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Abstract

The concepts of M-convexity and L-convexity, introduced by
Murota (1996,1998) for functions on the integer lattice, extract
combinatorial structures in well-solved nonlinear combinatorial
optimization problems. These concepts are extended to polyhe-
dral convex functions and quadratic functions on the real space
by Murota—Shioura (2000, 2001). In this paper, we consider a
further extension to general convex functions. The main aim of
this paper is to provide rigorous proofs for fundamental proper-
ties of general M-convex and L-convex functions.
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1 Introduction

In recent years, combinatorial optimization problems with nonlinear objec-
tive functions have been dealt with, and extensive studies have been done
for revealing the “well-solved” structure in nonlinear combinatorial opti-
mization problems [2, 4, 9, 10, 11, 23, 15, 16]. The concepts of M-convexity
and L-convexity, introduced by Murota [12, 13, 15, 16] for functions on
the integer lattice, extract combinatorial structures in well-solved nonlinear
combinatorial optimization problems; subsequently, their variants called M-
convexity and Li-convexity were introduced by Murota-Shioura [17] and by
Fujishige Murota [8], respectively. Applications of M-/L-convexity can be
found in mathematical economics with indivisible commodities [3, 21, 22],
system analysis by mixed polynomial matrices [14], etc. These concepts
are extended to polyhedral convex functions and quadratic functions by
Murota—Shioura [18, 19], and to general convex functions [20]. It can be
easily imagined that the previous results of M-/L-convexity for polyhedral
convex functions and quadratic functions naturally extend to more general
M- /L-convex functions. However, the proofs cannot be extended so directly
to general M-/I-convex functions, but some technical difficulties such as
topological issues arise. The main aim of this paper is to provide rigor-
ous proofs of the fundamental properties of general M-convex and L-convex
functions in continuous variables. The conjugacy relationship between M-
convex and L-convex functions is shown in the companion paper [20] (see
Section 2.4).

The organization of this paper is as follows. Definitions and examples
are provided in Section 2, where we also consider the set version of M-/L-
convexity in addition to M-/L-convex functions. In Sections 3.1 and 4.1
we show that closed M-/L-convex sets and closed proper positively homo-
geneous M-/L-convex functions have polyhedral structures. Fundamental
properties of M-/L-convex functions are shown in Sections 3.2 and 4.2, along
with equivalent axioms for M-/L-convex functions and local combinatorial
structure of M-/L-convex functions such as directional derivatives, subdif-
ferentials, and minimizers.

2 Preliminaries

2.1 Notation and Definitions

Throughout this paper, we assume that n is a positive integer, and put
N ={1,2,...,n}. The cardinality of a finite set X is denoted by |X|. The
characteristic vector of a subset X C N is denoted by xx (€ {0,1}"), i.e.,
xx(i) = 1 fori € X and xx(i) = 0 for i € N\ X. We denote x; = xy;
for i € N, 0 = xp, and 1 = xn. The sets of reals and nonnegative reals are
denoted by R and by R, respectively. For z = (z(i) | i = 1,...,n) € R"



and p=(p(i) |i=1,...,n) € R", we define

Izl =320 lz(@)], 2(X) =3 e x 2(i) (X S N),
(p,x) = 325, p(D)2(D).
For o« € RU {—o0} and f € RU{+oc} with o < 3, we define the intervals
.8l ={vyeR|a<y<p}and (o, ) ={y e R[a <y <p}

A set S C R" is said to be convez if (1 — a)x +ay € S for all z,y € S
and o € [0,1], and a polyhedron if there exist some {p;}¥_, (C R"™) and
{a;}¥ | (CR) (k > 0) such that S = {z € R" | (pi,z) < a; (Vi)}.

Let f: R"™ — R U{+oo} be a function. The effective domain and the
epigraph are given by

domf={reR"| -0 < f(z) < +00},
epif ={(z,a) e R" xR |a > f(x)}.

We denote the set of minimizers of f by argmin f = {z € R" | f(x) <
fly) (Vy € R™)}, which can be the empty set. A function f is said to be
convex if epif is a convex set. If f > —oo, then f is convex if and only if

flaz+(1—a)y) < af(@)+(1—a)f(y) (2.1)

for all z,y € dom f and « € [0, 1]. The inequality (2.1) for a = 1/2 is called
mid-point convexity. For a continuous function, the mid-point convexity is
equivalent to the convexity.

Remark 2.1. Mid-point convexity does not imply convexity in general. It is
known that there exists a discontinuous and nonconvex function ¢ : R — R
satisfying Jensen’s equation (see, e.g., [1, pp. 43 48], [24, p. 217]):

o) +¢(8) =20((a+5)/2)  (Va,B € R). (2.2)

Such ¢ is mid-point convex, and not convex. O

A convex function f: R™ — RU{+oc} is said to be proper if dom f # (),
and closed if epif is a closed set. For a closed proper convex function f :
R" — RU{+o0}, any level set {x € R" | f(z) < n} (n € R) is a closed
set, and argmin f # () if dom f is bounded. A convex function is said to be
polyhedral if its epigraph is a polyhedron. A function f: R™ — R U {400}
is said to be positively homogeneous if f(azx) = af(x) for all z € R™ and
a > 0.

Let f: R — R U {£oo} be a convex function, and = € dom f. For
d € R", the directional derivative of f at x with respect to d is defined by

(asd) = m{ /(@ + ad) = f(@)}/a,

which is a positively homogeneous convex function in d with f/(z;0) = 0.
The subdifferential of f at x is defined as

of(x) ={peR" | f(y) > f(z) + (p,y —z) (Vy € R")}.



2.2 Definition of M-convex Functions

We call a function f: R" — RU{+00} M-convez if it is convex and satisfies
(M-EXC):

(M-EXC) Vz,y € dom f, Vi € suppt(z—y), 3j € supp (x—y), Japg > 0
satisfying

f@)+ f(y) > flz—alxi—x;)) + fly+alxi—x;))  (Va€[0,a0)), (2.3)

where supp™(z—y) = {i € N | z(i) > y(i)} and supp~(z—y) = {i € N |
z(i) < y(i)}. An M-convex function is said to be closed proper M-convex
if it is closed proper convex, in addition. The effective domain of a closed
proper M-convex function is contained in a hyperplane {z € R" | 2(N) =r}
for some r € R.

