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Abstract

We consider the asymptotic joint distribution of the eigenvalues and eigenvectors of Wishart matrix
when the population eigenvalues become infinitely dispersed. We show that the normalized sample
eigenvalues and the relevant elements of the sample eigenvectors are asymptotically all mutually
independently distributed. The limiting distributions of the normalized sample eigenvalues are
chi-squared distributions with varying degrees of freedom and the distribution of the relevant
elements of the eigenvectors is the standard normal distribution. As an application of this result,
we investigate tail minimaxity in the estimation of the population covariance matrix of Wishart
distribution with respect to Stein’s loss function and the quadratic loss function. Under mild
regularity conditions, we show that the behavior of a broad class of minimax estimators is identical
when the sample eigenvalues become infinitely dispersed.
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1 Introduction

Let W = (w;;) be distributed according to Wishart distribution W (n,X), where p is the di-
mension, n is the degrees of freedom and X is the covariance matrix. We are interested in the
joint distribution of the eigenvalues and the eigenvectors of W. Because the exact distribution in
terms of hypergeometric function of matrix arguments is cumbersome to handle, various types of
asymptotic approximations have been investigated in literature.

The usual large sample theory (n — o0) of the sample eigenvalues and eigenvectors was given
by Anderson (1963) and developed by many authors. Higher order asymptotic expansions for the
case of distinct population roots were given by Sugiura (1973) and Muirhead and Chikuse (1975).
For a review of related works see Section 3 of Muirhead (1978) and Section 10.3 of Siotani et al.
(1985). Large sample theory under non-normality was studied by Tyler (1981, 1983).

The null case 3 = I, is of particular interest and there are two other types of asymptotics,
different from the usual large sample asymptotics. One approach is the tube method (see Kuriki
and Takemura (2001) and the references therein), which gives asymptotic expansion of the tail
probability of the largest root of Wishart matrix. Another approach is related to the field of
random matrix theory and gives asymptotic distribution of the largest root for large dimension p
(see Johnstone (2001) and the references therein).

In this paper we consider yet another type of asymptotics, where the population eigenvalues
become infinitely dispersed. Denote the spectral decompositions of W and 3 by

W =GLG’, ¥ =TAT", (1)

where G, T' are p x p orthogonal matrices and L = diag(ly,...,l,), A = diag(\y,...,\,) are
diagonal matrices with the eigenvalues [; > ... > [, > 0, \y > ... > X\, > 0 of W and X,
respectively. We use the notations I = (Iy,...,l,) and A = (Ay,..., \,) hereafter. We say that the
population eigenvalues become infinitely dispersed when

A2 A3 A
= p(¥) =max(—, =, ..., —2) —0. 2
p=p(®) = max(FL L ) )
This limiting process includes many cases. For example, A = (A, ..., \,) may be of the following
forms:
a*(c,ac,a’c,...,a""'¢), a0,
(@’ te,a’ ¢, ... ac,c be,..., bP7Ic), aloo, b0,

where k € R and ¢ > 0 are fixed. In the parameter space of positive definite covariance matrices,
the case of infinitely dispersed population eigenvalues corresponds to an extreme boundary of the
parameter space.

We investigate the asymptotic distribution of the sample eigenvalues (I, ...,1,) and the sam-
ple eigenvectors G under the the limiting process (2). We will prove that after appropriate stan-
dardization, [y, ...,l, and relevant elements of G are asymptotically all mutually independently
distributed. The limiting distributions of the sample eigenvalues are chi-squared distributions



with varying degrees of freedom and the distribution of the relevant elements of G is the standard
normal distribution.

The main motivation of the above result is the investigation of the tail minimaxity in the
sense of Berger (1976) in the estimation problem of 3 of Wishart distribution with respect to
Stein’s loss function and the quadratic loss function. For the case of the estimation of a location
vector, Berger (1976) gave sufficient conditions of tail minimaxity in a general multivariate location
family. Under mild regularity conditions, we show that the behavior of a broad class of minimax
estimators is identical when the sample eigenvalues become infinitely dispersed. This corresponds
to a necessary condition of tail minimaxity in the estimation of 3.

The organization of this paper is as follows. In Section 2 we derive asymptotic distributions
of I and G. In Section 3 we prove tail minimaxity result for minimax estimation of 3. All proofs
of the results are given in Section 4. Some additional technical results are given in Appendix.

2 Asymptotic distributions of eigenvalues and eigenvec-
tors

In this section we derive the asymptotic distribution of the sample eigenvalues and eigenvectors
when the population eigenvalues become infinitely dispersed. After preparing a lemma, we prove
the consistency of the sample eigenvectors in Theorem 1 and derive the asymptotic distribution
in Theorem 2. Proofs of the results are given in Section 4.

First we prove the following lemma concerning the tightness of the distribution of [;/\;, i =

1,...,p.

Lemma 1  For any € > 0 there exist C7,Csy, 0 < Cy < Cy, such that

l; .
P<Cl<)\-<02’ 1§Vz§p)>1—e, V3.

Note that C7, Cy above do note depend on X. From this lemma we can easily show that the sample
eigenvalues become infinitely dispersed in probability, when the population eigenvalues become
infinitely dispersed. We omit the proof of the following corollary.

Corollary 1 Let

r=r(W)= mao{(l—2 fs l—p) (3)

L b

Then as p = p(X) = max(Aa/A1, ..., \p/Ap_1) — 0

P
r—0

i the sense that Ve > 0,36 > 0,

p(X)<d = Pr(W)>e <e



From Lemma 1 we can prove the consistency of sample eigenvectors as the population eigen-
values become infinitely dispersed. Consider the spectral decomposition of W and ¥ in (1). Here
we are only considering the case where the population eigenvalues Aq, ..., A, are all distinct. Even
in the case of the distinct population eigenvalues, the population eigenvectors are determined up
to their signs. Various convenient rules (e.g. non-negativeness of the diagonal elements of G or T)
are used to determine the signs of the eigenvectors in the case of distinct roots. For the sample
W these rules determine the signs of eigenvectors with probability 1, because the boundary set of
these rules (e.g. the set of G with 0 diagonal elements) is of measure 0. However for the population
covariance matrix X, it is cumbersome to state the consistency result for 3 in the boundary set.
Here we prefer to identify two eigenvectors of opposite signs v and —v. Let O(p) denote the set
of orthogonal matrices and let

o) /{-1.1)"

denote the quotient set, where two orthogonal matrices I'y and I's are identified if there exists
a diagonal matrix D = diag(+1,...,+1) such that I'; = T'yD. Write two arbitrary orthogonal
matrices 'y, i = 1,2, as T'y = (vy,...,7,), T2 = (B}, ..., B,). The elements of O(p)/{—1,1}? are
sometimes called frames in the field of geometric probability (see Chapter 6 of Klain and Rota
(1997)). The quotient topology of O(p)/{—1,1}* induced from O(p) can be metrized, for example,
by the squared distance

