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Abstract: In this paper, we analyse the asymptotic property of the optimal quantization of signals used
for system identification in high resolution case. We show an optimal quantization scheme for minimizing
estimation errors under a constraint on the number of subsections of the quantized signals or the expectation
of the optimal code length. The optimal quantization schemes can be given by solving Eular-Lagrange’s
equations and the solutions are functions of the distribution density of the regressor vector. We show ex-
amples of solutions for several cases of the regressor vectors and discuss their meanings with respect to the
possibility of parameter estimations. In the case of the constraint of code length, the necessary information
to attain the optimal identification errors is given as a function of the entropy of the regressor vector.
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1 Introduction

The recent rapid improvement in the transmission capacity of computer networks makes long-distance auto-
matic control to be more realistic and the necessity of understanding the effects of transmission limitations
on information in control systems has become more widely accepted. In particular, quantization problem of
signals has been discussed actively by several research groups in the last few years and interesting results
have been achieved.

The problem of quantization of signals in control systems has a long history. The early results on the
guantization in control theory are introduced in the book [3] of the 70s and at first, the quantization error is
assumed to be a simple noise. The result by [4], [5] is recognized as a break through, in whose papers the
behaviour of control systems, and their stability or state estimation, are analysed in detail. In the last few
years, stabilization problems of quantized systems have been actively considered, e.g., [11], [12], [1], [8],

[6].

Compared to this activity in the stabilization or estimation problem, the quantization problem for system
identification [7] has not been adequately considered. When a controlled plant with networks is unknown or



its system parameters may change during the operation, we need a form of adaptation for the control system.
It is also necessary to know the effect of quantization of the I/O data used for the system identification.

From such point of view, this problem was considered in [10] and an optimal quantization scheme for
minimizing estimation errors under a constraint on the number of levels of the quantized signals was given.
The optimal quantization is not uniform and the profile of the resolution was shown. This result is strictly
applicable for any resolution of quantization, however, it has two problems which should be improved. The
first one is a strong assumption on the probability distribution of input signals and the second one is that
data coding is out of view of the paper.

In this paper, we consider this problem in an asymptotic situation of high resolution case and give an
optimal quantization of signals. The key idea is a notion of density of the number of quantized subsections
and by using calculus of variations, analytic solutions are derived. The solutions are simple functions of
the distribution density of input signals and we can easily figure out the profile of the density of the umber
of quantized subsections. Moreover, these results suggest several important insights on system identifica-
tion under the condition of finite information. We illustrate such facts for some cases and discuss on the
complexity of the problem of system identification.

2 Formulation

The objective of this paper is to show the effect of quantizers of I/O signals for system identification on its
performance in analytic and intuitive form as possible. In general, the quantization error behaves as a random
signal when the quantizer has enough high resolution, therefore, such condition has been often assumed in
the area of signal processing. However, of course, the quantization error has strong correlation with the
original quantized signal and in particular for system identification, several kinds of correlation are used for
calculating the estimation. Therefore, such assumptions should be examined carefully. The strict analysis
is desirable for system identification with the case of general model and mild assumption on I/O signals,
however, it may be difficult to derive intuitive understanding results. Under these views, in [10], it is shown
that an intuitive understanding optimal quantizer can be given analytically under strong assumption on input
signal for a simple MA model. Moreover, it is shown that there exists a trade-off between quantization
error and noise error under a condition of constant information used for system identification. In this paper,
we basically follow this idea and consider system identification by least square criterion for a simple MA
model. The plant is:

Yo(i) = q(y(i)) + w(i), y(i) = o(i)0 1)
o(i) :=[u(@) u(@i—1) - uli—n+1],0:=[0, 6, --- 6,], 2)

wherew is a noise and is a quantizer of the original analogue outputin [10], the boundedness gfor
u is assumed, however, it is not necessarily assumed in this paper except for some cases. Thegjisantizer
defined by

q(y) == sgny)v;, y € Sj, ¥; =0 3)



Soiz{y:()}, Sj ::{y:dj_1<y§dj},j>0, Sj ::{y:dj_1§y<dj}, j<0 (4)
do=0<dy<dy---,d_1=—dy, d_g=—do, ..., (5)
where sgily)y; is the assigned quantized value to the subsec§ionThe quantizer is symmetrical with

respect to the origin, and hereafter we may omit references on the negative section if they are obvious from
the context.

