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Abstract

In this paper, we consider convergence and stability analysis for a
class of bimodal piecewise linear systems. We first provide two neces-
sary and sufficient conditions for the planar bimodal piecewise linear
systems to be stable. These two conditions are given in terms of eigen-
value loci of subsystems and coefficients of characteristic polynomials,
respectively. Then, an extension to the higher-order case is addressed.
We discuss some properties of trajectories of the higher-order bimodal
piecewise linear systems, and we derive a necessary condition and a suf-
ficient condition for the stability. The conditions are given in terms of
the eigenvalue loci and the observability of subsystems. The sufficient
condition for stability allows existence of unstable dynamics, while the
conventional Lyapunov approach requires that all subsystems are sta-
ble. Furthermore, we discuss a stabilizing controller design based on
the derived sufficient condition.

1 Introduction

Hybrid control has been paid much attention in the area of control system
design, because we have many practical control applications which contain
both continuous-time dynamical systems and logical or switching elements.
There have been a lot of mathematical models proposed to represent behav-
ior of hybrid control systems. One of the typical models is the piecewise lin-
ear system (PLS); The system consists of some pairs of linear time-invariant
dynamics and a cell which is a piece of a partition of the state space, and
the state evolves along the dynamics corresponding to the cell in which the
state exists. The class of PLSs is one of the fundamental classes of hybrid
dynamical systems, because the continuous dynamics is linear in each cell



and the discrete dynamics is the simplest one. Therefore, study on PLSs is
important as a first step to establish hybrid control theory.

In spite of recent progress in hybrid control theory, there still remain
fundamental issues to be clarified. The most fundamental issue is stability.
Recently, many results based on Lyapunov functions have been obtained on
stability for several classes of hybrid dynamical systems (see [3, 5, 14] and
the references therein), where we need to show the existence of a Lyapunov
function which guarantees the stability. On the other hand, no converse
theorem! has been derived due to its hybrid nature. In other words, no
necessary and sufficient stability condition based on Lyapunov functions
has been derived for any classes of hybrid dynamical systems.

In fact, we can not completely check the stability even for the class of
PLSs. In general, direct applications of the Lyapunov methods to the class
of PLSs lead to not any necessary and sufficient conditions but only sufficient
conditions for the stability. In addition, we must restrict the available class
of Lyapunov functions within a class of piecewise quadratic functions to give
a systematic way of finding the Lyapunov functions [16, 17]. This also causes
the conservativeness of the stability conditions. Therefore, we need a new
approach to get a less conservative stability condition or hopefully to derive
a necessary and sufficient condition for the stability.

To this end, we here try to investigate the stability problem for bimodal
PLSs (BPLSs) from a different perspective. Instead of Lyapunov methods,
we focus on eigenvalue loci of subsystems to investigate the stability. We
discuss several properties of trajectories of BPLSs. In particular, a necessary
condition and a sufficient condition for stability are derived. The conditions
are given in terms of the eigenvalue loci and the observability of subsystems.
The sufficient condition for stability allows existence of unstable dynamics,
while the piecewise quadratic Lyapunov approach for BPLSs requires that
all subsystems are stable [19]. Furthermore, we can derive two necessary and
sufficient conditions for the planar BPLSs. The first one is characterized by
the eigenvalue loci of subsystems. The second one consists of a condition
for each subsystem and a coupling condition, and they are given in terms of
coefficients of characteristic polynomials of subsystems.

This paper is organized as follows. Section 2 describes basic setup for
representing a class of BPLSs. Section 3 is devoted to stability analysis
of the planar BPLS. We give a necessary and sufficient condition for the
planar BPLS to be stable in terms of eigenvalue loci of the subsystems.
Moreover, another necessary and sufficient stability condition is provided in
terms of coefficients of characteristic polynomials in Section 4. We give some
extensions in Section 5. A necessary condition and a sufficient condition for
stability are derived in Sections 5.1 and 5.2, respectively. In Section 6, our

!For smooth dynamical systems, there are theorems such that the given conditions are
necessary for stability. Such theorems are usually called converse theorems [13].



results are applied to the stabilization problem, i.e. we propose a method
of designing a stabilizing controller based on the derived sufficient condition
for stability.

In this paper, we will use the following notation. The symbols Z, R,
and R, represent the set of integers, the set of real numbers, and the set
of positive real numbers, respectively. The symbols R™ and R™*" stand for
the set of all n-dimensional real column vectors and the set of all n x m real
matrices, respectively. Let an n-dimensional vector = = [z1,z9,...,x,] be
given. If z; > 0 and 1 = ... = x;_1 = 0 for some i, we denote it by = > 0.
Furthermore, if x = 0 or > 0, we denote it by = 0. Also, z < 0 and
x = 0 mean that —x > 0 and —x > 0, respectively.

2 Bimodal piecewise linear systems

We consider a class of bimodal piecewise linear systems (BPLSs) represented

by

. . A1x7 lf Yy Z 07
= { Agz, if y <0, (1)

y = cr, (2)

where A;, Ay € R™" and ¢ (# 0) € R1*". See Figure 1.

Throughout this paper, we assume that the BPLS (1)—(2) is well-posed,
i.e. the BPLS has a unique solution for each initial state. Definition of well-
posedness can be chosen from well-posedness in the sense of Carathéodory
[8], C-well-posedness, H-well-posedness [6], and well-posedness under the
switch-driven rule [7]. The choice does not influence our results shown below,
although the sliding mode phenomenon [4, 18] may cause some problems.

We will use the following notation under the well-posedness assumption.
The solution from a given initial state xg is denoted by x(¢,z() where the
initial time is always set 0. Furthermore, the corresponding variable y is
denoted by y(t, xo).

\ T

Figure 1: Bimodal piecewise linear system (1) —(2) with n = 2.



