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Abstract

We propose two Markov chains for sampling (m + 1)-dimensional contingency tables indexed
by {1,2}™ x {1,2,...,n}. Stationary distributions of our chains are the uniform distribution and a
conditional multinomial distribution (which is equivalent to the hypergeometric distribution if m = 1),
respectively. The mixing times of our chains are bounded by (1/2)n(n — 1)In(dn/c) where d is the
average of the values in cells and ¢ is a given error bound. We use the path coupling method for

estimating the mixing time of our chains and showed that our chains are rapidly mixing.



1 Introduction

We propose two Markov chains for sampling (m + 1)-dimensional contingency tables indexed by {1, 2}™ x
{1,2,...,n}. First chain has the uniform distribution as a unique stationary distribution. The stationary
distributions of second chain is a conditional multinomial distribution, which is the hypergeometric dis-
tribution for 2-dimensional case. The mixing times of our chains are bounded by (1/2)n(n — 1) In(dn/¢)
where d is the average of the values in cells and € is a given error bound. We use the path coupling
method [5, 6] for estimating the mixing time of our chains.

Contingency tables are used in statistics to store data from sample surveys. Consider a scenario
where IV subjects are categorized into a table according to some attributes. Data is often analyzed under
assumption that the attributes are independent; that is, the joint distribution is uniquely determined by
the marginal probabilities. We often assume that each table was generated from the uniform distribution,
or a conditional multinomial distribution (hypergeometric distribution) over the set of all the contingency
tables (see [1, 2, 8, 15] for example). One of the commonly used measure of independence is the x>
statistics [23]. A typical test of the independence asks what fraction (the sum of probabilities) of tables
have x? value smaller than a parameter ¢, as t varies. When the marginal totals are sufficiently large,
we can apply the Pearson chi-square test [23]. In case that marginal totals includes a small number,
we need an exact inference for contingency tables [15]. For the analysis of 2 x 2 contingency tables, an
alternative to maximum likelihood estimation and y? goodness-of fit tests is the use of Fisher’s exact test
for independence [16].

Exact test can be done by systematic enumeration of all the tables. When the number of tables is
huge, exact enumeration is impractical. Mehta and Patel [22] proposed a network algorithm for exact
counting (not for enumeration) of contingency tables. However, the computational efforts and memory
requirement of their algorithm is bounded by the table sum and so impractical when the table sum is
large. For estimating the moments of x? statistics efficiently, a standard technique is the ordinary Monte
Carlo method if we have a method for sampling from the set of contingency tables. By using a rapidly
mixing Markov chain with the desired stationary distribution, we can sample a contingency table after
enough number of transitions of the Markov chain from arbitrary initial state.

It is known that the problem for generating 3-dimensional contingency tables is intractable. More
precisely, when we deal with 3-dimensional tables, the problem for checking the existence of at least
one table satisfying the given marginal totals is NP-complete [18]. Diaconis and Strumfels [11] proposed
an algorithm for finding a Markov base for higher dimensional contingency tables. Recently, Aoki and
Takemura discussed Markov bases for some classes of 3-dimensional contingency tables [4, 25]. In this
paper, we deal with a special class of (m+1)-dimensional contingency tables such that the cells are indexed
by {1,2}™ x {1,2,...,n}. For this class, a natural Markov basis exists, which is a direct extension of
2-dimensional case. This class of contingency tables arises in many practical situations [14, 24]. There
also exist some theoretical results on testing the independency of attributes of 2 x 2 x K tables (see
Agresti’s survey paper [1] for example).

The problem of almost uniform sampling of contingency tables can be solved by using a Markov
chain that converges to the uniform distribution. Diaconis and Saloff-Coste [10] discussed the rate of
convergence of a natural Markov chain for 2-dimensional contingency tables. They have shown that

the ordinary chain mixes polynomial time in the table sum when the numbers of rows and columns are



fixed. Dyer, Kannan and Mount [13] proposed a different Markov chain for counting the number of 2-
dimensional contingency tables. In case of sufficiently large marginal totals, their chain mixes polynomial
time in the number of rows and columns. For 2-dimensional contingency tables with two rows, Hernek
[17] showed that the mixing time of the ordinary Markov chain is bounded by a polynomial of table
sum and number of columns. Hernek bounded the mixing time of the chain by using coupling lemma
shown by Aldous [3]. Dyer and Greenhill [12] proposed a rapidly mixing Markov chain for two rowed
contingency tables. Their chain mixes polynomial time in the logarithm of table sum and the number
of columns. They analyzed the mixing rate of their chain by using path coupling technique proposed by
Bubley and Dyer [5, 6]. Kannan, Tetali and Vempala [21] gave a Markov chain with polynomial-time
convergence for the 0-1 case with nearly equal marginal totals. In contrast, Chung, Graham and Yau [7]
proposed a Markov chain for contingency tables with large enough marginal sums and showed that their
chain converges in pseudo polynomial time.

