — n(Xi = Xjn)s Yh = Yn—1 + an(Xi — Xjy,)-

Since each ¢y, is closed proper convex, Proposition 3.9 implies
zp,yn € dom f, f(xn) + f(yn) < f(zp-1) + f(yn-1) (h=1,2,...,1). (3.8)

Assume, to the contrary, that S | ap < {xo(i) —yo(i)}/2. Since i € supp™(z; —y;), there exist some
Jn € supp (z¢ — y¢) C supp™ (o — yo) and a sufficiently small & > 0 such that

J(xe) + flye) > floe —alxi — xG,,)) + fye + a(xs — Xx5,))- (3.9)
Putting =, = 2, — a(xi — Xj,,) and T = ¢ — a(xi — Xjj, ), we have

xp(k) = min{zn(k), (k) }, T¢(k) = max{zy(k), z¢(k)} (VE € N\ {i}).
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Therefore, Theorem 3.11 implies

flan —ala = x5,)) + f(2) < flan) + f (20— ol = x5)- (3.10)

Similarly, we have

flyn +alxi — x5,)) + flye) < flyn) + flye +alxs — X5,))- (3.11)

From (3.9), (3.10), and (3.11) follows f(z n — a(xi — Xj,)) + f(yn + a(xi — x5,)) < f(zn) + f(yn), a
contradiction to the definition of xj, and yp,. Let s be the index with ay = max{ay, | 1 < h < t}. For

a € [0, as), we have

{fl@—alxi —x5,)) = f@)}+{fly+alx —x5.)) — fW)}
< {f(@s—1—al —x5.)) = f@s—)} + {f(ys—1 + ol — x5.)) — f(ys—1)} < 0,

where the first inequality is by Theorem 3.11 and the second by (3.8) and convexity of f. This shows
(M-EXCy) for f since ag > {x(i) — y(i)}/2t. O

We can rewrite the exchange property (M-EXC) in terms of directional derivative.
(M-EXC') Vx,y € dom f, Vi € supp™ (z — y), 3j € supp ™ (z — y):
fw;4,4) < +oo,  f'(y34,7) < 400, and f'(z;4,4) + f'(y:4,7) < 0.
Note that (M-EXC') for f yields (B-EXC) for dom f since f'(x;j,4) < 400 implies x + a(x; — xi) €
dom f (Va € [0, ay]) for some ag > 0.

Theorem 3.13. For a closed proper convex function f : R™ — R U {400}, (M-EXC) <«— (M-
EXC’).

Proof. Tt suffices to show (M-EXC’) = (M-EXC). Assume (M-EXC') for f. Let x,y € dom f and
i € supp™ (z — y). We prove that there exist some j € supp~ (z — y) and g > 0 satisfying

flle—alxi—x):00+ f(y+alc—x5);1,5) <0 (Va € [0, aq)), (3.12)

which, together with convexity of f, yields the desired inequality (3.1).
Put x, = x — |J|Bx: + Bxs and y. = y + |J|Bx; — Bxs with a sufficiently small § > 0 and

J={jesupp (x—y) | f(x;7,1) < +o0, f'(y;i,j) < +o0}.

By the convexity of dom f, we have x,, y. € dom f. By (M-EXC’) applied to x, yx and i € supp™ (z,—
Y« ), there exists jo € supp ™ (z. — yx) with f/(z4; jo, %) + f/(ys; 4, jo) < 0. Since f/(z4; o, 1) < +00, we
have ' = z, + a(xj, — xi) € dom f for some o > 0. Since jo € supp™ (2/ —z) and supp™ (z' —z) = {i},
the property (B-EXC) for dom f implies « + o'(xj, — ;) € dom f for a sufficiently small o’ > 0, from
which f'(x; jo, 1) < 400 follows. Similarly, we have f’(y;1,jo) < +oo. Hence, jo € J.
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The inequality f'(x4; jo,7) + f'(y«; 1, jo) < 0, together with the convexity of f, implies

[ (@4, 50) + f (i Jo, i) > 0. (3.13)

For a € [0, 8/2], we put o = x —a(X; — Xj,) € dom f and yo = y+a(xi —Xj,) € dom f. The property
(M-EXC') implies

Fl(@s3,0) + f' (a3 Jo, 1) <0 (3.14)
since jo € supp™ (2« — 7o) and supp™ (74 — o) = {i}. Similarly, we have

F'Waz iy jo) + f'(ys3 jo, 1) < 0. (3.15)
Combining (3.13), (3.14), and (3.15), we have (3.12) with j = j ¢ and ag = 3/2. O

Global optimality of an M-convex function is characterized by local optimality in terms of finite

number of directional derivatives.