p

P
d*(Ty,T) =3 tr(v;7} — Z (1 (718:)%). (4)
i=1 i=1
We say that T',, converges to I' in O(p)/{—1,1}* if d(T',,,T") converges to 0 as n — oo. Note that
d is orthogonally left invariant; i.e.,

d(I‘l, Fg) = d(GI‘l, GFQ), G e O(p)
Furthermore, noting that I'1T'y = (v;3;) is an orthogonal matrix, it is easily shown that

dT,Ty) -0 < (78, =0, 1<Vj<Vi<p. (5)
Now we can state the consistency of G in O(p)/{—1,1}?.
Theorem 1  Let W = GLG’, ¥ = T'ATY be the spectral decompositions of W and 3. Then
as p=p(X) — 0
GLAT

in O(p)/{—1,1}?, in the sense that ¥Ye > 0,35 > 0,

p(X)<d = Px(dG7T)>e) <e

The next theorem deals with the asymptotic distributions of standardized sample eigenvalues
and sample eigenvectors. Here again we have to deal with the problem of indeterminacy of the
signs of the eigenvectors. Let 3 = I'AT” have distinct roots. We assume that the signs of the
columns of I are chosen in some way and fixed. Let

G = (5;) =I'G.
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Following Anderson (1963), we assume that the signs of the columns of G is determined by
requiring that the diagonal elements g;; of G are non-negative. Then it follows from Theorem 1
that G' converges to the identity matrix I, in probability in the ordinary sense as the population
eigenvalues become infinitely dispersed. The correct normalization for the sample eigenvalues and
relevant elements of the eigenvectors are given by

1011

11 11 1
QG = Gigli N * = Gij [PAIN 2, 1<j<i<p.

Note that the relevant elements of G are the elements in the lower triangular part of G (not
including the diagonals). The asymptotic distribution of f; and ¢;; is given in the following
theorem.

Theorem 2 As p = max(Aa/A1,..., A,/ A1) — 0,

i
qij

Xfi+17 1§Z§p7

d
—

d
—

and f; (1 <i<p), ¢; (1 <j<i<p) are asymptotically mutually independently distributed.

Concerning this theorem, we again discuss the indeterminacy of the signs of the eigenvectors.
In this theorem we chose the signs of sample eigenvectors by requiring non-negativeness of the
diagonal elements of G = I'VG. This choice of the signs depends on the predetermined signs of the
population eigenvectors, which are unknown in the setting of estimation. Although this choice is
customary in standard large sample asymptotics, it might not be totally satisfactory. If we insist
on choosing the signs of the sample eigenvectors independently of I'; there seem to be two ways
of dealing with the indeterminacy of the signs. One way is to specify the sign of one element from
each column of G. This determines the signs with probability 1. Then Theorem 2 holds except
for 3 in the corresponding boundary set. An alternative way is to choose the signs of the columns
of G randomly, i.e., independently of the values of the elements of G. Then it can be shown that
Theorem 2 holds for all 3. -

In Theorem 2 the asymptotic distribution of G is described by its elements in the strictly lower
triangular part. Note that we have the correct number of random variables because dim O(p) =
p(p—1)/2. As discussed in Appendix B, in a neighborhood of I,,, G is determined by its strictly
lower triangular part,

(g21, 931, - - - » p1s 932 - - 7gp,p—1) =Uu= (Uij)1§j<i§p- (6)

All the other elements g;;, 1 < i < j < p, are C° functions of u on some open set U such that
0=(0,...,0) € U C RFPD2 We write G(u) = (g;;(u)) with g;;(u) = uy, 1 < j <i < p.
By Taylor expansion of g;;(u) (1 <1i < j < p), we can study the asymptotic distributions of the
upper part of G. It turns out that the result can not be simply expressed because it depends on
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the individual rates of the convergence of the ratios A;jy1/\;, 1 <i < p—1, to zero. This point is
also discussed in Appendix B.

Finally we present a technical lemma concerning the convergence of the expectation of a
function of W and A, which will be used in the next section. Actually Theorem 2 is its corollary.
Fix I" € O(p). For any function (G, 1, A) we define a compound function, zr(f, g, A), as

zr(f,q,A) = (CG(u(f, q,N), 1(f, ), A), (7)

where

1 1

F=U ), a=(a)i<j<icp, w(fiq,A) = (qijf]-*%)\f)\?)lgqup,
l(f7 )‘) - (fl/\b R fp)‘P)'

The domain of zr as a function of (f,q) is

{(faq) | U(_f,q,A) S U> fl/\l > > fp)\P}a

which expands to R? x RPP~1/2 as p — 0. xp(f, q,A) describes the local behavior of z(G, I, \)
around T' with the coordinate (f,q,X). We call xp the local expression of x around T hereafter.
Though it is not easy to calculate the explicit form of G(wu), hence zr(f, g, A), we only need to
know the limit of zr(f, g, A) in the following lemma.

Lemma 2 Fiz T' € O(p) and let p = p(A) — 0 in ¥ = TAI”. Assume that zr(f,q,\)
converges to a function Tr(f,q) a.e. in (f,q) as p(A) — 0. Furthermore assume that

1
Ja < 3 b > 0, sup [#(TG, 1, A)| < betr(aGLG'A™")  a.e. in (G,1). (8)
A

Then as p(A) — 0,
E[$(G7 l7 A)] - E[fl"<‘f> Q)],

where the expectation on the right hand side is taken with respect to the asymptotic distribution of
(f,q) given in Theorem 2.

3 Application to tail minimaxity in estimation of covari-
ance matrix

The main motivation for the asymptotic theory in the previous section is the investigation of tail
minimaxity in the estimation of the covariance matrix. In this section we derive some necessary
conditions for an estimator 3 of 3 to be minimax with respect to Stein’s (entropy) loss function
as well as the quadratic loss function. Assuming mild regularity conditions we prove one lemma
and two theorems. Lemma 3 shows that estimated eigenvectors are consistent for estimators of
bounded risks. Then in Theorem 3 and 4 we show that the behavior of a broad class of minimax
estimators is identical when the sample eigenvalues become infinitely dispersed. This corresponds



to a necessary condition for tail minimaxity in the sense of Berger (1976). For the case of the
estimation of a location vector, Berger (1976) gave sufficient conditions of tail minimaxity in a
general multivariate location family. Our result, being a necessary condition, is in a sense weaker
than the result of Berger (1976). On the other hand, the problem of estimating ¥ seems to be
technically harder. It would be of interest to investigate sufficient conditions for tail minimaxity
in our setting.

Before going into technical details, we prefer to present a motivation for our results on identical
tail behavior of a broad class of minimax estimators. By definition, risks of minimax estimators
have to approach the minimax risk somewhere in the parameter space. It seems reasonable to
expect that risk functions of shrinkage type minimax estimators approach the minimax risk as
p(X) — 0. Wishart distributions, being an exponential family, possess the completeness of the
sufficient statistic W, even if the parameter space is restricted to any open set, where p is small.
The completeness suggests that minimax estimators with their risks close to the minimax risk
should be close to each other. Clearly it might not be true that the risk function of every minimax
estimator approaches the minimax risk smoothly as p — 0. For example, consider multiple
shrinkage type minimax estimators in the sense of George (1986a, b) with possibly infinite number
of shrinkage points. The risk function of such an estimator might fluctuate even when p — 0. In
any case, the above argument is only a plausible motivation and below we need to impose several
regularity conditions on existence of appropriate limits to justify our results.

