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with fixed marginals

Satoshi AOKI and Akimichi TAKEMURA

Graduate School of Information Science and Technology
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SUMMARY

In this paper we define an invariant Markov basis for a connected Markov chain over the set of
contingency tables with fixed marginals and derive some characterizations of minimality of the
invariant basis. We also give a necessary and sufficient condition for uniqueness of invariant
minimal Markov basis. The invariance here refers to permutation of indices of each axis of the
contingency tables. If the categories of each axis do not have any order relations among them,
it is natural to consider the action of the symmetric group on each axis of the contingency
table. A general algebraic algorithm for obtaining a Markov basis was given by Diaconis and
Sturmfels (1998). Their algorithm is based on computing Grébner basis of a well-specified
polynomial ideal. However the reduced Grobner basis depends on the particular term order
and is not symmetric. Therefore it is of interest to consider properties of invariant Markov
basis. We study minimality of invariant Markov basis using techniques of Takemura and Aoki
(2003).

Keywords: exact tests, hierarchical models, Markov chain Monte Carlo, orbit, symmetric
group, transformation group.

1 Introduction

In performing exact conditional tests in discrete exponential families given sufficient statistics,
the p values are usually calculated by large sample approximations. However when the sample
size is small compared to the size of the sample space, the large sample approximation may
not be sufficiently accurate. When the sample size and the sample space are relatively small,
enumeration of the sample space may be feasible with some ingenious enumeration schemes.
For the case of two-way contingency tables with fixed row and column sums, Mehta and Patel
(1983) proposed a network algorithm, which incorporates appropriate trimming in the enumer-
ation. Aoki (2002, 2003) extended this trimming for Fisher’s exact test in two-way contingency
tables and for the conditional tests of the Hardy-Weinberg proportions (triangular two-way
contingency tables). However, the problem of computing p values by enumeration for k-way
contingency tables, k > 2, seems to be largely open in the literature.

As another approach, a Markov chain Monte Carlo approach is extensively used in various
settings of contingency tables, for example, Besag and Clifford (1989) for performing significance

1



tests for the Ising model; Smith et al. (1996) for tests of independence, quasi-independence
and quasi-symmetry for square contingency tables; Aoki and Takemura (2002) for tests of
quasi-independence for two-way contingency tables containing some structural zeros; Guo and
Thompson (1992) for tests of the Hardy-Weinberg proportions; Diaconis and Saloff-Coste (1995)
for two-way contingency tables; Hernek (1998), Dyer and Greenhill (2000) for 2 x J contingency
tables; Forster et al. (1996) for 2% contingency tables. Most of these literatures deal with various
two-way settings.

Diaconis and Sturmfels (1998) proposed a general algorithm for generating random samples
from a conditional distribution given sufficient statistics for general discrete exponential family
of distributions. They suggests computing a Markov basis by finding a Grobner basis of a
well-specified polynomial ideal. Their approach is extremely appealing because, in principle,
it can be used for the problems of any dimension. Despite its generality, however, the power
of their procedure is limited for the following two reasons; the computational feasibility and
outputs of redundant basis elements. The first one stems from the computational complexity
of computing Grobner bases. Although intensive research is being conducted for improving the
efficiency of Grobner bases computation (e.g. Sturmfels, 1995; Boffi and Rossi, 2001), it is still
difficult to obtain a Grobner basis by standard packages even for problems of moderate sizes.
The second one, which we especially consider in this paper, stems from the lack of minimality
and symmetry of a reduced Grobner basis. Grobner basis is in general not symmetric because
it depends on the particular term order.

In this paper, we consider the symmetry of the basis. We treat the permutation of indices
of each axis of contingency tables as an action of a direct product of symmetric groups to the
basis elements and define an invariant Markov basis. Logically important point is that if a
unique minimal Markov basis exists then it is also the unique invariant Markov basis. On the
other hand, if a minimal Markov basis is not unique, an invariant minimal Markov basis is
important, since a minimal Markov basis is usually not symmetric (see Takemura and Aoki,
2003).

In Takemura and Aoki (2003), we derived some characterizations of a minimal Markov basis
and gave a necessary and sufficient condition for uniqueness of a minimal Markov basis. We
combine this approach with the theory of transformation groups to study minimality of invariant
Markov bases and give some characterizations of invariant Markov basis and its minimality. We
also give a necessary and sufficient condition for uniqueness of invariant minimal Markov basis.

The construction of this paper is as follows. Definitions and notations of contingency tables,
Markov basis and invariance are given in Section 2. Structures of an invariant minimal Markov
basis are derived in Section 3. Examples of all hierarchical 2 x 2 x 2 x 2 models are studied in
Section 4.

2 Preliminaries

In this section, we give necessary notations and definitions on Markov basis in Section 2.1 and
group actions on contingency tables in Section 2.2.



2.1 Contingency tables and Markov basis

Consider an I; X --- X I}, k-way contingency table . We denote a cell of the contingency table
by @ = (i1,...,ix) or ¢ = (i ...1). The set of cells is denoted by

IT=T'x---xTIF

where Z¢ = {1,..., I}, £ =1,... k. We write & = {x(%) }sez where x(%) is a frequency of cell
t. Let X denote the set of all k-way contingency tables given by

X = {z = {2(i) }iez | 2(i) € {0,1,2,.. } for i € T} .

We define the degree of @ € X as deg(x) = Zx(z), which is the total frequency of . X is
i€z
partitioned as
X=JX. X,={zeX]| deg(x)=n}.
n=0
Let K ={1,...,k} and let D denote a subset of K. The D-marginal xp = {zp(ip)}ipez,

of « is the contingency table with marginal cells 1p € H 7% and entries given by
teD

wplip) = Y, l(in,jx\p) -

Jirx\DETK\D

Note that xp is an m-way contingency table if D = {iy,... i}

Let Dy,...,D, C K. Throughout this paper we assume that D; U---U D, = K and
there does not exist ¢ # j such that D; C D;. Note that {D,...,D,} corresponds to the
generating class of a hierarchical log-linear model for the contingency table. The set of D-
marginal frequencies

t=t(x)=(xp,,...,xp,)

is the sufficient statistic under the hierarchical log-linear model. Note that if the cells and the
elements of the sufficient statistic are ordered appropriately, we can write ¢ in matrix form as
t = Az as in Section 2.1 of Takemura and Aoki (2003).

We define the reference set of all the contingency tables having the same (Dy,...,D,)-
marginals as

Fi=Fe(D1,....,D.)={x e X |t(x) =t} .

Since all contingency tables in the same reference set F; have the same degree, we define
the degree of t by deg(t) = deg(x), € F;. Then the set T of possible values of the sufficient
statistic ¢, i.e., T = {t(x) | © € X}, is partitioned as

T:UTH, T, =A{t| deg(t) =n} .

n=0

Let Z D X be the set of k-way arrays z = {z(%) }sez containing integer entries

Z={z={2(i)icr | 2() € {...,~1,0,1,.. } fori € T} .

3



Similarly to the D-marginal xp of @, the D-marginal of z is defined and denoted by zp. An
array z € Z is a move for Dy,..., D, if zp, =0 for j =1,...,r. Here 0 denotes the zero array.
Let M(Dy,...,D,) denote the set of all moves for Dy, ..., D, given by

M(Dy,...,D,)={2€Z | zp, =0, j=1,....1}CZ.

For a move z for Dy, ..., D,, the positive part z* = {27(4)};c7 and the negative part z~ =
{27 (%) }se7 are defined by

27(1) = max(z(),0), 2 (¢) = max(—2(2),0),

respectively. Then z = 27—z~ and 27, 2~ € X. Moreover, 2t and z~ have the same sufficient
statistic, i.e., t(z7) = t(z7), and are in the same reference set :

Z+,Z_ S ft(z+)(D1, e Dr) = ft(z—)(Dla .. -;Dr)-

Note that if z is a move, then —z is also a move with (—z)* = 27 and (—z)” = z*. Fur-
thermore non-zero elements of 2+ and 2z~ do not share a common cell. We define a degree of
z € M(Dy,...,D,) as deg(z) = deg(z") = deg(z~). We also define a set of moves with degree
less than or equal to n as

M,(Di,....,D,) = {z € M(Ds,...,D,) | deg(z) <n}. (1)

We occasionally write simply M,, for convenience.

Let B C M(Dy,...,D,) be a set of moves for Dy,...,D,. Let @, &’ € F¢(D1,...,D,). We
say that @’ is accessible from x by B if there exists a sequence of moves z1,...,z4 € B and
es € {-1,1}, s=1,..., A, such that

A
' =x+ E €4Zs,
s=1

m+Z€5z5€ft(D1,...,Dr) forl<a<A,

s=1

(2)

i.e., we can apply moves from B to @ one by one and go from « to @, without causing negative
cell frequencies on the way. It should be noted that accessibility by B is an equivalence relation
and each reference set is partitioned into disjoint equivalence classes by B. We call these
equivalence classes B-equivalence classes of the reference set. If @ and ' are elements from
two different B-equivalence classes of the same reference set, we say that a move z = x — o’
connects these two equivalence classes (see Section 2 of Takemura and Aoki, 2003).

Here we define a Markov basis.

Definition 1 A finite set B C M (D1, ..., D,) is a Markov basis for Dy, ..., D, if for allt € T,

Fi(Dy, ..., D,) itself constitutes one B-equivalence class.

Logically important point here is the existence of a finite Markov basis for any Dy, ..., D,,
which is guaranteed by the Hilbert basis theorem (see Section 3.1 of Diaconis and Sturmfels,
1998). In this definition, if B is a Markov basis and z,—z € B, then B\ {z} and B\ {—z}
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are also Markov bases, respectively. Moreover, if we replace any element z of a Markov basis
B with —z, the remaining set is still a Markov basis. In other words, there is a freedom of the
signs of the elements of a Markov basis. In this paper, we identify an element z of a Markov
basis with its sign change —z for convenience.