The estimated parametélusing the least squares method with I/O datg andy, (i) is given by

o= U)W (Y +w), (6)
where
U:=[o(1)T ¢(2)" ST, W= [w(l) w(2) w(N)]",
Yo=[5(1) §2) - 5T, 50) = q(y(). (7

Define the quantization error betwegiandy by

e(i) := (i) — y(i), (8)

and the estimated parametecan be written as

A~

6 = WUrU)'utwe+E+WwW)
= 0+ AE+AW 9)
E:=[e(1) e?2) --- eN)]', AE:= (U U)'UTE, AW .= U D)\ UTW. (10)

This shows that the estimation errr— 6 can be evaluated from the magnitudes\of and AW. The
conventional, and reasonable, method to evalddié is to show the convergence rate of

11 oo
1. NUTW Nz 0, (11)

o

whereo, is the covariance ofi, by using the mutual independence of the input signahd the noisev.

NUTT) e

This methodology is also basically applicable to the cas& Bf however, we should note thatande are
not independent in general, and the situation is much more complicated. The magnitude of the cross term
UTE is essential for reducing that &£ when N — oo by using the fact:

Tr—17Tp Nooo 1 1.
Voo 2 2 , 12
(U'U)"U'E agNU E (12)
Therefore, the square error &fE’ also converges to
) T N 1 n—1 1 N 2
E[||AEH2] :E[AE AE] V= g %’;) (N;u(zk‘)e(z)) . (13)
The right hand side of (13) is rewritten by
1 n—1 1 N 2 1 n—1 1 2
E|— Z < Zu(z — k:)e(z)) = —E Z ( Zu(z - k:)e(z))
Ug k=0 N =1 Ugl k=0 N =1
_ LiB|S sien) (14
ot N = k ’



Similarly, an element of the quantization error term is given by
E[AE}] = 1lg [0} (0)e* ()] (15)

The expectation in the right hand side of (14) or (15) is written by

E[qui(i)&(z’)] / (Zm > i) fo1(3), .-, Hn(i))dr (i) - - - o (4). (16)
k=1

or

E[0E0] = [GOEDLG10), . 0n()dr(0) - dba(0), an
wheref, is the joint density ofb{, ¢, ..., ¢,. In the following, we consider to find minimizing quantizer
for (16) or (17).

In order to calculate the expectation (16) or (17), we define sulbsetbthe regression vectgrassociated
with the subsectios; by

;= {¢:y=ob €S}, (18)

Associated withp ;, we consider the following variable transformation [10]:

y = ¢0=¢T -T10=:90, T"'0= [%] , (19)
whereT is an orthogonal matrix. The®d; is represented as
;= {6: 4101 € (41, 4]}, j>0. (20)
We also define subsections on the space;of
L= {d1: by € (dj1, dj]}, § >0, (21)

then, the subsectiorts;, ®;, andI; correspond to each other, and the probability distribution dépends
only on that of¢;. Therefore, in order to analyse the probability distributioryofhe variablep; and its
subsection/; are convenient to deal with. Moreover, by using the orthogonal transformation(6) is

also given by
/ <Z P (i ) ) fo(@1(3), .- - Pn(i))dr(4) - - - dpn (3)

/ (Z ¢k ) f0(¢1( ) AR &n(z))dél(l) e dg’n@)? (22)
wheref,(¢1, b2, ..., ¢dn) is the joint density ofp1, ¢s, ..., ¢,. Similarly, the quantization error fat; is
calculated by

[ EDEDol61(0).-.300)d1(0) -+ dba(0) (23)

Here leto denote



then, the marginal distribution densiﬂq?l) on the space o, is defined by

)= [ fulldr 3"1")do.