Proposition 2.2 ([20, Prop. 2.2]). For a closed proper M-convex function
f:R" = RU{+o0}, we have z(N) = y(N) (Vz,y € dom f).

In view of this, we say that a function f: R” — RU{+o0} is Mi-convex
if the function f : RN — RU{+oo} defined by

Flao. ) :{ f(@) ((@o.2) € RY zp = ~a(N)), (2.4)

+oo  (otherwise)

is M-convex, where N = {0} U N; we say that f is closed proper MP-convex
if it is closed proper convex, in addition. M-convexity of f is characterized
by the following exchange property (cf. [17, 18, 19]):

(MI-EXC) Vz,y € dom f, Vi € suppt(z — %), 3j € supp~(z — ) U {0},
Jap > 0 satisfying (2.3)

’

where xg = 0 by convention.

Theorem 2.3. A closed proper convex function f is Mf-convex if and only

if it satisfies (MP-EXC).

Proof. The “only if” part is obvious from the definition. The “if” part is
proven later in Section 3.3. O

By definition, closed proper Mi-convex function is essentially equivalent
to closed proper M-convex function, whereas the class of closed proper M-
convex functions contains that of closed proper M-convex functions as a
proper subclass. Every property of M-convex functions can be restated in
terms of MP-convex functions, and vice versa. In this paper, we primarily
work with M-convex functions, making explicit statements for M?-convex
functions when appropriate.



We also define the set version of M-/ Mh—convexity. We call aset BC R"
M-convex (resp. MP-convex) if its indicator function dp : R" — {0, +oc0}
defined by
0 (if x € B),
+oo  (otherwise)

op(x) = {

is M-convex (resp. MB-convex). Equivalently, an M-convex set is defined as
a convex set satisfying the exchange property (B-EXC):

(B-EXC) Vx,y € B, Vi € supp™(z — y), 3j € supp (z — y), Jap > 0
satisfying « — a(x; — x;j) € B and y + a(x; — xj) € B for all a € [0, ayg].

An M-convex (resp., Mi-convex) set is said to be closed M-convex (resp.,
closed MP-convex) if it is closed, in addition. In fact, closed M-/M?-convex
sets are polyhedra as shown later in Section 3.2. Hence, these concepts co-
incide with those of M-/Mi-convex polyhedra introduced in [18]. In other
words, closed M-convex and M-convex sets are nothing but the base poly-
hedra of submodular systems [7] and generalized polymatroids [5, 6], respec-
tively.

Proposition 2.4 (cf. [20, Prop. 2.2]). For a closed M-convex set B, we
have x(N) = y(N) (Vz,y € B).

Remark 2.5. The property (B-EXC) alone, without closedness, does not
imply convexity nor connectivity. An example is the set
{(z(1),2(2)) € R? | 2(1) + z(2) (1) <0}
U

x(2 =0,z
(1),z(2)) e R? | z(1) +z(2) = 1,2(1) > 1},

{(=
which satisfies (B-EXC); however, it is neither convex nor connected. Even
if convexity assumption is added, (B-EXC) is still independent of combinato-
rial properties. A typical example is {x € R" | Y. | 2(i)? < v, z(N) = 0}
(v > 0), which is an open ball in a hyperplane. O

)
1

Remark 2.6. The property (M-EXC) alone does not imply convexity nor
continuity. Consider a discontinuous and nonconvex function ¢ : R — R
satisfying Jensen’s equation (2.2), and define f : R?> — R U {+o0} by
dom f = {z € R? | #(1) + #(2) = 0} and f(z) = ¢(z(1)) for z € dom f.
Then, f satisfies (M-EXC). O

Remark 2.7. The effective domain of a closed M-convex function is not a
closed set in general. An example is the function f: R? — RU{+o00} given
by dom f = {z € R? | #(1) + 2(2) = 0, z(1) > 0} and f(x) = 1/x(1) for
x € dom f. O



2.3 Definition of L-convex Functions

We call a function g : R" — RU{+00} L-convez if g is convex and satisfies
(LF1) and (LF2):

(LF1) g(p) +9(q) 2 g(p Aa) + g(pV q) (Vp,q € domy),
(LF2) 3r € R such that g(p + A1) = g(p) + A (Vp € domg, VA € R)

’

where pAq, pVg € R™ are given by (pAg) (i) = min{p(i),q(7)} and (pVq)(i) =
max{p(i),q(i)} (i € N). An L-convex function is said to be closed proper
L-conver if it is closed proper convex, in addition. InAview of (LF2), we call
g: R" — RU{+00} Li-convez if the function § : RY — RU{+0oc0} defined
by

§(p0,p) = 90— po1)  ((po,p) € RY)

is L-convex, where N= {0} U N; we say that g is closed proper L*-convez if
it is closed proper convex, in addition. Li-convexity of ¢ is characterized by
the following property:

(LEF) g(p)+9(q) = g(pV(g—A1))+9((p+A1)Aq) (Vp,q € domg, VA > 0).

Theorem 2.8 (cf. [18, Th. 4.39]). A function g is L*-convez if and only
if it is a convex function with (L°F).

By definition, Lf-convex function is essentially equivalent to L-convex
function, whereas the class of Li-convex functions contains that of L-convex
functions as a proper subclass. Every property of L-convex functions can
be restated in terms of Li-convex functions, and vice versa. In this paper,
we primarily work with L-convex functions, making explicit statements for
Li-convex functions when appropriate.

We also define the set version of L-/Li-convexity. We call a set D C R"
L-convez (resp. LF-convex) if its indicator function 6p : R™ — {0,400} is
L-convex (resp. Li-convex). Equivalently, an L-convex set is defined as a
convex set satisfying (LS1) and (LS2):

(LS1) p, ge D= pAgq, pVqe D,
(LS2) pe D=p+ A1 €D (VAX€ER).