A Markov basis B is minimal if no proper subset of B is a Markov basis. A minimal Markov
basis always exists, because from any Markov basis, we can remove redundant elements one by
one, until none of the remaining elements can be removed any further. However, a minimal
Markov basis is not always unique. Takemura and Aoki (2003) gives some characterizations of a
minimal Markov basis. An important fact is that for t € T such that F¢(D;,...,D,) = {x, z'}
is a two-elements set, a move z = x—x’ belongs to each Markov basis for Dy, ..., D, (see Lemma
2.3 of Takemura and Aoki, 2003). We call such a move an indispensable move. Furthermore,
the unique minimal Markov basis exists if and only if the set of indispensable moves forms a
Markov basis. In this case, the set of indispensable moves is the unique minimal Markov basis
(see Corollary 2.2 of Takemura and Aoki, 2003).

Our moves contain many zero cells. Furthermore often the non-zero cells of a move contain
either 1 or —1. Therefore a move can be concisely denoted by locations of its non-zero cells.
We express a move z of degree n as

z={ir,....0} | {g1,- -, dn}l,

where %1, ...,1, are the cells of positive frequencies of z and j1, ..., 7, are the cells of negative
frequencies of z. In the case z(¢) > 1, ¢ is repeated z(%) times. Similarly j is repeated —z(j)
times if z(§) < —1. We use similar notation for contingency tables as well. & € X, is simply
denoted as

&= [{i1, ..., 50} = [i1, ... %] .

2.2 Symmetric group and its action

Here we define an action of a direct product of symmetric groups on cells. From the action
on cells, further actions are induced on contingency tables, marginal cells, marginal frequencies
and moves.

First we give a brief list of definitions and notations of group action. Let a group G act on
aset X. G(xr) ={gx | g € G} is the orbit through z. For a subset A of X, G(A) = {gz | z €
A, g € G}. X /G denotes the orbit space, i.e. the set of orbits. G, = {g | g = =} denotes the
isotropy subgroup of x in G. If G acts on X, the action of G on the set of functions f on X
is induced by gf(z) = f(g~'z). Let h : X — Y be a surjection. If h(z) = h(z') = h(gz') =
h(gz),¥g € G, then the action of G on Y is induced by defining gy = h(gz), where y = h(zx).
Throughout the rest of this paper, the number of elements of a finite set A is denoted by |A|.

In our problem G is the direct product of symmetric groups, which acts on the index set Z.
Let GY denote the symmetric group of order I, for £ =1, ...,k and let

G=G"xG?*x---xGF

be the direct product. We write an element of g € G as

== oy ) (ol )
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G acts on Z by
i = gt
= (g1i1,- -, grir)
= (o1(i1),...,0n(ix)) -

Then the action of G on X is induced by

r =

gx
= {2(97"%) ez
G also acts on the marginal cells by

o
tp = g'p

= (9811'8'17 e 7gsmism)
- (081 (181)7 s 7USm(ZSm>>7

where D = {s1,...,s,}. Hence G acts on marginal tables by

A
Lp = 9D

= {zplg"ip)}ipery-

Considering this action simultaneously for Dy, ..., D,, the action of G on the sufficient statistic
t=(xp,,...,xp,) is defined by

gt = (9gxp,,...,9xp,).

An important point here is that the action of G on t is induced from the action of G on
x, because the the calculation of D-marginals and the action of G on X are commutative.
Although this is intuitively clear, we state this as a lemma and give a proof.

Lemma 1 (gx)p = gxp for all g € G and x € X.

Proof. Write € = gx. From the definitions, it follows that

Eplip) = Y &(ip.dk\p)

JkK\DEZK\D

= Z 2(97 (4D, Jr\p))
Jk\DEZK\D

= Z 2(97 i, 97 dK\D)
Jk\DELK\

= apl(g'ip)

= (9zp)(ip) .

Q.E.D.

By this lemma, if €p, = yp,, i = 1,...,r, then (9gx)p, = (9y)p,, i = 1,...,7, Vg € G. In

terms of the sufficient statistic this can be equivalently written as t(x) = t(y) = t(g9x) = t(g9y),

Vg € G. Therefore the action of G on T is induced from the action of G on X. Also it is
important to note that the isotropy subgroup G; of t acts on the reference set F;.
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So far we have only considered non-negative frequencies. However clearly the above con-
sideration can also be applied to the set Z of integer arrays. In particular, Lemma 1 holds for
the action of G on Z, i.e., taking marginals of integer arrays commutes with the action of G.
Therefore if z is a move, then gz is a move as well. Therefore

G(M(Dy,...,D,)) = M(Dy,...,D,).

and G acts on M (D, ..., D,). More concretely, in terms of the positive part and the negative
part we can write
Z = gz
= gzt —gz .

We also define that a move z = 2™ — 27 is symmetric if z* = gz~ for some g € G. Conversely,
a move z is asymmetric if G(z%) # G(z7).

Now we can define an invariant set of moves. B C M(Dy, ..., D,) is G-invariant if G(B) =
B. Note that here we are identifying a move z € B with its sign change —z. Therefore B is
G-invariant if and only if

Ve GVNzeB = gze€Bor —gzeB.

In other words, B is G-invariant if and only if it is a union of orbits B = |J,. 4, G(2) for some
subset A C M(Dy,...,D,) of moves.

A finite set B C M(Dx, ..., D,) is an invariant Markov basis for Dy, ..., D, if it is a Markov
basis and it is G-invariant. An invariant Markov basis is minimal if no proper G-invariant
subset of B is a Markov basis. A minimal invariant Markov basis always exists, because from
any invariant Markov basis, we can remove orbits one by one, until none of the remaining orbits
can be removed any further.

3 Characterizations of an invariant Markov basis and its
uniqueness

In this section, we first study the relationships between the orbits and M, _1(Dx, ..., D,)-
equivalence classes of X,, and then derive some characterizations of an invariant minimal Markov
basis and its uniqueness.

3.1 Some properties of orbits of contingency tables and marginal
frequencies

Here we derive some basic properties of orbits of G acting on X and 7. First we note that

deg(x) = deg(gx), Vg € G, and hence G(X,,) = X,,. Therefore we consider the action of G on

each X, separately. Similarly we consider the action of G' on each T,, separately.
Consider a particular sufficient statistic t € T,,. Let G(t) € T,,/G be the orbit through ¢.

Let
fG(t) — U Ftl
)

teG(t



denote the union of reference sets over the orbit G(t) through t. Let & € F;. Because t(gx) =
gt, it follows that
gx € fgt C fg(t).

Therefore G(Faw)) = Far)- This implies that X, is partitioned as

U 7 (3)

a€Ty /G

where o runs over the set of different orbits and we can consider the action of G' on each Fg(y)
separately.

Example 1 Consider the case of k = 3 and Dy = {1}, Dy = {2}, D5 = {3}. This is the
complete independence model of the three-way tables. The decomposition (3) of X1 for this case
1s trivial since Ty itself is one G-orbit. We consider the decomposition of Xs. For this case
there are eight G-orbits in Ty as

t; —t(wl) :1,...,8,
xy = [(111), (111)], x5 = [(111), (112)], ()
xs = [(111), (121)], x4 = [(111), (211)],
x5 = [(111), (122)], a6 = [(111), (212)],
xr = [(111), (221)], x5 = [(111), (222)]
and we have
Xo=Faw)U- U Fa)- (5)

The numbers of elements of the orbits G(t1),...,G(ts) are calculated as follows.

I
\G(t1)| = L1115, |G(t2)| = L1 ( 23 ) )

Furthermore we have

1 fOT’ te G(tl) U G(tQ) U G(tg) U G(t4),
‘./Tt‘ = 2 fOT’ te G(t5) U G(tﬁ) U G(t7), (7)
4 for te G(ty).

Consider a particular Fg). An important observation is that there is a direct product
structure in Fg). Write
G(t) ={t1,...,t.},

where a = a(t) = |G(t)| is the number of elements of the orbit G(¢t) C T,. Let b = b(t) =
| Faw) /G| be the number of orbits of G acting on Fe) and let @q,...,x;, be representative
elements of different orbits, i.e., Fowy = G(x1) U--- U G(xp) gives a partition of Fg). Then
we have the following lemma.



Lemma 2 Fgq) is partitioned as

:FG(t) = U Uftz A G(wj)v (8)

i=1j=1

where each Fi, N G(x;) is non-empty. Furthermore if t; = gt;, then © € Fy, — gz € Fy gives
a bijection between Fy, N G(x) and Fy N G(x).

Proof. Fgw = Fi, U--- U F, is a partition. Intersecting this partition with Fge) =
U;’.:l G(z;) gives the partition (8). Let & € F;. Then the orbit G(x) intersects each refer-
ence set, i.e. G(x)NFy, D fori=1,...,a.

Since every g € G is a bijection of Fg ) to itself and

g(FNG(x)) = Fu N G(),

g gives a bijection between Fy, N G(x) and Fy N G(x). Q.E.D.
In particular for each j, F, N G(x;), i = 1,...,a, have the same number of elements
e, NG(xj)| = - = |Fe, N Gly)].

In addition, for t;, t, € G(t) such that t, = gt;, the map g : Gy, — gG4,g~ " gives an isomorphism
between Gy, and Gy = gGy, g~ ', where Gy, and Gy are the the isotropy subgroup of ¢; and ¢
in G, respectively. Therefore there are the following isomorphic structures in F,,

(Gtmfti) = (Gt;>ft;) (9)

Example 2 (Ezxample 1 continued.) In the decomposition (5), we have |Fau,)/G| = b(t;) =1
and Fou,y = G(x;) fori = 1,...,8. Therefore the right hand side of (8) is simply U;_, F,
in this case. To see the isomorphic structure (9), consider Fey), for example. The isotropy
subgroup of tg is given by B B B

Gy = G%2,12 X G§2,12 X G§2,12=

where we define
Gliniize =19 € G" | (00(in), 00(i2)) € {(r, o), (o 1)}, 1 # a1 # G-

We also define

Gflig,jljg ={g¢€ G’ | (00(i1), 00(iz)) = (j1,72)} C éflig,jljg

for later use. Since G is the symmetric group of order I,, we have \éfﬂmm\ =2(ly—2)! and
G iinial = (Ie = 2)!. The reference set Fy, is written as

Fis = {[(111), (222)], [(112), (221)], [(121), (212)], [(122), (211)]}.