Now we briefly prepare some notations of the covariance estimation. For a survey of the
estimation problem of 3 or 7" in W, (n, X), see Pal (1993). Stein’s loss function is one of the
most frequently used loss functions for the estimation of ¥ and it is given by

Li(Z, %) = tr(TZ~1) — log |[EX~1| — p.
The first minimax estimator was given by James and Stein (1961). It is defined by
.y

57 = T diag(575, ..., 67T, 9)

where T is the lower triangular matrix with positive diagonal elements satisfying W = TT" and

1
675 = 1<i<np. 10
L ngp1—20 =t=p (10)

This type of estimators, > =TDT', D= diag(dy,...,d,), are called triangularly equivariant;
i.e., for any lower triangular matrix S with positive diagonal elements, 3(SW S’) = SX(W)S".

o JS
The estimator 3 has the constant minimax risk, which is given by

p p
Ry =— Zlog 5£]S - ZEUO%X3L4+1]- (11>

i=1 =1

Another important loss function is the quadratic loss function given by

Ly(Z, %) = tr(TZ 7 — I)%



Define a p x p matrix A = (a;;) and a p x 1 vector b = (b;) by

)
{ m+p—2i+1)(n+p—20+3), if i=j,
(

a; = n+p—2i+1), if i>7, (12)
(n+p—2j+1), if j >,
by = n+p+1-—-2i, i=1,...,p. (13)

and let
o= (5?5,...,51705)’:A*1b. (14)

Then the minimax risk is given by

Ry=p—bA'b=p—§AS¢, (15)
(Olkin and Selliah (1977), Sharma and Krishnamoorthy (1983)) and the estimator

577 = T diag(69%,....,69%)T'

has the constant minimax risk, where T' is defined as in (9).
Let ¥ = 3(W) = X(G,1) be an estimator of 3 and let

(W) =H(W)D(W)H'(W)
be the spectral decomposition of i(W), where
H(W)eO(p), DW)=diag(di(W),...,d,(W)).

In accordance with the definition of G, we determine the sign of H(W) by (IVH);; > 0, 1 <
Vi < p. We also use the notation

An estimator of the form
S=GY(L)G,  W(L)=dagti(l),..., (1) (16)

is called orthogonally equivariant; i.e., L(GWG') = GE(W)G', VG € O(p). For orthogonally

equivariant estimators we have

HW) = G,

(W) = ci(l)zwl'l(l), 1<i<p.

)

~SDS
Here we mention the orthogonally equivariant minimax estimator X derived independently
by Stein and by Dey and Srinivasan (1985). This estimator is defined by

i) = 1;07%, 1 <1 <p,



where 079 is given in (10). 5% is of simple form but has substantially better risk than the M.L.E.,

W /n, and also dominates 57% with respect to Stein’s loss. See Dey and Srinivasan (1985) and
Sugiura and Ishibayashi (1997) for more details. Order preservation among ;(l), i =1,...,p, is
discussed in Sheena and Takemura (1992).

The orthogonally equivariant estimator, EKG, defined by
vil) =LY%, 1<i<p

with 6% in (14) has been considered to be minimax from an analogy between %% and 7€
(See Krishnamoorthy and Gupta (1989).) For the case p = 2, this conjecture was proved by
Sheena (2001).

Now we introduce some regularity conditions on 3. Let r = (1) be defined in (3). For the rest
of this section, we fix an arbitrary I' € O(p) and consider the limit p = p(A) — 0 in X = T'AT".
This is the same setup as in Lemma 2. Correspondingly, in view of Corollary 1 and Theorem 1,
we consider behavior of the estimators when r(1) is small and G is close to I'. The reason for
this setup is that as p — 0, G converges to I' in probability and hence the risk function of an
estimator should depend only on G close to T'.

First we make an assumption on the convergence of ¢;(G,1).

Assumption 1 There exist 0 < (') < 00, 1 <1 <p, such that as G — T andr — 0,
Next we assume boundedness of the following expectation.

Assumption 2 There exists M = M(I") < oo such that

~

EtrX(W)X1 < M (17)
for all A in 3 = TAT”.

Under these assumptions we have the following result.

Lemma 3 Let (W) = H(W)D(W)H'(W) be an estimator of & = DALY satisfying As-
sumptions 1 and 2. Then as p = p(A) — 0,

H(W)XAT.

Note that tr ZA](W)E_I is a component of both Stein’s loss function and the quadratic loss
function. Therefore estimators with bounded risks under either loss function are supposed to
satisfy (17). Note that a minimax estimator has a bounded risk by definition.

Note that G % T' by Theorem 1 and H(W) % T' by Lemma 3. Therefore H(W) — G 2 0.
Since % 0 by Corollary 1, this intuitively implies H(W) = H(G,1) — T as G — T and r — 0.
However at present it seems difficult to prove this implication without assuming the existence of
the limit. Therefore we state another assumption concerning the existence of the limit of H(G,1).
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Assumption 3  There exists H(T') € O(p), such that
H(G,l) — H(T)
as G — T andr — 0.
Combining Assumption 3 and Lemma 3, we can easily prove the following theorem.
Theorem 3 Let (W) be an estimator satisfying Assumptions 1, 2 and 3. Then H(T') =T .

 Let H(G,1) = (Tzij(G,l)) = IYH(G,1). Theorem 3 says that for a reasonable estimator,

H(G,l) - I,as G — T and r — 0; ie., hj;(G,l) — 0, 1 <Vj < Vi < p. Actually from the
. . 11

proof of Lemma 3 we see that h;; is of the same order as gy, i.e., hij = O,(A\7 /A7 ). Let

hi; (G, 1)

9i;(G. 1)

In order to evaluate the asymptotic risk of an estimator, we need to know the limit of (;; as G — T’

Gi(G,1) =

and r — 0 for 1 <j <i<p. Let Gr, Eij,l" and g;; r denote the local expressions around I' of (;;,
hi; and g;;, respectively. Then

Gir(f q.N) = hijr(£,4.%) _ hir(f.q.2)
17, ) 1 — — ———T.
ui;(f,q,A) Gl AN

We now assume the existence of a limit of (;;r.
Assumption 4  There exist (;r(f,q), 1 < j <i < p, such that
Gir(f,a,A) — _ij,r(ﬁQ) a.e. in (f,q) as p(A) — 0.

Note that this assumption implies ﬁij,p —0asp—0for1 <Vj<Vi<p.
The following lemma gives the asymptotic lower bounds of the risks, R;(%, %) = E[L;(X,X)], i =
1,2.