Theorem 3.14. Let f : R" — R U {400} be an M-conver function. For x € dom f, we have
f(x) < f(y) (Vy € R™) if and only if f'(z;7,4) > 0 (Vi,j € N).

Proof. We show the “if” part by contradiction. Assume, to the contrary, that f(x¢) < f(z) holds for
some g € dom f. Put S = {y € R" | f(y) < f(xo)}, which is a closed set since f is closed convex.
Let . € S be a vector with ||z, — z||; = inf{||ly — z||1 | y € S}. By (M-EXC) applied to x and .,
there exist some i € supp™(x — ), j € supp™ (z — x4), and a sufficiently small a > 0 such that

(@) = f@e+ ali — x5)) > flo— ol — x5)) — fl@) > f(2;4,i) > 0.

Hence, we have f(z, + a(xi — x;5)) < f(z«) < f(x0), which contradicts the choice of x, since ||(z. +
a(xi = x5)) =zl < [lze =z =

Although an M-convex function is not assumed to be polyhedral convex, its directional derivative
functions and subdifferentials have nice polyhedral structure such as M-/L-convexity. For p € R", we
define f[p] : R® — R U {400} by flp](x) = f(z) + (p,z) (x € R™). For a function v : N x N —
R U {+o0}, we define a set D(y) € R™ by

D(v) = {p € R" | p(j) —p(i) < ~7(i,4) (i,j € N)}. (3.16)
Recall the definition of f, in (3.5).

Lemma 3.15. Let f : R" — RU{+o0} be an M-convez function, xo,yo € dom f, i € supp™ (x¢—yo),
and supp~ (xo — yo) = {Jj1,J2, "+, jt}, where t = |supp (xo — yo)|- Then, there exist y, € dom f and
ap € Ry (h=1,2,...,1) satisfying 22:1 ap = xo(i) — yo(2) and

Uh = Yn—1 +an(xi — Xj,),  fyn) — fyn—1) + anf'(z; 4, 7) <0 (h=1,2,...,%).

Proof. Proof is quite similar to that for Theorem 3.12 and therefore omitted. O
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Theorem 3.16. Let f : R" — RU{+o0} be an M-convez function and x € dom f. Define a function
Yo i N x N = RU {00} by 1.(i,5) = f'(x:],) (i,j € N).

(i) vz satisfies v.(i,4) = 0 (i € N) and the triangle inequality v (i, j) + vz (4, k) > v.(i, k) (i,5,k € N).
(ii) The subdifferential Of (z) is represented as

0f(x) = D(v) = {p € R" | p(j) — p(i) < f'(:4,1) (i,j € N)}.

In particular, Of (x) is an L-convex set if v, > —o0.

iii) We have f'(z;-) = f.. In particular, f'(x;-) is positively homogeneous M-convez if f'(x;-) > —oc.
Yx

Proof. (i): For i, j,k € N, Lemma 3.10 implies

YVoli:3) + 720, k) = Im(1/e){f(z+alx; —xi) + (@ + ol = x5)) — 2f(2)}
2 lim(1/a){f(z+alxe = x) = f(@)} = 72(i.k).
(ii): Since p € Jg(z) is equivalent to x € argmin f[—p|, the equation df(z) = D(vy,) follows from
Theorem 3.14. L-convexity of the set 0f(z) follows from (i) (see [24, Th. 3.23]).
(iii): Due to the property (i), it suffices to prove f'(z;d) = f,,(d) for d € R" (see [24, Th. 4.19]).

Since f/(x;-) is a positively homogeneous convex function, we have
fllasd) = f'(z: Y NG —x)) < D Xigf'(2:5,1)
i,jEN i,jEN

for any {Aij}ijen (€ Ry) satisfying 37, sy Aij(Xj — xi) = d. Hence, we have f'(z;d) < f,,(d).
On the other hand, repeated application of Lemma 3.15 implies that for any «a > 0 there exists

{Aijijen (€ Ry) satisfying 37, oy Aij(X; — xi) = d and

flatad) - f(z) > a Y Njf(2:5,4) > af,(d).

1,JEN
This implies f'(x;d) > f,,(d). Hence, we have f'(z;d) = f.,(d). O

The next theorem shows that each “face” of the epigraph of an M-convex function is a polyhedron

given by an M-convex set. The proof is obvious and therefore omitted.

Theorem 3.17. Let f : R — R U {400} be an M-convex function. For p € R™, argmin f[p| is

M-convex if it is nonempty.
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4 L-convex Functions over the Real Space

4.1 Definitions of L-convex and L‘convex Functions

We call a function g : R" — R U {400} L-convez if g is a closed proper convex function satisfying
(LF1) and (LF2):

(LF1) g(p) +9(q) 2 9(pAg) +9(pVa)  (Yp,q € domy),
(LF2) 3r € R such that g(p+ A1) = g(p) + Ar (Vp € domg, VA € R).