Consider another element ' = [(111),(223)] € Fauy) and write t' = t(x'). The isotropy
subgroup of t' is given by B B B
Gy = G%z,m X G%Q,l? X G?3,13
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and the reference set Fy is written as
Fe = {[(111), (223)], [(113), (221)], [(121), (213)], [(123), (211)]}.

We see the relations t' = gtg and gGeg™ " = Gy for g € 5%2712 X 6%2712 X 5?2713. In particular
x' = gxg holds if g € G%2,12 X G%2,12 X G?2,13 U G%z,m X G%2,21 X G?2,31~

Next we present examples of b =2 and b = 3.

Example 3 Consider the case of k =4 and Dy = {1,2}, Dy = {1,3}, D3 = {2,3}, Dy = {3,4}.

This is an example of reducible models. Consider a particular t € Ty such that

t= (leuwD27 wD37 wD4)7

where
xp, = [(i1i2), (i1iy), (i172), (#1i3)],
tz = [(ixd3), (iri3), (i173), (#1i3)],
= [(ind3), (i2i3), (inis), (15i3)],
CUD4 = [(i314), (i37}), (i3ia), (i53))]

For each iy, #1.,,m =1,...,4, there are eights elements in Fy as

ft—{zcl,...,:cg}

xy = [(i1dgizis), (11inisia), (1112057}, (i195131))],
Ty = [(i1i2izis), (11ini5e}), (1hi2i514), (11in137))],
T3 = [(i1iat31}), (I1inisia), (102i57)), (i1951314)],
xy = [(i1igi3iy), (11inisiy), (1112i51a), (i1951314)],
x5 = [(i1di5is), (11inisia), (1112037}, (1195151} )],
xe = [(i1d91514), (11inisiy), (1112i314), (1195151} )],
x7 = [(ini2izi}), (I1inizia), (1hi2i37)), (11ini514)],
ws = [(i1d2i5i}), (iri5isty), (iiaigia), (i1i51514)]-
We see that _ _
Gy = Gglzl 1) X ngz Ji2h X Gizg i3if X Giz Jiail) (10)

for this case, and each Fy contains two Gy-orbits, i.e.,
Fi =A{x1, @4, T5, T3} U{T2, T3, T6, T7} = Gi(1) U Ge(x2).

Extending t to G(t), we see the direct product structure (8) of Faw), where b = |Faw /G| =

/e = a=eon=(5)(5)(5)(%)

|Ft/ N G(wl)‘ = ‘./Tt/ N G($2)| =4

and

for each t' € G(¢).
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Example 4 Consider the case of k =4 and Dy = {1,2}, Dy = {1,3}, D3 = {2,3}, Dy = {4}.

Again this is an example of reducible models. Consider a particular t € Ty such that
t= (lea LDyy LDs, $D4)7

where Tp,,Tp,, Tp, are the same as in Example 3, and xp, = [(i4), (i4), (i}), (i})]. For each
i 7 0, m=1,...,4, there are twelve elements in Fy as

ft:{wla”‘ale}a

x 1y = [(i1i2037)), (ili'zi?»@é) (2'1221324)7 (4175151Y)]

and x1,...,xs are the same as in Example 3. We see that Gy is defined by (10) again, and
each Fy contains three Gg-orbits, i.e.,

Fi=A{x1, x4, x5, x5} U{x2, T3, T6, T7} U {Tg, 10, T11, T12} = Ge(x1) U Ge(2) U Ge(zo).

Extending t to G(t), we see the direct product structure (8) of Faw), where b = |Faw) /G| =

Ffed = o=eoi=(5)(5)(5)(%)

‘ftl N G(:cl)\ = |ft/ N G(w2)| = ‘]:t’ N G(iBg)‘ =4

and

for each t' € G(t).

The following example of b = 2 is somewhat complicated but it is important in showing an
asymmetric indispensable move.

Example 5 Consider the case of k =3 and Dy = {1,2}, Dy = {1,3}, D3 = {2,3}. This model
is considered extensively for I = I, = 3 in Aoki and Takemura (2003). Here we study the case
of  =3,1, =5,13 =6 and a sufficient statistic t = (xp,,Tp,, Tp,) € Ti4, where

xp, = [(11), (13), (14), (15), (22), (23), (24), (25), (31), (32), (33), (34), (35), (35)],

xp, = [(11), (12), (13), (16), (23), (24), (25), (26), (31), (32), (34), (35), (36), (36)],
xp, = [(11), (16), (24), (26), (32), (33), (34), (41), (43), (45), (52), (55), (56), (56)].

In this case, Fy = {x1, x2}, where

@, = [(111), (132), (143), (156), (224), (233), (245), (256), (316), (326), (334), (341), (352), (355)],
@, = [(116), (133), (141), (152), (226), (234), (243), (255), (311), (324), (332), (345), (356), (356)].

Furthermore, there is no g € G satisfying €1 = gas, i.e., G(x1) N G(x2) = 0. (This is obvious
since only xo contains 2 as a cell frequency.) Therefore &1 — x2 is an asymmetric indispensable
move. Extending t to G(t), we see that

|Ft/ N G(wl)‘ = ‘./Tt/ N G($2)| =1
for each t' € G(t).
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3.2 A direct product structure of each reference set

Considering the isomorphic structures of (9), now we can focus our attention on each reference
set. Consider a particular reference set F;. Here we can restrict our attention to the action
of G¢ on F;. In characterizing a Markov basis and its minimality, Takemura and Aoki (2003)
showed that it is essential to consider Mdeg(t)—l(Db ..., D,)-equivalence classes of F, where
M, _1(Ds,...,D,) is given in (1). Therefore we have to confirm the relation between the action
of Gy and M,,_1(Dy, ..., D,)-equivalence classes of F, deg(t) = n.

Let K; denote the number of M,_1(D;, ..., D,)-equivalence classes of F; as in Theorem 1
of Takemura and Aoki (2003). In this paper, we write the set of M,,_1(D;, ..., D,)-equivalence
classes of F; as ‘H; for simplicity, i.e.,

Ht = ft/Mn—l(Dla .- '7D7”) = {Xl7 s 7XKt}7 Kt = ‘Ht‘a deg(t) =n,

in the notation of Takemura and Aoki (2003). In the sequel let X, € H, denote each equivalence
class.

Example 6 (Ezample 3 continued.) Consider the model considered in Example 3. Now we
can restrict our attention to I = Iy = I3 = Iy = 2 case, i.e., iy, = 1,0, =2 form =1,...,4
and consider M3(Dy, ..., Dy)-equivalence classes of Fy. In this case, we see that [H¢| = 2 and

Ht - ft/Mn—l(D17 ceey DT) - {{wh Lo, T3, w4}7 {335, g, L7, wg}}

since

@ — @y = [(1111), (1221), (2122), (2212)] — [(1111), (1222), (2121), (2212)]
= [{(1221), (2122)} || {(1222), (2121)}] € My(Dy, ..., D),

for example.

Example 7 (Ezample 4 continued.) Similar result to Example 6 is derived for the model in
Example 4. Again we can restrict our attention to Iy = I, = I3 = I, = 2 case and consider
M3(Dy, ..., Dy)-equivalence classes of Fy. In this case, we see that |H| = 2 and

Ht = Ft/Mn—l(Db ey Dr) = {{wla Lo, X3, Ly, Ty, w10}7 {w57 Lg, L7, Ly, L11, 3312}}-
We now have the following important lemma.

Lemma 3 [f &’ is accessible from x by M, _1(D1,...,D,), then gz’ is accessible from gx by
M, 1(Ds,...,D,).

Proof. Note that deg(z) < n — 1 if and only if deg(gz) < n — 1. If &’ is accessible from «,
then by (2)

A
' =x+ E €4Zs,
s=1

T+ ez, € F(Dy,... D) for1<a<A.

s=1
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Applying g to the both sides of the equations we get

A
gz’ = gx + Z £59%s,

s=1

9T+ e9z, € Fu(Dy,...,D,) for 1<a<A.

s=1

Q.E.D.

This lemma holds for all g € G. In particular, gz € Fy) if g € G¢. This implies that an

action of Gy is induced on Hg. In fact if 7 : @ — X, denotes the natural projection of x to its
equivalence class, then Lemma 3 states

n(x) = n(2') = 7(gx) = n(gx’).

Let x € X, and g € G¢. Then g belongs to some M,_;(D1, ..., D,)-equivalence class X,
By Lemma 3, this 4" does not depend on the choice of € X, and we may write 7' = gv. Since
by definition a group action is bijective we have the following lemma.

Lemma 4
q € Gt . X’Y — X,y/

is a bijection of Hy to itself.

Combining this result and the isomorphic structure of (9), we see that the structure of Hy and
in particular |Hy | are common for all t' € G(t).
Now consider the orbit space Hy/Gy. Write each element of H; /Gy as ', and write

X, €l
Then we have the decomposition
:Itt == U XF.
TeHe/Ge

By definition, X1 is G¢-invariant for each I' and G4 acts on Xr. Therefore we consider each Xr
separately. An important observation is that there is a direct product structure in Xp, which is
similar to Lemma 2. Let A = A(") = X1/G¢ be the Gy-orbit space of Xt and x5 € Xr,d € A,
be the representative elements of different orbits. Then we have the following lemma.

Lemma 5 F; is partitioned as

Fi = U Xp

FE'Ht/Gt

= U UX,nGus) |

FEHt/Gt XWGF dEA

(12)

where each X,NGy(x5) is non-empty. Furthermore if ¥ = gv, g € Gy, thenx € X, — gz € X,
giwes a bijection between X, N Gi(x) and X, N Ge(x).