We here define two special subsets of the state space as follows:

Sl = {l’GRn’UlfriO},
SQ = {.I'ER”’UQLUjO},

where U; represents the observable matrix of the pair (¢, 4;), i.e.
T T LT’
Ui = [T (ca)T, o (car™)T] (3)

for each i (= 1,2). Let an initial state xp € S; be given. Then no mode
transition takes place for any ¢ > 0, if and only if x(¢, x9) € S; holds for all
t > 0. The property also holds when the set S; is replaced by Ss.

We then describe several mathematical definitions of stability that will
be investigated in this paper. The origin is called stable if, for each € > 0,
there is 0(¢) > 0 such that

|wol| < d(e) = |lz(t,z0)l <&, VE>0 (4)

holds, that is, we use the term ’stable’ in the sense of Lyapunov. The origin
is called attractive if lim;_,oo (¢, z9) = 0 for any initial state zo. The origin
is called globally asymptotically stable if it is stable and attractive.

A conventional systematic way to check global asymptotic stability of
a class of PLSs is to look for piecewise quadratic Lyapunov functions with
S-procedure [16, 17]. Let us begin with an investigation of validity of the
method in the class of BPLSs.

Proposition 1 ([19]) Consider the BPLS (1)-(2). Then there exists a
quadratic Lyapunov function with S-procedure for the system, only if both
Ay and As are Hurwitz.

Proposition 1 implies that no piecewise quadratic Lyapunov functions
exist for systems with unstable dynamics, even if the origin is stable as illus-
trated in an example shown below. In other words, the piecewise quadratic
Lyapunov method can not lead to any necessary and sufficient conditions.
This motivates us to propose a new approach for stability analysis which is
different from the quadratic Lyapunov method.

Example 2 Let us consider a BPLS with
-1, 1 _ 1, 3
Al - [_1’0}’ A2_|:_3’ 1}’
c = [ 1, 0 ]

Figure 2 illustrates a trajectory of the system. Clearly the system is globally
asymptotically stable, although @ = Asx is unstable.



-2 -1 0 1 2

Figure 2: Trajectory of Example 2.

3 Stability analysis for the planar bimodal piece-
wise linear system

Our focus in this section is restricted to the planar system, i.e. n = 2.
Fortunately, we can obtain a necessary and sufficient condition for stability
in this case.

We first show the following two lemmas related to stability of the system.
The lemmas will be extended to the higher-order case in Section 5.

Lemma 3 Consider the system (1)-(2) with n = 2. The following two
statements (a) and (b) are equivalent for each i (=1,2).

(a) There exists an initial state xy satisfying the following two conditions:

(a-1) YVt >0, z(t,zo) €S;,
(a-2) limy_o z(t, o) # 0.

(b) The matriz A; has a non-negative real eigenvalue.

PROOF. 1 It can be proved by Lemma 10 shown in Section 5 which is a
generalization of Lemma 3. See several remarks followed by Lemma 10 for
the detail. O

Applying Lemma 3 to the system (1)—(2), we see that the origin is not
asymptotically stable, if either Ay or As has a non-negative real eigenvalue.
Then assume that the condition (b) holds. As mentioned before, there exists
an initial state such that no mode transitions occur in this case. Conversely,
suppose that the condition (b) does not hold. Then, we see that a mode
transition necessarily takes place, if the trajectory does not converge to 0 as
time goes to infinity.

Lemma 4 Consider the system (1)-(2) with n = 2. The following state-
ment holds true for each i (= 1,2): If all the eigenvalues of A; are negative
real, then



(c-1) Vt >0, z(t,x0) €S;, and
(c-2) limy— oo x(t, z9) = 0,
hold for any xg satisfying
cro=0 and xg € S;. (5)

PROOF. 2 It can be proved by Lemma 13 derived in Section 5 which is a
generalization of Lemma 4. See several remarks followed by Lemma 13 for
the detail. O

The conditions (c-1) and (c-2) mean that every trajectory starting from
the switching plane (5) tends to zero as time goes to infinity without any
transitions. In other words, once the state reaches at the switching plane
(5), it converges to zero if all the eigenvalues of A; are negative real.

Using Lemmas 3 and 4, we obtain a necessary and sufficient condition
for stability of the planar BPLS.

Theorem 5 For the BPLS (1)-(2) with n = 2, the following statements
hold true.

(i) Suppose that either Ay or Ay has a real eigenvalue. Then the origin is
globally asymptotically stable, if and only if all the real eigenvalues of
Ay and Ay are negative.

(ii) Suppose that Ay and Ay have complex eigenvalues of the forms o1 £ jw;
and o9 £ jwa, respectively, where 01,02 € R and wi,ws € Ry. Then
the origin is globally asymptotically stable, if and only if

—+—<0 (6)
holds.

PROOF. 3 Proof of (i): It follows from Lemmas 3 and 4 that the origin is

attractive if and only if all the real eigenvalues are negative. The proof of

stability in the Lyapunov sense is similar to Proof of (ii) shown next.
Proof of (ii): Under the dynamics & = A;x, we have

y(t, o) = e sin(w;t + 0), (7)

where x and 6 are constant values depending on the given initial state xg.
Note that the pairs (¢, A1) and (¢, A2) are observable, because n = 2 and
all the eigenvalues are complex. Thus xg # 0 yields x # 0. Consequently,
at least one transition always takes place for every non-zero initial state. In
addition, noting that

edim/wi = oo/ Wi, =1,2,



we have

. 71,92
w(ni, 7o) = e'o1 72"y,
for each initial state Z, satisfying cZo = 0, where n € Z and t := (1/b; +
1/bg)m. Hence, lim;_,oo x(t,xg) = 0, Vo, if and only if the condition (6)
holds.