Due to the property (LF2), an L-convex function loses no information other than r when restricted
to a hyperplane {p € R" | p(i) = 0} for any i € N. We call a function g : R — R U {+00} Lf-convez
if the function g : RY — R U {400} defined by

9(po,p) = g(p — po1) ((po,p) € RY)
is L-convex, where N= {0} UN. Lf-convexity of ¢ is characterized by the following property:

(L'F) g(p) +9(q) > g(pV (g— A1)+ g((p+ A1) Aq)  (Vp,q € domg, YA > 0).

Theorem 4.1 ([24, Th. 4.39]). A closed proper convex function f : R™ — R U {400} is Lf-convex
if and only if it satisfies (LF).

We denote by L,, (resp. Ei) the class of L-convex (resp. Li-convex) functions in n variables, i.e.,
L,={g9]g:R" — RU{+00}, L-convex}, L5 ={g|g:R" — RU{+00}, Li-convex}.

As is obvious from the definitions, Li-convex function is essentially equivalent to L-convex function,
whereas the class of Li-convex functions contains that of L-convex functions as a proper subclass. This

relationship between L-convexity and Li-convexity can be summarized as
Ly C LY~ Loty

From the definition of Li-convex functions, every property of L-convex functions can be restated
in terms of Li-convex functions, and vice versa. In this paper, we primarily work with L-convex
functions, making explicit statements for L-convex functions when appropriate.

We also define the set version of L-convexity and Li-convexity. We call a set D C R" L-convex
(resp. LP-convex) if its indicator function d p : R™ — {0, +00} is an L-convex (resp. Li-convex) function.

Equivalently, an L-convex set is defined as a nonempty closed set satisfying (LS1) and (LS2):
(LS1) p, e D= pAgq, pVq€E D, (LS2) pe D= p+ A1 €D (YA€R).

In fact, L-convex and Li-convex sets are polyhedral as shown later in Section 4.2. Hence, these

concepts coincide with those of L-convex and Li-convex polyhedra introduced in [24].

Proposition 4.2. For an L-convex function g : R™ — R U {+o0}, dom [ satisfies (LS1) and (LS2),

and is an L-conver set if it is a closed set.
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The properties (LS1) and (LS2), without closedness, imply convexity for sets.
Theorem 4.3. If D C R" satisfies (LS1) and (LS2), then D is a convex set.

Proof. We show that (1 — a)p + ag € D holds for any p,q € D and a € [0,1]. By the property
(LS2), we may assume p < ¢. Then, we have ¢ = p + ZlfL:l Anxn, for some A\p > 0 and N, C N
(h =1,2,...,k) such that ) # N; C No C --- C Ng. In the following, we prove by induction that
p;» =p+ 0‘2%:1 Anxn, € D holds for j =0,1,...,k. We have pj = p € D. Suppose that p;»_l eD
for j — 1 < k. Since p + Z{LZI AnXN, =PV (¢ — ZfL:jH Arl) € D, we have

J
Py =Pjo1 + odxn, = o +aN 1) A (p+ ) Anxw,) € D.
h=1

Hence, pj, = (1 — a)p + ag € D follows. O

Remark 4.4. The properties (LF1) and (LF2) imply mid-point convexity (see Theorem 4.9 below);
however, they are independent of convexity and continuity.

Consider the function 7 : R — R satisfying Jensen’s equation (2.3) such that 1 is neither contin-
uous nor convex. Define a function g : R? — R U {+oco} as in (2.5). Then, g satisfies the submodular

inequality (LF1) with equality and (LF2) with » = 0, and is neither convex nor continuous. O

Remark 4.5. There exists no function which is both M-convex and L-convex, i.e., M, N L, = 0
(Proof: Proposition 3.2 (ii) implies (N) = y(N) for any f € M, and z,y € dom f, whereas (LF2)
implies that z + A1 € dom f for any A € R.) On the other hand, the classes of M!-convex and

Lf-convex functions have nonempty intersection, as shown in Example 2.4. U

Remark 4.6. The effective domain of an L-convex function is not a closed set in general. For example,
the function g : R? — R U {+oc0} defined by

9(pr,ps) = 1/(p1 —p2) ((p1,p2) € R?, p1 —p2 > 0),
’ +o0 (otherwise)

is L-convex, and dom g = {(p1,p2) | p1 —p2 > 0} is not a closed set. O

4.2 L-convex Sets and Positively Homogeneous L-convex Functions

L-convex sets and positively homogeneous L-convex functions constitute important subclasses of L-
convex functions, which appear as local structure of general L-convex functions such as minimizers
and directional derivative functions (see Theorem 4.11). We show that L-convex sets and positively

homogeneous L-convex functions are polyhedral sets and polyhedral convex functions, respectively.