13



Proof. Similarly to the proof of Lemma 2, intersecting the partition (11) with Xt = U Gi(xs)

seA
gives the partition (12). For each & € Xr, the orbit G¢(x) intersects each equivalence class X,

iLe. Ge(x)NX, #0forall X, €T
From Lemma 4 and the definition of X, every g € Gy is a bijection of Xt to itself and

9(X; N Ge(x)) = Xgy N Ge().
Therefore g € Gy gives a bijection between X, N Ge(x) and X, N Gy(x). Q.E.D.

Example 8 (Ezamples 3, 6 continued.) Combining the results of Example 3 and Ezample
6, a direct product structure for this model is obtained. We see that |I'| = |A| = 2 and
| X, N Ge(x)| =2 for each X, € I'. Since Ge(X,) = Fi, |He/Ge| =1 for this model.

Example 9 (Ezamples 4, 7 continued.) Similarly, combining the results of Example j and
Example 7 yields a direct product structure for this model. We see that |I'| = 2,|A| = 3 and
| X, NGe(x)| =2 for each X, € I'. Since Ge(X,) = Fi, |He/Ge| =1 for this model.

We see that [H;/G¢| = 1 in the above two examples. We present an example of |H;/Ge| = 2
by considering the asymmetric indispensable move of Example 5.

Example 10 (Extension of Example 5.) Consider the case of k = 6 and Dy = {1,2}, Dy =
{1,3}, D3 ={2,3}, Dy = {4,5}, D5 = {4,6}, Dg = {5,6}. This is a direct product model of two
three-way models with all two-dimensional marginals fized. As for the 1,2,3 axes, we consider
I =3,1, =5,13 =6 and define xp,, xp,, xp, in the same way as Example 5. Therefore the
possible patterns of ©1123) are either £y or x5 of Example 5. As for the 4,5,6 aves, we consider
I =21,="7,13 =7 and define xp,, Tp,, Tp, as

2, = xp, = [(11), (12), (13), (14), (15), (16), (17), (21), (22), (23), (24), (25), (26), (27)]
2, = [(11), (12), (21), (23), (32), (34), (43), (45), (54), (56), (65), (67), (T6), (77)].

In this case, again there are two possible patterns of Tiy56, as

) ), (154), (167), (176), (212), (221), (234), (243), (256), (265), (277)],
121), (134), (143), (156), (165), (177), (211), (223), (232), (245), (254), (267), (276)].

x| — x4y is a symmetric indispensable move in (4,5, 6)-marginal tables.
For the sufficient statistic t defined above, consider the structure of Fy. Fy is written as

Fe=A{z | Tpo3 =1 or T2 and T(as6, = T or TH}
We have |Fz| = 3 - 14! since
o | oy = @1, Tpse = @)} = 14],
Ho | oy = @1, Tpse = @} = 14],

{z | 223y = T, Tpasey = )} = 141/2,
Hz | ©(123) = T2, Tase) = To)| = 141/2.
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Consider the Miz-equivalence classes of Fy. Note that the above four sets are My-equivalence
classes of Fy since each set contains all combinations of permutations of (1,2,3)- and (4,5,6)-
marginal patterns. Furthermore any two elements in the different sets are not accessible each
other by M3 since x1 — x2 and x| — x}, are indispensable moves in (1,2,3)- and (4,5,6)-
marginal tables, respectively. From these considerations, we see that |Hy| = 4. Write Hy =
{X11, X12, Xo1, Xoo }, where

Xij =A{z | L{1,2,3} = L, L{456} = CL';}
Considering the Gg-orbit space of Hy, we have
He/Ge = {{ X1, X12}, {Xo1, Xoo}}

since &1 — x5 is an asymmetric move in (1,2, 3)-marginal tables, whereas | — ) is a symmetric

move in (4,5, 6)-marginal tables. Therefore |He/Ge| = 2 and |I'| = 2 for each T € H¢ /Gy, and
we have the union of direct product structure in (12).

3.3 Structure of an invariant minimal Markov basis and conditions
for its uniqueness

Here we investigate the action of G on the moves. Let z = 2T — 2= € M(Dy,...,D,) be a
move. By the identification
z e (2)27) (13)
we can regard z as an element of F; X F;, where t = t(27) = t(27). Let M*(Dy,...,D,)
denote the set of moves z such that t = t(z%) = t(z7).
In order to be more precise, we define

Fer = {(x1,22) | @1, 2 € F, supp(x1) Nsupp(xs) = 0},

where supp(x) denotes the set of positive cells of . Then by the identification (13), M*(D;, ..., D,)
and F;4 are in 1-to-1 correspondence. We identify M*(Ds,...,D,) and Fy4 hereafter. For
a € T,/G we define

Foa =UteaFit.

Then G(Fan) = Fao and we can consider action of G on each F, , separately. It is then clear
that Lemma 2 holds also for the moves, i.e.

a b
Fawow = |JJ Fur NG(z),
i=1j=1
where 21, ..., zy are representative moves of the orbits Fe) ce)/G.

Let B C M(Dy,...,D,) be a finite set of moves and define
Bpo=BNFua, acT,/G.

B=J U B (14)

n a€T,/G

Then B is partitioned as

Since B is invariant if and only if it is a union of orbits G(z), the following lemma holds.
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Lemma 6 B is invariant if and only if By, o is invariant for each n and o € T,,/G.

This lemma shows that we can restrict our attention to a particular F, , in studying the
invariance of a Markov basis.

We now use our argument in Takemura and Aoki (2003) to construct an invariant minimal
Markov basis. Fix n and a € T,/G. Takemura and Aoki (2003) shows that the essential
ingredient in the construction of a minimal Markov basis is the M,,_1(Dy, ..., D,)-equivalence
classes of Fg, t € a.

Let B be an invariant set of moves and consider the partition (14). Let z = zt—2z~ € B, , be
a move connecting X, € Hy and Xy € Hy, i.e., 2zt € X, and 2~ € X.y. Then gz = gz" — gz~
is a move connecting X,, and X .. Applying ¢g~! the converse is also true. This implies that
the way B, o N Fyt connects the M, _1(Dy,..., D,)-equivalence classes H is the same for all
tco.

Now we are in a position to state the following theorem

Theorem 1 Let B be a G-invariant minimal Markov basis and Let B = U, Uper, /g Bna be
the partition in (14). Then each B, o N Fiy, t € a,a € T,/G, is a minimal invariant set of

moves, which connects Mdeg(t)—1(D1, ..., D,)-equivalence classes of Fy
Conversely, from each o € T,,/G with [Ha| > 2 choose a representative sufficient statistic
t € a and choose a Gy-invariant minimal set of moves By connecting Maeg(s)—1(D1, - .., Dy)-
equivalence classes of Fy, where Gy C G is the isotropy subgroup of t, and extend By to G(Bg).
Then
B=J | c®
n teTn/G
[He]>2

1s a G-invariant minimal Markov basis.

This theorem only adds a statement of minimal G-invariance to the structure of a minimal
Markov basis considered in Theorem 1 of Takemura and Aoki (2003). The reason that B is
minimal G-invariant is stated above, and the reason that B is a Markov basis is included in the
proof of Theorem 1 of Takemura and Aoki (2003).

In principle this theorem can be used to construct an invariant minimal Markov basis
by considering U Bna,n = 1,2,3,... step by step. By the Hilbert basis theorem, there

a€T, /G
exists some ng such that for n > ng no new moves need to be added. Then an invariant

no
minimal Markov basis is written as U U B, . Obviously, there is a considerable difficulty
n=1a€eT,/G
in implementing this procedure directly. To see this, we apply Theorem 1 directly to the
complete independence model of the three-way contingency tables.

Example 11 (Ezamples 1, 2 continued.) Consider the complete independence model of the
three-way contingency tables, i.e., k = 3, Dy = {1}, Dy = {2}, D3 = {3}. We apply Theorem 1
directly to this case and derive an invariant minimal Markov basis.

First consider the case n = 1. As is stated in FExample 1, Ty itself is one G-orbit. Further,
Fi is one element set for each t € T and is itself an My-equivalence class. Therefore we can
conclude that no degree 1 move is needed for Markov basis.
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Next consider the case n = 2. As we derived in Example 1, the orbit space Ty /G is written
as (4). Considering (7), we need not consider the case t € G(t;) U G(t2) UG(t3) UG(ty) since
Fi is one element set (and is itself an M;-equivalence class). We have to consider all t such
that t € G(t5) UG(ts) UG(t;) UG(ts). Consider the case t € G(ts) U G(ts) UG(t7). We know
that |F¢| = 2 for these t. Representative reference sets are written as

Fis = {ws, x5}, x5 = [(112), (121)],
Fio = {w(;,a?%}, 33% [(112)7 (211)]7
Fi. = {x7, 2}, xl = [(121), (211)].

Since each element of Fy is itself an M;i-equivalence class of Fy, we have to connect these
elements to construct a Markov basis. Obuviously, the move that connects two elements of Fy
has to be the difference of these, and is an indispensable move. It is also shown that such move
is Gg-invariant. Therefore we have

B, = {zj} = {x; — 2/}, j=5,6,7 (15)

and G(B,) U G(By,) U G(By,) is included in all G-invariant minimal Markov basis. Finally
consider the case t € G(ts). The representative reference set is written as

_ / " n
ftg - {w87$8a$8a$8 )

zl = [(112), (221)], 2! = [(121), (212)], 2 = [(211), (122)].

and each element of Fy, is itself an Mi-equivalence class. We have to construct a set of moves
which is Gy, -invariance and connects these four equivalence classes. Here we have the following
proposition.

Proposition 1 Gy,-invariant minimal set of moves By, which connects the four elements of
Fis 15 either of the following three sets.

/ " n n !/ n
{xs — x§, xf — ', xs — xl, xf, — x}'},
/ " n n / n
{xs — xf, xf — xf , xs — xf , xy — xy ), (16)

" / " " / "
{xs — xf, @l — xf ,xs — xy , xfy — xf}.

Proof. This proposition is directly shown from the fact that the following three sets of moves,

{wS - 33;3, wg - wg/}v {iBg - wg? wé - mg,}? {wS - mg,? wé - mg (17)

are Gyg-orbits in M (D, Do, D3), respectively. Q.E.D.