The important point is that if the distribution of the regressor vegta given, it is possible to derive the
distribution densityf (¢1) analytically or numerically in an enough accuracy if necessary. With the fact that
the distribution of is only given by that ofs;, then (22) is represented by

[ (3352 1l duptin i = [ 0% Gt
k=1
whereo (¢) is a variance off, at¢; defined by
/ (Z éi) ol @1,y n)dda - - ddn =: a*(61) f(d1) (24)
k=1

Similarly, (23) is calculated by

[ FOED L), Iu(@)dG1 () -dbn(D) = [ RO I 1(0Ndd1 (). (25)

On the other hand, the expectation®f’ should be zero, therefore,

N
E[Zwk(z')-e(i))] - Nz</ 80 fo<¢1<>...,¢n<i>>d¢1<z’>---d¢n<i>>

i=1

=: NZE‘PJ‘ ¢r(i) -e(i)) = 0. (26)
J

With this in mind, we consider the next optimal quantization problem for the signals for system identifica-

tion.

Problem 2.1 For the system (1) with Assumption 3.1, give a quantzeat minimizes the variance of (16)
such thats;, (¢ (4) - e(i)) = 0 (V) under the constraint of quantization number.

3 Special Case [10]

In [10], a special case of the problem is considered. At first assyme 1 just for the simplification of
expressions and consider to minimize (25). The next is assumed.

Assumption 3.1 ¢; obeys a uniform distribution ik, K|
Then, the following simplified problem is considered.

Problem 3.1 For the system (1) with Assumption 3.1, give a quantzeat minimizes the variance of (16)
such thalEIj(¢31 () - e(i)) = 0 (V4) under the constraint of quantization number ek, .



As described in Section 2, the quantization scheme-af x| ony is essentially equal to that oh and

it is composed of the setting of the subsectidng;, ..., I o, I 1, Iy, I, Io, ..., I, and the quantized
values
a(y), y € S;
= q(¢1), ¢1 € I
= Uj (27)

for each subsectiod;. We define a ratio-; for I; (= (dj—1, dj]), Ij+1 (= (dj, djy1]) where their
boundaries!;, d; 1 have a relation:
dj = T‘jdj_H, i € [0, 1]. (28)

From its definitiony, o, . . ., r3; completely decide the quantization scheme and the optimization problem
can be reduced to find the optimal ratigs

We obtain the following result.

Proposition 3.1 [10] The optimal ratios; that minimize the sum of the varianceslof I, ..., Iy, and
alsol_y,1_o,...,1 s, are given by solving the following optimization problem iteratively.
rj 1= arg rg[%nu Q;(r) (45)
Q;(r) = QMr® —18(1 —r)° + 45(1 4+ 7)*(1 =) + 5(1 = r) (1 + 1) > (46)
Q= Q;(r;), QP =32 (47)

The optimal value of the variance is given by

M

(@1 - €) Z 49“;}“. (48)

Every ratior; can be explicitly given by (45)- (47) iteratively. We can also derive the following series
of lemmas.

Lemma 3.1 [10]

T < Tji+1, V] >0 (49)
rj —1, j — o0 (50)
Lemma 3.2 [10]
;| > [Lj4a], Vj >0 (51)
Lemma 3.3 [10]
= 1
H — (52)
j=1 T’



Lemma 3.4 [10]
QR — o (M), M — oo (53)

wherea = —5-373 andb = 3, and U4 (m) is a function ofm defined as the solution of the following
recurrence formula with an appropriate initial numbe(0) = K.

