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1 Introduction

Discrete convex functions have long been attracting research interest in the area of dis-
crete optimization. Miller [15] was a forerunner in the early 1970’s. The relationship
between submodularity and convexity was discussed in Edmonds [3], and deeper under-
standing of this relationship was gained in 1980’s by Frank [5], Fujishige [6] and Lovász
[13] (see also [7]). Favati and Tardella [4] introduced integrally convex functions to show
a local characterization for global minimality, and Dress–Wenzel [2] considered valuated
matroids in terms of a greedy algorithm. Recently, Murota [17, 18, 20, 21] advocates
“discrete convex analysis,” where M-convex and L-convex functions play central roles.
M�-convex and L�-convex functions1), introduced respectively by Murota–Shioura [22]
and Fujishige–Murota [8], are variants of M-convex and L-convex functions. It is shown
in [8] that L�-convex functions are the same as submodular integrally convex functions
considered in [4].

Minimization of discrete convex functions is most fundamental in discrete optimiza-
tion. In fact, we have recently witnessed dramatic progress of algorithms for submodular
set-function minimization; see, e.g., Iwata [10], Iwata–Fleischer–Fujishige [11], Schrijver
[23], and a survey by McCormick [14].

M-convex function minimization contains the minimum-weight matroid-base prob-
lem (see, e.g., [1]) as a very special case. Minimization of an M-convex function on
{0, 1}-vectors is equivalent to maximization of a matroid valuation, for which the greedy
algorithm of Dress–Wenzel [2] works. The first polynomial time algorithm for general
M-convex functions is given by Shioura [24], and scaling algorithms are considered by
Moriguchi–Murota–Shioura [16], Tamura [26], and Shioura [25].

For L-convex function minimization the algorithm of Favati–Tardella [4], originally
meant for submodular integrally convex functions, works with slight modifications. It is
the first polynomial time algorithm for L-convex function minimization, but is not prac-
tical, being based on the ellipsoid method. A steepest descent algorithm is proposed by
Murota [19], with a subsequent improvement by Iwata [9] using a scaling technique. The
steepest descent algorithm heavily depends on algorithms for submodular set-function
minimization.

In this paper we investigate the complexity of steepest descent algorithms for M-
convex functions and L-convex functions. With certain simple tie-breaking rules we
can obtain complexity bounds that are polynomials in the dimension n of the variables
and the size K of the effective domain. Combination of the present complexity bound
with a standard scaling approach results in an efficient algorithm for L-convex function
minimization of complexity bounded by polynomials in n and log K. This is faster than
any other known algorithms for L-convex function minimization.

1)“M�-convex” should be read “M-natural-convex,” and similarly for “L�-convex.”
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Some conventions are introduced. We consider functions defined on integer lattice
points that may possibly take +∞, i.e., f : ZV → R ∪ {+∞} with a finite set V of
cardinality n. The effective domain of f is denoted by

dom f = {x ∈ ZV | f(x) < +∞}, (1)

and the �1-size of dom f by

Kf = max{||x − y||1 | x, y ∈ dom f}, (2)

where the �1-norm of a vector x = (x(v) | v ∈ V ) with components indexed by V is
designated by

||x||1 =
∑
v∈V

|x(v)|.

For a subset X of V we denote by χX the characteristic vector of X; χX(v) equals one
or zero according to whether v belongs to X or not. For u ∈ V we denote χ{u} by χu.

2 M-convex Function Minimization

M-convex functions are defined in terms of a generalization of the exchange axiom for
matroids. We say that a function f : ZV → R ∪ {+∞} with dom f �= ∅ is M-convex if
it satisfies the exchange axiom

(M-EXC) For x, y ∈ dom f and u ∈ supp+(x−y), there exists v ∈ supp−(x−
y) such that

f(x) + f(y) ≥ f(x− χu + χv) + f(y + χu − χv). (3)

The inequality (3) implicitly imposes the condition that x − χu + χv ∈ dom f and
y + χu − χv ∈ dom f for the finiteness of the right-hand side. It follows from (M-EXC)
that the effective domain of an M-convex function lies on a hyperplane {x ∈ RV |∑

v∈V x(v) = r} for some integer r.
Global optimality for an M-convex function is characterized by local optimality.