We consider the action of group Gy, to the reference set Fi, in detail. We have shown in
Example 2 that Gy, = Gly 1y X Gly1y X Gy 1y, Let g* € Gly 1y X G2g1p X Gy 15 C Gy Then
it follows that {e, g'} is an isotropy subgroup either of xg, xy, Ty, Ty . The pair of (Giy, Fis) 1S
isomorphic to (G, Gis/{e,9'}), and Gy /{e, '} is isomorphic to Klein four-group.

Nezxt consider the case n = 3. But in this case, it is observed that no move of degree 3 is
needed. In fact, no move of degree n > 3 is needed in this model as shown in Section 3 of
Takemura and Aoki (2003). From these considerations, an invariant minimal Markov basis for

this model is summarized as follows.
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Proposition 2 A G-invariant minimal Markov basis for the complete independent model of
the three-way contingency tables is written as

B = G(Bt5) U G(Bta) U G(Bt7) U G(Bt8>7

where By, By, , By, are sets of indispensable moves given in (15) and By, is either of the three
sets of dispensable moves in (16).

The number of the G-invariant minimal Markov basis elements is derived as

8

|B] ZZ\G(B} Z |- 1By —ZIG )| +2|G(ts)]

where |G(t;)| is given in (6).

In this example, we see that an invariant minimal Markov basis for this model is not unique.
It should be noted that a minimal Markov basis is not unique either for this model (Takemura
and Aoki, 2003). Since the set of the indispensable moves is G-invariant, an invariant minimal
Markov basis and a minimal Markov basis differ only in dispensable moves. This is always true
and here we also state the following obvious fact.

Lemma 7 If there exists a unique minimal Markov basis, then it is a unique invariant minimal
Markov bastis.

Now we derive a necessary and sufficient condition for the existence of a unique invariant
minimal Markov basis. As a direct consequence of Theorem 1, first we give the following
corollary to Theorem 1 without a proof.

Corollary 1 An invariant minimal Markov basis is unique if and only if for each n and o €
T./G with |Hy| > 2 By, t € «, is a unique minimal Gy-invariant set of moves connecting
Maegt)-1(D1, . .., Dy)-equivalence classes of Fy.

Therefore we consider F; for each t separately. Recall that there is an union of direct
products structure in F; as shown in (12). Since each X is Gy-invariant, first we summarize
the structure of a minimal invariant set of moves connecting different Xr’s, I' € H;/Gy.

Lemma 8 B is a G¢-invariant minimal set of moves that connects Xr,T' € Hy/Gy if and only

if B is written as
B:Gt(zl) U "'UGt(z\Ht/Gt|—1)7 (18)

where the set of the representative moves z1, . .., 23, /G, |—1 connects Xp,I' € Hy /Gy into a tree.
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Proof. Let z = 2zt — 27 is a move that connects Xt and X, I’ # I, ie., 27 € Xt and

2z~ € Xrr. Then gz also connects Xt and X for any g € G, since gz™ € Xr, gz~ € Xp.

Q.E.D.

This lemma implies the following necessarily condition for existing an unique invariant
minimal Markov basis.

Corollary 2 If an invariant minimal Markov basis is unique, then the following conditions
hold for all t such that |Hg| > 2.

(i) |He/Gel is at most 2.
(i1) For Fy such that [Hy/Gy| = 2, Gi(2) is the same for all z =2zt — 27,27 € X,, 27 € X,
where Fy = X, U X,

Next we consider the structure of a minimal invariant set of moves connecting the equivalence
classes in each Xp. Consider a move z = z* — 2z~ connecting different X, € Xp, ie., 2¥ €
X,,z7 € Xy, X, # X,. Since the action of G on Xr is transitive, without loss of generality
we fix X, to be a particular equivalence set X, and let z* € X,,| when we consider G¢(z). For
each 7' # 7o, we define an orbit graph G, = G(Xr, E./), where the edge set E., is defined as

E,={(X,,X,) | (gz7,927) € (X,,,X,,) for some g € G where 2" € X /2~ € X, }.

It should be noted that E, (and hence G, ) does not depend on the choice of z* € X,
and z~ € X.,, whereas the orbits G¢(z) differ for the different choice of (d1,02), where 2T €
Xy NGe(zs,), 2= € Xy N Ge(xs,) when |A| = | X1/Gy| > 2. Furthermore

E, NE,, =0 forall v # v
by definition. We also define that the orbit graph G/ is indispensable if the graph G(Xr, U E.)

Qkand
is not connected. An important point here is that if the set of indispensable orbit graphs

connects all the equivalence classes in X, then this corresponds to the unique minimal invariant
set of moves for Xt. Combining this result and Corollary 2, we have the following result.

Theorem 2 A minimal invariant Markov basis is unique if and only if the following conditions

hold for all t such that |H¢| > 2, in addition to (i) and (ii) of Corollary 2.

(i13) |A] =|Xr/Ge| =1 for all T.
(iv) The set of indispensable orbit graphs connects all X, € Xp for all T
(v)  For all indispensable orbit graphs of (iv), there is only one orbit G¢(z) that derives it.

In Section 3 of Takemura and Aoki (2003), minimal Markov bases and their uniqueness are
shown for some examples. We see that for some examples a minimal Markov basis is unique,
and for other examples it is not unique. Since a unique minimal Markov basis is also the unique
invariant minimal Markov basis, logically interesting case is that, an invariant minimal Markov
basis is unique, nevertheless a minimal Markov basis is not unique. The Hardy-Weinberg
model is such an example, if we define a symmetric group acting to the upper triangular tables
appropriately. See Section 3 of Takemura and Aoki (2003). Except for this peculiar example,
the only example that we have found so far is a one-way contingency tables.
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Example 12 Consider the case of k = 1 and D = {1}. As is stated in Takemura and Aoki
(2003), a minimal Markov basis for this case is not unique, and consists of I — 1 degree 1
moves that connect I elements in X into a tree. By Cayley’s theorem, there are Ilh_2 ways of
choosing a minimal Markov basis. On the other hand, the set of all degree 1 mowves,

B=Ax—a'|z,a' € X1,z #2'}
is a G-orbit in M (D). Therefore B is the unique invariant minimal Markov basis. B consists

of( [21 ) degree 1 mowves.

We show that three examples considered so far do not have unique invariant minimal Markov
basis.

Example 13 (Ezamples 3, 6, 8 continued.) Consider Bys where t € Ty/G is given in Example
3. In this case, the conditions of Corollary 2 is satisfied since |He/G¢| = 1. However, the ways
of connecting two equivalence classes, {1, T2, T3, T4}, {5, T6, 7, T3} are not unique. In fact,
though the orbit graph (i.e., connected two vertices) is unique and indispensable, there are the
following five Gg-invariant minimal set of moves that derives it.

{wl —$5,934—~’L'8}, {$1 —1138,1'4—935}7
{wQ — Lg, L3 — ~’B7}7 {$2 — L7, T3 — 376}7
{331 — L, L1 — L7,Ly — L5, Ly — L8, L3 — L5, L3 — Ly, Ly — L, L4 — 937}-

Example 14 (Ezamples 4, 7, 9 continued.) Consider Bys where t € T,/G is given in Ex-
ample 4. Similarly to Example 13, the conditions of Corollary 2 is satisfied in this case since
|H: /G| = 1. However, the ways of connecting two equivalence classes, {x1, T2, T3, T4, Tg, T10},
{xs5, 6, T7, 5, 11, T12} are not unique. In this case, the orbit graph also consists of con-
nected two vertices, and is unique and indispensable. However, there are the following nine
Gy-invariant minimal set of moves that derives it.

{.’L‘l —335,334—338}, {331 —asg,w4—a:5},

{.’L‘Q — g, L3 — 337}, {332 — L7, T3 — 336},

{xg — 11,10 — 12}, {>9 — @12, 10 — 11},

{1 — 6,1 — X7, T2 — T5, T2 — Ty, T3 — T5, T3 — Ty, Ty — L7, Ty — T},

{1 — 211, @1 — 12, Ty — T5, Ty — T3, Ty — T11, Ty — T12, T10 — X5, T10 — Ts ),
{332 — L11, L2 — L12, L9 — Lg, L9 — L7, L3 — L11, L3 — L12,L10 — L6, L10 — 937}-

Example 15 (Ezamples 1, 2, 11 continued.) We have seen that an invariant minimal Markov
basis is not unique for the complete independence model of the three-way contingency tables. In
fact, three sets of moves (17) in Proposition 1 correspond to different orbit graphs, respectively.
Therefore in this case, each orbit graph is dispensable.

4 Invariant minimal Markov basis for all hierarchical 2*
models

In this section, we give a complete list of a minimal and an invariant minimal Markov basis for
all hierarchical 2 x 2 x 2 x 2 models. Though our list is restricted to the case of 2 X 2 X 2 x 2,
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if a set of moves whose supports are contained in 2 x 2 x 2 x 2 array constitutes a Markov
basis for a general I; x Iy x I3 x I, case, we can derive a minimal and an invariant minimal
Markov basis for the general case, by considering the orbits T,,/G. For example, a minimal
and an invariant minimal Markov basis for the complete independence model of the three-way
contingency tables are derived in Examples 1, 2 and 11. These results are extensions of the
results for the 2 x 2 x 2 case, since the moves with supports contained in 2 x 2 x 2 arrays
constitute a Markov basis for general case.

To derive the following list, we used several methods. If the model is decomposable, it
is known that Markov bases consist of degree 2 moves only (Dobra, 2001). If the model is
reducible, an algorithm proposed by Dobra and Sullivant (2002) can be used. We also perform
a primitive consideration of the sign patterns, which is similar to Aoki and Takemura (2003).

What the list means is as follows. The models that we consider are hierarchical 2* models.
There are 20 different models. Figure 1 is the list of independence graphs of these models.