P(m) —p(m —1) = ap’(m — 1) (54)

From (48), the varianc®),, (u - e) at sufficiently largel/ satisfies

1 1 5 1
. < 5 _5.37% _ —3/2+1
Vie(u-e) < 22160 2,%’% ((=3/241)(-5-372+v)(M-1))
1 5 -2
_ g -2 A L e o1 a3 o
= A"(M —-1)"* A= 5160 (5 27.372 -2 1/) . (55)

4 Main Results

The important point of the results of [10] introduced in Section 3 is giving a quantizer which is strictly
optimal regardless of the resolution of the quantization. On the other hand, the following problems or
possible extensions can be pointed out:

1) extension of the minimization dfA £, ||3 to that of | AE||3

2) the assumption on the distribution of input signals is strong, that is, it is a uniform distribution with a
special basis in a space of the regressor vector.

3) itis possible to reduce the necessary information by applying compression with data coding, therefore,
we can extend the similar optimization problem of quantizers for the case of a constraint on that code
length. However, in [10], such extension is not considered.

In this paper, we intend to solve these subjects and show that they are possible for an asymptotic situation
of high resolution of the quantizer.

4.1 Constraint on the Number of Quantization Sections

The key idea to solve these problems is introducing the following concept on the distribution of quantization
subsections.

Definition 4.1 The quantit)g(gﬁl) which satisfies the following is called distribution density of the number
of quantized subsections.

g(é1)dé1 = number of quantized subsectionsdig

From this definitiong*l(&l) represents the width of the quantization stepat



In [10], the quantized value for each subsection is strictly assigned to satisfy that the quantization error
is zero in each subsection. Such consideration has significance in low resolution case of the quantization,
however, the efficiency becomes trivial in high resolution case. In particular, at the asymptotic situation
of |I;|] — 0, the middle point is reasonable to be assigned as the quantized value. Therefore, we fix such
guantized values in the following of this paper.

Then, we assume the following.
Assumption 4.1 The marginal distribution densit§(¢;) and g(¢1) are enough smooth.

The “smoothness” means that it satisfies the next approximations. With the “smoothness” of the density
g(q?l), we assume that we can select the representative ya}ueg(él) for the subsectiod; and then, we
define the next.

pi = /1 f(d1)doy =: figi?

Moreover, by using the variancae{gBl) of f, at$, defined in (24), we assume that an approximation of (16)
can be derived as follows.

/ (Z ¢k> fol@1, - fn)dy - - - dy, = /62 - 0% (1) f(1)dpr
-3 AT

¢12+§gi ~ ¢>1+291 - 9,
~ Z/ng N (¢1i — 2)? - deZ/d)lQQ (11 — )20%(¢1;) fudx
¢1+2
- Z 112 (0 Z / " o (¢1i) fidz
<Z51-i-2 - 5 B
~ X/ "L )G (G0
- %zg—%n) (1) (1)din

From the above approximation, the original optimization problem:
min B [||A B3]

can be replaced by the following whéh — oo and high resolution case:

goptenidn) i= argmin | F(g(d), Gi(dn))dd (56)
suchthat  G(¢P™) =0, G( maX):M, (57)
where
2
Floldn)s G) ::( L ) o1 (G) (58)
g(¢1)
dgl G(d1) = g(dr). (59)

We can derive the next result.



Proposition 4.1 The solution of (56) is:

gopt-n(d1) = Ko3(d1)f3(d1) (60)
= DM (61)
D = [aié0ridi. (62)

Moreover, the optimized value is given by
/f(gopt-n(dsl), Gopt-n(¢1))dé1 = D*M 2. (63)

Proof By using calculus of variations, the optimal solution can be given. That is, from the following
Euler-Lagrange’s equation:
4 (3?> _0F
dggl ag oG ’

we can get a differential equation:
d - - -
— (=29 %(¢1)0%(¢1) f(¢1)) =0,
= )
and by solving it, we get
9(61) = Koi(d1)f3(d1), K : constant (64)
The constant numbeék is directly calculated by the condition (57), on the hand, the value of the objective

function is derived as follows.