We also consider the problem for generating contingency tables from a conditional multinomial dis-
tribution (hypergeometric distribution) over the set of all the contingency tables. In 2-dimensional case,
there exists a simple O(N) time perfect sampling method, where N is the table sum. However, 3-
dimensional case is computationally intractable in general, as described above. It is easy to see that
the problem for sampling perfect matchings in a given bipartite graph uniformly is a special case of the
problem for generating 2 x I x J contingency tables from a conditional multinomial distribution. The
existence of a polynomial time approximate uniform sampler for perfect matching was a long standing
open problem (see [19] for example). Recently, the problem was solved affirmatively [20].

In Section 2, we introduce some notations and summarize the path coupling method. In Section 3, we
describe our first chain whose stationary distribution is uniform. Section 4, we discuss our second chain

whose stationary distribution is a conditional multinomial distribution.

2 Notations and Definitions

We denote the set of integers (non-negative integers, positive integers) by Z (Z., Z4y), respectively.
In this paper, we consider a set of (m + 1)-dimensional contingency tables indexed by B™ x J where
B ={1,2} and J ={1,2,...,n}. Any index in .J is called a column index. For any vector & € ZB" I
both x(¢;j) and x(i1,is,...,im;j) denote the element of x indexed by ¢ = (i1,42,...,im) € B™ and
j € J. For any column index j € J, x(j) € ZB" denotes the subvector of z € ZB" *” consists of elements
defined by indices in B™ x {j}. Given a vector of indices ¢« € B™ and an index I € {1,2,...,m}, i;
denotes the vector of indices (i1,...,% 1,%141,-.-,im) € B™~! and we also denote the vector i by (27,141)
by changing the order of elements. For any vector & € Z®" >/ and I € {1,2,...,m}, x(i3,41; j) denotes
the element x(%; 7).

Let (r',72,...,7™;¢) be a sequence of non-negative integer vectors where r! € Zim_lx‘] for each
le{l,2,...,m}and c € ZEm. The element of r! indexed by (i';j) € B™~! x J is denoted by r!(i'; 5).

The set of contingency tables corresponding to (r!,72,...,7™;¢) is defined by

T {a: € ZEMXJ

m(”’fa]-aj) +x(7/l_)2)]) = Tl(zl_)]) (VZ € {172>"')m}> V"’l_ € Bmil) V] € J): }
Zjej x(t;7) = c(4) (Vi € B™)

Each element in 7T is called a table for simplicity. In the following, > ; _p.. c(4) is denoted by N. Clearly,



m(17 ’1) T ) ’2 :I:(]'7 ’3) x(17 ’4) 1‘(1, ’5) :I:( ) ’6)
z(1,2;1) | (1,2; z(1,2; z(1,2; x(1,2; z(1,2; 6 |3| 6
:I;( ) ’ ) T ) ) :I;( ) 73) :I;(27 74) x( ) 75) :I;( ) 76) 7 1
2(2,2;1) | 2(2,2; z(2,2; x(2,2;4) | z(2,2; z(2,2; 6 |4 3
¢(1,1) 26
¢(1,2) 20
r?2(1;1)  r3(1;2)  r*(1;3)  r3(1;4)  r*(1;5)  r2(1;6) 8 8 7 7 7 9
c(2,1) 18
¢(2,2) 33
r2(2;1)  r3(22)  r%(2;3)  r2(2;4)  r?(2;5)  r2(2;6) 1 6 11 4 8 11
ri(1;1) | r2152) | rY(1;3) | rR(14) | ri(1;5) | ri(1;6) 717|855 |12
rt(2;1) | rH(2; r(2;3) | r1(2;4) | r1(2;5) | r'(2;6) 127106 |10 8

Figure 1: An example of B x B x J (]J| = 6) table (denoted by z*).

for any table € T, the sum total of elements of x is equal to V.

In the rest of this section, we briefly review the path coupling technique proposed by Bubley and
Dyer [5]. We use the technique in later sections to estimate the mixing time of our Markov chains.
Here we deal with a Markov chain M with state space 7. Assume that M has a unique stationary
distribution 7 : 7 — [0,1]. For any probability distribution function «’ on T, define the total variation
distance between 7 and 7’ to be

Dry(m, ') max | Y w(x) - Y (@) =(1/2) Y In(z) — 7' (z)].

T'CT
- reT’ reT’ reT

If the initial state of the chain M is &, we denote the distribution of the chain at time ¢ by Py : 7 — [0, 1],
ie.,
def.
Pp(y) = PrlXy=y|Xo=a] (VyeT)
The rate of convergence to stationary from the initial state £ may be measured by

r2(¢) € min{t | Dry(m, PL) <& for all ¢ >t}

where the error bound ¢ is a given positive constant. The mizing time 7(g) of M is defined by

() maxe(e),

which is independent of the initial state.
Next, we define a special Markov process with respect to M called joint process. A joint process of
M is a Markov chain (X;,Y;) defined on T x T satisfying that each of (X;), (Y;), considered marginally,

is a faithful copy of the original Markov chain M. More precisely, we require that

Pr[Xp = 2'|(X0, V) = (z,9)] = Pum(z, @),
Pr[YiJrl = yl|(Xt7 }/t) = (may)] = PM (y,yl),



for all ,y,z',y’ € T where Pr(x, ') and Py(y,y’) denotes the transition probability from x to '
and from y to ¢’ of the original Markov chain M, respectively.