O’XQ 0'9 (D @ @ (2)
(3) (@) 9‘0 (3 OO ()
(2) (b)
V (1) (2
0 & (& 3 () O,
(0 (0 (@) (1)

O———~(@ O0—3= O @

G——w © © ©® O,

() () (k)

Figure 1: Independence graphs for four-way contingency tables
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We specify each model by their generating set. For example, a model 123/24/34 means
Dy ={1,2,3}, Dy = {2,4}, D3 = {3,4}. The degree of freedom is a number of independent
cells in 2* tables under the models. For each model, we give a minimal and an invariant minimal
Markov basis. As stated in Theorem 1, an invariant minimal Markov basis is written as

B:U U GB).

n=1 teTh /G
[He|>2
In our models, ng is at most 8. We give a list of B; for all t € T,,/G, |Hs| > 2. To specify
each move, we use symbols  and y to denote representative elements * € X, and y € X,
in this section. Though some of these representative elements are already used in Examples
in the previous section, we newly number these elements to avoid confusion. We give sets of
indispensable moves, i.c., By such that |H:| = 2, with their representative elements. For
example, there are 6 indispensable moves of degree 4 with representative elements x1, x5, 3
for the model 123/124/34. This means that, for i = 1,2, 3, each reference set with the same
sufficient statistic t(a;) has two elements, i.e., Fym,) = {%1, Ti2}, and the representative move
is written as Bye,) = {®i1 — ®i2}. A complete list of the indispensable moves is given by
extending each Byz,) to G(Bya,)), i.¢.,

G(Bi(z)) U G (Bi(ay)) U G(Bt(as)),

and there are

3

|G(t(@)| = Y [G(t(@:)]

1=1

3 3
6= |G(Buwn)| = Y [Buey
=1 =1

elements of indispensable moves. In our examples, |G(t)| is equal for each n such that t € T,
when |H,| = 2 and given as

1, teTs,
) 8, teTs,
|G<t)’ - 27 tc T4,
4, teT,.

Uniqueness of a minimal Markov basis is also shown. As we have stated, if the set of in-
dispensable moves constitutes a Markov basis, this is a unique (invariant) minimal Markov
basis. On the other hand, if a minimal Markov basis is not unique, uniqueness of an invariant
minimal Markov basis is important. In all of 2% hierarchical models, however, we found that an
invariant minimal Markov basis is also not unique when a minimal Markov basis is not unique.
We discuss this point in Section 5. When a minimal basis is not unique, there is at least one
reference set which itself does not constitute one B-equivalence class, where B is the set of
indispensable moves. Furthermore, if 7; is such a reference set, all the reference sets in Fgy)
have the isomorphic structures as stated in Lemma 2. We give this isomorphic structures
of reference sets with representative elements, |G(t)],|Faw) /G| and |F|. Then we give a
direct product structure for each reference set F; € () as shown in Lemma 5, with
|A| and |A|. We omit |H¢ /G| since for all our models |H; /G| = 1. Finally we give a minimal
basis, orbit graphs and an invariant minimal basis for each reference set. As for a
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minimal basis, we only show the number of different set of dispensable moves and number of its
elements, which are calculated from the number of equivalence classes and the number of their
elements. As is stated in Takemura and Aoki (2003), if a reference set consists of ¢ equivalence
classes and each equivalence class has u elements, there are ut™* different set of ¢ — 1 moves
for this reference set in a minimal basis. On the other hand, for an invariant minimal basis, we
show the orbit graphs and the orbits of moves that derive them. Table 1 shows the numbers of
elements in each minimal basis and invariant minimal basis.

4.1 Models with the independence graph (a)

e Model 1234 (saturated, graphical model)
degree of freedom: 0

e Model 123/124/134/234
degree of freedom: 1
indispensable move: 1 move of degree 8 with representative element

[(1111)(1122)(1212)(1221)(2112)(2121)(2211)(2222)].

uniqueness: unique minimal basis exists.

e Model 123/124/134
degree of freedom: 2
indispensable moves: 2 moves of degree 4 with representative element

oy = [(1111)(1122)(1212)(1221)].

uniqueness: unique minimal basis exists.

e Model 123/124/34
degree of freedom: 3
indispensable moves: 6 moves of degree 4 with representative elements

x1, Ty = [(1111)(1122)(2112)(2121)], =3 = [(1111)(1122)(2212)(2221)].
uniqueness: unique minimal basis exists.

e Model 123/14/24/34
degree of freedom: 4
indispensable moves: 12 moves of degree 4 with representative elements

Ty, Ty, @3, Ty = [(1111)(1212)(2112)(2211)],
@5 = [(1111)(1212)(2122)(2221)], @6 = [(1111)(1222)(2112)(2221)]

and 8 moves of degree 6 with representative element
[(1111)(1111)(1122)(1212)(2112)(2221)].

uniqueness: unique minimal basis exists.
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Table 1:

List of minimal basis and invariant minimal basis for 2* hierarchical models

graph

generating set

number of basis

(a) 1234 0
123/124/134/234 | unique minimal basis (1 move of deg 8)
123/124/134 unique minimal basis (2 moves of deg 4)
123/124/34 unique minimal basis (6 moves of deg 4)
123/14/24/34 unique minimal basis (12 moves of deg 4 and 8 moves of deg 6)
12/13/14/23/24/34 | unique minimal basis (20 moves of deg 4 and 40 moves of deg 6)
(b) 123/234 unique minimal basis (4 moves of deg 2)
123/24/34 unique minimal basis (4 moves of deg 2 and 16 moves of deg 4)
12/13/23/24/34 indispensable moves: 4 moves of deg 2 and 28 moves of deg 4
dispensable moves of a minimal basis:
16 kinds of 3 moves of deg 4
dispensable moves of an invariant minimal basis:
3 kinds of 4 moves of deg 4
(c) 12/13/24/34 unique minimal basis (8 moves of deg 2 and 8 moves of deg 4)
(d) 123/34 unique minimal basis (12 moves of deg 2)
12/13/23/34 indispensable moves: 12 moves of deg 2 and 4 moves of deg 4
dispensable moves of a minimal basis:
4096 kinds of 5 moves of deg 4
dispensable moves of an invariant minimal basis:
8 kinds of 10 moves of deg 4 or 2 kinds of 16 moves of deg 4
(e) 123/4 unique minimal basis (28 moves of deg 2)
12/13/23/4 indispensable moves: 28 moves of deg 2 and 2 moves of deg 4
dispensable moves of a minimal basis:
9216 kinds of 3 moves of deg 4
dispensable moves of an invariant minimal basis:
24 kinds of 10 moves of deg 4 or 12 kinds of 16 moves of deg 4
() 12/13/24 unique minimal basis (20 moves of deg 2)
(g) 12/13/14 indispensable moves: 12 moves of deg 2
dispensable moves of a minimal basis:
256 kinds of 6 moves of deg 2
dispensable moves of an invariant minimal basis:
3 kinds of 8 moves of deg 2
(h) 12/13/4 indispensable moves: 28 moves of deg 2
dispensable moves of a minimal basis:
256 kinds of 6 moves of deg 2
dispensable moves of an invariant minimal basis:
3 kinds of 8 moves of deg 2
(i) 12/34 unique minimal basis (36 moves of deg 2)
() 12/3/4 indispensable moves: 28 moves of deg 2

dispensable moves of a minimal basis:
165 = 16777216 kinds of 18 moves of deg 2
dispensable moves of an invariant minimal basis:
27 kinds of 24 moves of deg 2

1/2/3/4

indispensable moves: 24 moves of deg 2
dispensable moves of a minimal basis:
168 x 86 = 1.1259 x 10' kinds of 31 moves of deg 2
dispensable moves of an invariant minimal basis:
2268 kinds of 44 moves of deg 2
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e Model 12/13/14/23/24/34
degree of freedom: 5
indispensable moves: 20 moves of degree 4 with representative elements

oy = [(1110)(1921)(2121)(2211)], s = [(1111)(1221)(2122)(2212)]
2o — [(1111)(1222)(2121)(2212)], @10 — [(1111)(1222)(2122)(2211)]

and 40 moves of degree 6 with representative elements

)(1111)(1122)(1212)(2112)(2221)]

(1111)(1111)(1222)(2122)(2212)(2221)],
(1111)(1111)(1122)(1221)(2121)(2212)],
(1111)(1111)(1212)(1221)(2122)(2211)],
(1111)(1111)(1222)(2112)(2121)(2211)).

(1111)(1111)(1122)(1212 2221

)

NN N N

[
[
[
[
[

uniqueness: unique minimal basis exists.

4.2 Models with the independence graph (b)

e Model 123/234 (graphical, decomposable model)
degree of freedom: 4
indispensable moves: 4 moves of degree 2 with representative element

vy = [(1111)(2112)].
uniqueness: unique minimal basis exists.

e Model 123/24/34
degree of freedom: 5
indispensable moves: 4 moves of degree 2 with representative element vy,
and 16 moves of degree 4 with representative elements

211 :3[7(1111)(1122)(1212)(2221)}, @1, = [(1111)(1122)(1221)(2212)],
w13 = [(1111)(1212)(1221)(2122)], @1, = [(1111)(1212)(2122)(2221)],
wy5 = [(1111)(1221)(2122)(2212)], @16 = [(1111)(2122)(2212)(2221)].

uniqueness: unique minimal basis exists.

e Model 12/13/23/24/34
degree of freedom: 6
indispensable moves: 4 moves of degree 2 with representative element y;,
and 28 moves of degree 4 with representative elements

orr = (1111)(1221)(2121)(2212)], as m [(1111)(1221)(2122)(2211)]
219 = [(1112)(1221)(2122)(2212)], @20 = [(1111)(1222)(2122)(2212))],
o = [(1111)(1222)(2122)(2211)].