Finally, we discuss the stability problem of the origin in the Lyapunov

sense. Suppose that the condition (6) holds. Define

ki= sup [led|, i=1,2.
0<t<z
2

Note that 1 < k; < oo. Every initial state zq satisfying ||xo|| < &/(k1k2)
yields z(t, z9) < e, YVt > 0. Therefore, the origin is stable in the Lyapunov
sense. U

Let us now investigate the conditions in Theorem 5. Let A be given. If
A, has a non-negative real eigenvalue, then the system is not asymptotically
stable for any A;. If A3 has complex eigenvalues of the form go+jws, then the
stability condition for the eigenvalues of A; is characterized by the shaded
portion in Figure 3. It is seen that the matrix A; does not need to be
Hurwitz, when o9 < 0. Suppose that all the eigenvalues of As are negative
real. Then, the origin is globally asymptotically stable when A; does not
have any non-negative real eigenvalues. Finally, consider a case in which
A = Ay = A,. In such case, the conditions in Theorem 5 imply that all the
eigenvalues of A are in the open left half complex plane, which is the same
stability condition for linear time invariant systems.

Theorem 5 includes simple stability tests for the two special cases.

Corollary 6 For the BPLS (1)-(2) with n = 2, the following statements
hold true.

Figure 3: Stability condition for the eigenvalues of A1, where o2 + jws stand
for the complex eigenvalues of Ao



(1) If both Ay and Ay are Hurwitz, then the origin is globally asymptotically
stable.

(ii) If neither Ay nor Ag is Hurwitz, then the origin is not globally asymp-
totically stable.

Remark 7 A version of Theorem 5 with continuity of vector fields has been
obtained by Cambibel et al. [1]. They have derived the same stability condi-
tion in Theorem 5 for a subclass of planar BPLSs represented by

.| Az, if ez >0, (8)
r= Ax — bex, if cx <0,

where A € R?*2, b € R?, and ¢ € R'™™2. The research is independent
of our work (see [9] and [11] for the Japanese and conference versions,
respectively), and their focus was different from ours in the sense that they
obtained the result through an investigation of the stability for the class of
planar bimodal linear complementarity systems represented by

T = Ax+ bz,
w = cr—+z,
z 2 0, w>0, zw=0,

which can be rewritten as (8).

Example 8 Let us consider a planar BPLS with

B ¢, 1 71, 03
A= [—1,0}’ AQ_[—3,1}’
c = [1, 0],

where ( is a constant value. The matrix As has complex eigenvalues 1+ j3.
We here examine the relationship between stability of the origin and the
value of (.

(i) When ¢ > 2, A; has a non-negative real eigenvalue. Thus, the origin is
not globally asymptotically stable from Theorem 5—(i). Furthermore,
from Lemma 3, there exists a trajectory which does not tend to zero
as t — oo as illustrated in Figure 4—(i).

(ii) When ¢ < —2, all the eigenvalues of A; are negative real. Thus,
the origin is globally asymptotically stable from Theorem 1-(i). In
addition, from Lemma 4, all trajectories tend to zero as t — oo, once
the state reaches at the switching plane (5). See Figure 4—(ii).

(iii) When —2/v/10 < ¢ < 2, A; has complex eigenvalues which do not
satisfy the condition (6). Therefore, the origin is not globally asymp-
totically stable from Theorem 5-(ii) as shown in Figure 4—(iii).



(i) ¢ =2 L (i)¢=-2

Figure 4: Trajectories in Example 8. (i) A; has a non-negative real eigen-
value. (ii) All the eigenvalues of A; are negative real. (iii) The condition
(6) is not satisfied. (iv) The condition (6) is satisfied. (v) The condition (9)
is satisfied.

(iv) When —2 < { < —2/4/10, A; has complex eigenvalues satisfying the
condition (6). Therefore, the origin is globally asymptotically stable
from Theorem 5—(ii). See Figure 4—(iv).

(v)  When ¢ = —2/4/10, A; has complex eigenvalues satisfying

o o
Ly 2o 9)
w1 w2
Thus, each trajectory is a closed orbit corresponding to the given initial
state as illustrated in Figure 4-(v).

Recall that we can not determine the stability in the case (ii) or (iv) by
using the piecewise quadratic Lyapunov approach (see Proposition 1).



4 A stability test based on coefficients of charac-
teristic polynomials

In this section, another necessary and sufficient stability condition for the
planar BPLS is derived. The condition is characterized by coefficients of
characteristic polynomials.

Theorem 9 Consider the BPLS (1)-(2) with n =2, and let
det(sI — A;) = s>+ s+ B, i=1,2.

Then, the origin is globally asymptotically stable, if and only if all the fol-
lowing inequalities hold;

|ovi |y

)
> 0. (11)

Bi > max (0, — 1=1,2, (10)

lo1|ay n [ePYLe?
51 B2

Before moving to the proof of the theorem, let us now investigate the
conditions in Theorem 9. On one hand, the condition (10) is imposed on
each subsystem. It is illustrated as the shaded portion in Figure 5. Clearly,
the condition (10) yields 3; > 0. In addition, the inequality (10) implies
that A; does not have any non-negative real eigenvalues. Roughly speaking,
the inequality (10) corresponds to Theorem 5—(i). On the other hand, the
condition (11) is a coupling condition of two subsystems. The inequality
(11) corresponds to Theorem 5-(ii). Let A be given. Then, the shaded
portions in Figure 6 represent the stability condition for A;.

PROOF. 4 («): It follows from (10) and (11) that at least one of a; and
Qo is positive.

B; > max(0, _ailadl

J

a;

Figure 5: The shaded portion represents the region in which the inequality
(10) holds.

10
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Figure 6: Stability condition for a; and (1. The shaded portions imply the
stability conditions.

First, suppose both a1 and as are positive. Recall that both 7 and 3
are positive, which implies both A; and As are Hurwitz. From Corollary 6,
we conclude that the origin is globally asymptotic stable.

Next, we consider the remainder part. Suppose that a; > 0 and as < 0
without loss of generality. Then, As has complex eigenvalues in the closed
right half complex plane. We divide our proof into the following two parts:
(I) 81 > 0 and B; < a?/4, and (I) B; > a3 /4. Note that the inequality (10)
does not hold when neither the case (I) nor (II) is satisfied.