An L-convex (resp., L*-convex) set is said to be closed L-convez (resp., closed
Lu—com)ex) if it is a closed set, in addition. In fact, L—/Lu—convex sets are
polyhedra as shown later in Section 4.2. Hence, these concepts coincide with
those of L-/Li-convex polyhedra introduced in [18].

The properties (LS1) and (LS2), without closedness or convexity as-
sumption, imply convexity.

Theorem 2.9. If D C R" satisfies (1.S1) and (L.S2), then D is a convex
set.



Proof. For p,q € D and « € [0,1], we show (1 — a)p+ ag € D. By (LS2),
we may assume p < ¢g. Then, ¢ = p + 2221 AnXxn;, holds for some A, > 0
and N, C N (h=1,2,...,k) such that § # N; C Np C --- C Nj. Putting

P} =p+add_Axn, (=0,1,...,k), we have

J
vy = Dot e, = @i Fa ) A+ Y Anxw,)
k h=1
= (B, a1 AGY(@— Y M)
h=j+1

Since pj = p € D, the equation above and L-convexity of D imply p) =
(1—a)p+aqeD. O

Remark 2.10. The properties (LF1) and (LF2) imply mid-point convexity
(see Theorem 4.3 below); however, they do not imply convexity nor continu-
ity. Consider a discontinuous and nonconvex function ¢ : R — R satisfying
Jensen’s equation (2.2). Then, the function g : R? — R U {+oc} defined by
g(p) = ¥(p(1) — p(2)) (p € R?) satisfies the submodular inequality (LF1)
with equality and (LF2) with » = 0. O

Remark 2.11. There exists no function which is both closed proper M-
convex and closed proper L-convex. (Proof: Proposition 2.2 implies 2:(N) =
y(N) for any M-convex f and z,y € dom f, whereas (LF2) implies that
£+ A1 € dom f for any A € R.) On the other hand, the classes of M®-
convex and Li-convex functions have nonempty intersection; see Example
2.14. ]

Remark 2.12. The effective domain of a closed proper L-convex function
is not a closed set in general. For example, the function g : R? — RU{+0o0}
defined by

+00 (otherwise)

g(p) = { 1/(p(1) — p(2)) (if p(1) — p(2) > 0),

is L-convex, and domg = {p € R? | p(1) — p(2) > 0} is not a closed set. [

2.4 Conjugacy
For a function f: R™ — RU{+oc} with dom f # (), its (convez) conjugate
f*:R" — RU{+00} is defined by

f*(p) = sup{(p,z) — f(z) [z €eR"}  (peR").

Quite recently, it is proven that closed proper M-convex and L-convex func-
tions are conjugate to each other, as in the cases of polyhedral and quadratic

M-/L-convex functions [18, Th. 5.1], [19, Th. 4.1].



Theorem 2.13 ([20, Th. 1.1]).

(i) If f is a closed proper M-convex function, then f® is a closed proper
L-convex function with (f*)® = f.

(i) If g is a closed proper L-convex function, then g* is a closed proper M-
convex function with (g*)® = g.

(iii) The mappings f — f* and g+ g®* (f : M-convex, g : L-convex) are the
inverses of each other, providing a one-to-one correspondence between the
classes of closed proper M-convexr and L-convex functions.

2.5 Examples

We show some examples of M-/M?-convex and L-/L-convex functions. See
[20] for other examples.

Example 2.14 (affine functions). For pg € R™ and 3 € R, the function
f:R"™ - RU{+o0} given by f(z) = (po,x) + B (z € dom f) is M-convex
or Mf-convex according as dom f = {z € R™ | z(N) = 0} or dom f = R™
For zp € R™ and v € R, the function g : R” — RU{+o0} given by g(p) =
{p,x0) + v (p € R") is L-convex as well as Li-convex. O

Example 2.15 (quadratic functions). Let A = (a(i,j))};—; € R"*" be
a symmetric matrix. Define a quadratic function f : R” — R by f(z) =

(1/2)2" Az (z € R™). Then, f is MP-convex if and only if
z'a; > minf0, min{za; | j € supp (z)}]

for all z € R™ and i € supp™ (), where a; denotes the i-th column of A for
i € N. The function f is Li-convex if and only if Y%, a(i,j) > 0 (j € N)
and a(i,7) <0 (¢,7 € N, i # j). See [19]. O

Example 2.16. M-convex and L-convex functions arise from the minimum
cost flow/tension problems with nonlinear cost functions.

Let G = (V, A) be a directed graph with a specified vertex subset 7' C V.
Suppose that we are given a family of univariate closed convex functions
fa : R = RU{+0o0} (a € A), representing the cost of flow on the arc a. A
vector £ € R4 is called a flow, and the boundary 9¢ € RY of a flow ¢ is
given by

9¢(v) = > {&(a) | arc a leaves v}
—> {&(a) | arc a enters v} (veV).

Then, the minimum cost of a flow that realizes a supply/demand vector
x € RT is represented by a function f: RT — R U {£oc0} defined as

. (06)(v) = —x(v) (v € T)
J@) = ugf{ Zfa(E(a))‘ o= el }



for z € RY. On the other hand, suppose that we are given another family of
univariate closed convex functions g, : R — RU{+0o0} (a € A), representing
the cost of tension on the arc a. Any vector p € RY is called a potential, and
the coboundary 6p € R4 of a potential 7 is defined by dp(a) = p(u) — p(v)
for a = (u,v) € A. Then, the minimum cost of a tension that realizes a
potential vector p € R’ is represented by a function g : R¥ — R U {#o00}
defined as

o) =i { S 6a(n(@) ‘ gga) = —0pla) (a € A) }

2 v) =p(v) (vET)

for p € RT. It can be shown that both f and g are closed proper convex
if f(xg) and g(pg) are finite for some 2y € R” and py € RT, which is a
direct extension of the results in Iri [9] and Rockafellar [23] for the case of
|T'| = 2. These functions, however, are equipped with different combinatorial
structures; f is M-convex and g is L-convex. See [20, Th. 2.10]. O

3 M-convex Functions

3.1 Sets and Positively Homogeneous Functions

M-convex sets and positively homogeneous M-convex functions constitute
important subclasses of M-convex functions, which appear as local structure
of general M-convex functions such as minimizers and directional derivative
functions (see Theorem 3.10). These objects are polyhedral, as follows.