Path coupling lemma [Bubley and Dyer [5]]

Let G be a directed graph with vertex set 7 and arc set A C T x 7. Let £: A — Z, be a positive
length defined on the arc set. We assume that G is strongly connected. For any ordered pair of vertices
(z,x') of G, the distance from x to ', denoted by £(x,x'), is the length of the shortest path from x to
x', where the length of a path is the sum of the lengths of arcs in the path. Suppose that there exists a
joint process (X,Y) — (X', Y') with respect to M satisfying that

1>38>0, V(X,Y) € 4, B[¢((X',Y")] < BUX,Y).

Then the mixing time 7(g) of the original Markov chain M satisfies 7(¢) < (1 — 3) ! In(D/e) where D

denotes the diameter of G, i.e., the distance of a farthest (ordered) pair of vertices.

3 Markov Chain for Uniform Distribution

First, we show a lemma which implies an irreducible Markov chain defined on the set of tables 7. We

define the parity functionp : Z — {1,—1} by

1 (z is an even integer ),
p(z) = . :
—1 (z is an odd integer ).
For any index i € B™, we denote p(i; + is + -+ + i) by p(). The vector A € {1, —1}B" is defined by
A(%) def- p(%) for each index 7 € B™. Given an ordered pair of distinct column indices (j', j"), we define

the vector A[j', "] € ZB" >/ by

(
0 (jeJ\{ji"},
. .\ def. . .
Alf',3"1() = A (G=j"),

L A (=J")
~1 1 5 4 4 5
1 —1 6|3 6|46
1 —1 271 3/7]0
—1/ol11]0]0 6|4(4(3(8]8 6|3

A[4,2] xz* z* + A[4,2]

Figure 2: The vector A[4,2].

For any table € T, we introduce the set of neighboring tables;

Yy e T 3G, " eI xJ, j £, @ =x+ Al 5"}

N%(z)
It is easy to see that if ' = = + A[j',j"], then * = o' — A[j',j"] = ' + A[j",j'], and so =’ €

NO(z) implies & € NO(z'). For any pair of vectors x, ' € ZB" >, || — 2'||; denotes the distance
Z |z(2;5) — 2'(4;§)| between = and ='.

(2;5)€B™ xJ



Lemma 1 Let G° be an undirected graph with vertex set T and for any pair of vertices {x,x'}, there
exists an edge between x and x' if and only if *' € N°(x). Then the graph G° is connected, i.e., for any
pair of vertices {x,x'} of G°, there exists a path on G° between ® and x'. The diameter (the distance of

farthest pair of vertices) is less than or equal to N/2™T1

Proof. Assume on the contrary that G° is not connected. Let {z,z'} be a pair of vertices which
minimizes ||z — @'||1 subject to the condition that there does not exist any path between x and a'.
Without loss of generality, we can assume that 35’ € J, 2(2;5') < 2'(2;4'), where 2 is the all-two vector
in B™. It directly implies the followings;

1. z(¢;5") < 2'(4;7") for any 7 € B™ satisfying p(z) = p(2),
2. z(i;5") > 2'(2;7") for any ¢ € B™ satisfying p(z) # p(2),
3. |z(d55") — 2'(45")] = |&(25') — 2'(2;5")| for any i € B™.

Since )iy #(25)) = > ,c 5 2'(25), there exists a column index j" satisfying x(2; ;") > 2'(2,5"). Then

we have the following properties;
1. x(i;5") > 2'(4;7") for any ¢ € B™ satisfying p(z) = p(2),
2. z(i;5") < a'(3;4") for any ¢ € B™ satisfying p(¢) # p(2),
3. Jx(d;5") — ' (4;5")| = |=(2;5") — 2'(2;5")| for any i € B™.

The vector " = = + A[j’, "] is non-negative and so "’ € T. Since " € N°(x), there does not exist
any path between ' and @'. The inequality ||z — '||y > ||=" — 2'||1 contradicts with the minimality of
||z — z'||;. The definition of =" implies that ||z — z"|]; = 2™+,

The above procedure decreases the distance between a distinct pair of vertices and the decrement is
2m+1 If we apply the procedure |||z — 2'||1 /2™ | times, the distance of two vertices is less than 2m*1.
It implies that the obtained pair of vertices are identical. Thus the diameter of G is less than or equal
to N/2m+1, =

The above lemma indicates the existence of an irreducible Markov chain on 7 such that the transition
probability of an ordered pair of tables (z, ') is positive if and only if £ and z’ are adjacent on G°.
When m = 1, this chain is a special case of the Markov chain proposed by Diaconis and Saloff-Coste [10].
However, as discussed in Dyer and Greenhill [12], the mixing rate of Diaconis and Saloff-Coste’s chain is
low. In the following, we describe our chain, which is an extension of the chain discussed by Dyer and
Greenhill [12] for contingency tables with two rows.