Lemma 4  Under Assumptions 1 and /

R P P P
lim Ry(3,TATY) > > > (T Z log &(T) — > Ellog xp 1] — b, (18)
p—0 i=1j=1 i=1
~ P P p P P P
m R2(2> FAF/) > Z Z Z Z Ci ( ) [fklgkjfllfl] —2 Z Z Cj + b, (19>
p—0 i=1 j=1k=1I=1 i=1 j=1
where

5ij,I‘IQija if >,
§i(fa) = fE, if i=j,
0, if i<y,
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and the expectation on the right hand side is taken with respect to the asymptotic distribution of
(f,q) given in Theorem 2.
If in addition

1
da < 3 db>0, 1<Vi,Vj <p, (TG < betr(aGLG’Afl) a.e. in(G,1), (20)

and
0<3dg<de, <oo0, 1 <Vi<p, ¢<c(W)<ec,, (21)

then lim, .o R;(3, TATY) (i = 1,2) exist and equal the right hand side of (18) (i = 1) or (19)
(i = 2).

Note that if we have the following inequality in the sense of non-negative definiteness
oW < Z(W) < e, W, (22)

then ¢; < ¢;(W) < ¢, i =1 < Vi < p, by the minimax characterization of the eigenvalues (see for
example Marshal and Olkin (1979) Ch.20 A.1.b). In particular (22) holds for triangularly equiv-
ariant estimators 3 = T diag(dy, . .., d,)T" with ¢; = min(dy, ..., d,) and ¢, = max(dy, ..., dp).

Lemma 4 shows that the values of (;;r, 1 < j <i < p, determine the risk or its lower bound.
We now make the final assumption.

Assumption 5  In Assumption J
Gir=1, 1<Vj<Vi<p. (23)
Note that any orthogonally equivariant estimator satisfies this condition, since ?Lij = gi; and
Gir(f,q.A) =1, 1<Vj<Vi<p.

Therefore Assumption 5 seems to imply that we are restricted to estimators which are nearly
orthogonally equivariant. However as we argue below, Assumption 5 should hold for a broad class
of estimators. As a particular case, in Appendix A we confirm that 2 x 2 triangularly equivariant
estimators satisfy Assumption 5 except for the following particular T’

0 =1
I'= ( +1 0 ) ’

Except for this I', a 2 x 2 triangularly equivariant estimator behaves like an orthogonally equiv-
ariant estimator as r — 0. The singularity at this particular I" seems to be an interesting fact and
also suggests the difficulty of relaxing our regularity conditions. We conjecture that triangularly
equivariant estimators for general dimension p satisfies Assumption 5 for almost all I, although
at present we do not have a proof. N B

We now argue why (;;r = 1 should hold for many estimators. Consider H (u,1) = (h;(u,1)) =

H(T'G(u),1), the function of (u,l). If Assumptions 1-3 hold for the neighborhood I'G(U) of T,
then by Theorem 3 H(u,l) — G(u) on U as r — 0; i.e., hjj(u,l) — u;; on U for 1 < j <i <p.

12



For sufficiently smooth estimators, the derivatives (up to a certain order) of h;(w, 1) with respect

to u at u = 0 converge to the corresponding derivatives of u;;; i.e., for 1 < j; <4 <p, l =1,...k,
limg Lo )=o) = Bt (g
r—0 Oy j, -+ - Oy j, Oy jy - - - O, 0, otherwise.

In the case of Stein’s loss it can be shown that slow convergence in (24) incurs risk penalty. This
implies that for nice estimators, among the terms of Taylor expansion of h;; with respect to u

around 0, those with the order of )\i% /)\J% after the substitution of u = (gu fl_%)\l_%)\%>1§l<k§p
determine (;;r. Although many terms might have this order (e.g. w;sus;, j < 3s < i), by (24) the
only term of which coefficient does not vanish as r» — 0 is u;;. Since its coefficient converges to 1,
Gjr — 1.

Now we state a theorem on necessary conditions for 3 to be minimax.

Theorem 4  Suppose that 3 satisfies Assumptions 1 and 5. If it is minimax with respect to
Stein’s loss, then
() =67, i=1,...,p,

(2

where §7° is given in (10). If it is minimaz with respect to the quadratic loss, then

() = 699, i=1,...,p,

)

oS
0;

where is given in (14).

Roughly speaking, Theorem 3 and 4 indicate that when r is very small, any minimax estimator
. . . SSDS .
satisfying Assumptions 1-5 must be approximately same as X in the case of Stein’s loss and
~KG
3 in the case of the quadratic loss respectively; i.e.,

A~

S(G,1) = H(G,)diag(lici(G.1), ..., 1c,(G, 1) H'(G,1)

~ Gdiag(107"°%, ... 1,750 G
EAJSDS(KG)

We state one simple application of Theorem 4. The orthogonally equivariant estimators given
by (16) contain the subclass (say C°) of estimators which is defined by

¢;(l) = ¢; (constant), 1<i<p.

This class contains the M.L.E., W /n, and §SDS. We have conjectured that ESDS and EOS are
the only minimax estimators in this class with respect to Stein’s loss and the quadratic loss. This
conjecture was proved in Sheena (2001) for the case p = 2. It is obvious that every estimator in
C° satisfies Assumptions 1 and 5. Then from Theorem 4, it is necessary that

¢; = 67509 1<i<np,

Y

which shows that the above conjecture holds true for general dimension.
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4 Proofs

In this section we present proofs of the results of the previous sections.

Proof of Lemma 1
Since L(I'WT) = L(W) and IYWT ~ W (n, A), it suffices to show

P<01<§j<02, 1§Vi§p>>1—6, VA.

Let

W = () = A WA 7 ~ W,(n, ).
First we consider ;. Since

llStI'W:w11+"'+U)pp:)\1@11+"'+)\p@pp,

we have l )
1 _ 2 _ _ _ . d
N Swll+xw22+"'+)\7§]wpp§w11+w22+”'+wpp:X721p'
Hence ;
1

This means ,
P(;ZC&) —0 as (9 —

1

uniformly in A.

Next we consider [5. Let Wy be the (p—1) x (p — 1) matrix that is made by deleting the first
column and the first row of W. Then Wy ~ W,,_1(n, Age) with Ay = diag(Ag, ..., A,). Let I
be the largest eigenvalue of Wy, Then by the minimax characterization of eigenvalues (see for
example Marshal and Olkin (1979) Ch.20 A.1.c)

Iy < ly.