Theorem 3.1.

(i) A closed set with (B-EXC) is a polyhedron. In particular, a closed M-
convex set is a polyhedron.

(ii) A closed proper positively homogeneous M-convex function is polyhedral
convexr.

We prove the claim (i) below. The proof of (ii) is given later in Section
3.2. For a nonempty set B C R", we define a set function pg : 2V —
RU{+oc} by pp(X) =sup{z(X) |z € B} (X C N).

Lemma 3.2. Let B C R"™ be a nonempty bounded closed set with (B-EXC),
and {Xk}zzl be subsets of N with X1 C Xo C -+- C X},. Then, there exists
zyx € B with z,.(Xy) = pp(Xg) (Vk=1,2,...,h).

Proof. The claim is shown by induction on the value h. Let z;, € B be a
vector with zp,(X}) = pp(X}). By the induction hypothesis, there exists a
vector x € B satisfying (X)) = pp(Xx) (k =1,2,--- ;h — 1), and assume
that = minimizes the value ||z — z||; among all such vectors. Suppose
that z(Xp) < pp(Xp). By (B-EXC) and Proposition 2.4, there exist i €
supp™ (z —z,)\ X}, and j € supp™ (z —x3,) such that 2/ = z—a(x; — x;) € B



for a sufficiently small @ > 0. Here j € N\ X},_1 holds since i € N\ X};,_1 and
' (Xp-1) < pp(Xn—1) = ©(Xp_1). Therefore, 2’ satisfies 2/(X) = pp(Xk)
(Vk = 1,2,--- ;h — 1) and |2’ — zp|[1 = ||z — zp]|1 — 2¢, a contradiction.
Therefore, z(X}) = pp(Xp). O

Let p: 2V — RU{+oc} be a set function. We call p submodular if it
satisfies
p(X)+p(Y) = p(XNY)+p(XUY) (3.1)

for all X, Y C N with p(X),p(Y) < +00. We define a polyhedron B(p) C
R"™ by

B(p) = {x € R" | o(X) < p(X) (X CN), «(N) = p(N)}.  (32)

For any convex set S C R", a point x € S is called an extreme point of S
if there exist no y1,y2 € S\ {z} and a € (0,1) such that = ay; + (1 —a)ys.

Theorem 3.3 ([7, Th. 3.22]). Let p : 2V — RU{+o0} be a submodular
function with p(0) =0 and p(N) < +oc. Then, z € R™ is an extreme point
of B(p) if and only if there exists {X3}7_o C 2V such that ) = Xo C X3 C
-+ C Xy =N and z(Xy) = p(Xg) < 400 for all k =0,1,...,n.

Proof of Theorem 3.1 (i). Let B C R™ be a nonempty closed set with (B-
EXC). It suffices to show B = B(pp) since B(pp) is a polyhedron. The
inclusion B C B(pp) is easy to see; therefore we prove the reverse inclusion.

We first assume that B is bounded. Let X,Y C N. From Lemma 3.2,
there exists z, € B with z,(XNY) = pp(XNY) and z,.(XUY') = pp(XUY),
which implies

pa(X) 4+ pp(Y) > z:(X) + 2. (Y)
=2, (XNY)+2,(XUY) = pp(XNY) +pp(XUY).

Therefore, pp is a submodular function. By Lemma 3.2 and Theorem 3.3,
any extreme point of B(pp) is contained in B. Hence we have B(pgp) C B.

Next, assume that B is unbounded. For a fixed z¢ € B, define By, = {z €
B | z(i)—z(i) <k (i € N)} and put py, = pp, for k =0,1,2,.... Since each
By, is a bounded M-convex set, we have By, = B(pg). To prove B(pp) C B,
let y be any vector in B(pp). Then, there exists a sequence of vectors
{zi}72, such that z, € B(py) € B (k = 0,1,2,.
Since B is a close set, we have y € B, i.e., B(pg)

..) and limg_, 2 = v.
B. O

3.2 Fundamental Properties of M-convex Functions

We first present two equivalent definitions of M-convex functions. For a
convex function f: R™ — RU{+oo} and x € dom f, we denote f'(x;7,1) =
f(z5x5 — xi) (1,5 € N).



(M-EXCs) Vz,y € dom f, Vi € supp™ (z — y), 37 € supp™ (z — y) satisfying
(2.3) with ag = (z(i) — y(7))/2t, where t = |[supp~ (z — y)]|.

(M-EXC') Va,y € dom f, Vi € supp™ (x —y), 37 € supp™ (z — y) satisfying
f'(@;4,8) < 400, f'(ysi,5) < 400, and f'(z;4,4) + f'(y;4,5) < 0.
Theorem 3.4 ([20, Th. 3.10, 3.11]). For a closed proper convex func-
tion f : R" — RU{+oc}, (M-EXC), (M-EXCy), and (M-EXC’) are all

equivalent.
A closed proper M?-convex function is supermodular on R™.

Theorem 3.5 ([20, Prop. 3.4]). Let f : R" — RU{+oco} be a closed
proper convex function satisfying the property:
Va,y € dom f with x >y, Vi € supp™ (z — y), Jag > 0 :

f(@)+ fly) = fl@—axi) + fly+axi) (a€[0,aq]).

Then, f satisfies the supermodular inequality:

f@)+fy) < flzny)+ flzVvy) (z,y € RY). (3.3)
In particular, a closed proper MP-convex function satisfies the supermodular
inequality (3.3).

Corollary 3.6 ([20, Prop. 3.12]). Let f : R" — RU{+o0} be a closed
proper M-convex function. For any z,y € R™ and i € N we have f(z) +
fly) < f(z)+ f(g), where T and § are given as

i) = { min{z(5), y(j)} (J € N\ {i}),
2(N) = X pen\fy min{z(k), y(k)} (G = 1),

i) = { max{z(j), y(j)} (j € N\ {i}).
Y(N) = 2 pen gy max{z(k),y(k)}  (j =1).

Global optimality of an M-convex function is characterized by local op-
timality in terms of a finite number of directional derivatives.