25



4.3

4.4

uniqueness: unique minimal basis does not exist.
isomorphic structures of reference set:

Fr(as) = G(xs), |G(t(xs))| =1, [Feas)| =4
direct product structure for F;,):

ft(zs) - X’Yl U X’Y2 U X“/s U X'y4 = G(w8)a
X, =A{=zs}, X, = {82}, Xo5 = {xs3}, Xy = {Ts4},
Tl =4, Al =1,
| X5 NG(xs)| = [{zs}] =1,
g0 = [(1121)(1211)(2112)(2222)],
25 = [(1112)(1222)(2121)(2211)),
264 = [(1122)(1212)(2111)(2221)).

minimal basis for F;,): 16 kinds of 3 moves.
orbit graphs for F;,): 3 kinds of dispensable orbit graphs,

B, = {(X,0, X,,), (X, X, },

71 39

E = {(X50, Xo5), (X5, X50) 1

Y10 Y2

E = {(X5, Xa0), (X, X5) 5

which correspond to
sz = {flfg — g2, L3 — w8,4},
B,, = {xs — L3, Lg2 — 938,4},
B, = {xs — Ly 4,Lg2 — 378,3}7

respectively.

invariant minimal basis for F;(,): 3 kinds of 4 moves,

{B’YQ?B'YZS}? { Y20 '74}7 {873’874}'

Models with the independence graph (c)

Model 12/13/24/34 (graphical model)
degree of freedom: 7
indispensable moves: 8 moves of degree 2 with representative elements

Y1, Y2 = [(1111)(1221)],

and 8 moves of degree 4 with representative elements a3, x5, g, 10.
uniqueness: unique minimal basis exists.

Models with the independence graph (d)

Model 123/34 (graphical, decomposable model)
degree of freedom: 6
indispensable moves: 12 moves of degree 2 with representative elements

Y1, ys = [(1111)(1212)], s = [(1111)(2212)].

uniqueness: unique minimal basis exists.
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e Model 12/13/23/34
degree of freedom: 7
indispensable moves: 12 moves of degree 2 with representative elements y, ys3, ya,
and 4 moves of degree 4 with representative elements a7, x1g.
uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fet@in) = Fr@r) Y Fe@is) U Frmio) U Fe(aa) = G(T17),
|G(t(x17))| =4, [Faw@n)/Gl =1, [Fe@nl =4,

Fi(ag) = G(as) U G(xy),
|G(t(xs))| = 1, |Fa@s)/Gl =2, |Fias)| =8.

direct product structure for F,,):

ft(‘l’ﬂ) = X’Yl U X"{Q = Gt(:z:17)(3317)7
X’Yl = {zc17,a:20,3}, sz = {3318,273319,4}7
T =2, [Al =1,
| X5 N Gi(arny (®17)| = {217, X203} = 2,
10 = [(1121)(1211)(2112)(2221)],
194 = [(1121)(1212)(2111)(2221)],
o035 = [(1112)(1221)(2121)(2211)].

direct product structure for F;,):

ft(‘vB) - X'Yl U X“/Q - Gt(ms)(w8> U Gt(ws)(mQ)v
Xyl = {508,338,3,339,939,3}; X"/Q = {338,27378,471:9,27379,4}7
T =2, [Al =2,
| Xy N Giag) (ws)| = {8, T3 3} = 2,

g0 = [(1121)(1212)(2111)(2222)],
wy5 = [(1112)(1221)(2122)(2211)),
w94 = [(1122)(1211)(2112)(2221)).

minimal basis for F;,,): 4 kinds of 1 move.
minimal basis for F;): 16 kinds of 1 move.
orbit graph for Fi(,,): unique indispensable orbit graph,

{(X0, Xo0) )

which either of
B, = {wn — &18,2,L20,3 — 9319,4},
By = {ﬂ317 — L19,4, L20,3 — 11318,2}
derives.
invariant minimal basis for F;,,): 2 kinds of 2 moves, B; or Bs.
orbit graph for F;,): unique indispensable orbit graph,

(X5, Xo0) )
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4.5

which either of

B = {338 — L5 2, L3 — 938,4}, By = {338 — Ly 4,Lg2 — 378,3}7
Bs = {339 — L92,L93 — 939,4}, B, = {339 — L9 4,L92 — 939,3},

Bs = {ﬂls — L9 2, L — L9 4, Ly — Lg2,Lg — Lg4,L93 — Lg2,L93 — Lg4,Lg3 — L92, L3 — 1139,4}

derives.

invariant minimal basis for F;,: 5 kinds, i.e., 4 kinds of 2 moves, By, ..

kind of 8 moves, Bs.

Models with the independence graph (e)

Model 123/4 (graphical, decomposable model)
degree of freedom: 7
indispensable moves: 28 moves of degree 2 with representative elements

Y1, Y3, Yu,
ys = [(1111)(1122)], g = [(1111)(1222)],

yr = [(1111)(2122)], ys = [(1111)(2222)].
uniqueness: unique minimal basis exists.

Model 12/13/23/4
degree of freedom: 8
indispensable moves: 28 moves of degree 2 with representative elements

Y1,Y3,Y4,Ys, Y6, Y7, Ys,

and 2 moves of degree 4 with representative element x;.
uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fat@in) = Fr@r) Y Fee) = G(217),
|Gt (x17))| = 2, [Faw@n)/Gl =1, |Fe@nl =38,

Fies) = G(25) U G(x9) U G(210),
|G(t(xs))| = 1, |Fart@s)/Gl =3, |Fras| = 12.

direct product structure for F,,):

ft(‘l’ﬂ) = X’Yl U X"{Q = Gt(:z:17)(3317)7
X’Yl = {3317, L18, L19,3, 3720,3}; X«/g = {331772, T18,2, L19.4, a’,‘20’4}7
Ul =2, [A] =1,
|X71 a Gt(wn)(wl?” = ‘{$17,ﬂ318,$19,37w20,3}\ =4,
@170 = [(1121)(1211)(2111)(2222)],
T3 = [(1111)(1222)(2121)(2211)],
Too4 = [(1122)(1211)(2111)(2221)].
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4.6

direct product structure for F;,):

Fi(as) = Xon U Xy, = Gi(ag) (T8) U Gr(ag) (€9) U Gi(ag) (Z10),
Xy = {$8,1138,37939,1139,3,11310,11310,3},
Xoy = {82, 5.4, T9 2, T9 4, 10,2, Tr04},
Tl =2, [A] =3,
[ Xy N Gia) (338)| = \{wsawss}\ =2,
X102 = [(1122)(1211)(2111)(2222)],
x103 = [(1112)(1221)(2121)(2212)],
104 = [(1121)(1212)(2112)(2221)].

minimal basis for F;,,): 16 kinds of 1 move.
minimal basis for F;(,,): 36 kinds of 1 move.
orbit graph for F;(,,: unique indispensable orbit graph,

{(Xo, X50)}
which either of
B, = {3320,3 — 20,4, 19,3 — L19,4, L18 — L18,2, L17 — 3317,2};
By = {35‘20,3 — 18,2, 19,3 — L17,2, L18 — L20,4, L17 — 9319,4},
Bs = {35‘20,3 — L19,4,L19,3 — L2004, L18 — L17,2, L17 — 9318,2},
By = {$20,3 — 17,2, L193 — L18,2, L18 — L19,4, L17 — 9320,4}

derives.
invariant minimal basis for F;,,): 4 kinds of 4 moves, B, ..., B;.
orbit graph for F;): unique indispensable orbit graph,

{(X5,, X50)}
which either of

B = {ws — XLg82,Lg3 — 938,4}7 By = {ws — L8 4,Lg3 — 938,2}7
Bs = {wg — &92,L93 — 939,4}7 B, = {wg — L9 4,L93 — 939,2}7
Bs = {35‘10 — 210,2; 10,3 — C1310,4}, Bs = {3310 — 210,45 10,3 — 9310,2},
B; = {338 — L9,2, Ly — L9 4, L3 — L92,Lg3 — L94,
L9 — L2, L9 — Ly 4,L93 — Lg2,L93 — 938,4},
Bs = {ﬂls — L10,2, L8 — L10,4, L83 — L10,2, 8,3 — L10,4,
L0 — L8,2, L10 — L84, L10,3 — L8,2,L10,3 — 338,4}7
By = {339 — L10,2, L9 — L10,4, L9,3 — L10,2, £9,3 — L10,4,
L1090 — 9,2, L10 — L9 4, L10,3 — L92,L10,3 — 339,4}
derives.

invariant minimal basis for F;,): 9 kinds, i.e., 6 kinds of 2 moves, By, ..., Bs, or 3
kinds of 8 moves, By, ..., By.

Models with the independence graph (f)

Model 123/4 (graphical, decomposable model)

degree of freedom: 8

indispensable moves: 20 moves of degree 2 with representative elements y1, Yo, ys, Ys, Y7-
uniqueness: unique minimal basis exists.
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4.7 Models with the independence graph (g)

e Model 12/13/14 (graphical, decomposable model)
degree of freedom: 8
indispensable moves: 12 moves of degree 2 with representative elements ys, y3, ys.
uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fatye) = Fre) U Frwy) = G(Ys),
1G(t(ye))| = 2, [ Fawws)/Gl =1, |Feye)l =4,
yh = [(2111)(2222)].

direct product structure for F;y,:

ft(yts) = X’Yl U X’Yz U X,y:s U X’Y4 = Gt(ya)(y6)>
X"/l - {y6}7 X"/Q = {y6,2}7 X“fs - {y6,3}7 X“f4 - {y6,4}7

T[ =4, [A] =1,
| X1 N Geye) (o) = [{ys}| = 1,
Yo = [(1112)(1221)],
yos = [(1121)(1212)],
yoa = [(1122)(1211)].

minimal basis for F;,: 16 kinds of 3 moves.
orbit graphs for F;,: 3 kinds of dispensable orbit graphs,

- {(X’71>X’Y2>> (X’Y37X“/4)}7
E“/s - {(X’71>X’Y3>> (X’Y27X“/4)}7
E’Y4 - {(X71>X'y4)> (X'yzaX’y3)}v

which correspond to
B,, = {ys — Y6,2,Y6,3 — y6,4}>
B, = {ys — Y6,3, Y6,2 — y6,4},
874 = {2116 —Ye6,4,Y6,2 — y6,3},

respectively.

invariant minimal basis for F;,): 3 kinds of 4 moves,

{By: Bys}s {Bya Byu}s By B

4.8 Models with the independence graph (h)
e Model 12/13/4 (graphical, decomposable model)

degree of freedom: 9
indispensable moves: 28 moves of degree 2 with representative elements

Y1,Y2,Y3,Y4,Ys5, Y7, Ys.

uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fatwe) = Fiwe) Y Fetwy = G(Ys),
IG(t(ys))| = 2, [Farws)/Gl =1, |Fes)| =4
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direct product structure for Fi,): same as model 12/13/14.

minimal basis for F;,: 16 kinds of 3 moves.

orbit graphs for F(,): 3 kinds of dispensable orbit graphs (same as model 12/13/14).
invariant minimal basis for F(,,): 3 kinds of 4 moves (same as model 12/13/14).