[ Fooptrin). Gopteldn))din = (K@) 146 e iy
_ /Kfzg%(él)f@l)édq;l _ xp
- (65)

U

From this result, the asymptotic optimal quantization at high resolution case, is easily calculated if the
marginal distribution of the regressor vectie, ) is known.

Note 4.1 When f, is a multidimensional normal distribution:
- ~ 1 1-pq~ .
f0(¢17¢27-~'7¢n):ﬁexp _7¢ r ¢ ) F:dlag(Ul,Jg,...7O'n),
(2m)2 (det )2 2
then

o*(¢1) = $1 + o},
i=2

This means that when, the order of the MA model, is Iarge,(g?)l) can be approximated as a constant. If
o; = 0,, Vi, then,

~ 1

o(¢1) ~n2o,, (66)

therefore,

12 1~
D:niiog/f:idgbl



and
~ 1o~ \"1 o
dopialr) = M ([ fradn) 15,
~ ~ ~ 1~ 3
/f(gopt-n(%% Gopt-n(¢1))dé1 = (/ f3d¢1> nog M~
= 6V3mnoiM =2 ~ 10.397not M 2. (67)

We iIIustrategopt_efor the cases theﬁ(&l) is normal distribution, uniform distribution and power law as

follows.

Fiq. 1: Uniform distributionf(gﬁl) (solid line) and the optimal distribution
9(41) (dashed line) in the case($1) = ¢1

In Section 3, we introduce the strictly optimal quantization for any case of resolution Miqr)u is
uniform distribution. Lemma 3.2 shows that the optimal quantization is coarse around the originoof
the other hand, it is high resolution near the boundof Such feature of the optimal quantization can be

seen in this proposition which is for high resolution case (see Fig. 1). Fig. 1 is an example of a simple case

a(g?)l) = ¢, and the proposition shows that the growing rate of the resolution agairistknown when
~ ~2

o(¢1) is given analytically. In this case, the order of the growing rat@fiswhich is unknown from the

results of the previous section.
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Fiq. 2: Normal distributionf(<z~>1~) (solig line) and the optimal distribution
9(41) (dashed line) in the case(d1) = ¢1

In the case thaf(¢;) is normal distribution, the profile of the densif;(ggl) around the origin is flat,
therefore, the optimal quantizer must have the similar feature of uniform distribution around the origin
which case is discussed in Section 3 and the previous example. That is, the resolution should grow around
it, and we can see such featureggpt-e On the other hand, in the area of the tailféf, ), g(¢1) also goes
down, however, against our intuition, the resolution remains high sug8as- 0.201 ~ 51% of max g(¢1)

(~ 0.391) or g(4) ~ 0.0758 ~ 19% of max g(¢1), wheref(¢) is enough small.

&
Fig. 3: Power law Q(¢; %)) f(é1) (solid line) and the optimal distribution
g(¢1) (dashed line) in the casg¢;) = ¢

Next, we show the case qf(q%) ~ <;31‘2 at enough large; as an example of power law. In this case,
gopt-nis constant and it is marginal for the existence of the solution. This result shows the difficulty of the
system identification in an enough accuracy by using finite information on the system when the tail of the
distribution densityf(q@l) is heavier tharﬁ(&ﬁ). This result explains the complexity of power law from
the view point of parameter estimation of system identification.

11



4.2 Constraints on the Code Length of Signals

In the previous subsection, we derive an optimal quantizer to minimize the identification error under con-
straint of the number of quantization steps in the case of high resolution. The result is itself meaningful,
however, for the purpose to reduce the information of the observed data from the identified system, it is
more reasonable to apply coding for the quantized signals and measure the code length as the quantity of the
information. According to this observation, we consider the minimization problem of identification error
under constraint of the expectation of the optimal code length in high resolution case.

Let E(-) be an encoder which is a mapping from source alphabets to code alphabéts) &nel code
length. We regard;(¢,) as the corresponding source alphabets, theFi(q(41))) represents the code
length of the code alphabets. The expectation of the code length for a quantized signal has relation with
entropy from the following well-known proposition.