Lemma 1 ([17, 20, 21]) For an M-convex function f and x ∈ dom f , we have

f(x) ≤ f(y) (∀ y ∈ ZV ) ⇐⇒ f(x) ≤ f(x − χu + χv) (∀u, v ∈ V ).

This local characterization of global minimality naturally suggests the following al-
gorithm of steepest descent-type [16], [19], [24].

Steepest descent algorithm for M-convex function f

S0: Find a vector x ∈ dom f .
S1: Find u, v ∈ V (u �= v) that minimize f(x− χu + χv).
S2: If f(x) ≤ f(x − χu + χv), then stop (x is a minimizer of f).
S3: Set x := x − χu + χv and go to S1.
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Step S1 can be done with n2 evaluations of function f . At the termination of the
algorithm in Step S2, x is a global optimum by Lemma 1. The function value f decreases
monotonically with iterations. This property alone does not ensure finite termination in
general, although it does if f is integer-valued and bounded from below.

The following is a key property of the steepest descent algorithm for M-convex func-
tions, showing an upper bound on the number of iterations in terms of the distance to
the optimal solution rather than in terms of the function value. We denote by x◦ the
initial vector found in Step S0.

Lemma 2 If f has a unique minimizer, say x∗, the number of iterations is bounded by
||x◦ − x∗||1/2.

(Proof) Put x′ = x−χu +χv in Step S2. By Lemma 3 below we have x∗(u) ≤ x(u)−1 =
x′(u) and x∗(v) ≥ x(v)+1 = x′(v), which implies ||x′−x∗||1 = ||x−x∗||1 − 2. Note that
||x◦ − x∗||1 is an even integer.

Lemma 3 ([24]) Let f : ZV → R∪{+∞} be an M-convex function with arg min f �= ∅.
For x ∈ dom f \ arg min f , let u, v ∈ V be such that

f(x − χu + χv) = min
s,t∈V

f(x− χs + χt).

Then u �= v and there exists x∗ ∈ arg min f with

x∗(u) ≤ x(u) − 1, x∗(v) ≥ x(v) + 1.

When given an M-convex function f , which may have multiple minimizers, we con-
sider a perturbation of the function so that we can use Lemma 2. Assume now that
f has a bounded effective domain of �1-size Kf in (2). We arbitrarily fix a bijection
ϕ : V → {1, 2, . . . , n} to represent an ordering of the elements of V , put vi = ϕ−1(i) for
i = 1, . . . , n, and define a function fε by

fε(x) = f(x) +
n∑

i=1

εi x(vi),

where ε > 0. This function is M-convex, and, for a sufficiently small ε, it has a unique
minimizer that is also a minimizer of f . Suppose that the steepest descent algorithm is
applied to the perturbed function fε. Since

fε(x − χu + χv) = f(x − χu + χv) − εϕ(u) + εϕ(v),

this amounts to employing a tie-breaking rule:

Take (u, v) that lexicographically minimizes (ϕ(u),−ϕ(v)), (4)

in case of multiple candidates in Step S1 of the steepest descent algorithm applied to f .
Combination of this observation with Lemma 1 yields the following complexity bound,
where Ff denotes an upper bound on the time to evaluate f .
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Theorem 1 For an M-convex function f with finite Kf , the number of iterations in
the steepest descent algorithm with tie-breaking rule (4) is bounded by Kf/2. Hence, if a
vector in dom f is given, the algorithm finds a minimizer of f in O(Ff · n2Kf ) time.

Although a number of algorithms of smaller theoretical complexity are already known
for M-convex function minimization [24], [25], [26], the present analysis is intended
to reveal the most fundamental fact about M-convex function minimization. The tie-
breaking rule (4) as well as the steepest descent algorithm can be adapted to M�-convex
function minimization.

3 L-convex Function Minimization

L-convex functions are defined in terms of submodularity on integer lattice points. For
integer vectors p, q ∈ ZV we denote by p ∨ q and p ∧ q the vectors of componentwise
maxima and minima of p and q, i.e.,

(p ∨ q)(v) = max(p(v), q(v)), (p ∧ q)(v) = min(p(v), q(v)) (v ∈ V ).