Case (I): Assume 3; > 0 and 3; < a?/4. Then, the two eigenvalues of
Aj are negative real. It follows from Theorem 5 that the origin is globally
asymptotic stable.

Case (II): Assume 3; > o3 /4. Substituting o > 0 and ag < 0 into (11)
yields

2 2

By multiplying by 4 and then adding —a?a3 to the above inequality, we
have

i (462 — a3) > a3(461 — of),
or equivalently
—Q1 —Q
5 T 2
VABL —af /4B — a3

which implies that the eigenvalue condition (6) holds. Thus, the origin is
globally asymptotically stable.

(=): It follows from the asymptotic stability that neither A; nor Ay has
any non-negative real eigenvalues, which implies that the inequality (10) is
required. Then, we divide our proof into the following two parts to show

<0, (12)

11



that the inequality (11) holds, : (II) Both A; and Ay are Hurwitz. (IV) One
of A1 and Ay is Hurwitz and the other is not Hurwitz.

Case (I): Suppose that both A; and Ay are Hurwitz. Then all the coef-
ficients of the characteristic polynomials are positive real, which concludes
that the inequality (11) holds.

Case (IV): Suppose that A; is Hurwitz and As is not Hurwitz without loss
of generality. It follows from the asymptotic stability that the eigenvalues
of As are complex numbers in the closed right half complex plane, which
yields

s <0, B2 >0, and Fy > a2 /4. (13)

In this case, one of the following statements is satisfied: (IV-1) All the
eigenvalues of A; are negative real. (IV-2) A; has complex eigenvalues
which satisfy the condition (6).

Case (IV-1): Suppose that all the eigenvalues of A; are negative real,
which implies

a1 >0, f1 >0, and 1 < af/4. (14)

Manipulating (13) and (14) yields (11).
Case (IV-2): Suppose that A; has complex eigenvalues which satisfy the
condition (6). Then, the matrix A; has complex eigenvalues of the form

—o; £ /46 — o
i=1,2. (15)

2 I

By substituting the complex eigenvalues of the form (15) into the condition
(6), we have (12) which is equivalent to (11), because o; > 0 and ap < 0. O

5 Stability analysis of the higher-order bimodal
piecewise linear system
5.1 A necessary condition for asymptotic stability

Let us begin with the following lemma in order to derive a necessary condi-
tion for the asymptotic stability of the higher-order BPLS. It is a general-
ization of Lemma 3 provided in Section 3.

Lemma 10 Consider the system (1)-(2). Then the following statements
(a), (b) and (b’) are equivalent for each i (=1,2).

(a) There exists an initial state xy such that the following two properties

hold:

(a-1) Vt >0, z(t,x0) €S;.

12



(a-2) limy o z(t, o) # 0.
b) At least one of the following properties holds:
( 9

(b-1) The pair (c, A;) is not detectable.

(b-2) The matriz A; has a non-negative real eigenvalue.
(b’) At least one of the following properties holds:

(b’-1) The pair (c, A;) is not detectable.

(b-2) The pair (c, A;) has a non-negative real observable mode.

The proof will be provided in Appendix A.2.

Let us now show that the condition (b) in Lemma 10 with n = 2 is
equivalent to the condition (b) in Lemma 4 provided in Section 3. To this
end, suppose that n = 2 for a while. Also, suppose that the condition (b-1)
in Lemma 10 holds. Then A; has a non-negative real eigenvalue, because
n = 2 and ¢ # 0. Consequently, the conditions (b-1) and (b-2) in Lemma
10 are equivalent when n = 2. This completes the desired statement.

Applying Lemma 10 to the system (1)—(2) yields the following theorem
which provides a necessary condition for asymptotic stability of the BPLS

(1)~(2).

Theorem 11 Consider the BPLS (1)-(2). Then the origin is asymptoti-
cally stable, only if the following two conditions hold:

(i) Both the pairs (¢, A1) and (¢, A2) are detectable.

(ii) Neither the matriz Ay nor As has any non-negative real eigenvalues.

Remark 12 We can replace the condition (ii) by the following condition
(i") in Theorem 11.

(ii’) Neither the pair (¢, A1) nor (¢, A2) has any non-negative real observable
modes.
5.2 A sufficient condition for attractiveness

We here give the following lemma which leads to a sufficient condition for
stability of the higher-order BPLS (1)—(2). It is a generalization of Lemma
4 derived in Section 3.

Lemma 13 For the system (1)-(2), the following statements (c) and (d)
are equivalent for each i (=1,2).

(c¢) Two conditions

(c-1) Vt >0, z(t,x0) € S;, and

13



(c-2) limy oo x(t, z9) = 0,
hold for any xg satisfying
cxg =0 and zg € S;. (16)

(d) The pair (c, A;) is detectable and at least one of the following two con-
ditions holds:

(d-1) The observable index of the pair (¢, A;) is equal to 1.

(d-2) The observable index of the pair (c, A;) is equal to 2 and all the
observable modes of the pair (c, A;) are negative real.

The proof will be provided in Appendix A.3.

Let us now investigate the relationship between Lemmas 4 and 13 when
n = 2. To this end, suppose that n = 2 for a while. It is seen that the
condition (d) in Lemma 13 holds, if all the eigenvalues of the matrix A; are
negative real. On the other hand, we can show that all the eigenvalues of
the matrix A; are negative real, if the necessary condition for asymptotic
stability and the condition (d) in Lemma 13 hold. To show it, suppose that
the pair (¢, 4;) satisfies the conditions in Theorem 11 holds. In addition,
first, suppose that the condition (d-1) in Lemma 13 holds. Then the matrix
A; has two real eigenvalues, because the observable index is 1. Moreover,
from the assumption, both the observable mode and the unobservable mode
are negative real, which means that all the eigenvalues of A; are negative
real. Next, suppose that the condition (d-2) in Lemma 13 holds. This
implies that all the eigenvalues of A; are negative real, which completes the
desired statement.