For any table & € T and any pair of distinct column indices {j’,j"}, we define the following set of
tables;

N, {5',3"D E { ()" e 28V 30 e 2, (93, wG") = @), 2(") +6(A, -A) > 0.

Markov Chain M!

We introduce our chain M! with state space 7. For any table € 7 and any pair of distinct column

indices {j',j"}, we define the following set of tables;



1
6(3|12|0 5117 6|6 715 84
7111013 418 5|7 6|6 715
43|88 713 6|4 515 416
z* N(xz*,{1,3})

Figure 3: Vectors in A'(z*,{1,3}).

N'(@,{i,3") E {2’ e T|2'() ==() (vi € I\ {i".3"D, @(0).@' (") € N, {i",3"})
= {@eT[HeZ a =2+0A[j,j"] >0}

The Markov chain M! with the state space T is defined by the following transition procedure. We
denote the state of the chain M! at time ¢ by X; and the element of X, indexed by (%;j) is denoted
by X(¢;7). Then the state Xy at time ¢ + 1 is determined as follows. First, choose a pair of distinct

column indices {j’, j"} randomly. Next, choose a table X;; from N*(X;, {j’,"}) at random.

014159 2(5(1(4(5|9 1(5(2]|4(5]9 0(5]|3
7131210 636320 713513120 83|43

4(2(8|1|0]|3 5(2|7]1(0|3 6|12(6(1]0]|3 712

71413388 614|143 |8]|8 5(4|5[3|88 41463

x* + A[l, 3] xz* x* — AL, 3] x* — 2A[1, 3]
Figure 4: The set of neighbors N' (z*, {1,3}).

We estimate the mixing time of our chain M. According to the definition, it is clear that M! is

aperiodic and irreducible. The transition probability of M! from x to y, denoted by Py (z,y) is

((Z) Ve, {j',j"}n) (ify € N, {7,3"}),
P 1( y ) = n . —1
iy Ej’<j” ((2) |N($, {]l,.]”})|> (m = y),
0 (otherwise).

\

Since P (x,y) = Pui(y, @), the stationary distribution of the chain is uniform.

First, we introduce a directed graph G! with the vertex set 7 and the arc set A = {(z,z') | ' €
N%(z)}. We define that the length ¢(a) of each arc a € A is equal to 1. The distance of any ordered pair
of vertices (x, ') on G! is denoted by £(z,x'). Next, we define a joint process (X,Y) — (X', Y’) with
respect to M. For any pair of tables (X,Y) € A, we define the transition probability of our joint process
from (X,Y) to (X',Y"). Without loss of generality, we can assume that X (1) # Y (1), X(2) # Y (2) and
X(j) =Y(j) for all j € J\{1,2}. In the joint process, we choose a pair of distinct column indices (5, j").



Case 1: When {j',j"} C {3,...,n}, it is clear that N (X, {j’,5"}) = N(Y,{j',5"}) and so we choose a
pair (Z(j'), Z(5")) from N (X, {j',5"}) at random. We set X' and Y’ to the contingency table obtained
from X and Y by replacing (X (5'), X (")) and (Y (5'),Y (")) by (Z(j'), Z(j")), respectively. Then, it is
clear that (X', Y") is also in A and so £(X',Y') = 1.

Case 2: Next, consider the case that {j',j"} = {1,2}. It is clear that N'(X,{j',5"}) = N, {j',5"})-
We construct X’ and Y’ by using the same manner of Case 1. Then, we have X' =YY" and (X', Y") = 0.

Case 3: Finally, we consider the case that j = 1 and j” = 3. Other cases are treated in the same way
as follows.

Case 3-1: Consider the case that [N (X, {j',7"}| = N, {7, 7" DI

We denote N' (X, {j',5"}) = {X, X2,..., X*} and NY(Y, {j/,5"}) = {Y'!,Y2,...,Y*}. By arranging
the order of the elements, we assume that X'(1;1) > X2(1;1) > --- > X*(1;1) and Y(1;1) > Y%(1;1) >
--+ > Y*(1;1). Then we choose (X',Y") randomly from {(X!, V1), (X2,Y?),...,(X*,Y*)}. Tt is easy to
see that (X', Y") € A and so /(X" Y") = 1.

Case 3-2: We only need to consider the case that |[N(X,{j’,j"})| > |N(Y,{j’,j"})| without loss of
generality. Since (X,Y) € A, it is easy to show that [N (X, {j’,7"})| = IN(Y,{j',j"})| + 1. By arranging
the order of elements in N*(X, {j/,j"}) = {X', X2, ..., X 1} and NU(Y, {j',5"}) = {Y',V2,...,V*},
we can assume that X1(1;1) > X2(1;1) > --- > XF1(1;1) and Y(1;1) > V2(1;1) > -+ > YR(1;1).