We say that a function g : ZV → R ∪ {+∞} with dom g �= ∅ is L-convex if it satisfies

(SBF) g(p) + g(q) ≥ g(p ∨ q) + g(p ∧ q) (∀p, q ∈ ZV ),
(TRF) ∃r ∈ R such that g(p + 1) = g(p) + r (∀p ∈ ZV ),

where 1 = (1, 1, . . . , 1) ∈ ZV . In this paper we assume r = 0, since otherwise g is not
bounded from below and does not have a minimum.

Global optimality for an L-convex function is characterized by local optimality.

Lemma 4 ([18, 20, 21]) For an L-convex function g with r = 0 in (TRF) and p ∈
dom g, we have

g(p) ≤ g(q) (∀ q ∈ ZV ) ⇐⇒ g(p) ≤ g(p + χX) (∀X ⊆ V ).

This local characterization of global minimality naturally suggests the following al-
gorithm of steepest descent-type [19]. Recall our assumption: r = 0 in (TRF).

Steepest descent algorithm for L-convex function g

S0: Find a vector p ∈ dom g.
S1: Find X ⊆ V that minimizes g(p + χX).
S2: If g(p) ≤ g(p + χX), then stop (p is a minimizer of g).
S3: Set p := p + χX and go to S1.
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Step S1 amounts to minimizing a set-function

ρp(X) = g(p + χX) − g(p)

over all subsets X of V . As a consequence of (SBF) this function is submodular, i.e.,

ρp(X) + ρp(Y ) ≥ ρp(X ∪ Y ) + ρp(X ∩ Y ) (∀X,Y ⊆ V ),

and can be minimized in strongly polynomial time (see, e.g., [10], [11], [14], [23]). At
the termination of the algorithm in Step S2, p is a global optimum by Lemma 4. The
function value g decreases monotonically with iterations. This property alone does not
ensure finite termination in general, although it does if g is integer-valued and bounded
from below.

We can guarantee an upper bound on the number of iterations by introducing a
tie-breaking rule in Step S1:

Take the (unique) minimal minimizer X of ρp. (5)

Let p◦ be the initial vector found in Step S0. If g has a minimizer at all, it has, by (TRF),
a minimizer p∗ satisfying p◦ ≤ p∗. Let p∗ denote the smallest of such minimizers, which
exists since p∗ ∧ q∗ ∈ arg min g for p∗, q∗ ∈ arg min g.

Lemma 5 In Step S1, p ≤ p∗ implies p + χX ≤ p∗. Hence the number of iterations is
bounded by ||p◦ − p∗||1.

(Proof) Put Y = {v ∈ V | p(v) = p∗(v)} and p′ = p + χX . By submodularity we have

g(p∗) + g(p′) ≥ g(p∗ ∨ p′) + g(p∗ ∧ p′),

whereas g(p∗) ≤ g(p∗ ∨ p′) since p∗ is a minimizer of g. Hence g(p′) ≥ g(p∗ ∧ p′). Here
we have p′ = p + χX and p∗ ∧ p′ = p + χX\Y , whereas X is the minimal minimizer by
the tie-breaking rule (5). This means that X \ Y = X, i.e., X ∩ Y = ∅. Therefore,
p′ = p + χX ≤ p∗.

It is easy to find the minimal minimizer of ρp using the existing algorithms for
submodular set-function minimization. For example, Schrijver’s algorithm [23] does find
the minimal minimizer with O(n8) function evaluations and O(n9) arithmetic operations.
Assuming that the minimal minimizer of a submodular set-function can be computed
with O(σ(n)) function evaluations and O(τ(n)) arithmetic operations, and denoting by
Fg an upper bound on the time to evaluate g, we can perform Step S1 in O(σ(n)Fg+τ(n))
time, where (σ(n), τ(n)) = (n8, n9) is a valid choice. We measure the size of the effective
domain of g by

K̂g = max{||p − q||1 | p, q ∈ dom g, p(v) = q(v) for some v ∈ V }, (6)

where it is noted that dom g itself is unbounded by (TRF).

6



Theorem 2 For an L-convex function g with finite K̂g, the number of iterations in the
steepest descent algorithm with tie-breaking rule (5) is bounded by K̂g. Hence, if a vector
in dom g is given, the algorithm finds a minimizer of g in O((σ(n)Fg + τ(n))K̂g) time.