Theorem 4.7.
(i) Any L-convex set is a polyhedron.

(ii) Any positively homogeneous L-conver function is a polyhedral convex function.

In the following, we prove Theorem 4.7. Recall the definition of a set D(y) C R™ in (3.16).
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Proof of Theorem 4.7 (i). Let D C R™ be a nonempty closed set with satisfying (LS1) and (LS2). We
define a function vp : N x N — R U {+o00} by vp(4,j) = sup,ep{p(j) — p(i)} (i, € N). To prove
(1), it suffices to show D = D(yp) since D(yp) is a polyhedron. The inclusion D C D(yp) is easy to
see; to show the reverse inclusion, we prove that ¢ € D holds for any g € D(vyp).

For any € > 0 and any 4, j € N there exists pj; € D with pfj(j) —pfj(i) +e>p(i,j) > q(4) —q(i),
where we may assume that pf;(i) = ¢(i) and pj;(j) + € > q(j) by (LS2). For i € N, we define
p; = Ven Pij» which is contained in D by (LS1). The vector p§ satisfies p (i) = ¢(i) and p§(j)+e > q(j)
for j € N. We then define p* € D by p* = A,y p§, which satisfies ¢(i) — e < p®(i) < (i) for i € N,
and hence lim._.g p° = ¢. Hence, the closedness of D implies ¢ € D. O

We then prove Theorem 4.7 (ii).

Lemma 4.8 ([24, Lemma 4.28]). Let g : R" — R U {+00}. Then, g satisfies (LF1) and (LF2) if

and only it satisfies
9(P)+9(q) > glpV (g — A1) +g((p+ A1) Aq)  (Vp,q € domg, VA €R).
In particular, if g satisfies (LF1) and (LF2), then we have
9(p)+9(0) Z g(p+ Axx) +9(a = Axx)  (¥p,q € domg, VA€ [0,A1 = X)), (4.1)

where A\ = max{q(i) —p(i) |[i € N}, X ={i € N | q(i) — p(i) = A1}, and Ay = max{q(i) — p(i) | i €
N\ X}.

For a set function p: 2 — R U {£o00}, we define g, : R" — R U {£o00} by

M»

() = 1)V, (42)
7=1

where A\ > A\p > -+ > )y are distinct values in {p(i)}ien, Ap+1 =0, and Nj = {i € N | p(i) > A;}

(=1,2,...,k). The function g, is called the Lovdsz extension of p [9, 16].

Proof of Theorem 4.7 (ii). Let g : R™ — R U {400} be a positively homogeneous L-convex function,
and define p : 2V — R U {+o0} by py(X) = g(xx) (X € N). We prove that g(p) = g,(p) holds for
p € R", which shows that ¢ is a polyhedral convex function.

We may assume that p > 0 since (LF2) for g implies g(p) —g,(p) = g(p+ A1) —g,(p+ A1) (A € R).
Define A\; and N; (j = 1,2,...,k) as in the Lovész extension (4.2), and put Apy; = 0. Since g is

positively homogeneous convex, we have g(p) < Z] 1 (A = Ajr1)g(xw;) = gp(p)- On the other hand,
it follows from Lemma 4.8 that
k k
g(> (N = Arxwy) = 9( Y (= Asdxy) = 9((n = Anra)x,) — 9(0)
j=h j=h+1
= (A — Ant1)p(Np) (h=1,2,...,k).
This implies g(p) > Z?:l()‘h — An41)p(Ny) = g,(p). Hence, we have g(p) = g,(p). O

21



4.3 Fundamental Properties of L-convex Functions

We show various properties of L-convex functions. Note that some of the properties below are implied

by (LF1) and (LF2) only, and independent of closed convexity of functions.
Theorem 4.9. If g: R" — RU {400} satisfies (LF1) and (LF2), then g is mid-point conver.

Proof. We show the inequality (2.2) by induction on the cardinality of supp(p — q) = supp™*(p —
q) Usupp™(p — q). We may assume p(i) < ¢(i) for some i € N. Putting A = {q(i) — p(¢)}/2,
P =pV(g— A1) and ¢ = (p+ A1) A q, we have g(p) + g(q) > g(p’) + g(¢') by Lemma 4.8. Since
supp(p’ — ¢') € supp(p — ¢) \ {i}, the induction hypothesis yields g(p) + g(¢') = 29({p" + ¢'}/2) =
29({p+4a}/2). -

Global optimality of an L-convex function is characterized by local optimality in terms of finite

number of directional derivatives.