Theorem 3.7. For a closed proper M-convex function f : R™ — RU{+oc}
and z € dom f, we have f(z) < f(y) (Vy € R") if and only if f'(x;4,4) >0
(Vi,j € N).

Proof. We show the “if” part by contradiction. Assume, to the contrary,
that f(xg) < f(z) holds for some xg € dom f. Put S ={y € R" | f(y) <
f(z0)}, which is a closed set since f is closed convex. Let z. € S be a vector
with ||z, — z|y = inf{|ly — z|}1 | y € S}. By (M-EXC) applied to z and z.,
there exist some i € supp™ (z — z,), j € supp™ (x — z,), and a sufficiently
small a > 0 such that

f(z) = flze + alxi — x5)) > flz —alxi —x5) — flz) > af'(z;5,1) > 0.

Hence, we have f(z. + a(x;: — xj)) < f(z«) < f(xo), which contradicts the
choice of z, since ||(z« + a(x; — xj)) — z|1 < ||z« — z[]1. O
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The following property means that a given point can be easily separated
from some minimizer of a closed proper M-convex function.

Theorem 3.8. Let f: R" — RU{+00} be a closed proper M-convex func-
tion with argmin f # (.

(i) Forxz € dom f and j € N, leti € N be such that f'(z;7,1) = mingen f'(z; ], 5).
Then, there erxists x* € arg min f with x*(i) < x(i).

(i) Forx € dom f andi € N, let j € N be such that f'(x; j,1) = minen f'(z;t,1).
Then, there exists x* € argmin f with =*(j) > z(j).

(iii) For z € dom f, leti,j € N be such that f'(x;j,i) = ming en f'(z; 1, 5).
Then, there exists x* € argmin f with x*(i) < x(i) and z*(j) > z(j).

Proof. (i) Assume, to the contrary, that there is no z* € argmin f with
x*(i) < z(i). Let z* be an element of arg min f with z*(¢) being minimum.
Then, we have z*(i) > x(7). By applying (M-EXC) to z*, z, and i we obtain
some k € supp~ (z* — x) and a > 0 such that

f@™)+ f(z) > fla"—alxi—xr)) + f(z4+alxi—xk))-

By the choice of z*, we have f(z*—a(xi—xx)) > f(z*), and hence f(x +
a(xi—xx)) < f(x). This inequality and the convexity of f yield f'(z;i, k) <
0. By Theorem 3.10 (i) (to be shown below), it holds that f/(x;j,k) <
f(x;5,1) + f'(x5i,k) < f'(x;,1), a contradiction to the choice of i.

(ii) The proof is similar to that for (i).

(iii) By (i) there exists «* € argmin f with 2*(:) < z(i); we assume that
x* maximizes x*(j) among all such vectors. If 2*(j) > z(j) is not satisfied,
(M-EXC) applies to z, z*, and j, to yield some k € supp (z—z*) and a > 0
such that

f(@) + f(2") = flz—alx;j—xk) + [ (@ +alx;—xx))-

By the choice of z*, we have f(z* + a(x; — xx)) > f(z*), and hence
flz —alx; — xx)) < f(z). This inequality and the convexity of f yield
f'(z;k,5) < 0. From Theorem 3.10 (i) follows f'(x;k,i) < f'(z;k,j) +
f(z;3,1) < f'(x;4,1), a contradiction to the choice of i, j. O

The directional derivative functions and subdifferentials of an M-convex
function have nice combinatorial structures such as polyhedral M- /L-convexity.
For p € R", we define f[p] : R — RU{+o0} by flp|/(x) = f(x) + (p,x)
(x € R™). For a function v : N x N — RU{+00}, we define a set D(y) C R"
by

D(v) ={p € R" | p(j) — p(i) < (i, j) (i,j € N)}, (3.4)
and a function f, : R" — RU {£o0} by

Fy@) =if{ > Xgv(ig) | Y NG —xa) =, Aij =0 ((i,5) € A)}

(i,5)€A (3,7)€A

for z € R", where A = {(4,7) | i, € N, v(i,7)< + oo}

11



Lemma 3.9. Let f : R™ — RU{+o0} be a closed proper M-convez function,
Zo, Yo S dOIIIf, (S SUPP+($O_ZJO); and SUPP_(iﬂO_yo) - {jlana"' 7jt};
where t = |supp~ (zo—yo)|- Then, there exist y, € dom f and ap € Ry
(h - 1> at) satzsfymg ZI;LZI ap = x0(1>_y0(2)7 Yn = yh71+ah(Xi_th)7
and

Fyn) < flyn—1) — anf'(x;5n,1) (h=1,...,1). (3.5)
Proof. For each h =1,2,--- ,t, we recursively define o, € R and y;, € R"
by
ap = Sllp{Oé | Yn—1+ a(XZ - X]h) € dom fa

a< min(ﬂi(i) - yh—l(i)7yh—1(jh) - $(jh)):
SFn—1+alxi — x4,) < flyn—1) — of ' (x5n,7)}

and yn, = yn—1 + an(xi — Xxj,)- Then, (3.5) follows from the definition of
yp, and closed convexity of f. Assume, to the contrary, that 22:1 ap <
x0(i) — yo(i). Since i € supp'(zo — y¢), there exist j, € supp™(zo — y) C
supp  (zg — yo) and a sufficiently small o > 0 such that

f(@o) + f(ye) > flwo — alxi — x5,)) + [ (ye + a(xi — X5,,))-

By Corollary 3.6, we obtain

Tl +alxi — x5,.) + Fly) < flye+alx — x5,)) + fyn)-

Combining the two inequalities, we have

Flun +al = x3,)) = Fyn) < f(z0) — flzo — alxi — X5,)) < —af (o jn. 9)-
However, this contradicts the definition of yy,. O

Theorem 3.10. Let f : R™ — RU{+o00} be a closed proper M-convex func-
tion and x € dom f. Define v, : N x N=RU{+oc} by v,(,7) = f'(x;],1)
(i, € N).

(i) vz satisfies y.(i,1) = 0 (i € N) and the triangle inequality v (i,7) +
Vo(d, k) 2 72(i, k) (i, k € N).