(Proof) We have ||p◦ − p∗||1 ≤ K̂g since p◦(v) = p∗(v) for some v ∈ V . Then the claim
follows from Lemma 5.

A function g : ZV → R ∪ {+∞} is called L�-convex if the function

g̃(p0, p) = g(p − p01) (p0 ∈ Z, p ∈ ZV ) (7)

is an L-convex function in n+1 variables. Whereas L�-convex functions are conceptually
equivalent to L-convex functions by the relation (7), the class of L�-convex functions
in n variables is strictly larger than that of L-convex functions in n variables. The
steepest descent algorithm for L-convex functions can be adapted to L�-convex function
minimization.

Steepest descent algorithm for L�-convex function g

S0: Find a vector p ∈ dom g.
S1: Find ε ∈ {1,−1} and X ⊆ V that minimize g(p + εχX).
S2: If g(p) ≤ g(p + εχX), then stop (p is a minimizer of g).
S3: Set p := p + εχX and go to S1.

Step S1 amounts to minimizing a pair of submodular set functions

ρ+
p (X) = g(p + χX) − g(p), ρ−p (X) = g(p − χX) − g(p).

Let X+ be the minimal minimizer of ρ+
p , and X− be the maximal minimizer of ρ−p . The

tie-breaking rule for Step S1 reads:

(ε,X) =

{
(1,X+) if min ρ+

p ≤ min ρ−p
(−1,X−) if min ρ+

p > min ρ−p .
(8)

This is a translation of the tie-breaking rule (5) for g̃ in (7) through the correspondence

g g̃

p → p + χX ⇐⇒ p̃ → p̃ + (0, χX)
p → p − χX ⇐⇒ p̃ → p̃ + (1, χV \X)

where p̃ = (0, p) ∈ Z1+n. Since (1, χV \X−) cannot be minimal in the presence of (0, χX+),
we choose (1,X+) in the case of min ρ+

p = min ρ−p .
In view of the complexity bound given in Theorem 2 we note that the size K̂g̃ of the

effective domain of the associated L-convex function g̃ is bounded in terms of the size of
dom g. The �1-size and �∞-size of dom g are denoted, respectively, by Kg in (2) and

K∞
g = max{||p − q||∞ | p, q ∈ dom g}.
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Lemma 6 K̂g̃ ≤ Kg + nK∞
g ≤ min[ (n + 1)Kg, 2nK∞

g ].

(Proof) Take p̃ = (p0, p) and q̃ = (q0, q) in dom g̃ such that K̂g̃ = |p0− q0|+ ||p− q||1 and
either (i) p0 = q0 or (ii) p(v) = q(v) for some v ∈ V . We may assume p0 ≥ q0 and p ≥ q

since p̃ ∨ q̃, p̃ ∧ q̃ ∈ dom g̃ and ||(p̃ ∨ q̃) − (p̃ ∧ q̃)||1 = ||p̃ − q̃||1. The vectors p′ = p − p01

and q′ = q− q01 belong to dom g. In case (i), we have K̂g̃ = ||p− q||1 = ||p′− q′||1 ≤ Kg.
In case (ii), we have p0 − q0 = q′(v) − p′(v) and

K̂g̃ = |p0 − q0| + ||p − q||1
= (p0 − q0) +

∑
u∈V

(p(u) − q(u))

= (p0 − q0) +
∑
u∈V

(p′(u) − q′(u)) + n(p0 − q0)

=
∑
u �=v

(p′(u) − q′(u)) − n(p′(v) − q′(v))

≤ Kg + nK∞
g .

Note finally that Kg ≤ nK∞
g and K∞

g ≤ Kg.

4 Discussion

4.1 Scaling algorithm

Scaling is one of the common techniques in designing efficient algorithms. This is also
the case with L- or M-convex function minimization. We deal with L-convex function
minimization to demonstrate an implication of our result stated in Theorem 2.

A scaling algorithm to minimize an L-convex function g finds a minimizer of the
scaled function gα(q) = g(p◦ + αq) for α = α◦, α◦/2, α◦/4, α◦/8, . . ., starting with a
sufficiently large α◦ (a power of 2) until reaching α = 1, where p◦ is an initial solution.
For each α, gα is an L-convex function, which can be minimized, e.g., by the steepest
descent algorithm. The scaling algorithm reads as follows, where

K̂∞
g = max{||p − q||∞ | p, q ∈ dom g, p(v) = q(v) for some v ∈ V }

and r = 0 in (TRF).