If we use the result (25) for I/ )y, we have

Therefore

uniformly in A. Completely similarly we can prove

.
P<;202>—>0 as Cy — 00, 1<Vi<p, (26)
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uniformly in A.
Now we consider the reverse inequality. We use the inverse Wishart distribution. Let

W=A"WA™:, W =(@@7) =AW A

Then W ~ W, '(n, I,) and its distribution is independent of A. First we consider I*, the
largest eigenvalue of W™, Since

"@N
>
e
>
]
>
]

we have

A 1 1
PlZ2E>— <P<~11 ~pp>) vCy > 0.
<lp_01>_ w+ +w =0y 1>

The right side is independent of A. Hence

)
P<;’301>—>0 as C} — 0,
4

uniformly in A.
Next we consider ;';. Let W(; be the (p — 1) x (p — 1) matrix made by deleting the last

column and the last row of W', Since W' ~ W_'(n, A™"), we have

» ip—1

W~ W, h(n—1,A"),  AY =diag(\[',..., A1)

Let [ denote the largest eigenvalue of W(}% Then

1
— <.
lp—1 2
We also have
wll wp—l,pfl 1
l*gtrW_lzi_F..._F < wll_i__”_i_,dv}pfl,p—l'
2 (2) )\1 /\p—l /\p—l( )

Therefore

Ap—1 1 1 _ _ 1
Pl2== > _—_ <p()\_l*> ><p(11 p—Lp—1 - >7 V(! 0,
(lp—l_cl)_ p12_cl < w + +w Z 1>

and

P(lp‘l gol> —0 as C; —0,
A1

uniformly in A. Completely similarly we can prove

L.
P(;SC’1>—>O as O — 0, 1<Vi<np, (27)

15



uniformly in A.
From (26),(27) and Bonferroni inequality, we can choose C; and Cy for any given € > 0 so that

L
P<01</\Z<CQ, 1§Vi§p>>1—€, VA.

%

Proof of Theorem 1
Let
W = A I'WITA 2 = A *GLG'A ™% ~ W,(n, I,),
where G = (gi;) =T"G. By (5) it suffices to show that @2]. 2,0, 1 <Vj < Vi<p. Suppose j < i.
Note that
Wi = (gzzlll +eee g?plp))\i_l'

Therefore \ Y )\

~92 ~ g ~ j

Oy < Wi = Wig=— < Wi+ (28)

J l; l; Aj l
Since w;; is independent of 3, for any € > 0, there exists M such that
Besides from the result of Lemma 1, for any € > 0, there exists C' such that
)\]
P l—<(] > 1 —¢, V3. (30)

From (29) and (30), we can easily prove

)
wi,»lip 20 as p—0.

From this fact and (28) we have

§i2j£>0 as p— 0, 1 <Vj<Vi<p.

Proof of Lemma 2

The random variables I = (I,...,l,) and G = I''G has the following joint density function
with respect to Lebesgue measure on RP and the invariant probability x on O(p)* = {G € O(p) |
Gi >0, 1 <Vi<p}.

n—p—1
2

P n P —_ -
o IV I 10— et (—;GLG’A‘l),

j<t

16



where etrX = exp(tr X). For the present proof we do not need an explicit form of the normalizing
constant ¢;. Therefore

Ele(G, 1, \)]

= [(I‘CNJ,l,)\)]

_ cln)\ // FG,l,A)Hz"_T’H [10; — Lets (—;GLG’A‘1> du(G)dl, (31)
where

L={l|l;>1l>...>1,>0}.

For the integration with respect to G on O(p)™*, we consider the integration in a neighborhood of
I,, and outside the neighborhood separately. We define a neighborhood of I, using the expression
G(u). Since ¢;;(0) =1, 1 <Vi < p, there exists an open set U* that satisfies

OCcU*CcU*CU (U* is the closure of U*)
and
1 _
gi(u) > \/;, 1<Vi<p, VueU". (32)

Let
N(I)zﬁxG(U*)zﬁx{G(u)]uEU*}.

The integral (31) is divided into two parts, say I; over N (I,) and I over N'(I,)¢. Then from (8)

P,
I, < /\.‘f/
> = el N(I)C'

P

P pn_p-1
(TG LN T[6F TI - etr (—;GLG’AI) du(G)dl
=1

j<i

< b H/\ 3 / e 11 LTI~ 1) etr (—;GLG’]\_1> du(G)dl
p = 1<t
= (I"G’ ¢ N(IL) | = = I‘AI") (33)

where A = (1 — 2a)A. Since P(F’G ENI,) |2 = FAF’) — 0asp — 0 by Theorem 1, I,
vanishes.
Now we focus ourselves on [;.

L= H A E / G LN) [ [ - 1) et (—;GLG’A‘1> du(G)dl.

N(Ip) i=1 j<i

n—p—1
2

We want to express the integral with respect to du(G) in terms of the local coordinates w. It is
well known that the invariant measure du(G) has the exterior differential form expression

e N\ 95dg;, (34)

1>]

17



where g, is the ith column of G. Substituting the differential

dgz'j = duw, Z>],
09 o
dgi; = Z@ Lduy, <7,
k1 YUkl

into (34) and taking the wedge product of the terms, we see that

N gidg; = £T"(u) \ dusj,

>3] i>j

where J*(u) is the Jacobian expressing the Radon-Nikodym derivative of the measure on U*
p(p 1)

induced from the invariant measure on O(p) with respect to the Lebesgue measure on R
An explicit form of J*(u) for small dimension p is discussed in Appendix B. Since J*(u) is a C°°
function on U*, it is bounded and has a finite limit as 4 — 0. By the above change of variables,
I, is written as

I = e f[lx/ﬁ / #(DG(u), 1, \)
T I = 1) et <—;G(U)LG’(u)A1> T*(w) dudl.

i=1 j<i

Now we consider the further coordinate transformation (I, u) — (f, q), where

f - (fi)1§i§p7 fl - )\71.7
q = (qij)1§j<i§p7 dij = uz‘jlf)\i_Q-

The Jacobian of this transformation is

w35 a)| - \d@t (5})\

=1 z>]
P —p+21+1 P _p—t
= H fz ’
i=1 i=1
Furthermore
P n—p-1 p n—p—1 P n—p—1
Hli ? = Hfz ’ H)‘Z :
i=1 i=1 i=1
114G -6 = H(fj)‘j_fiAi):Hfj)‘j< ]J})f‘)
j<i j<i j<i JNg

18



P

. u D—1 p—i fz‘/\z‘
N 'Hfi [ H<1_fj/\j>’

i=1 7<i

tr G(u)LG'(u)A™' = ZZ 95 (WA

i=1j5=1

= quzgu )i+ > g5 (w) fi0 7

i>7 1<j

where
—1/2\—1/21/2
u=u(f,qA) = (uij)i>ja U5 = qijfj / )‘j / )\i/ )
is now a function of f, g as well as of A. We also have I = I(f,X) = (fi)1,..., fAp)-
Combining the above calculations, we have

b= .| ec(F.aNh(F.q. ) dfdg, (35)

where

MEaN) = e T(ns > i) H(we )
S i
e e ) )

i=1 1<t i>]
1 p
exXp _5 Zgzz fl + Zgz] f])\ )\ J*(’U/)
=1 1<J

We will show that zr(f, g, A)h(f, g, A) is bounded in A. First J*(u) I(u) < K for some K > 0,
because J*(u) is bounded on a compact set U* as remarked above. Clearly

0<H<1_?ii,> I(fidi > ... > f)) < L.