Applying Lemmas 10 and 13 to the BPLS (1)—(2), we obtain the following
theorem which provides a sufficient condition for attractiveness.

Theorem 14 Suppose that the system (1)-(2) satisfies the conditions in
Theorem 11. Then the origin is attractive, if the following two conditions
hold for at least one of the pairs (¢, A1) and (¢, Ag):

(1) The observable index is less than or equal to 2.
(ii) All the observable modes are negative real.
Theorem 14 has the following two features.

1. Theorem 14 is equivalent to Theorem 5-(i) derived in Section 3 when
n = 2. In other words, Theorem 14 is a generalization of Theorem

5-(i).

2. The sufficient condition for attractiveness does not imply that both Ay
and As are Hurwitz, while the piecewise quadratic Lyapunov approach
requires the stability of subsystems (see Proposition 1).

14



6 Stabilization for bimodal piecewise linear sys-
tems

In this section, we are interested in the BPLS with control inputs of the
form

(17)

P A1z + Biug, if cx >0,
| Asz + Baug, if cx <0,

where x € R” is the state, and u; € R™ and us € R™2 are the inputs. The
objective here is to find feedback gains K1 and K» that stabilize the system
(17). In particular, we investigate a controller design method based on the
stability condition derived in Section 5.2. To this end, we must make the
observability index of one of the pairs (¢, A; + B;K;) (i = 1,2) less than or
equal to two. The following proposition provides a sufficient condition for
the existence of such a feedback gain.

Proposition 15 Consider the system (17).

(i) There exists a feedback gain K; such that the pair (¢, A;+ B; K;) satisfies
the condition (d) in Lemma 13, if the following three conditions hold:

(i-1) min{p | CA?"'B; # 0} < 2.
(i-2) The pair (A;, B;) is controllable.

(i-3) All invariant zeros® of (c, A;, B;) are in the open left half complex
plane.

(ii) Suppose that the conditions in (i) hold for i, and let K; be given such
that (c, A; + B; K;) is detectable and satisfies conditions (i) and (ii) in
Theorem 14. Then, the origin is attractive, if there exists a feedback
gain Kj (j # i) such that the closed loop system is well-posed and
satisfies the conditions in Theorem 11.

PROOF. 5 Proof of (i): The result follows from [15, Theorem 1].
Proof of (ii): It is seen from Theorem 14 that the statement holds true.
(]

Example 16 Consider an illustrative example of three water-tanks as de-
picted in Figure 7, where z; is the water level of tank i (= 1,2,3), and the
input u is the volume of water discharged into tank 1. The valve at tank 2

2A complex number s is called an invariant zero for the triple (C, A, B) where A €
R™", B € R™*™, C € R™*", if

A—-sl B

rank [ C 0

} < n + min(4,m)

holds.

15



open, if x >0,
close, if z <0.

tank 2_

tank SL

Figure 7: Three water-tanks.

is open if 29 > 0, and it is closed if x5 < 0 as illustrated in Figure 7. For
simplicity, all coefficients are normalized to 1. Then, equations of motion of
the system at the neighborhood of the origin are given by

.| A1+ Bu, if cx >0, (18)
| A+ Bu, if cx <0,
where

[ -1 0 0 -1 0 O

A = 1 -1 0], A2=| 1 0 0|,
U | 00 —1
(1

B = |0, c=[010].
0

Suppose that u = 0. Noting that the matrix A has a non-negative real
eigenvalue, we see that the origin is not asymptotically stable. Figure 8—(i)
shows trajectories of the system (18) with u = 0.

Let us now design a controller for the origin to be attractive. The triple
(¢, A1, B) satisfies the condition (i) in Proposition 15; (i-1) min{p | cA'fle #
0} = 2, (i-2) the pair (A4;, B) is controllable, and (i-3)the invariant zero is
s = —1. Indeed, the pair (¢, A; + BK) satisfies the conditions in Lemma 13
for K1 = [—1,-2,0]. See [15] for a design method of the feedback gain K.
Furthermore, the closed system is attractive after we choose Ky = [0, —2,0],
because the closed loop system is well-posed in the sense of Carathéodory
[8] and the pair (C, A2 + BK>3) does not satisfy the condition (b) in Lemma
10. Figure 8-(ii) shows trajectories of the system (18) with K; = [—1, -2, 0]
and Ko = [0, —2,0], where the initial state is set [-1,—1,1]T. A transition
takes place at t = 1.85 in such case.
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0) (i)

2 2 z3
/ e
. 0
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P z2
0 25 5 0 25
times[s] times[s]

Figure 8: Trajectories of the tank system (18). (Left) Uncontrolled. (Right)
Controlled.

7 Conclusion

In this paper, we have investigated the stability problem for a class of bi-
modal piecewise linear systems (BPLSs). We have provided two necessary
and sufficient conditions for the planar BPLSs to be stable. These two con-
ditions are given in terms of eigenvalue loci of subsystems and coefficients
of characteristic polynomials, respectively. Then, we have discussed some
properties of trajectories of the higher-order BPLSs and derived a necessary
condition and a sufficient condition for the stability. The conditions are
given in terms of the eigenvalue loci and the observability of subsystems.
Furthermore, we have discussed a stabilizing controller design based on the
derived sufficient condition for BPLSs.

There still remain several open problems on stability of piecewise linear
systems to be addressed in the future, although we have established some
basic tools for stability analysis in this paper. We need to discuss stabil-
ity analysis for the higher-order case in detail to get the tighter stability
conditions. In addition, extensions to the multi-modal case and the piece-
wise affine case should be addressed. An extension to the multi-modal case
appears in [10].

Acknowledgements

The authors gratefully acknowledge helpful discussions with M. Yamakita
and J. Imura at Tokyo Institute of Technology, and M. Ishikawa at Ky-
oto University. This work was supported in part by the Grants-in-Aid for
JSPS fellows No.15003305 and Scientific Research (C) (2) No.14550438 of
the Ministry of Education, Culture, Sports, Science and Technology, Japan.