Proposition 4.2 [9, 2] Letx be source alphabets, then,

E[l(E(z))] > H(x). (68)

Moreover, there exists an optimal quantizéwhich attains the lower bound.

By applying this proposition, the optimization problem of the quantizer for the code length is reduced to the
same problem under constraint of entropy of the quantized signals.

On the other hand, the basic idea and tools to represent the quantizer in high resolution case are the same
of the previous subsection. That is, under Assumption 4.1, weyuas the approximation of in the
subsection;. In this case, we can get the asymptotic approximation of the entropy of the quantized signal.

H(f,9) = ;—pilogpi ©9)
= X [ Sndbiossiar” 0
= [ @008 fig; M o
~ [ =110 (10097 (6n)) dén 72
= H(P)+ [ 16010 (57 00) dn 72

By using this asymptotic approximation of the entropy (73), we consider the following problem for high

resolution case.

Jopt-ed1) = argn{qin/f(g(ﬁzl)v G($1))der (74)
suchthat H(f,g) =logM (75)

Note thatM is an expected number of quantization steps in the sense of (75) itself.

We can derive the following proposition.
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Proposition 4.3 The solution of (74) is:

gopt-dd1) = KMo(é) (76)
K = explL (77)
L B (3N — - f($1) -
L= —H() - [ ogo(biadi= [ 1Guos Sidan 79)
Moreover, the optimized value is given by
/7(gopt-e(€51)a Gopt-el¢1))dd1 = K>M 2. (79)

Proof Let A be a Lagrange multiplier and consider the minimization problem of the following quantity.

[ Fla(@), G+ (f.g)

- /(&) (¢>1>f<q31>—Af(élnog(g*l(él))do;lHH(f)

b1
= [ £60) (572013 (61) + Mog g(d1) iy + AH ()
From Eular—Lagrange’s differential equation, we get
(,? (g 26%(¢) +/\logg) = —29730%(¢1) + Ag~! = constant
g

Fix the constant to be zero, then,

and by substituting it foH ( f, g), we get

H(f, g) = /—flogg*lfdcfﬁl (80)
= log< > —i—/ flog d¢1 log M. (81)
Therefore,
2 1
(A) = exp (/flog )d¢1 —i—logM) (82)
and (76) is derived. By substituti%pt_efor the objective integral, the following is calculated.
D AN Y - A
[ @@t Gndd = 5
— K22

U

Note 4.2 The optimalggpt-e is @ linear function ofr(41) and its ratio is given byf and the expected
number of the quantization step$. On the other hand, the convergence rate of the minimized variance of

13



the quantization error term &/ —2. When £, is a multidimensional normal distribution andis large as
considered in Note 4.1, by using (66),

L=—H(f) —log(o,n?), K = exp(—H(f)) - (oon7) ",
and

gopt—e(¢l> = KMU(&Q
= M -exp(—H(f))- (aon%)*l . aon%
= M -exp(—H(f))

| Flaopt-edn). Gop-edn)ddr = exp(H(H)noiM
= 2emnoaM? ~ 5.441not M2 (83)

The comparison of (67) and (83) tells us that the case of the optimal coding attains about a half magnitude of
the variance of the quantization error compared with_,,. Of course the definitions d¥/ in Note 4.1 and

here are slightly different, however, we can estimate the effect of coding on the total amount of information
necessary for parameter estimation.

5 Conclusion

In this paper, we extended the results of optimal quantization problem for system identification in [10].
We consider two cases of the optimization: constraints on the number of quantization such as [10] and the
code length. In [10], a strong condition is assumed, that is, the regressor vector has a special distribution
density. On the other hand, in this paper, by employing a concept of quantization density for high resolution
case, such assumption can be removed. We explicitly derived the optimal quantizations and the minimized
guantization errors for these two cases. We also discussed on the general difficulties of parameter estimation
with respect to the complexity of the stochastic processes.
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