From (8) we have
[z (f,a, M| = [2(TG(u), U(f, A), )]
< bexp{a(qu]+2gu fl—i—ZgZ] w) [ A )}

1>] 1<j

Therefore, using (32), we have
lor(f, g, A)] exp {— (Z @+ Zgu Vi + 2 g (W) NN ) } (uwel)

1>] 1<j
< b exp{

(ZqzﬁZgzz )i+ D g () fiA AT )} (weU”)

1>] 1<j
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(an+zmm )}queyﬁ

1—2a
< beXp( )exp< 4aZfi>.
1> =1

Consequently

|$r(f,q, A)lh(-faq?A) S Cq H fjn7571 €xp ( L= 2o Z%]) €xp ( L= 2o Zfz) :
j=1

1>

Denote the right hand side by h(f, q). Obviously
/p /M h(f,q)dqdf < co.
R JRT2

This guarantees the exchange between lim,_,, and the integral in (35); i.e

O

lim i = [ [ o lim{er(£,a,A) h(F,q,A) }dadf.
RE JRT 2 p—0

p—0

Notice that

: : fidi
%gl(l)[(fl)\1>...>fp>\p):1, hmH( =1

=055 fidi
Since
limu(X, f,q) =0, ¢i(0)=1, 1<Vi<p, g;5(0)=0, 1<Vi<Vj<p,
p—
we have )
lim 7 (u(X f,q) €U°) =1 lmJ'(u(X f.q) = J(0).
p—0 p—0
and
1 p
hmeXp {— (Zgu )i+ D0 g5 (w) fiA A ) } = exp <—2 Zﬁ) :
=1 1<J i=1
Consequently

lin% E[x(G,l,)\) | 3 =TATY|
p—

P p_ic1
= ¢3.J°(0 / /m » 7r(f,q H 7 exp —*qu exp (—Zﬁ) dgdf. (36)
=1 z>]

Considering the special case z(G,l,A) = 1, we notice that ¢z J*(0) is the normalizing constant
for the joint distribution of f and g, whose elements are all mutually independently distributed
as q;; ~ N(0,1), 1 <j<i<p, fi~x2 .11, 1 <i<p. Therefore the right side of (36) is equal
to E[zr(f, q)]. '
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Proof of Theorem 2
Let A denote the event

A Li/A < By, 1<V <p, Jlz N 2 < By, 1<Vj<Vi<p

with arbitrary real numbers 3;;, 1 < j < i < p. Define z(G,l,X\) = I(A), where I(-) is the
indicator function. Then from the definition of zr in (7)

er(f.q,A) = I(fi <Bu, 1<Vi<p, ¢q;<pby, 1<Vj<Vi<p)

= ‘li‘l_'(fv q)
Note that z(G,l,A\) = I(A) satisfies the inequality (8) with a = 0, b = 1. Therefore by the
Lemma 2, we have the result for any T'. 1

Proof of Lemma 3

We write ~ N
trS(W)S~t =" hld;/ A,
ij

where hy;’s are the elements of H(W) = IVH(W). Since each term is non-negative,
M, VYA, E(hd;/\;) < M.

By Markov inequality

. M
Ve 0, VA, P(REd;/N =) <
Therefore _ N
hisdi /N = BZici(Li/ 25) (N /A) = Op(1). (37)

By Corollary 1 and Theorem 1, 7 % 0 and d(G,T) % 0. From these convergence and Assumption
L
1 » 1

G(GT) (T

which means

1
— = 0p(1). (38)
From (37), (38) and \;/l; = O,(1) (Lemma 1),
hL 20, 1<Vj<Vi<p,
i.e. d(T"H (W), I,) % 0. By the left orthogonal invariance of d(-,-) in (4),

d(H(W),T) % 0.
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Proof of Theorem 3

Consider the triangular inequality
d(T, H(T)) < d(T, H(G, 1)) + d(H(G,1), H(T)). (39)

By Lemma 3, d(T', H(G,1)) % 0 as p — 0. By Corollary 1 and Theorem 1, r % 0 and d(G,T') 2 0
as p — 0. Therefore by Assumption 3, d(H(G,1), H(T')) % 0. Tt follows that the right hand

side of (39) converges to 0 in probability as p — 0. However the left hand side is a constant and
therefore d(T', H(T')) = 0. 1

Proof of Lemma 4

Here for notational simplicity we prove the lemma for the case of I' = I,. This can be done

without loss of generality, because given an estimator > = EA](W) and I', we can consider an
estimator Xp = I"S(TWTV)T instead of X = X(W). Therefore in this proof we simply write G
instead of G. Similarly we simply denote the local expression of a function (G, X) around I, by

z(f,q, ). 1
Using the notation o;; = o;;(G,1,X) = hy;(G,1)c?

J
functions as

1
A %, 1 <4,7 < p, we can write the loss

Sl

R p
Li(Zr,A) = tr(A""HDH') =) logc; —log|A7'W| —

Ly(Br,A) =

= tr
P

p p p
= > Z Z Z Qi — 2 Y g+ p.

i=1j=1k=11= i=1j=1

—+

(AM'HDH' - I,)?
(A‘lHDH’)Z —2tr(A'HDH') +p

T

The proof proceeds similarly as the one in Lemma 2. For ¢ = 1,2, we have
E[I((L,G) € N(I)Li(Er, A)] + E[[((, G) € N(I,)°) Li(Zr, A)]
> E[I((1,G) € N(I,))Li(3r, A)]
= [, [ s LilF. @ NA(F.q. N dqdf.

R;(Zr, A)

By Fatou’s lemma, we have
lim Ry(Sr,A) = [ [ o lim Li(F,, AA(S, . N dadf
Rﬁ_ R™72 p—0

p—0
= / / p(p—1) lim Lz(f7 q, A)h(fa q, A)dqdf
RE JRT2 p—0
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Using the fact Ellog |[A™'W|] = X7, Ellog x?_,,,], we have

p

p p p
Li(f,q, A ZZa?j—Zlogcj—ZE[logxi_iH]—p
j=1

=1 ]:]_ =1

1 111
around I,. Note that a;;(f,q,A) = hi(f,q, N)c; (f,q, ) f7 A7 A; * around I;,. By Assumption 1
we have

EL% Cj(f? q, )‘) = })15% Cj(G(u’)?l(fv )‘)) = lim C]'(G? l) = éj(Ip)‘

G—Ip,r—0

Using this convergence, Assumption 4 and the fact h;; — 1, 1 <Vi <p, h;; — 0, 1 <Vi <Vj <p,

we have )

: 2 1 . . .
},12% Gicia; = Gyci(Ip)igy, if i>
1 11 1
}»l—r»%aij = limhuc? f7 = G(L,)3f7, if i=j,
p—0
0, if i<j.

This can be written uniformly as lim, .o o;; = Ej(Ip)%fij. Therefore

ll)i_r% logc; =log¢;(I,),

p P
hm Z Z aZ] Z C] z]?
7, 1j=1 =1 j=1
P p P p P D
lim Z Z Z Z QUi Qg QU Oy = Z Z Z Z Ci(Ip)Ci(Ip)&ri€ri&iiiy-
P05 =l ket =1 i=1j=1k=11=1

Since h(f,q, A) converges to the density of the asymptotic distributions given in Theorem 2, the
inequalities in the lemma are proved.