Scaling algorithm for L-convex function g

S0: Find a vector p ∈ dom g, and set α := 2�log2(K̂∞
g /2n)�.

S1: Find an integer vector q that minimizes g(p + αq), and set p := p + αq.
S2: If α = 1, then stop (p is a minimizer of g).
S3: Set α := α/2, and go to S1.
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The success of this scaling approach hinges on the efficiency of the minimization in
Step S1. By a proximity theorem due to [12] (see Proposition 8.9 in [20] and L-proximity
theorem in [21]) there exists a minimizer q of g(p + αq) such that 0 ≤ q ≤ (n − 1)1.
Our complexity bound (Lemma 5 or Theorem 2) guarantees that the steepest descent
algorithm with tie-breaking rule (5) finds the minimizer in Step S1 in O((σ(n)Fg +
τ(n))n2) time. The number of executions of Step S1 is bounded by �log2(K̂∞

g /2n)�, and
at the termination of the algorithm in Step S2 with α = 1, p is a minimizer of g by
Lemma 4. Thus the result of the present paper guarantees the efficiency of the scaling
approach based on steepest descent algorithm.

It is in order here to compare our algorithm with the scaling algorithm of [9], which
is described in [20]. In [9] Step S1 above is performed via submodular set-function
minimization over a ring family on a ground set of cardinality ≤ n2. This is based on
a general fact (Birkhoff’s representation theorem) that any distributive lattice can be
represented as a boolean lattice over a ground set and the size of the ground set is equal
to the length of a maximal chain of the distributive lattice. Thus the minimization
of the scaled function in Step S1 can be carried out with O(σ(n2)) evaluations of g.
Although the complexity of this algorithm for Step S1 is bounded by a polynomial in
n, the algorithm is not easy to implement and will be slow in practice. Our steepest-
descent algorithm above is much simpler, both conceptually and algorithmically, and
will be faster in practice, performing the minimization of the scaled function in Step S1
with O(σ(n)n2) evaluations of g. Note that σ(n)n2 is smaller in order than σ(n2) if
σ(n) = ns with s > 2.

As for M-convex function minimization, a similar scaling approach works, provided
that the scaled function fα(y) = f(x+αy) remains M-convex for any α and x, although
this is not always the case; see [16]. See [25] and [26] for more sophisticated scaling
algorithms for M-convex function minimization.

4.2 Integrally convex functions

Global optimality is characterized by local optimality also for integrally convex functions,
of which M-convex and L-convex functions are special cases. Namely, it is known [4]
that, for an integrally convex function f , a point x in dom f is a global minimizer of
f if and only if f(x) ≤ f(x + χY − χZ) for all disjoint subsets Y,Z ⊆ V . This fact
would naturally suggest the following generic scheme of steepest descent algorithms for
minimizing an integrally convex function.

Steepest descent scheme for integrally convex function f

S0: Find a vector x ∈ dom f .
S1: Find disjoint Y,Z ⊆ V that minimize f(x − χY + χZ).
S2: If f(x) ≤ f(x − χY + χZ), then stop (x is a minimizer of f).

9



S3: Set x := x − χY + χZ and go to S1.

The steepest-descent algorithms for M-convex and L-convex functions in §2 and §3
both fit in this generic form. It is emphasized, however, that for a general integrally
convex function no efficient algorithm for Step S1 is available, whereas we do have
polynomial time algorithms for M-convex and L-convex functions.

Acknowledgements

The author thanks Shiro Matuura and Akihisa Tamura for helpful comments.

References

[1] W. J. Cook, W. H. Cunningham, W. R. Pulleyblank, and A. Schrijver: Combina-
torial Optimization, John Wiley and Sons, New York, 1998.

[2] A. W. M. Dress and W. Wenzel: Valuated matroid: A new look at the greedy
algorithm, Applied Mathematics Letters, 3 (1990), 33–35.