17



References

1]

M. K. Camlibel, W. P. M. H. Heemels, and J. M. Schumacher. Stability
and controllability of planar bimodal linear complementarity systems.
In Proc. of the 42th IEEE Conference on Decision and Control, pages
1651-1656, 2003.

S. Darbha. On the synthesis of controllers for continuous time LTI
systems that achieve a non-negative impulse response. Automatica,
39:159-165, 2003.

R. Decarlo, M. Branicky, S. Petersson, and B. Lennartson. Perspec-
tive and results on the stability and stabilizability of hybrid systems.
Proceedings of the IEEE, 88:1069—-1082, 2000.

A. F. Filippov. Differential equations with discontinuous righthand
sides. Kluwer, 1988.

J. M. Gongalves, A. Megretski, and A. Dahleh. Global analysis of piece-
wise linear systems using impact maps and surface lyapunov functions.
IEEE Trans. on Automatic Control, 48(12):2089-2106, 2003.

J. Imura. Classification and stabilizability analysis of bimodal piecewise
affine systems. International Journal of Robust and Nonlinear Control,
12:897-926, 2002.

J. Imura. Well-posedness analysis of switch-driven hybrid systems.
IEEE Trans. on Automatic Control, 48(11):1926-1935, 2003.

J. Imura and A. J. van der Schaft. Characterization of well-posedness
of piecewise linear systems. [IEEFE Trans. on Automatic Control,
45(9):1600-1619, 2000.

Y. Iwatani and S. Hara. On relationship between eigenvalue loci and
stability in bimodal piecewise linear systems (in Japanese). Trans. of the
Society of Instrument and Control Engineers, 39(11):1048-1053, 2003.

Y. Iwatani and S. Hara. A necessary and sufficient stability condition
for planar multi-modal piecewise linear systems. submitted to the 43rd
IEEE Conference on Decision and Control, 2004.

Y. Iwatani and S. Hara. Stability tests based on eigenvalue loci for
piecewise linear systems. To appear in American Control Conference
2004, 2004.

R. Kalman. Mathematical description of linear dynamical systems.
SIAM J. Control, 1:152-192, 1963.

18



[13] H. K. Khalil. Nonlinear systems. Prentice Hall, third edition, 2002.

[14] J. Lygeros, K. H. Johansson, S. N. Simic, J. Zhang, and S. S. Sastry.
Dynamical properties of hybrid automata. IEEE Trans. Automatic
Control, 48(1):2-17, 2003.

[15] T. Mita. On maximal unobservable subspace, zeros and their applica-
tions. International Journal of Control, 25(6):885-899, 1977.

[16] S. Pettersson and B. Lennartson. Hybrid system stability and ro-
bustness verification using linear matrix inequalities. Int. J. Control,
75:1335—1355, 2002.

[17] A. Rantzer and M. Johansson. Piecewise linear quadratic optimal con-
trol. IEEE Trans. Automatic Control, 45(4):629-637, 2000.

[18] V. I. Utkin, J. Guldner, and J. Shi. Sliding mode control in electrome-
chanical systems. Taylor & Francis, 1999.

[19] A. J. van der Schaft and H. Schmacher. An Introduction to Hybrid
Dynamical Systems. Springer, 2000.

A Proofs of Lemmas 10 and 13

A.1 Preliminaries

In this subsection, we will summarize some properties which will play im-
portant roles in the proofs of Lemmas 10 and 13. Symbols defined in this
subsection will be used in the subsequent proofs.

We will prove the lemmas only when ¢ = 1, because we can prove them
similarly when ¢ = 2. For the sake of briefly, we omit the index i of A; in
the equations (1)—(2), i.e. we consider the system of the form

T =Ar, y=cx, (19)

where A € R™" and ¢ (# 0) € RI*™,
We first discuss properties on observability of the pair (¢, A). Assume
the matrix A and the vector ¢ are expressed as

_ | Aun 0 _
A_[AQI AQQ],C—[CO 0], (20)

where the pair (co, A11) is observable without loss of generality [12]. We
denote the size of A1 by m, i.e., m denotes the observability index of the
pair (¢, A). In addition, partition = as [z}, 2]]T := 2 where 2, € R™ and

0%y
T, € R,
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We next describe some features of the eigenvalues of Aj;. Let p denote
the number of the real and distinct eigenvalues of A1, and let 2¢ denote
the number of the complex and distinct eigenvalues. Note that there ex-
ists a unique linearly independent eigenvector associating with each distinct
eigenvalue, because the pair (cp, A11) is observable. Let A\; (i = 1,...,p)
stand for the real and distinct eigenvalues of Ay;. Furthermore, let us de-
note the multiplicity of A\; by ;. Then, there exist non-zero vectors v;; € R™
(i=1,....,p, 7=2,...,1) for each \; such that

(/\iI_All)'Uz’l = 0, (21)
()\iI—AH)Uij = _Ui(j—l)v (22)

hold. Similarly, we denote the complex and distinct eigenvalues by o; +
jwi (i = 1,...,q) where 0; € R and w; € R;. Also, let v; represent the
multiplicity of o; £ jw;. Then, there exist non-zero vectors g;; € R™ and
hij e R™ (i=1,...,q, 7 =2,...,15) for each o; + jw; such that

{(07 £ jwi)I — A1 }(gin £ jha) =0, (23)
{(oi £ jwi)I — A11}(gij £ jhij)
= _(gi(jfl) ijhi(j—l))y (24)
hold. Here, v;; and rj; := [gsj, hi;] are called elements of a basis of the

generalized eigenspace. We will use the following three facts where they
follow from the observability of the pair (cg, A11).

Fact 1:

CoVi1 7& 0, 1= 17 e Dy (25)
CoTi1 75 0, izl,...,q. (26)

(32 ()

Fact 3: Let T € R"™*™ denote a matrix which consists of all elements of a
basis of the generalized eigenspace. Then, rank T' = m holds.