Theorem 4.10 ([24, Th. 4.29]). Let g : R" — R U {+o0} be a convex function with (LF1) and
(LF2). For p € domg, we have g(p) < g(q) (Vg € R™) if and only if ¢'(p;xx) > 0 (VX C N) and
9'(p;1) =0.

Proof. We show the sufficiency by contradiction. Suppose that there exists some ¢ € R™ with g(q) <
g(p), and assume that ¢ minimizes the number of distinct values in {q(¢) —p(i)} *_; of all such vectors.
Let Ay > Ay > -+ > A\ be the distinct values in {q(i) — p(i)}~,. From (LF2) and ¢'(p;1) = 0, we
have k > 2. By the inequality (4.1) with A = A1 — Xy and ¢'(p; xx) > 0, we have g(¢') < g(q) < g(p)
with ¢ = ¢ — (A — A2)xx. This inequality, however, is a contradiction since the number of distinct
values in {¢'(i) — p(4)}, is k — 1. O

Although an L-convex function is not assumed to be polyhedral convex, its directional derivative
functions and subdifferentials have nice polyhedral structure such as L-/M-convexity. For x € R", we
define g[z] : R™ — R U {+o0} by g[z](p) = g(p) + (p,x) (p € R™). Recall the definitions of B(p) and
gp in (3.4) and in (4.2), respectively.

Theorem 4.11. Let g : R™ — R U {+o00} be an L-convex function and q € domg. Define a function
pg: 2N — RU{£o0} by po(X) = ¢'(¢; xx) (X C N).

(i) pq satisfies pg(0) =0, —00 < pg(N) < +o00, and the submodular inequality (3.3).

(ii) The subdifferential Og(q) is represented as

d9(q) = B(pg) = {z e R" | 2(X) < ¢'(¢: xx) (VX C N), z(N)=g'(¢;1)}.

In particular, 0g(q) is an M-convex set if pg > —o0.
(iii) The function g'(q;-) satisfies (LF1), (LF2), and 9'(q;-) = gp,. In particular, g'(q;-) is a positively

homogeneous L-convex function if g'(q;-) > —oo.

Proof. We first prove (iii) and then (ii); (i) is immediate from (iii).
(iii): For any p € R"™ and € > 0, there exists some p > 0 such that ¢'(¢;p) > (1/p){g(q + up) —
g(q)} — €. Hence, (LF1) and (LF2) for g'(g; ) follow from (LF1) and (LF2) for g.
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We then prove ¢'(¢;p) = g,,(p) (p € R"). Since g'(¢;-) is a positively homogeneous convex

function, we have

k k
90,(P) = D (N = Nr)g (@ xwv,) = 9 (@Y (N — Njr)xw,) = g'(a5p),
j=1 J=1

where A\; and N; (j =1,2,...,k) are defined as in the Lovasz extension (4.2) and A1 = 0. Put
qQ=q+p, ¢ =¢q-1—Nj—N+1)xn; G=1,2,---,k),
where ¢ = q. By Lemma 4.8, we obtain
9(gi—1) — 9(q5) = glg+ (N = Njr)xw;) — g(@) > (Nj = Nw)d (@ xw,) (G=1,2,...,k),

from which follows
k
9la+p) = 9(@) =Y (A — X11)d (@ X,) = Gp, (D)-
k=1

Since the inequality above holds for any p € R", we have g(q + up) — g9(q) > gp,(1p) = 1gp,(P),

implying g'(¢;p) > gp,(p). Thus, g'(¢; p) = g,,(p) follows.
(ii) Since = € 0g(q) is equivalent to ¢ € argmin g[—z], we have dg(q) = B(p,) by Theorem 4.10.
Since pq is a submodular function, dg(q) is an M-convex set (see [24, Th. 3.3]). O

The next theorem shows that each “face” of the epigraph of an L-convex function is a polyhedron

given by an L-convex set. The proof is obvious and therefore omitted.

Theorem 4.12. Let g : R™ — R U {400} be an L-convex function. For x € R", argming[z] is

L-convex if it is nonempty.
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5 Conjugacy

For a function f: R"™ — R U {400} with dom f # 0, its (convex) conjugate f® : R™ — R U {400} is
defined by

f*(p) =sup{(p,z) — f(z) [z e R"}  (peR").

Theorem 5.1 ([28, Theorem 12.2]). For a closed proper conver function f : R — R U {400},

the conjugate function f®: R™ — R U {400} is also closed proper convex, and f** = f.

Hence, the conjugacy operation f — f® induces a symmetric one-to-one correspondence in the class
of all closed proper convex functions on R™. In this section, we show that M-convex and L-convex

functions are conjugate to each other.