Then we choose (X',Y”) as follows;

(XY with probability (k —i+ 1)/k(k+1) forie {1,2,...,k},

(xyry =4 K51
(XL Y% with probability i/k(k + 1) forie {1,2,...,k},

where the sum total of the probabilities is (1+24---+k)/k(k+1)+(k+---+2+4+1)/k(k+1) = 1. Figure 5
shows an example. Clearly from the definition, (X*,Y?), (X, Y1) € A for each i € {1,2,...,k} and so
UX",Y") = 1.

From the above, we have

It implies the following result.

Theorem 1 The Markov chain M' has the mizing time 7 (g) satisfying that
() < (1/2)n(n — 1) In(dn/ (22)),

where d is the average of the values in cells, i.e., d = N/(2™n).

Proof. The diameter of the graph G* is equal to that of G° and so less than or equal to N/2™*!. Path

coupling lemma induces the desired result. O

4 Markov Chain for Conditional Multinomial Distribution

In this section, we consider a conditional multinomial distribution given marginal sum. The distribution
function ¢ : T — [0,1] is defined by

vX)E /o) I XY where oMY [ @i

(2;5)€B™ xJ YET (4;5)eBm xJ



5(3|713(2]0 6(3/6]3[2]|0 713|513 12|0 834

4/2(8[1]0]|3 5(2|7|1/0]3 626|103 71215103

714/3[3|8]8 6|4(4(3(8]8 5(4(5(3|8]|8 4|4|6(3|8|8
X=X+ A[L,3] X=X X3=X - A[L,3] X4 =X —2A]1,3]
=Y+ A[L,2] =Y?+ All,2] =Y?3+ A[l,2]

04519 116(1]4|51]9 0({6|2(4|5
7131210 712/6|3|2]|0 812|532

8|1]0]|3 6|1|7[1]0]3 7|1]6|1/0]3
653|388 5(5(4(3(8]8 4|5|5(3|8]8
Yi= Y + AL, 3] Y2=Y = X +A[2,1]  Y3=Y — A[L,3]
= X2+ AJ2,3] = X%+ AJ2,3] = X*+A[2,3]
Pr((X", V") = (X1, YH|(5",5") = (1,3)] = 3/12, Pr[(X",Y") = (X2, Yh)|(j',5") = (1,3)] = 1/12,
Pr{(X",Y") = (X%, V?)|(j",5") = (1,3)] = 2/12, Pr[(X",Y") = (X?,V?)|(j',j") = (1,3)] = 2/12,
Pr{(X",Y") = (X%, V?)|(j',5") = (1,3)] = 1/12, Pr[(X",Y") = (X*,Y?)|(j',j") = (1,3)] = 3/12

[N]

Figure 5: An example of Case 3-

Next, we describe a Markov chain which has a conditional multinomial distribution as a stationary
distribution.
Markov Chain M?

First, we introduce a distribution function ¢ (zx, {j’,j"}) defined on N!(z, {;’,;"}) as follows

(@, {55 Y = (1 p(a; {5',5"})) II GG

(B:7)eBx{j",j"}

where
plx: {j i) E Y I wEm™
YN ({53 }) (4:5)eBx {5'.5" }

The Markov chain M? with the state space 7 is defined by the following transition procedure. We
denote the state of the chain M? at time ¢ by X;. Then the state X;,1 at time ¢ + 1 is determined as
follows. First, choose a pair of distinct column indices {j’, "} randomly. Next, choose a table X;; from
NY(Xy, {5',7"}) under the distribution function (X, {j',5"})-

According to the definition, it is clear that M? is aperiodic and irreducible. Since the detailed balance
equations hold, the function ¢ is a unique stationary distribution function of M?2.

Next, we define a joint process (X,Y) = (X’,Y") with respect to M2. Recall that A is the arc set of
digraph G! defined in the previous section. For any pair of tables (X,Y) € A, we define the transition
probability of our joint process from (X,Y) to (X',Y’). In the following, we consider the case that
(X,Y) € A. Without loss of generality, we can assume that X (1) # Y (1), X(2) # Y (2) and X (j) =Y (j)

for all j € J\ {1,2}. In the joint process, we choose a pair of distinct column indices (j', j").

Case 1: When {j',5"} C {3,...,n}, it is clear that N'(X,{j',5"}) = N(Y,{j’,j"}) and so we choose
a pair (Z(j"), Z(3")) from N (X, {j’,5"}) under the distribution function (X, {j’,5"}). We set X’ and



Y’ to the contingency table obtained from X and Y by replacing (X (5'), X (")) and (Y'(5'),Y (")) by
(Z(5"), Z(5")), respectively. Then, it is clear that (X',Y”) is also in A and so £(X',Y") = 1.

