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Abstract

In the framework of the game-theoretic probability of Shafer and Vovk (2001)
it is of basic importance to construct an explicit strategy weakly forcing the strong
law of large numbers (SLLN) in the bounded forecasting game. We present a simple
finite-memory strategy based on the past average of Reality’s moves, which weakly
forces the strong law of large numbers with the convergence rate of O(y/logn/n).
We also give a detailed analysis of the paths of Skeptic’s capital process for the case
of the fair-coin game when our strategy is used. We show that if Reality violates
SLLN, then the exponential growth rate of Skeptic’s capital process is explicitly
described in terms of the Kullback divergence between the average of Reality’s
moves when she violates SLLN and the average when she observes SLLN.

Keywords and phrases: — Azuma-Hoeffding-Bennett inequality, capital process, game-
theoretic probability, Kullback divergence, large deviation.

1 Introduction

The book by Shafer and Vovk (2001) established the whole new field of game-theoretic
probability and finance. Their framework provides an attractive alternative foundation of
probability theory. Compared to the conventional measure theoretic probability, the game
theoretic probability treats the sets of measure zero in a very explicit way when proving
various probabilistic laws, such as the strong law of large numbers. In a game-theoretic
proof, we can explicitly describe the behavior of the paths on a set of measure zero,



whereas in measure-theoretic proofs the sets of measure zero are often simply ignored.
This feature of game-theoretic probability is well illustrated in the explicit construction
of Skeptic’s strategy forcing SLLN in Chapter 3 of Shafer and Vovk (2001).

However the strategy given in Chapter 3 of Shafer and Vovk (2001), which we call
a mixture e-strategy in this paper, is not yet satisfactory, in the sense that it requires
combination of infinite number of “accounts” and it needs to keep all the past moves of
Reality in memory. We summarize their construction in Appendix in a somewhat more
general form than in Chapter 3 of Shafer and Vovk (2001). In fact in Section 3.5 of their
book, Shafer and Vovk pose the question of required memory for strategies forcing SLLN.

In this paper we prove that a very simple single strategy, based only on the past
average of Reality’s moves is weakly forcing SLLN. Furthermore it weakly forces SLLN
with the convergence rate of O(y/logn/n). In this sense, our result is a substantial
improvement over the mixture e-strategy of Shafer and Vovk. Since e-strategies are used as
essential building blocks for the “defensive forecasting” ([9]), the performance of defensive
forecasting might be improved by incorporating our simple strategy.

Our thinking was very much influenced by the detailed analysis by Takeuchi ([7] and
Chapter 5 of [6]) of the optimum strategy of Skeptic in the games, which are favorable
for Skeptic. We should also mention that the intuition behind our strategy is already
discussed several times throughout the book by Shafer and Vovk (see e.g. Section 5.2).
Our contribution is in proving that the strategy based on the past average of Reality’s
moves is actually weakly forcing SLLN.

We also give a detailed analysis of the behavior of the paths of the log capital process
when our strategy is used in the case of the fair-coin game. We shall prove the remarkable
fact that if Reality violates SLLN, i.e., if the sample average of Reality’s moves does
not converge to 0, then the exponential growth rate of the Skeptic’s capital is explicitly
described by the Kullback divergence between the average of Reality’s moves when she
violates SLLN and the average when she observes SLLN.

In this paper we only consider weakly forcing by a strategy. A strategy weakly forcing
an event £ can be transformed to a strategy forcing E as in Lemma 3.1 of Shafer and
Vovk (2001). We do not present anything new for this step of the argument.

The organization of this paper is as follows. In Section 2 we formulate the bounded
forecasting game and motivate the strategy based on the past average of Reality’s moves
as an approximately optimum e-strategy. In Section 3 we prove that our strategy is weakly
forcing SLLN. In Section 4 we give a detailed analysis of the paths of Skeptic’s capital
process, when our strategy is used for the fair-coin game. In Appendix we give a summary
of the mixture e-strategy in Chapter 3 of Shafer and Vovk (2001).

2 Approximately optimum single e-strategy for the
bounded forecasting game

Consider the bounded forecasting game in Section 3.2 of Shafer and Vovk (2001).