Theorem 5.2.
(i) For f € M,,, we have f* € L, and f** = f. (ii) For g € L,,, we have g* € M,, and g** = g.
(iii) The mappings f — f* (f € M,,) and g — g* (g € L) provide a one-to-one correspondence

between My, and Ly, and are the inverse of each other.

In the following, we first prove “f € M,, = f* € £,,” and then “g € £, = ¢* € M,,.” The

other claims are immediate from these and Theorem 5.1.

Lemma 5.3. If a function f : R? — R U {+oc} in two variables is supermodular, then its conjugate
f*:R? = RU{+c0} is submodular.

Proof. Tt suffices to show
FrO )+ N 1) < POV + PO ) (5.1)
for (A, 12), (N, 1) € R? with A > X and p > 4. We claim that
A+ pB — fla, B)] + [No' + /8 = f(o!, 8)] < f2O0 1) + f2 (N, 1) (5.2)

holds for any («, 3), (a/, ') € R2. The inequality (5.1) is immediate from (5.2), since the supremum
of the left-hand side of (5.2) over («, 8) and (a’, 3') coincides with the left-hand side of (5.1).
We now prove (5.2). If « > o’ and 8 > ', we have f(«, 8) + f(a/,3') > f(a, ) + f(d/, 3) by the

supermodularity of f, and therefore
LHS of (5.2) < Da+ ¢/8 — f(a,B)] + N + pp — f(o/, 3)] < RHS of (5.2).
If o < o, we have Ada + Mo/ < Ao’ + N a and therefore
LHS of (5.2) < A/ + p/'f — f(o/, )] + [N+ pB — f(a, 3)] < RHS of (5.2).
We can prove (5.2) similarly for the case 5 < 3. O

Lemma 5.4. For f € M,,, we have f* € L,.
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Proof. Let f € M,. By Theorem 5.1, the conjugate f® is a proper closed convex function with
f® > —oo. Hence, we have only to show (LF1) and (LF2) for f°.

We firstly show (LF2) for f®. Put r = z(NN) by some z € dom f, which is independent of the
choice of x by Proposition 3.2. For p € dom f® and A € R, we have

fflp+ A1) = sup{(p+A\1,z) — f(x) |z € dom f}
= sup{(p,x) — f(z) |z € dom f} + Az(N) = f*(p) + Ar.

To prove the submodularity (LF1) for f°®, we first assume that dom f is bounded. Since dom f® =
R™, the submodularity of f* is equivalent to the local submodularity (see, e.g., [24, Theorem 4.27)):

o+ 2x)+ [P+ ux;) > f2(p) + 0+ A + 1x;5), (5.3)

where p € R"™, i, € N are distinct indices, and A\, u € Ry. We fix p € R", and define functions
G:R2 > RU{+oo} and f: R?2 — RU {+o0} by

g\ pm)=fp+ i +rx;) (ApeR),
fla, B) = inf{f(z) — (p.z) | x € dom f, 2(i) = o, 2(j) =B} (@, B€R).

Then, ]7 is a supermodular function, as shown below, and g = (f)’ holds. Hence, the function ¢ is a
submodular function by Lemma 5.3, implying the inequality (5.3).

We now prove that ]7 is a supermodular function.

Claim. For any (o, 3), (a/,5') € domfwith a > o and 8 > [, there exists §p > 0 satisfying

fla,B)+ f(a,8) = fla=6.8) + f(' +6,8) (V8 € [0,4)).
[Proof of Claim] We may assume p = 0 since f(z) — (p, z) is also M-convex as a function in z. Since
f is a closed proper convex function with bounded effective domain, there exist x, 2z’ € dom f satisfying
z(i) = a, z(j) = B, f(a,ﬁ) = f(z), and 2/(i) = o/, 2/(j) = 7, f(o/,ﬁ’) = f(2'), respectively. We
have i € supp™(z — 2’), and therefore (M-EXC) for f implies that there exist k € supp ~(z — ') and
0o > 0 satisfying

fle,B)+ f(,8) = fla)+ f(a') > flz—d(xi—xk)+ f(@"+ 06 — xx))

> f(a_&ﬁ)—i_f(a/—i_d’ﬁ/) (V(SE [0750])a
where it is noted that k # j since j & supp ™ (z — 2/). [End of Claim)]

Using Claim above as well as the fact that ]7 is closed proper convex, we can show the supermod-
ularity of fin the same way as in Lemma 3.10. This concludes the proof of (LF1) for f*® when dom f
is bounded.