Case 2: Next, consider the case that {j’,7"} = {1,2}. It is clear that N'(X, {j’,3"}) = N(Y,{j',5"}).
We construct X' and Y’ by using the same manner of Case 1. Then, we have X' =YY" and £(X',Y") = 0.

Case 3: Finally, we consider the case that j' = 1 and j” = 3. Other cases are treated in a similar way.
Case 3-1: Consider the case that |V (X, {j', 7" D] # IN(Y,{j',"})|. We can assume that [V (X, {5',5"})| >
IV(Y,{j',7"})| without loss of generality. Since (X,Y) € A, it is easy to show that [N (X, {j',7"})| =
IN(Y,{j',i"})| + 1. By arranging the order of elements in N*(X, {j/,5"}) = {X!, X2,..., X**1} and
NYY, {5,5"}) = {YL,Y2%,...,Y*}, we can assume that X'(1;1) > X2(1;1) > --- > X*1(1;1) and
Yi(1;1) > V2(1;1) > -+ > VER(1;1).

Exactly one of the following two cases holds;

i) (YY1),Y?),...,Y*1) = (X'(1),X*Q1),...,X"1)) and
(Y1(3),Y%(3),...,Y*(3)) = (X2(3), X3(3),..., X"T1(3)),

(i)  (Y1(3),Y%(3),...,Y*(3)) = (X1(3),X2(3),...,X"(3)) and
(Y1(1),Y%(1),...,YkQ)) = (X2(1), X3(1),..., X F1(1)).

In the following, we consider Case (i). We can deal with Case (ii) in a similar way.
We choose (X',Y”) as follows;

(Xl, Yl) with probability (X, {j',j"})(Xl),

(X%, Y%  with probability 35 _, (X, {j',j"D(X7) = Sal oV, {7, 7" DY)

(X', V") = fori € {1,2,...,k},

(X1 Y1) with probability 3%_, (Y, {5/, /" D) = Sk_, (X, {7, 5" H(XT)
forie{1,2,...,k}.

\

It is clear that the probabilities described above satisfy the equalities appearing in the definition
of joint process. We need to show the non-negativity of the above probabilities. From the definition,
(X4 YY), (X1, YiH!) € A for each i € {1,2,...,k} and so £(X',Y") = 1. To show the non-negativity, we

need the following Lemma.
Lemma 2 Let (a1, Qz,...,ap11) and (B1,...,Bk) be a pair of positive vectors satisfying that

a a
<Z<c...<k and& &S“‘Sﬁ-
17 B2 k as — as Qht1

|2

<

®

Let F be an indez set defined by F def. {(1,1),(2,2),...,(k,k),(2,1),(3,2),...,(k+1,k)} and v € R be
a vector defined by;

7(171) :al/Aa
’)/(’i,’i): (Oé1+"'+Oéi)/A—(ﬁ1+"'+ﬁi—1)/B (iZl,Q,...,k),

where A =aj; + - -+ agy1 and B =01+ ---+ Bx. Then the vector 7y is non-negative.

Proof.

10
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Figure 6: Index set F.

(0) Clearly, v(1,1) > 0.
(1) Let i* “2 max{i | B;/air1 < B/A}. In the case that {i | Bi/cis, < B/A} = 0, we set i* < —oo.

From the definition, if i* # —oo, then we have
BB o B B _Brn Br

< << << <--< .
a3 Qa3 Q=41 A Qx4 2 Q41

For any index i € (—o0,i*]N{1,2,...,k}, v(i,7) satisfies
v(i,9) = (a4 +a)/A=(Bi+- -+ Bi-1)/B
= ai/A+ (ax/A-B1/B)+- -+ (ai/A = Bi—1/B)
(a2/B)(B/A—Bi/az) + -+ (ai/ B)(B/A = i1/ i) 2 0.

Y%

For any index i € [i* + 1,+00) N{1,2,...,k}, the following inequality holds;

Y60 = (4 +o)/A= (B4 +Biz1)/B
= (A— (g1 + - +owp))/A=(B—=(Bi+-+05)/B
= (Bi/B —ait1/A) + -+ (Bk/B — ar1/A)
> (aip1/B)(Bi/ gy — B/A) + -+ + (k41/B)(Bk/oks1 — BJA) > 0.

(2) Let i* be the index defined by i* “< max{i | a;/8; < A/B}. If {i | ai/B: < A/B} = 0, we define
Z’*

= —o00. Thus, in the case that i* # —oo, following inequalities hold;

« « o7 A a «
T2 2. Al o 2R

=<
Br = B2~ B =B By T T b
For any index i € (—o0,i*]N{1,2,...,k}, v(i + 1,i) satisfies

Yi+1,4) = (Bi+---+6)/B— (a1 +--+a;)/A
= (B1/B—oa1/A)+ -+ (Bi/B — a;[A)
= (B1/A)A/B —a1/B) + -+ (Bi/A)(A/B — a;i/B;) > 0.