Fact 2:

A.2 Proof of Lemma 10

We will prove Lemma 10 only when ¢ = 1. Suppose that the assumptions
made in Appendix A.1 hold without loss of generality. Also, we will use the
symbols defined in Appendix A.1.

(b = a): We first prove that (b-1) = (a). Suppose that the pair (¢, A)

is not detectable. Partition an initial state zg as [}y, z,]o]T where z, € R™
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and x,0 € R"™™. Suppose that x,9 = 0, which yields (a-1). Also, it follows
that (a-2) holds for some .

We then show that (b-2) = (a). Let A\; be a non-negative real eigenvalue
of Aj;. Define v11 by (21), and let T3 € R™*(m=1) pepresent a matrix which
consists of all elements of a basis of the generalized eigenspace except v17.
In addition, let T := [v11, T3] and

T Y (27)

Furthermore, let 2,0 := T[c1,0,...,0]". Choosing z,0 € R"™™ arbitrarily,
we have y(t, z) = c2e’M! > 0, V¢ > 0 where 79 = [z}, o] ", which leads to
(a).

(a = b): We prove the contrapositive of the desired statement. Define
K:={ie{l,...,q} | ; > 0}. Let an initial state ¢ be given.

First, assume that its elements corresponding to modes of o; + jw; are
zero for all ¢ € K. Then lim;_, z(t,z9) = 0 holds, if no transition takes
place. Consequently, the condition (a) does not hold.

Then, assume that g has some non-zero elements which correspond to
modes of o; & jw; for some i € K. We will show that some transitions take
place under the assumption. Let us choose a positive real number o, which
is larger than all o; (i = 1,...,q). Consider a function represented by

F(#) = y(t,zo)e” "

It is sufficient to show that there exists a time ¢ (> 0) such that f(¢) < 0,
because sign of y(t, ) is coincident with that of f(¢) for all . Computing
the Laplace transformation of the signal f(¢), we have a stable, rational and
strictly proper transfer function whose dominant pole is complex (see [2] for
the definition of the dominant pole). It follows from [2, Proposition 1] that
the desired statement holds true. (]

A.3 Proof of Lemma 13

We will prove it only when ¢ = 1. Suppose that the assumptions made in
Appendix A.1 hold without loss of generality. Also, we will use the symbols
defined in Appendix A.1.

(d = c): We first prove (d-1) = (c). Suppose that the condition (d-1)
holds, and let an initial value zo = [2o0,2,y]" satisfying the equation (16)
be given where z,9 € R and z,0 € R*~!. The value of z, must be zero,
because ¢y # 0. Then we obtain y(t,z9) = 0 for all ¢, which yields the
condition (c-1). Moreover, x(t,xo) tends to zero as t goes to infinity, since
Ago 1s Hurwitz.

We then prove (d-2) = (c¢). We divide our proof into the following two
parts: (I) Aj; is a simple matrix, i.e. Aj; is similar to a diagonal matrix,
(1) Ay; is similar to a second order Jordan block.
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(I): Let A; and A2 be negative real eigenvalues of A1;. We choose xg
satisfying the equation (16). Using the modal expansion, we obtain

y(t,zo) = x1M" + x20™,
where x1 and yo satisfy

y(0,70) = x1+x2=0,

9(0,20) = x1A1+x2A2 > 0.

In view of above equations, we see y(t,z9) > 0, V¢ > 0, which yields (c-1).
In addition, (c-2) holds because A is Hurwitz.

(I): Let A1 be the negative real eigenvalue of Aj;. We choose z satisfying
(16). Using the modal expansion, we obtain

y(t,xo) = Xteklt, (28)

where x is a positive constant of which the value depends on xg. The
equation (28) leads to (c-1) and (c-2).

(¢ = d). First, ¢ # 0 yields m > 1. Next, we will prove the contrapositive
of the remainder part. We divide our proof into the following five parts: (II)
The pair (¢, A) is not detectable, (IV) Aj; has some complex eigenvalues,
(V) Aq1 has a non-negative real eigenvalue and another real eigenvalue, (VI)
A11 has a non-negative real eigenvalue whose multiplicity is two, and (VI)
m > 3 and all eigenvalues of A1y are negative real.

(I): We have already proved it in the proof of (a) = (b) shown in
Appendix A.2.

(IV): Let o1 & jw; be complex eigenvalues of Aj;. Define r1; by (23),
and let Ty € R™%(m=2) gtand for a matrix which consist of all elements
of a basis of the generalized eigenspace except r11. In addition, let T :=
[r11, Th]. We define ¢; by (27). Note that [c1, c2] # 0 from Fact 1. Let
Too := Tlct, ¢2,0,...,0]T. Choosing z,0 € R*™™ arbitrarily, we have

y(t,z0) = (cf + c3)e” ! sinwit,

where zg = [z}, 2)0]". Thus y(0,2¢) = 0 and §(0,29) > 0 hold. This
implies that the equation (16) holds. Moreover, the condition (c-1) is not
satisfied at t = 7/w;.

(V): Let A1 denote a non-negative real eigenvalue of Aj;. Also, let Ay
represent a real eigenvalue of Aj; satisfying Ao < A1. Define vy and v9y by
(21), and let T} € R™*(m=2) denote a matrix which consists of all elements
of a basis of the generalized eigenspace except v11 and ve1. In addition, let
T := [v11, vo1, T1]. We define ¢; by (27). Note that ¢; # 0 and ¢o # 0. Let
Too := T[c1, —c2/ca,0,...,0]T. Choosing z,9 € R"~™ arbitrarily, we have

y(t,w0) = (M — ).
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where 79 = [z}, 2)]T. We see y(0,70) = 0 and 9(0,29) > 0, which
means that the equation (16) is satisfied. It follows from Ay > Ay that
limy o0 y(t, 20) # 0 holds, and hence we have lim;_,o z(t, z9) # 0.