Now we assume (20) and (21). Since |a;;(G,1, )| < cé\{ij(G,l)Hgij]lj%)\;%,
Ja' <1/8 —a, I >0, 1 <Vi,Vj<p, i (G, A)| < |G (G, 1| Vetr(a GLG'A™).
Therefore for 1 < Vi, V7, Vk, VI < p,
o (G LX) < (bY)etr{2(a + a')GLG'A™ '} ace.,

|k (G, N)ag; (GL LX)y (GL LX) g (GL TN | < (b)) etr{4(a + ') GLG'A™ '} ae.,
|log ¢i(G, 1)] < max ([log ¢, | log cul).

By Lemma 2, for ¢ = 1, 2, R
P p—

Proof of Theorem 4 for Stein’s loss
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Substitute

Gi(f,a) =19 f7, if i=j,
0, if i<j,
into (18). Then we have
lim R, (3, %)
p—0
2 ¢ ! 2
> ZEJ’(F)E[M] + Z@‘(I‘ Xn z+1 Zlog Cz ) - ZE {log Xn—i-‘rl} -D
i>j i=1 i=1
P P ,
= Z@(I’)—I—Zc,(I’)n—z+1 Zlogcl )—ZE[IOan_HJ—p
i>j i=1 i=1
P
= Y {&(0)/5/% —logg;(T)} - Z Elogx2 1] —p
i=1 i=1

with §7% given in (10). The right side is uniquely minimized when ¢;(T') = §7°. Therefore
P P
lim R, (2, %) > Z n+p—|—1—2i)—ZE{logxi_i+l},
p—0 i=1 i=1

where the right side is equal to the minimax risk R; in (11). If &(T) # &;, 1 < 3i < p, then there
exists some 3 such that

Ri(Z,%) > Ry.

But this contradicts the fact that 3 is a minimax estimator. Consequently it is necessary that

() =677, 1<Vi<p.

Proof of Theorem 4 for the quadratic loss

The proof is straightforward but long. We briefly sketch the outline. We decompose the
four-folded summation in (19) as

Z Z zf’: z”: ()& (D) Eriri&ilis)
= Z Z Z &(T)e; (D) Bl&r&r] + 2 Z Z > &(D)e(T) BlénilniGuiy)-

i=1j=1k=1 i=1j=1 k<l
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Furthermore

p p
2.2 > al Bl&)
i=1j=1k=1
= X X X +X o+ X+ X
k<i OT k<j k=i=j k=i,k>j k=j,k>i k>i,k>5,i=j k>i,k>75,i#]
p

S{n—i+1)n—i+3)+3(p—i)}a@)?+ > (n+p—2j+1)&(T)g(T)
‘ 1<j

+3 (n+p—2i+1)&(D)e(T).

j<i
We also have
2> > > &) (D) Eléribri&iis]
i=1 j=1 k<l
= 2 Z ( fkﬁh +4 Z Z Cl gszkjglzgl]]
=1 k<l 1<j k<l
= Y AM2Ap - i+ 1)+ - )p—i- 1),
i=1

23 S (T)EIE] — 23 (4 p+ 1 — 20)6(T),

i=1j=1 i=1

we obtain
lim Ry(2,TALY) > ¢ Ac — 2b'c + p, (40)
o—
where ¢ = (¢;(T),...,¢,(I"))" and the elements A and b are given in (12) and (13). The minimum
of the quadratic function (40) is uniquely attained when ¢ satisfies the linear equation Ac = b,
namely
a(T) =699, 1<Vi<np,

where 695 is defined in (14) and the minimum value of the quadratic function is the minimax risk
Ry in (15). This proves the theorem for the case of the quadratic loss. 1

A The case of 2 x 2 triangularly equivariant estimator
Here we confirm that 2 x 2 triangularly equivariant estimators satisfy our regularity conditions of

Section 3, except for the case that the (1,1)-element of T' is 0.
Let

Wr =TIG(u)LG'(u)T”
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where
VIi—w o —u 433,
G(U):< U m>, u=qgufi *AIA 7.

Write y = (Ao/A;)2. If the triangularly equivariant estimator based on W and its spectral
decomposition is given by

S(Wr) = T diag(6y,0,)T" = HDH'’

with
Wr =TT,
then - N
S(I7*Wr) = T diag(l; 101, 1;10,)T = HDH',
where

D = diag(dy, dp) = diag(l; " dy, 1" dy).

Let w;; = (ll_IWp)ij. Note that ?Lgh d, are C> functions of W11, W1a, W except the point
w11 = 0. Let 17 denote the (1, 1)-element of I'. We have to consider the cases 11 # 0 and 33 =0
separately.

First consider the case v;; # 0. We would like to show as y — 0

7121/u — 1, d“l — (51. (41)

If v11 # 0, we can eliminate the singularity at w;; = 0 for sufficiently small y. In this case 7121, Jl
are C' functions of Wy, W1a, Waey. Since u = O(y), for the calculation of (41) we can substitute
I;'Wr with any C* matrix-valued function of y, W3 such that W} = Wr + o(y). Since

Gl LG () = (W %)(é fzf?192><\/1—_72 ﬂli*u)

B ( L—u®+ fof i 'y?u®  u/I—u2(1— fof "2 )
T\ w/T =21 = fof T2 @+ (1= ) faf

= (i 52>+0(y),

we can substitute {7 W with
N 1 u
Wi="T ( u ) I

Wi =TT, TzI‘(i 0)

Then

0

is the lower-triangular decomposition of W and

sovi) = (o) (5 0 ) (o o)

_ m(u)< (”52)51 8)0'(u)r', (42)
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where O(u) is the orthogonal matrix given by

1 —U
2 2

V1i+u? V1+u?
The right side of (42) is the spectral decomposition of 3(W7). Therefore

H =TO(u), D =diag(v/1+ u26,,0)

Hence -

H=T1"H = O(u).
Since -

ho1 1

W Vive !
and

Jl = \/1—|—u251 —>51,

(41) is proved.
Now we will prove ca — 9. Note that

didy = |[S(Wr)| = 6,05 TT'| = 61651115,

dydy
1y

== (5152.

C1C2 =

Since ¢; — 61,
Co — 52.

Next, we consider the case y1; =0, i.e.

o 0 €1 o
F—(Eg O) €; = 1.