Finally, we consider the case when dom f is unbounded. For a fixed vector xg € dom f, we define
fo :R" = RU{+00} (k=1,2,...) by

fu(z) = f(@) (ze€R", [2(i) — zo(i)| < k for all i € N),
+o0o  (otherwise).
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Since fi € M,, and dom f}, is bounded, f; fulfills (LF1). Hence, for any p,q € dom f* we have
)+ f*g) = Yim {fi(p) + fR(0)} = lim {fi(pAa) + fipV @)} = [*pAa) + [*(p V).
O

We then prove the claim “g € £,, = ¢* € M,,.” Recall that for x € R" the function g[—=z] :
R" — R U {+oo0} is defined by g[—z](p) = g(p) — (p,z) (p € R").

Lemma 5.5. Let g € L, and z,y € R"™ be vectors with argmin g[—z] # 0 and argmin g[—y| # 0.
Then, for any i € supp™ (z — y), there exists j € supp ™ (x — y) such that

p(j) — (i) < q(j) — q(i) (¥p € argmin g[—z], Vg € argmin g[—y]). (5.4)

Proof. First we note that x(N) = y(N) = r, where r € R is the value in (LF2) for g. Since
arg min g[—x] and arg min g[—y] are L-convex sets by Theorem 4.12, the inequality (5.4) can be rewrit-
ten a5 p(j) < g(j) (¥p € Ds, ¥q € Dy), where

D, ={pcR"|pcargming|[-z], p(i) =0}, D,={pecR"|pecargming[—y, p(i) = 0}.

Assume, to the contrary, that for any j € supp ™ (z —y), there exists a pair of vectors p; € Dy, ¢; € Dy
such that p;(j) > ¢;(j). Putting

pe=\Apjlieswp -y}, = /N{g|jeswp (x—y)}

we have p, € Dy, q, € Dy, and supp™ (z — y) C supp™ (py — ¢y). We also put ST = supp™(p, — ¢y),
A =min{p,(j) — qy(4) | j € ST} (> 0). Then, Lemma 4.8 implies

9(pz) + 9(qy) = 9((px — A1) V gy) + g(pz A (gy + A1)). (5.5)

pa(i) = A (5 €5T),
ay(J) (j € N\ST),

—

@)+ X (jeST),

(b A (3 + V) (5) = { T e nisn,

<(pm_)‘1)\/an >+<pm (Qy+)‘1) >_<pra >_<any>

= A ) e+ YD {a () — () He() — v}
jes+ JEN\S+

> A i) -2 = A Y i) —2() = Me() =y} > 0, (5.6)
jes+ veN\{i}

where the inequalities follow from supp ™~ (z — y) € S*. From (5.5) and (5.6) follows

gl=]((pz — A1) V q) + g[~y](p= A (gy + A1) < g[—2](pz) + g[—y](gy),

which is a contradiction to the fact that p, € argmin g[—zx], ¢, € argmin g[—y]. O
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Proposition 5.6 (cf. [28, Th. 23.4]). Let f : R™ — RU{+o0} be a convez function with dom f =
{z € R" | (N) = r} for some r € R. Then, for any z € dom f we have Of(x) # 0 and f'(x;y) =
sup{(p,y) | p € 0f(x)} (y € R").

Lemma 5.7. For g € L,,, we have g* € M,,.

Proof. Tt is easy to see that the conjugate function g*® satisfies dom g® C {z € R" | z(IN) = r}, where
r € R is the value in (LF2) for g. We firstly consider the case when domg® = {z € R" | 2(N) = r}.
Let z,y € dom ¢g® and i € supp™ (z — y). From Proposition 5.6 follows arg min g[—x] = dg *(z) # () and
arg min g[—y| = 9¢°*(y) # 0. By Lemma 5.5, there exists j € supp ™ (z — y) satisfying (5.4), implying

(9°)(@14,1) + (9°) (y34,9)
= sup{p(j) — p(i) | p € argmin g[—a]} + sup{q(i) — q(j) | ¢ € argmin g[-y]} <O,
where the equality is by Proposition 5.6. This shows (M-EXC’) for ¢°, which, together with Theorem
3.13, yields M-convexity of g°.

We then consider the general case. For fixed jo € N and ¢ € domg with ¢(jo) = 0, we define

(p) = g(p) (peR™, |p(i) — p(jo) — q(i)| < k for all i € N),
IR +oo  (otherwise).