For any index i € [i* +1,+00) N {L,2,...,k}, we can show the non-negativity of v(i + 1,¢) as follows;

Yi+1,4) = (Bi+---+B)/B—(a+-+a;)/A
(B = (Bit1+ -+ Bi))/B— (A= (g1 +- -+ arq1))/A
= (aip1/A—=Bip1/B) + -+ (ar/A = Bi/B) + arq1 /A
(

Biv1/A)(ir1/Bivy1 — A/B) + -+ + (Br/A) (ar /Br — A/B) > 0.

Y%

11



From the above, we have the desired result. O

Let BY € {i € B™ | p(é) = p(1)}. For any index ¢ € B, (X'(i;1), X2(i;1),..., X**1(i;1)) is an
arlthmetlc sequence of non-negative integers with the common difference —1. For each index 7 € B™,
we denote the index obtained from 7 by flipping the mth element (i.e., the last element) by 7. Then,
for any index i € BY, the sequence (X1(2;1), X2(2;1),..., X*¥+1(2;1)) is an arithmetic sequence of non-
negative integers with the common difference 1. It is also easy to show that for any index z € BY,
the sequences (X'(4;3), X2(4;3),..., X*1(4;3)) and (X'(2;3), X%(2;3), ..., X*¥+1(2;3)) are arithmetic
sequences of non-negative integers with the common differences 1 and —1, respectively. The above

properties imply the following lemma.

Lemma 3 Assume that the condition ;

(i) (Y1(1),Y%(1),...,Yk1)) = (X1(1), X2(1),..., X*(1)) and
(Y'(3),Y?(3),...,Y*3)) = (X*(3), X°(3),..., X*"(3))

is satisfied. Then the following inequalities hold;

X {5 HXY) e DY) ({5 D)
OSSR C D I O A AV AL IO I P {5 HE)
vV AT HOT) e THOY) < ({5 5"HE)
P03 D(X2) T (X {7 5 H(XP) — (X, {55 HXR)

Proof. We introduce some notations for simplicity. For any index z € BY*, we define

(gsmgs oy ™) = (XN(51), X2 (45 1), ., XEF (1)),
<nz,nz,---,ﬁ§“> E(X(333), X2(333),..., XFT(3;3),
(¢ ) (XY (03), X2 (33 3), ., X (3 3)),
( B (X655 1), X2 (35 0), ., XFT (45 1)),

*1) are arithmetic sequences of non-negative integers

k+1
&

Then, both (n;,ni,...,nkﬂ) and (ﬁ;,ﬁi,...,n

with common difference —1. Both of the sequences (§ , o ,51’:““) and ( ) are arithmetic

z’ e
sequences of non-negative integers with common dlfference 1.

+2 1+2 1+2
XY(1) | XY2) | X'(3) XHI(1) [ xHLe) [ xH(3) X)) | X)) | ATEE)
gl 1ol 141 Zi+1 141 1 2 gl+2 pit? 2
X2
X! Y+l
Y1) | Y'(2) | Y'3) Y1) | YIHNR) | YE(3)
— Xl(l) — Xl+1(3) — XHl(l) — XHZ(S)
V! yl+1

Figure 7: Condition (i) of Lemma 3.

From the above, it is easy to see that

(d}(X, {j’,j”})(X’)> (z/f(X, {J",J"’})(X’“)>_1
P {7 3"HEY) ) oA 5" H ()

12



1B

IT Gt egr g

1B

I @

| 7l_+1|
.

-1

gy

—1

L1y 1) el g1y =1 ALy g2y el+2y g+l —1
2EBT ieB™
-1
. _7 _[+1 —1+2
_ I (- e+ I (i)~ e+ since my > n; > g
= ' m; i ) ; i and £l < g+ < g2
teB™ teB™ 7 7 1
I+1 =1+1 Sl4-1 ¢l+1

= H % = H I+1 nil 6il+1 1 <l

ieBp 77,,;5,,: icBr (77,,: + )(fz +1)

In a similar way, we can show that

o o ~1
< (¥, {4, 5" D) ><¢(Y,{J’,J”})(Y’“)>
DX {5 3D )\ (X {7, 5" H(XH2)
—1
_ Ly =l41y 41y gl —1 41y Sl41) 1) g1y —1
= H (772'!771: !Ei !fi!) H (772' !771: !51: !51: )
1EBT 1EBT
-1 1
[T o g g | | I abeas ey
1EBT 1eBT
—1
g—l‘-‘,—l nl_—‘,—l nl‘—ﬁ-l El_+1
_ [\—1 #l+1 I+1\—1 fl+2 _ 1 1 _ 1 1
- H (73) £i H (772- ) g12 - H AL H M+ 1)@+ 1) <1
1eBT 1B ieBT 171 ieBm 1 4

1

If we set (X, {j',j" (X" = ar and ¥(Y,{j",i"H(Y*) = B¢, above lemmas directly imply the
non-negativity of the transition probabilities of our joint process.