BOUNDED FORECASTING GAME
Protocol:
IC() = 1.
FORn=1,2,...:
Skeptic announces M,, € R.
Reality announces z,, € [—1,1].
ICn = ’Cnfl + Mnxn
END FOR
For a fixed €, |e|] < 1, the e-strategy sets M,, = eK,_;. Under this strategy Skeptic’s
capital process /C,, is written as KC,, = [, (1 + ex;) or

log IC,, = Zlog(l + ex;).
i=1

For sufficiently small |e|, log IC,, is approximated as

- 1ox o
log IC,, >~ EZ% - 56 le
i=1 i=1
The right-hand side is maximized by taking
D i1 Ti
D T

In particular in the fair-coin game, where x,, is restricted as x,, = +1, approximately

n
_ 1
€E=T, = — E Z;.
n <
i=1

Actually, as shown by Takeuchi ([7]), it is easy to check that ¢ = Z,, exactly maximizes
[T;, (1 + ex;) for the case of the fair-coin game.

Of course, the above approximately optimum € is chosen in hindsight, i.e., we can
choose optimum € after seeing the moves x1,...,x,. However it suggests to choose M,
based on the past average z,_; of Reality’s moves. Therefore consider a strategy

€ =

optimum € is given as

Mn = Ci’nfllcnfl. (1)

In the next section we prove that for 0 < ¢ < 1/2 this strategy is weakly forcing SLLN.
The restriction 0 < ¢ < 1/2 is just for convenience for the proof and the above argument
suggests that ¢ = 1 is the best choice, at least for the fair-coin game. In Section 4 we will
investigate the behavior of the paths of the capital process for the fair-coin game in detail
when (1) with ¢ = 1 is used.

Compared to a single fixed e-strategy M,, = e/C,,_; or the mixture e-strategy in Chapter
3 of Shafer and Vovk (2001), letting € = ¢Z,_; depend on Z,_; seems to be reasonable
from the viewpoint of effectiveness of Skeptic’s strategy. The basic reason is that as 7,1



deviates more from the origin, Skeptic should try to exploit this bias in Reality’s moves by
betting a larger amount. Clearly this reasoning is shaky because for each round Skeptic
has to move first and Reality can decide her move after seeing Skeptic’s move. However
in the next section we show that the strategy in (1) is indeed weakly forcing SLLN with

the convergence rate of O(y/logn/n).

3 Weakly forcing SLLN by past averages
In this section we prove the following result.

Theorem 3.1 In the bounded forecasting game, if Skeptic uses the strateqy (1) with
0 < ¢ < 1/2, then limsup, K,, = oo for each path & = z1x9... of Reality’s moves
such that -

lim sup Yl > 1. (2)

n  logn

This theorem states that the strategy (1) weakly forces that z, converges to 0 with
the convergence rate of O(y/logn/n). Therefore it is much stronger than the mixture
e-strategy in Chapter 3 of Shafer and Vovk (2001), which only forces convergence to 0.
A corresponding measure theoretic result was stated in Theorem 1 of Azuma (1967) as
discussed in Remark 3.1 at the end of this section. The rest of this section is devoted to
a proof of Theorem 3.1.

By comparing 1,1/2,1/3,..., and the integral of 1/x we have

o 11 1 "1
log(n+1) = —dx§1—|—§+§+---—|——§1—|— —dr =1+ logn.
1 x n 1z

Next, by summing up the term

1 1 1

(k—1Dk k-1 k

from k =1 to n, we have

k=1
or
1 - 1 1
i1 Z(k—1)k:+ﬁ
k=1
Now consider the sum
i — = o ! (21 + - 4 2)? (4)
i—1" 4~ (i—-1)
=2 =2



When we expand the right-hand side, the coefficient of the term z;zy, j < k, is given by

2 (<k—11>k+k<k1+1>+"'+ﬁ):“ <ﬁ‘%>

We now consider the coefficient of 7. In (4) we have the sum from 7 = 2 and we need to
treat x; separately. The coefficient of z7 is 1 — 1/n from (3). For j > 2, the coefficient of
:U? is given by 1/(j — 1) — 1/n, as in the case of the cross terms. Therefore

Zz‘—ifc? =2 ) >xﬂxl+<1_%)ﬁ+2(fzi1_%)x§

1=2 1<j<i<n

= 2 Z %x]xz Z xjxﬁ—xl—i-z P Z——me

1<j<i<n 1<]<z<n

n
2 = =2 2 E 2
=2 1=2

Write o = 0. Then the first sum on the right-hand side can be written from ¢ = 1. Under
this notational convention (5) is rewritten as

n

" 1 2'72 no L, 1,

=2

Now the capital process IC,, of (1) is written as

ﬁ 1+ cZiqm;).