In this case the eigenvectors and eigenvalues exhibit certain singularity. In fact we show that the
relevant limits depend on how G converges to I'. Since

W — u? + (1 —u?) fof; M2 ereauy/1 —u2(1 — fofy?)
U aeuT—2(1 - fof T 1 -+ fofy 'y’ ’

(17 W) = (635) is given by

on = 51{162 + (1 - UQ)fof1y2}>
612 = Secuvl —u2(l— fof 'y, (43)

2 2 - —1,.2\2
1
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Note that

o1 — 0,
012 — 0,
2
A 42 fo
O3 — 0 Og—"—-.
- 1f2+q§1 2f2+qgl
Therefore
2
5 7 A A 421 fo
di+dy = + ) + 0g——-, 44
! ? o on 1f2+q§1 2f2+q§1 (4
dldg == (3'115'22 — (3'%2 — 0. (45)
From (44) and (45),
S R N W
1= a1 1 2 :
fo+ a3 f2+ 65
Since ¢icy = 0109,
. 6102(f2 + 431)
2 — -
01431 + 02.fo
Now we consider the convergence of hy. From (IH);; > 0, H is of the form
H_ €T ev1—12
o\ e/l =72 —€9T ’
Notice 7L21 =7 and
o1 021 _ €T evl1—r12 d 0 €T ex/1 — 72
012 092 B €1 — 12 —€9T 0 d V1 — 72 T
_ 72(071 — 072) + do . aerVl- 7;2(d~1 - 072) (46)
61627’\/1—7‘2(d1 —dz) T2(d2—d1)+d1 '

From (43) and (46),
€167V 1 — TQ(Jl — Jg) = d1e16ouV 1 —u?(1 — fzfl_lyZ).

From this equation, it is obvious that 7 > 0 for sufficiently small y. Therefore hon Ju — Ja is
equivalent to h3;/u? = 72 /u? — «. From the diagonal elements of (46),

72:1<1+5£1—Cz22>:1 - o1 — 022 '
2 di — dy 2 \/(511 + G92)% — 4611692 + 467,

If we consider sufficiently small z = 42, 611, 699, 635 are C™ functions of z, and 72 is a C*™ function
of 611, 092,0%,. Hence 72 is a C° function of z in a neighborhood of 2 = 0. Put g(z) = 7%(2).
Then

. T . g(z) /
i 5 =l == = ¢'(0).
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The calculation of ¢'(2) is very long. With assistance of a computer software, we have

g/(o) _ (f2 + q%1)25%q%1 )
f1(013; + 02 f2)?

Therefore 5 (o2
ot Ju — 71%121 + f2).
01g51 + O2.fo

B Local coordinates of orthogonal group around the iden-
tity matrix

Here we discuss some details of local coordinates of O(p) around I,,. We verify how the actual
computation of our local coordinates can be carried out in principle, but general explicit formulas
seem to be complicated.

First we verify the condition of implicit function theorem to show that w in (6) can be used
as a local coordinate system around I,,. Write

p
t=1
p

Vi (G) = > gugy, 1<i<j<p

t=1

V(G) = (Yijicici<p-

Then O(p) is defined by ¥ = 0. Differentiate ¢ with respect to gi1, ..., gpp and gia, ..., g1, and
evaluate at G = I,. Then we easily obtain
(2, O
N O Ip(p—l) '
G=I, 2

M(G)
8(9117 oo 7gpp7 g12, . .- 7gp—1,p)

The right hand side is non-singular. The implicit function theorem tells us that there are two

open sets U, V and ”(”7;1) C functions ¢;; on U (1 <14 < j < p) such that

p(p—1)

OCUCR =, I,eV CO(p),
and the function G(u) = (g;;(u)) defined by

gij(w) = gij(u), 1<i<j<p,  gylu)=u; 1<j<i<p,

is a one-to-one function from U onto V.

Next we consider Taylor expansion of ¢;; = ¢;;(u), @ < j, around the origin. It seems to be
convenient to use the matrix exponential function. Let Z = (z;;) denote a skew symmetric matrix
and let

1
exp(Z) :IP+Z+§ZQ+--- (47)
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be the matrix exponential function. Then Z +— exp(Z) defines a C* diffeomorphism between
a neighborhood of the origin in RP®~1/2 and a neighborhood of I, of O(p) (see Section 9.5 of
Muirhead (1982)). Consider the lower triangular part of

1 2
G=I,+Z+ 52"+ .

Then for ¢ > j
1 1
Uz = Zij + 5 D zinzks + 3l D zikzmzy
k Y

For convenience define
u; =0, 1 <i<p, Uiy = —Ugjj, 1< J.

Solving (47) by back substitution, we obtain

1 1 S
G = TR Ui D wiptigg + 3 Do winuguy e, 0>
k k,l

From now on we only consider up to the second degree terms, because the third degree terms seem
to be already somewhat cumbersome to handle. Then we have

_ 1 2 _ 1 2
Gi = =gzt =l= gyt o
Gij = Zij+ 52k Zikkg T = Wi+ 2 Uiklgg e <]

Note that in Theorem 2, the orders of u;; = g;; depend on the individual ratios A;11/X;, 1 <i <
p—1. Therefore it is difficult to simply express the asymptotic distribution of the upper triangular
part of G.

Finally we discuss the differential form expression of the invariant measure on O(p) in terms
of our local coordinates for small dimensions. For p = 2, write

cosf) —sind
G_<Sin0 cos 6 )
Then u = uy = sinf and

du = cos 0df = cos(sin " (u))dh = £v'1 — u2d.

Furthermore 1
'dg, = —(cos® 0 +sin? 0)df = —df = +————du.
Therefore J(u) = 1/4v/1 — u?. The case of p = 2 is obviously simple.
Now consider p = 3. Differentiating G'G = I,,, we have dG'G + G'dG = 0, namely G'dG is
skew symmetric. Therefore
N\ 9idg; = + N\ gdg;.

1>7 1<j
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Now

9911 dny + 0911 du + 0911 duzs 9912 dig; + 9912 du + 09912 duszs
Ouo1 Ous Ousa Oua1 8 8U32
(dg,,dg,) = dusy 002 sy, 4 D922 gy 4 D92
dU31 dU32
and
0 0 )
gydg, = 912(852611621 ag;d 31+ Dus du32) + goadug + gsadus,
0 dg1 dg1
= (012 I + gao)dusy + (912 + uga)dus; + g1z du32
Ous Ousy Ouso
= 711(w)dug + Ti2(w)dus; + Ti3(u)duss (say),
dg dg g1
gsdg, = (9138 2t gas)dugy + (9138 ; + g33)dug1 + g13 8932 dugy
= 7o(u )dum + Too(w)duzy + To3(u)duss (say),
0g12 0922 0g12 0922
hd = d d
gsags (913 Dty + go3 Dty Ydugy + (9138 + go3 8U31) U3y
0912 a922
d
+(g13 Dty + 923 Ding + g33)duss
= 731 (’U,)dU,Ql + 7'32(’(1,)(111,31 + ng(U)dUgg (say).

Write 7(u) = (7;;(w))1<i j<3. Note that in ghdg, A g4dg, A g5dg, we only need to keep track of
dus; A dusy A duss. Then by the antisymmetry of the wedge product, we obtain the determinant
of the 3 x 3 matrix 7(u) as the coefficient of dug; A dus; A duss. Therefore

J(u) = |det T(u)].

Explicit expression of the right hand side already seems to be complicated. On the other hand, it
is clear that similar calculation can be carried out for a general dimension.
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