(ii) Of (x) satisfies Of (x) = D(7yz), and is a closed L-convez set if 7, > —o0.
(iii) f'(z;-) satisfies f'(x;-) = fy,, and is closed proper positively homoge-
neous M-convez if f'(x;-) > —oo.

Proof. (i): For i,5,k € N, Corollary 3.6 implies

V(i) + (k) = lim{f(zta(x;—xi)) + flz+alo—x;)) - 2f(2)]/a

> limff(z + ol —xi)) = f@)l/a = 7(i. k).

«
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(ii): Since p € 9f(x) is equivalent to x € argmin f[—p]|, the equation
df(x) = D(~;) follows from Theorem 3.7. L-convexity of the set 9f(x)
follows from (i) (see [18, Th. 3.23]).

(iii): Due to the property (i), it suffices to prove f'(z;d) = f,,(d) for
d € R" (see [18, Th. 4.19]). Since f’(z;-) is positively homogeneous convex,
we have

fllasd) = f'(z ) Nl —xi) < D gl (34,4)

i,jEN i,jEN

for any {Aij}ijen (€ Ry) satisfying 37, .o Aij(X; — xi) = d. Hence, we
have f'(x;d) < f,,(d). On the other hand, repeated application of Lemma
3.9 implies that for any a > 0 there exists {\;j}ijen (C Ry) satisfying

> ijen Nij(Xj — xi) = d and

flotad) = f@) = a Y Njf(2:5,1) > afy,(d).

,JEN
This implies f'(z;d) > f,,(d). O

Proof of Theorem 3.1 (ii). Let f : R™ — RU{+oc} be closed proper pos-
itively homogeneous M-convex, and define v : N x N — RU{+oo} by
v(i,7) = f(xj —xi) (3,5 € N). Then, it suffices to show that f(z) = f,(x)
holds for any z € R". Since f(y) = f/(0;y) for y € R™, this follows imme-
diately from Theorem 3.10 (iii). O

The next theorem shows that each “face” of the epigraph of a closed
proper M-convex function is an M-convex polyhedron. The proof is easy.

Theorem 3.11. Let f : R" — RU{+oc} be an M-convex (resp. closed
proper M-convez) function. Forp € R"™, argmin f[p] is M-convex (resp. closed
M-convez) if it is nonempty.

3.3 Proof of Theorem 2.3

We give a proof of Theorem 2.3, a characterization of closed proper M-
convex functions by (Mi-EXC).

Let f : R" — RU{+oc} be a closed proper convex function satisfying
(ME-EXC). We shall derive the M-convexity of the function f RV —
RU{+oc} in (2.4), which is equivalent to the L-convexity of 7o = ()" by
Theorem 2.13. The property (LF2) for f * is immediate from the definition
(2.4) of . Hence, it remains to show the submodularity (LF1) for f' We
here assume that dom f is bounded, since the case of unbounded dom f can
be easily reduced to the bounded case (see [20]). Since the boundedness of
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domf implies dom f' — RV , the submodularity of f‘ is equivalent to the
local submodularity (see, e.g., [18, Th. 4.27)):

PB+ M)+ B +uxg) > 0 + B+ M+ pxg),  (3.6)

where p € RV , 1,5 € N are distinct indices, and A, p are nonnegative reals.
To show the local submodularity (3.6) for f®, we fix p € RY and i,j € N,
and define functions g, f : R? — RU{+oc} by

~

gij ()‘7 'u) = f.(ﬁ‘l‘ )‘Xi + :U‘Xj) ()‘7 JUAS R)a (37)
fi(a.p) = wi{f(@ — (p.7) | 2 € dom f. T(i) = o, T(j) = 5}

(a, 3 €R). (3.8)

Then, g;; = (}%)' (see [20, Lemma 3.2]), and (M®-EXC) for f implies su-

permodularity of ﬁ-j, as shown below. Supermodularity of ﬁj is equivalent

to submodularity of (fij)' ([20, Prop. 3.6]), which in turn implies local sub-

modularity (3.6). R

We now show that (M-EXC) for f implies supermodularity of fij- By

Theorem 3.5, it suffices to show that ﬁj has the following property:

¥(a, 8), (a/, 3) € dom fij with a > o/, 8> §, 35 > 0:
fij(a, B) + fij(e, B") > fij(a = 6,8) + fij(/ +0,8") (Vo €[0,d0]).

To prove this, we may assume p = O since f(/:f) — (p,7) also satisfies (M?-
EXC) as a function in Z. We consider the case of i € N, j = 0 only, since
the other cases can be dealt with similarly. In this case, f;; is rewritten as

ﬁ-j(a,ﬂ) =inf{f(z) |z € dom f, z(i) = o, z(N) = —0}.

Since [ is a closed proper convex function with bounded effective domain,
there exist x,2’ € dom f satisfying z(i) = «a, z(N) = =4, fij(a,B) =
f(z), and 2'(i) = o/, 2/ (N) = -7, ﬁj(a’,ﬁ’) = f(2'). We assume that z
minimizes the value ||z — 2/||; among all such vectors. It suffices to show
that

f@)+ f(@) > flz = 00a—xk) + (@' + 00a—xk)) (V0 €10,60]) (3.9)

for some k € supp™(z — 2') and dy > 0 since the RHS of (3.9) is larger
than or equal to fi;(a — 6, 3) + fij(@’ +6,8). By (M-EXC) for z, 2/, and
i € supp™ (z — 2'), there exist s € supp™(z — 2') U {0} and §; > 0 with

f@)+ (@) > fla—d(xi—xs)) + f@'+6(xi—xs)) (V0 €[0,41]). (3.10)

Since z(i) > 2/(i) and z(N) < 2/(N), there exists some r € supp™’(z' — z).
By (MB-EXC), there exist ¢ € supp~(2/ — ) U {0} and d > 0 such that

@)+ f(x) > f(@" = 60¢—xe) + f(@+0(xr—xt)) (V6 €[0,02]). (3.11)
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We consider the following four cases.

[Case 1: s € supp™ (z — )] (3.10) gives the inequality (3.9) with k = s
and 50 = 51.