Case 3-2: Consider the case that |N(X,{j’,j"})| = INY,{j’,j"})]. We denote N'(X,{j’,;"}) =

{XY X2 ..., Xk and NU(Y, {5/,"}) = {Y1,Y2,....Y*}. By arranging the order of the elements, we

can assume that X1 (1;1) > X2(1;1) > --- > X*(1;1) and Y (151) > Y2(1;1) > --- > Y*(1;1). Exactly

one of the following four cases holds;

1) (XY, X2(1),..., X*1) = (Y1), Y%(1),...,Y*1)) and
(X2(3),X3(3),...,X*3)) = (Y1(3),Y2(3),...,Y*1(3)),

i)  (X'(3),X%(3),...,X*3) = (¥"(3),Y*@3),...,Y*(3)) and
(X2(1), X3(1),...,X*(1)) = (YH(1),Y?(),..., Y (1)),

(i)  (XY(1),X2%(1),...,X%1) = (Y1), Y%(1),...,Y*(1)) and
(X1(3),X%(3),..., X" 1(3)) = (Y2(3),Y3(3),...,Y*(3)),

(iv)  (X'(3),X2%(3),...,X"*3)) = (Y(3),Y%(3),...,Y*(3)) and
(X'(1), X2(1),...,X"1(1)) = (Y*(1),Y3(1),...,Y*(1)).

13



In the following, we consider Case (i). We can deal with Cases (ii),(iii),(iv) in a similar way.

We choose (X',Y") as follows;

(

(X1,yh)
(XYY
(XLY") =
(Xi+1 YT

with probability o (X, {j/,;"})(X),

with probability Y%,_, (X, {5',7" ) (X?) —

forie {2,...,k},

with probability S%_, (Y, {5, 5" (Y¥) -

i (Y {7 DY)

S (X {5 DX

forie {1,2,...

7k_

1},

\
We need to show the non-negativity of the probabilities defined above. Clearly from the definition,
(X1, V%), (XL YY) € A for each i € {1,2,...,k} and so (X,

need the following lemma.

Y") = 1. To show the non-negativity, we

Lemma 4 Let (ay,...,a) and (B1,...,Bk) be a pair of positive sequences satisfying that
ES%S <_ andﬁg&g...gﬁk*{
B1 ~ B2 Br’ as — as g
Let F be an index set defined by F oot {(1,1),(2,2),..., (k. k),(2,1),(3,2),...,(k,k — 1)}, and v € Z"
be a vector defined by
7(17 1): al/Aa
v(i,1)= (a1 +"'+Oéi)/14— (B4 +"'+ﬁi_1)/B (1=2,3,...,k),
Yi+Li)=@+---+8)/B-(aa+ - +a)/A  (i=12,...,k-1),
where A=a; + -+ ay and B =31+ -+ Bi. Then the vector v is non-negative.
Proof.
We can show the lemma in a similar way with the proof of Lemma 2 by removing as1. 0O

Lemma 5 Assume that the condition
L Y*(1)) and
LYR(3)

(i) (X'(1),X*(1),...
(X%(3), X3(3),...

is satisfied. Then the following inequalities hold;

VXD TDR) D)
SO DO S BN =TS RO
BTN 0D e O
POE 7R S B, ) =TS OO {0

Proof. We introduce some notations for simplicity. For any index ¢ € BT, we define

(o, omf) = (XM(031), X2(5;1),..., X5 (3;1)),
(g3 E (X (3:8), X2(5;8), ..., X*(3;8), V(4 3))
(€h€,..., 6% (X1(553), X2(333), ..., X" (3;3), V(33 3)),
(€,8,...,&) T (X'(51),X%G;1),..., X ;1).

14



Then, both (7711:, 7722-, . ,nf) and (7711:, 7722-, . ,ﬁf“) are arithmetic sequences of non-negative integers with
common difference —1. Both of the sequences (f%, z?’ e ,ff“) and (_%, _z?"
quences of non-negative integers with common difference 1.

,ff) are arithmetic se-

Then, we can show the required result in a similar way with the proof of Lemma 3. 0O

Above lemmas directly imply the non-negativity of the transition probability of our joint process.

From the above, we have

E[((X", Y] =[1- <’2L> :

It implies the following result.

Theorem 2 The Markov chain M? has the mizing time T5(g) satisfying that

72(e) < (1/2)n(n — 1) In(dn/(22)),

where d is the average of the values in cells, i.e., d = N/(2™n).

5 Concluding Remarks

In this paper, we propose two Markov chains for sampling (m+1)-dimensional contingency tables indexed
by {1,2}™ x {1,2,...,n}. First chain has the uniform distribution as a unique stationary distribution.
The stationary distributions of second chain is a conditional multinomial distribution. The mixing times
of our chains are bounded by (1/2)n(n — 1) In(dn/e) where d is the average of the values in cells and ¢ is
a given error bound. Thus our chains are rapidly mixing. Our result indicates that the mixing times are

independent of the dimension m + 1 of a contingency table in the case that the size is 2 X 2 x --- x J.
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