4.9 Models with the independence graph (i)

e Model 12/34 (graphical, decomposable model)
degree of freedom: 9
indispensable moves: 36 moves of degree 2 with representative elements

Yi, Y2, Y3, Y4, Ys, Y7, Ys,
yo = [(1111)(2121)], yio = [(1111)(2221)].

uniqueness: unique minimal basis exists.

4.10 Models with the independence graph (j)

e Model 12/3/4 (graphical, decomposable model)
degree of freedom: 10
indispensable moves: 28 moves of degree 2 with representative elements

Y1,Y2,Y3, Y4, Ys, Y9, Y10-

uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fatwe) = Ftwe) U Fewy = G(Ys),
1G(t(ys))| = 2, [Fawwe)/Gl =1, |Fiyel =4,
7G<|t(y7>> = Fe(yr) U Friy) = G(y7),

=2, |Fauw)/Gl =1, |Feynl =4,
yr = [(1211)(2222)],
Fatys) = Friys) Y Fryy) = G(ys),
G(t(ys)| = 2, [Fowws)/Gl =1, |Figs)l =4,
yl = [(1211)(2122)].

direct product structure for Fi,): same as model 12/13/14.
direct product structure for F;,,:

ft(ﬂ?) = X’Yl UX,,U X’Y:s UX,, = Gt(y7)(y7)>
X’Yl = {y7}7 X’YQ = {y7,2}7 X’yg = {y7,3}7 X’Y4 = {y774}7
T[=4, [Al =1,
‘X“/l N Gt(y7)(y7>| = |{y7}| =1,

Y72 = [(1112>(2121)]7
Y73 = [(112”(2112)]7
yra = [(1122)(2111)].
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direct product structure for Fyy,:

ft(ys) = X'Yl U X"/Q U X’Y3 U X“/4 = Gt(ys)(y8>>
X"/l - {y8}7 X"/Q = {y8,2}7 X“fs - {y8,3}7 XM - {y8,4}7

Tl =4, [A[=1,
‘X’Yl N Gt(ys)(y8)| = |{y8}| =1,
Ys2 = [(1112)(2221)],
Ys3 = [(1121)(2212)],
ysa4 = [(1122)(2211)].

minimal basis for Fiy,), Fiy,), Fiys): 16 kinds of 3 moves, respectively.

orbit graphs for Fiy), Fiy), Fe(ys): 3 kinds of dispensable orbit graphs, respectively
(same as model 12/13/14).

invariant minimal basis for Fy(y), Fe(y,), Frys): S kinds of 4 moves, respectively (same
as model 12/13/14).

4.11 Models with the independence graph (k)

e Model 12/3/4 (graphical, decomposable model)
degree of freedom: 11
indispensable moves: 24 moves of degree 2 with representative elements

Yi, Y2, Y3, Y5, Yo, Y11 = [(1111)<2211)]

uniqueness: unique minimal basis does not exist.
isomorphic structures of reference sets:

Fetwa) = Feyn Y Fewy = Gya),

Gt (ya)| = 2, [ Faww/Gl =1, |Fgyl =4,
yé = [(1121)(2222)],

Fetws) = Feiys) Y Frwy) = G(Yo),
|G(t(y 6))|—2 | Fet(ys)) /GI—1 | Feye)l = 4,
Fa(yr)) = Fiyn U ft = G(y7),
|G(t(yr))] —2 | Fa y7>/G| = 1 | Feyn)| = 4,

Fé(twro ) = Fi(yio) Y Fyyy) = G(Y10),
| ( (ylﬁ))| ‘TG(t (y10) )/G| =1, |ft('y10)‘ = 47

yio = [(1112)(2222)],

Fiys) = G(ys),
1G(t(ys))| = 1, [Fawws)/Gl =1, |Feys)| =8

direct product structure for Fyy,):

ft(y4) =X, UX, UX ,UX, = Gt(y4)(y4>>
X’Yl = {y4}7 X’YQ = {y4,2}7 X’yg = {y4,3}7 X’Y4 = {y474}7

Tl =4, [A[=1,
[ X5 N Gy (ya)| = {ya}[ =1,
a2 = [(1112)(2211)],
Yu3 = [(1211)(2112)],
yaq4 = [(1212)(2111)].
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direct product structure for Fi,): same as model 12/13/14.
direct product structure for Fi.,): same as model 12/3/4.
direct product structure for F;,:

ft(yw) - X"/l U X"/Q U X’Y3 U X“/4 - Gt(y1o)(y10>>
Xy = {y10}, X, = {y10,2}a Xy = {910,3}7 Xy, = {y1074},
Tl =4, [A[=1,
|X’71 N Gt(ylo)(ylo)‘ = |{y10}‘ =1,
y1072 = [(1121)(2211)],
Y103 = [(1211)(2121)],
Y104 = [(1221)(2111)].

direct product structure for Fyy,:

ft('ys) = X"/l U X’Y2 U X’Y3 U X“/4 U X’Y5 U X%‘ U X“/? U X’Ys = Gt(ys)(y8>>
X"/l - {y8}7 X"/Q = {y8,2}7 X“fs - {y8,3}7 XM - {y8,4}7
X’Y5 = {y8,5}7 X’yqs = {y8,6}7 X’W = {y8,7}7 X"/g = {y8,8}7

Tl =8, [A[=1,

[ X N Gy (ys)| = {ys} = 1,
ys2 = [(1112)(2221)],
Ys3 = [(1121)(2212)],
ys4 = [(1122)(2211)],
yss = [(1211)(2122)],
yse = [(1212)(2121)],
ys7 = [(1221)(2112)],
Ysg = [(1222)(2111)].

minimal basis for Fy,) ft(y6 Fiy)> Fi(yio): 16 kinds of 3 moves, respectively.
minimal basis for Fy,): 8% = 262144 kmds of 7 moves.

orbit graphs for F;,,) .7-}(% Fiyr)> Fe(yio): o kinds of dispensable orbit graphs, respec-
tively (same as model 12/13/14).

invariant minimal basis for Fiy,), Fe(ye), Ft(yr): Ft(yo): o kinds of 4 moves, respec-
tively (same as model 12/13/14).

orbit graphs for F;,: 7 kinds of dispensable orbit graphs,

E’YQ = {(X’Yl7 X’YQ)? (X'YB7 X’Y4)7 (X'Y5’ X’YG)’ (X’Y7’ X’Y8)}7
E’Y& = {(X’Yl7 X’Y:ﬂ)7 (X'YQ7 X’Y4)7 (X'Y5’ X’Y7)7 (X’YG’ X’Y8)}7
EM = {(X“/17X’Y4>> (X’Yw X’Y3)> (X’Y57 X“/s)v (X%‘v X"/?)}?
E“/s = {(X%,X%), (X’Yw X'Y6>7 (X’Y37 X“ﬂ)v (XM? X"/S)}?
E%‘ = {(X"/17X'Y6>7 (X’Yw X’Y5)> (X’Y37 X“/s)v (XM? X"/?)}?
E, = {(X*m Xv7)> (va Xvs)> (X'yga X’ys)v (X'y4a X’yes)}7
B, = {(X*m Xvs)> (va Xv7)> (X'yga X’ys)v (X'y4a X’ys)}7
which correspond to B,,, ..., B, respectively.

invariant minimal basis for F;,,): 7 kinds of 12 moves,

{B’Yz’ B’Y3’ 874}7 {B’Ym 8’757 B’Y()}? {B’Yz’ B’W’ B’Ys}v {B’Yw B’Ys> B’W}?
{873’ B’YG’ B’Ys}v {8747 8’757 8’78}7 {B’m’ B’Yb’ B’W}‘
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5 Discussion

In this paper we define an invariant minimal Markov basis and derive its basic characteristics.
Of course, we can construct an invariant Markov basis from any Markov basis as the union
of all orbits of the basis elements. However, even if we start with a minimal Markov basis,
the union of all orbits of the basis elements is not necessarily an invariant minimal basis. For
example, consider again the complete independence model of the three-way case of Example
11. A set of moves
{xs — Ty, Tz — Y, T3 — Ty

connects the four elements g, &g, %, 7 into a tree, and thus is a minimal basis elements for
{xs, @, 3, g }. However, it is seen that the union of the orbits of these three moves contains
6 moves, and hence not minimal invariant. From these considerations, structure of an invariant
minimal Markov basis is important.

Theorem 1 states how to construct an invariant minimal Markov basis. This theorem is an
extension of Theorem 1 of Takemura and Aoki (2003). To construct a minimal Markov basis, we
can add basis elements step by step from low degree, by considering all reference sets as stated
in Theorem 1 of Takemura and Aoki (2003). On the other hand, to construct an invariant
minimal Markov basis, we have to add the orbit of moves step by step from low degree. Similar
to the construction of a minimal Markov basis, it is difficult to construct an invariant minimal
Markov basis by applying Theorem 1 directly. But if a minimal Markov basis is available,
we can construct an invariant minimal Markov basis relatively easily, by considering all the
reference sets one by one, which is covered by the dispensable moves in the minimal Markov
basis. The results of Section 4 is obtained in such a way.

It seems also difficult to give a simple necessary and sufficient conditions on Dq,..., D,
such that an invariant minimal Markov basis is unique. It is of interest to derive conditions
such that an invariant minimal Markov basis is unique even if a minimal Markov basis is not
unique. As stated in Section 3, such an example we have found so far is the obvious one-way
contingency table, except for the peculiar case of the Hardy-Weinberg model.
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