(VI): Let A; denote an eigenvalue of A1; whose multiplicity is 2. Define
vy and vi2 by (21)—(22), and let T € R™%(m=2) gtand for a matrix which
consists of all elements of a basis of the generalized eigenspace except v11
and vie. In addition, let T := [v11, v12, T1]. We define ¢; by (27). Note that
c1 # 0. Let o9 = T[—c2,¢1,0,...,0]T. Choosing z,9 € R"™™ arbitrarily,
we have

y(t,xg) = cQteAlt, 29
1

where 2o = [z}, 2)5]T. We see that y(0,29) = 0 and (0, z0) > 0 hold,
which means (16) is satisfied. It follows from A\; > 0 that lim;_,o y(¢, z9) # 0
holds, which implies lim;_,~ z(t, zo) # 0.

(VI): We divide our proof into the following three parts: The number of
distinct and negative real eigenvalues of Ay is (VI-1) one, (VI-2) two, and
(VII-3) greater than or equal to three.

(VI-1): Let A1 denote the negative real eigenvalue of A1;. Note that the
multiplicity of A\; is greater than or equal to three because m > 3. Define
v11, v12 and vi3 by (21)—(22), and let T} € R™*(Mm=3) represent a matrix
which consists of all elements of a basis of the generalized eigenspace except
v11, v12 and vis. Let T := [v11, via, v13, T1]. We define ¢; by (27). Let us
choose 21, 29, and z3 satisfying

X1 = 07
X2 > 07
1
X2 + X3§ < 07
where
X1 C1 C2 C3 21
X2 | = 0 ca e 29
X3 0 0 ¢ 23
Define 2,0 = T[z1, 22, 23,0,...,0]". Choosing x,0 € R*™™ arbitrarily, let

zo = [x)0, 2o] . Computing y(t, zo), we have

t2

y(t, z0) = M (xat + X35)-

It follows that y(0,z0) = 0 and (0, z) > 0, which implies the equation (16)
holds at the initial time. Moreover, we see that the condition (c-1) does not
hold, because y(1,zg) < 0 if no transition takes place.

(VI-2): The matrix Aj; has a negative real eigenvalue A; whose multi-
plicity is greater than or equal to two, because the number of the distinct
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and negative real eigenvalues is two and m > 3. Let Ay be a negative real
eigenvalue which differs from A;.
We first show that there exist y; and ¢ (> 0) satisfying

X1 + X3 = 07 (30)
X1A1 + X2 + X3A2 > 0, (31)
/\1t_ g /\1t_ )\25
x1e™t 4 xote™" 4+ xze™? < 0. (32)
Now let
X3 = (A2 —A1)xs,
1 e)\gt _ e)qt
d’(t) = it
teMt g — A\

Note that ¢(t) > 0 for all ¢ > 0. We see that there exists ¢ > 0 such that
#(f) # 1 due to linearly independence of e*?, teM? and e*2!. We choose x2
and y3 satisfying

{ X2 >0, —x2/0(t) > X3 > —x2, if ¢(t) >1,
X3 >0, — (Z)(E))Zg > xo > —x3, if 0< (ﬁ(ﬂ < 1.

Then, all the equations (30)—(32) are satisfied, when y; = —x3. We are now
ready to provide the desired statement.

Define v11, v12 and ve1 by (21)—(22), and let T} € R™*(m=3) denote a
matrix which consists of all elements of a basis of the generalized eigenspace
except V11, V12 and V21.- In addition, let T := [’Ull, V12, V21, Tl] We define
¢; by (27). Choose y; and t satisfying (30)—(32). Let

-1
21 C1 C2 X1
= , 23:= C3.
[22] {0 Cl] [X2] 3= xs/0s

In addition, let .0 := T[z1, 29, 23,0,...,0]T. Choosing x,0 € R™™3 arbi-
trarily, we have

y(0,20) = x1+x3=0, (33)
9(0,20) = xadi+x2+x3da >0, (34)
y(fzo) = xaeM" + xaleM 4 xze™ <0, (35)
where zg = [z)5,7,)0]", which leads to the conclusion that the condition

(c-1) does not hold.

(VI-3): Let A1, A2 and A3 be negative real eigenvalues. Suppose that
0 > A1 > A2 > A3 without loss of generality.

We first show that there exist x1, X2, x3 and ¢ (> 0) satisfying

X1+ x2 +x3=0, (36)
X1A1 + X2A2 +7X3)\3 >0, (37)
x1eM’ 4 X202 4 xze! < 0. (38)
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Let

_ A3 — A1
X3 = Ny — AL X3;
(;5(75) _ e)‘3t — e’\lt )\2 — )\1
' er2t — eAit )\3 — )\1 '

Note that ¢(t) > 0 for all ¢ > 0. There exists ¢ > 0 such that ¢(¢) # 1 due to
linearly independence of eM?, e*2t and e*3t. We choose 2 and 3 satisfying

{ 3> 0,—0(f)Xs < x2 < —X3, if ¢(f) > 1,
x2 >0, —x2/0(t) < X3 < —x2, if 0<¢(f) <1

Then the equations (36)-(38) are satisfied, when x; = —x2 — x3. We are
now ready to complete the proof.

Define v11, v21 and w31 by (21)—(22), and let T} € R™%(m=3) denote a
matrix which consists of all elements of a basis of the generalized eigenspace
except v11, vo1 and vsy. In addition, let T := [v11, vo1, vs1, T1]. We define ¢;
by (27). Choose y; and ¢ satisfying (36)—(38). Let z; := x;/¢; (i = 1,2,3). In
addition, let 2,0 := T[z1, 22, 23,0, ...,0]". Choosing x,9 € R™3 arbitrarily,
let g = [v}y, 2)9]T. Then, we have

y(0,20) = x1+x2+x3=0, (39)
9(0,20) = x1M1 + X2A2 +7X3)\3 >0, (40)
y(t,zo) = x1eM+ xee™! + yze™t <0, (41)

which leads to the conclusion that the condition (c-1) does not hold. O
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