It can be easily shown that each gj is an L-convex function with domgy = {z € R" | z(N) = r}.
Therefore, the discussion above shows that each g; is M-convex, and therefore satisfies (M-EXCy) by
Theorem 3.12. For z,y € dom g* (C dom g}) and i € supp™(z—y), there exists some jj € supp™ (z—y)
such that

9e(@) + 98 (y) = gr(x — alxi = x5) + iy + alxi — x5,)) (V€ [0, {x(i) — y(i)}/21])
with ¢ = |supp™ (z — y)|. Since supp™ (z — y) is a finite set, we may assume that jp = j. (k=1,2,...)
for some j, € supp~ (x — y). Then, for any a € [0, {z(¢) — y(7)}/2t] we have
0*() +9°() = Jim {of(a) +g2(0)} > Jim {g}(e — ol — x5.)) + 020 + ol — X))
= ¢*(z —alxi — x5.)) + 9°(y + alxi — x5.))-

Thus, (M-EXCj) holds for ¢g°®, which shows M-convexity of ¢g® by Theorem 3.12. U

This concludes the proof of Theorem 5.2.
As an application of Theorem 5.2, we give the proof for the characterization of M f-convex functions
by the property (MH-EXC).

Proof of Theorem 3.1. Let f : R — R U {400} be a closed proper convex function satisfying (M“-
EXC). We shall show the M-convexity of the function f : R — RU{-+oo0} in (3.2), which is equivalent

to the L-convexity of f* = (f)’ by Theorem 5.2. We prove the L-convexity of f* in a similar way as in
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Lemma 5.4. In particular, the proof of Lemma 5.4 shows that it suffices to prove the following claim.
Forie N and j € N with i # 4, define a function ﬁj :R? — RU {#o00} by

fij(,8) = mt{f(@) — (5,7) | % € dom [, Z(i) = a, F(j) = 6}

{ inf{f(z) — (p,x) + pox(N) |z € dom f, x(i) =
inf{f(z) — (p,x) + pox(N) |z € dom f, x(i) =

;z2(j) =8y (GEN),
, #(N)=—p} (j=0),

where p = (po, p) € RY.

Claim. Suppose that dom f is bounded. Then, each ﬁ'j satisfies the following property:
Ve, 8), (&, ) € domﬁj with o > o/ and 8 > 3, 469 > 0:

Fiila, B) + Fig(o, B) > fij(a = 6,8) + fij(e’ +6,8) (V6 €[0,60).  (5.7)

We now prove the claim above. We may assume that p = 0 and py = 0 since f(p07p)(z) =
f(2) = (p, 2) + poz(N) (z € R™) also satisfies (M!-EXC). We consider the case j = 0 only, since the
case of j € N can be dealt with similarly and more easily.

Since f is a closed proper convex function with bounded effective domain, there exist , 2’ € dom f

satisfying
ZE(i):Oé, $(N):—B, fm(oz,ﬁ):f(:n),
d@) =o', (N =4, fyd.p)=f).
We assume that x minimizes the value ||z — z’||; among all such vectors. It suffices to show that

f@)+ f(z') > fl@—0(xi —xx) + f(@" +00xi —xx)) (VY6 €10,00]) (5.8)

for some k € supp (z — ') and Jy > 0 since the RHS of (5.8) is larger than or equal to ﬁj(a -
5, 0) + ﬁj(o/ +6,3"). By the property (M*-EXC) for x, z’, and i € suppt(z — '), there exist
s € supp_ (x — 2’) U{0} and &7 > 0 such that

f@)+ f(@) > f(z—6(xi — xs)) + f&'+00xi — xs)) (V6 €[0,61]). (5.9)

Since x(i) > 2’(i) and z(N) < z/(N), there exists some 7 € supp T (z/ — z). By (MI-EXC), there exist
t € supp (2’ —x) U {0} and d2 > 0 such that

f@) 4+ fx) > f@ =000 —xi) + fl@+0(xr —x¢) (V0 €[0,02]). (5.10)

We consider the following four cases.

[Case 1: s € supp™ (x — )] (5.9) gives the desired inequality (5.8) with k = s and ¢ = ;.

[Case 2: t =i € supp (¢ — z)] (5.10) gives the desired inequality (5.8) with k = r and §¢ = ds.

[Case 3: t € supp ™~ (z' — z) \ {i}] Putting 2° = = + 0(x, — x¢) with a sufficiently small § > 0,
we have 20(i) = a, 2%(N) = —f, and ||z° — 2/||; < ||z — 2/||1. By (5.10), the vector z° satisfies
ﬁ'j (o, B) = f(2°), a contradiction to the choice of z.
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[Case 4: s =t = 0] Convexity of f as well as the inequalities (5.9) and (5.10) imply

f@)+ f') > 1/2){f(z—oxi) + flz+ 0xr)} + (1/2){f (@ + dxi) + f(2' — oxr)}
> flz—(1/2)6(xi — xr)) + f(2"+ (1/2)0(xi —x»)) (0 < V6 < min{dy, da}).

Hence, we have the desired inequality (5.8) with & = r and 09 = (1/2) min{d1, d2 }.
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