[Case 2: t =i € supp™ (2/ — )] (3.11) gives the inequality (3.9) with
k =r and dg = do.

[Case 3: t € supp~(2/ — )\ {i}] Putting 2° = 2 + 6(x, — x¢) with a
sufficiently small § > 0, we have z°(i) = a,/\z‘S(N) =6, and ||2° — 2|, <
||z—2||1. By (3.11), the vector 2° satisfies f;;(a,3) = f(2°), a contradiction
to the choice of x.

[Case 4: s =t = 0] Convexity of f as well as the inequalities (3.10) and
(3.11) implies

flx) + f(a') [f(x=0x0)+f(x40xr)]/2 + [f(2'+0x:)+ f (2" =0xr)] /2

fl@—(3/2)0 — x0) + (@' + (0/2) (6 — xr))

for any ¢ € [0, min{d1, d2}]. Hence, we have the inequality (3.9) with &k =r
and 6y = (1/2) min{dy, da}.

>
>

4 L-convex Functions

4.1 Sets and Positively Homogeneous Functions

L-convex sets and positively homogeneous L-convex functions constitute im-
portant subclasses of L-convex functions, which appear as local structure of
general L-convex functions such as minimizers and directional derivative
functions (see Theorem 4.6). These objects are polyhedral, as follows.

Theorem 4.1.

(i) A closed set with (LS1) and (LS2) is a polyhedron. In particular, a closed
L-convex set is a polyhedron.

(ii) A positively homogeneous L-convex function is a polyhedral convex func-
tion.

We prove the claim (i) below. The proof of (ii) is given later in Section
4.2. Recall the definition of the set D(vy) C R" in (3.4).

Proof of Theorem 4.1 (i). Let D C R™ be a nonempty closed set with (L.S1)
and (LS2). We define a function yp : N x N — RU{+o00} by vp(i,j) =
sup,epip(j) —p(i)} (4,5 € N). To prove (i), it suffices to show D = D(yp)
since D(yp) is a polyhedron. The inclusion D C D(yp) is easy to see; to
show the reverse inclusion, we prove that ¢ € D holds for any ¢ € D(yp).
For any € > 0 and any 4,j € N, there exists p{; € D with pfj(j) —
p; () +€ > vp(i, ) > q(j) — q(i), where we may assume that pf;(i) = q(i)
and pj;(j) + € > q(4) by (LS2). For i € N, we define pj = \/;cy pj;- Then,
pf satisfies pi € D by (LS1), pf (i) = q(7) and p;(j) +e > q(j) for j € N. We
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then define p* € D by p° = A,y pj, which satisfies ¢(i) — e < p°(i) < q(i)
for i € N, and hence lim._,gp° = ¢. Hence, the closedness of D implies
q € D. |

4.2 Fundamental Properties of L-convex Functions

We show various properties of L-convex functions. Note that some of the
properties below are implied by (LF1) and (LF2) only, and independent of
closed convexity.

Lemma 4.2 (cf. [18, Lemma 4.28]). A function g : R" — RU{+o0}
satisfies (LF1) and (LF2) if and only if

g(p) +9(q) > g(pV (g — 1)) +g((p+ A1) Aq)

for all p,q € domg and A € R. In particular, if g satisfies (LF1) and (LF2),
then we have

9(p) +9(a) = g(p + Axx) + g(a — Axx) (4.1)
for all p,q € domg and A € [0, \1 — A2, where

A= max{q(i) — p(i) [ € N},
X = {ieN|qi)—p()= X},
A2 = max{q(i) —p(i) |ie N\ X}.

Theorem 4.3. If g : R" — RU{+0o0} satisfies (LF1) and (LF2), then g is
mid-point conver.

Proof. We show the inequality (2.1) with @ = 1/2 by induction on the
cardinality of supp(p — ¢) = supp™ (p — ¢) Usupp (p — q¢). We may assume
p(i) < q(i) for some i € N. Putting A = (¢(i) — p(i))/2, P =pV (¢ — A1)
and ¢’ = (p + A1) A g, we have g(p) + g(q) > g(¥') + g(¢) by Lemma 4.2.
Since supp(p’ — ¢') C supp(p — ¢) \ {7}, the induction hypothesis yields
9(P") +9(d') = 29([p" + ¢1/2) = 29([p + q]/2). 0

For a twice continuously differentiable function on R"™, L-convexity can
be characterized by its Hessian matrix (cf. Example 2.15).

Theorem 4.4. Let g : R™ — R be a twice continuously differentiable func-
tion defined on R"™. Then, g is L-convex if and only if the Hessian matriz
H(p) = (8zg(p)/8p(i)8p(j))zj:1 € R™" satisfies the following conditions
for allp € R™:

(Hp))y <0 (Yij € N withi # j) (4.2)

’

n

> (H(p)ij =0  (Vj€N). (4.3)

=1

16



Proof. 1t is well known that the conditions (4.2) and (4.3) for H(p) imply
the positive semidefiniteness of H(p), and hence the convexity of g. Hence,
it suffices to show the following claim:

Claim: Suppose that g is a convex function.
(i) g satisfies (LF1) if and only if H(p) satisfies (4.2) for all p € R™.
(ii) g satisfies (LF2) if and only if H(p) satisfies (4.3) for all p € R™.

We first prove (i). Suppose that g satisfies (LF1), and let p € R™ and
1,7 € N be with 7 # j. Then,

(Hp)yy = lm [B?Ol[g(p‘F)\Xi‘Hin) — glp+2xi)] /1
—limlg(p-+1x;) = 9(v)]/ ] /1
- 1&8 lim[g(p+Axi+px;) — 9(p+Axi) — g(p+px;) + 9(p)]/ A
jaly
< 07

i.e., (4.2) holds.
We then assume that H(p) satisfies (4.2) for all p € R™, and show the
submodularity of g, which is equivalent to the following local submodularity:

g+ Axi) +9(p + ux;) > g9(p + Axi + px;) + 9(p)
(peR", i,j € N withi#j, A\ p>0). (4.4)

Assume, to the contrary, that

g(p + Xoxi) +9(p + pox;) < g(p+ Xoxi + pox;) + g(p) (4.5)

holds for some p € R™, i,j € N with i # j, and Ag, ug > 0. We define a
function ¢ : R — R by

o(p) = g(p+ Xoxi + pxs) —g(p +px;) (L €R).