[3] J. Edmonds, Submodular functions, matroids and certain polyhedra, in: R. Guy,
H. Hanani, N. Sauer, and J. Schönheim, eds., Combinatorial Structures and Their
Applications, Gordon and Breach, New York, 1970, 69–87.

[4] P. Favati and F. Tardella: Convexity in nonlinear integer programming, Ricerca
Operativa, 53 (1990), 3–44.

[5] A. Frank: An algorithm for submodular functions on graphs, Annals of Discrete
Mathematics, 16 (1982), 97–120.

[6] S. Fujishige: Theory of submodular programs: A Fenchel-type min-max theorem
and subgradients of submodular functions, Mathematical Programming, 29 (1984),
142–155.

[7] S. Fujishige, Submodular Functions and Optimization, Annals of Discrete Mathe-
matics, 47, North-Holland, Amsterdam, 1991.

[8] S. Fujishige and K. Murota: Notes on L-/M-convex functions and the separation
theorems, Mathematical Programming, 88 (2000), 129–146.

[9] S. Iwata: Oral presentation at Workshop on Matroids, Matching, and Extensions,
University of Waterloo, December 6–11, 1999.

[10] S. Iwata: A faster scaling algorithm for minimizing submodular functions, in: W. J.
Cook and A. S. Schulz, eds., Integer Programming and Combinatorial Optimization,
Lecture Notes in Computer Science, 2337, Springer-Verlag, 2002, 1–8.

10



[11] S. Iwata, L. Fleischer, and S. Fujishige: A combinatorial, strongly polynomial-time
algorithm for minimizing submodular functions, Journal of the ACM, 48 (2001),
761–777.

[12] S. Iwata and M. Shigeno: Conjugate scaling algorithm for Fenchel-type duality in
discrete convex optimization, SIAM Journal on Optimization, 13 (2002), 204–211.

[13] L. Lovász: Submodular functions and convexity, in: A. Bachem, M. Grötschel and
B. Korte, eds., Mathematical Programming—The State of the Art, Springer-Verlag,
Berlin, 1983, 235–257.

[14] S. T. McCormick: Submodular Function Minimization, in: K. Aardal, G.
Nemhauser, and R. Weismantel, eds., Handbook on Discrete Optimization, Else-
vier Science Publishers, Amsterdam, to appear

[15] B. L. Miller, On minimizing nonseparable functions defined on the integers with an
inventory application, SIAM Journal on Applied Mathematics, 21 (1971), 166–185.

[16] S. Moriguchi, K. Murota, and A. Shioura: Scaling algorithms for M-convex function
minimization, IEICE Transactions on Fundamentals of Electronics, Communica-
tions and Computer Sciences, E85-A (2002), 922–929.

[17] K. Murota: Convexity and Steinitz’s exchange property, Advances in Mathematics,
124 (1996), 272–311.

[18] K. Murota: Discrete convex analysis, Mathematical Programming, 83 (1998), 313–
371.

[19] K. Murota: Algorithms in discrete convex analysis, IEICE Transactions on Systems
and Information, E83-D (2000), 344–352.

[20] K. Murota: Discrete Convex Analysis—An Introduction (in Japanese), Kyoritsu
Publishing Co., Tokyo, 2001.

[21] K. Murota: Discrete Convex Analysis, Society for Industrial and Applied Mathe-
matics, Philadelphia, 2003, to appear.

[22] K. Murota and A. Shioura: M-convex function on generalized polymatroid, Math-
ematics of Operations Research, 24 (1999), 95–105.

[23] A. Schrijver: A combinatorial algorithm minimizing submodular functions in
strongly polynomial time, Journal of Combinatorial Theory (B), 80 (2000), 346–
355.

[24] A. Shioura: Minimization of an M-convex function, Discrete Applied Mathematics,
84 (1998), 215–220.

11



[25] A. Shioura: Fast scaling algorithms for M-convex function minimization with appli-
cation to the resource allocation problem, IEICE Technical Report COMP 2002-43,
The Institute of Electronics, Information and Communication Engineers, 2002.

[26] A. Tamura: Coordinatewise domain scaling algorithm for M-convex function mini-
mization, in: W. J. Cook and A. S. Schulz, eds., Integer Programming and Combi-
natorial Optimization, Lecture Notes in Computer Science, 2337, Springer-Verlag,
2002, 21–35.

12