Since ¢ is continuous and differentiable on [0, uo], it follows from the mean
value theorem that there exists some p. € (0, 10) such that

Ag(p + Aoxi + psXx;)/9p(§) — Ag(p + psx;)/Op(4)
= @' () = [@(p0) — (0)]/p0 >0, (4.6)

where the inequality is by (4.5). We then define a function v : [0, \o] = R
by
P(A) = 9g(p + Axi + 1x;)/0p(G) (A€ [0, Ao]).

Since 9 is continuous and differentiable on [0, Ag], it follows from the mean
value theorem that there exists some A\, € (0, \) satisfying

(H(p+ Mxi + pexs))is = ¥/ (M) = [(Xa) — 1(0)]/20 > 0,
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where the inequality is by (4.6). This, however, is a contradiction to the
assumption (4.2). Hence, (4.4) holds and therefore g is a submodular func-
tion.

We then prove the claim (ii). For a fixed p € R", define a function
w:R = Rbyw() =g(p+A1) (A € R). Since w is also a twice continuously
differentiable function, we have w”(\) = 1TH(p)1 (A € R).

If g satisfies (LF2), then w is an affine function. This implies that
W”(A) = 0 for all A\ € R, from which follows 1*H(p)1 = 0. Since g is
convex, H(p) is positive semidefinite. Hence, we have (4.3).

On the other hand, suppose that the Hessian H (p) satisfies the condition
(4.3). Then, we have 1T H(p)1 = 0. This shows that w is an affine function,
i.e., there exist some r, € R such that g(p + A1) = g(p) + A, (A € R). By
the convexity of g, we have

—oo<yg(lp+q/2) < inf{g(p+A1)+g(q— A1)}

= g(p) +g(q) + /\ilelrf{/\(Tp - Tq)

for any p,q € R"™, implying r, = r,. This concludes that (LF2) holds for
g. ]

Global optimality of an L-convex function is characterized by local op-
timality in terms of a finite number of directional derivatives.

Theorem 4.5 (cf. [18, Th. 4.29]). Let g : R” — RU{+o0} be an L-
convex function. For p € dom g, we have g(p) < g(q) (Vg € R™) if and only
if d(p;xx) >0 (VX C N) and ¢'(p;1) = 0.

The directional derivative functions and subdifferentials of an L-convex
function have nice combinatorial structures such as polyhedral L-/M-convexity.
For z € R", we define g[z]: R"—RU{+oc} by g[z](p) = g(p) + (p.z) (p €
R™). For a set function p : 2V — RU{&00}, we define g, : R* — RU{+o00}
by

k
9o(p) = D>_(\j — Ajr1)p(V), (4.7)

Jg=1

where A\;>Xo> -+ >\ are distinct values in {p(¢) }ien, Ap4+1 =0, and N; =
{i € N | p(i)>\;} (j = 1,2,...,k). The function g, is called the Lovdsz
extension of p [7, 10]. Recall the definition of B(p) in (3.2).

Theorem 4.6. Let g : R" — RU{+00} be a closed proper L-convex func-
tion and ¢ € domg. Define p, : 2V — R U {£o0} by py(X) = ¢'(q; xx)
(X CN).
(i) pq satisfies pg(0) =0, —00 < pg(N) < 400, and the submodular inequal-
ity (3.1).
(ii) Og(q) satisfies Og(q) = B(py). and is a closed M-convex set if pg > —oo.
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(iii) ¢'(q;-) satisfies (LF1), (LF2), and ¢'(q;-) = gp,- In particular, g'(q;-) is
a closed proper positively homogeneous L-convex function if g'(q;-) > —oo.

Proof. We first prove (iii) and then (ii); (i) is immediate from (iii).

(iii): For any p € R™ and ¢ > 0, there exists some g > 0 such that
9'(g:p) > (1/w){g(qg + pp) — g(q)} —e. Hence, (LF1) and (LF2) for ¢'(g;-)
follow from (LF1) and (LF2) for g.

We then prove ¢'(¢;p) = g,,(p) (p € R™). Since ¢'(q;-) is positively
homogeneous convex, we have

k k
9pa (P Z Aj+1)d (5 x;) > q,z Aji+1)xn;) = 9 (a:p),
J=1 j=1
where A\; and N; (j = 1,2,...,k) are defined as in the Lovasz extension

(4.7) and A\p41 = 0. Put g0 = ¢ +p and ¢; = g¢j—1 — (Aj — Njy1)xw; for
7 =1,2,--- k, where g = ¢q. By Lemma 4.2, we obtain

9(g5-1) — 9(q5) = g9lg + (Nj = Njr)xwy;) — 9(q) = (A = Ajr1)g' (a5 xv;)

for j =1,2,...,k, from which follows

k
glqg+p) — Z Aj+1)9 (6 XN;) = 9py (D)

Since the inequality above holds for any p € R"™, we have g(q + up) —
9(q) = 9p,(kp) = 19, (p), implying ¢'(g;p) > gp, (p). Thus, ¢'(¢;p) = g, (P)
follows.

(ii) Since = € dg(q) is equivalent to ¢ € arg min g[—z], we have dg(q) =
B(pg) by Theorem 4.5. Since p, is a submodular function, dg(q) is an M-
convex set (see [18, Th. 3.3]). O

Proof of Theorem 4.1 (ii). Let g : R™ — RU{+oc} be positively homoge-
neous L-convex, and define p : 2V — RU{+o00} by py(X) = g(xx) (X C N).
It suffices to show that g(p) = g,(p) holds for p € R"™. Since g(p) = ¢'(0;p)
holds for p € R", this follows immediately from Theorem 4.6 (iii). O

The next theorem shows that each “face” of the epigraph of a closed
proper L-convex function is an L-convex polyhedron. The proof is easy.

Theorem 4.7. Let g : R™ — RU{+00} be an L-convez (resp. closed proper
L-convex) function. For x € R", argming[x] is L-convex (resp. closed L-
convex) if it is nonempty.
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