As in Chapter 3 of Shafer and Vovk (2001) we use
log(1+1t) >t — % t] < 1/2.

Then for 0 < ¢ < 1/2 we have

logkC,, = Zlog(l—i-Cfi—ﬂi)

i=1
n n

> c g Ti 2 — g T3 a2,
=1 i=1

and under the restriction |z, | < 1,¥n, we can further bound log IC,, from below as

log IC,, > CZ Tix; — Z T7 . (7)
i=1 i=1



By considering the restriction |z,| < 1, (6) is bounded from below as

n

n ) 1 n o ) 1 1
;xlx = §Zii1x?+gxi_§(l+§z‘—1)

1 7 n 1

> = 72+ —72 — (2 +1log(n —1
1 — 1

> 3 > 72+ gxi — 5(2+log(n—1))
1 — 1

> 3 z§+gf§—§(3+1og(n—1)).

1
loghC,, > c<— — c) fo_l + cgffl - 5(3 +log(n — 1))

2 —
> Cgi'i — 5(3 + log(n — 1))
> g(na:i —logn) — =c
c

Now if limsup,, v/n|Z,|/v/Iogn > 1, then limsup, log K, = +o0o because logn 1 .
This proves the theorem.

Remark 3.1 In the framework of the conventional measure theoretic probability, a strong
law of large numbers analogous to Theorem 3.1 can be proved using Azuma-Hoeffding-
Bennett inequality (Appendiz A.7 of Vovk, Gammerman and Shafer (2005), Section 2.4
of Dembo and Zeitouni (1998), Azuma (1967), Hoeffding (1963), Bennett (1962)). Let
X1, Xa, ... be a sequence of martingale differences such that | X,| < 1, Vn. Then for any
e>0

P(1X,| > €) < 2exp(—ne®/2).

Fiz an arbitrary o > 1/2. Then for any ¢ > 0
_ 2
S P(X,| 2 ellogn)® Vi) < 3 exp(~ (logm)™) < oo.

Therefore by Borel-Cantelli \/n|X,|/(logn)® — 0 almost surely. Actually Theorem 1 of
Azuma (1967) states the following stronger result

lim sup VT <2

n—oo log n

a.s. (8)

6



Although our Theorem 8.1 is better in the constant factor of /2, Azuma’s result (8) and
our result (2) are virtually the same. However we want to emphasize that our game
theoretic proof requires much less mathematical background than the measure theoretic

Proof.

4 Growth rate of Skeptic’s capital process when SLLN
is violated

In this section we study the behavior of the paths of the log capital process log KC,, in
the case of the fair-coin game (x,, = 1), when the strategy (1) with ¢ = 1 is used. We
are interested in the main term (i.e. O(n) term) of log KC,, when Reality violates SLLN,
namely, either lim,, z,, # 0 exists or

liminf z,, < limsup Z,,.
In this section our interest is in the latter case. For 0 < p, ¢ < 1, let
1—p
l—gq
denote the Kullback divergence between p and ¢. Note that D(p||¢) > 0 and the equality
holds if and only if p = ¢q. We will prove the following remarkable fact.

p
D(pllq) = ploga + (1 —p)log

Theorem 4.1 Consider the fair-coin game, where Skeptic uses the strategy (1) with ¢ =
1. For each path & = x1x5 ... of Reality’s moves such that

0 < liminfz, <limsupz, < 1,
n n

we have B
1+z,

2

1>—>O (n — 00).

1
—log K, —D(
n 2

We give a proof of this theorem in Section 4.2. In Section 4.1 we give a preliminary
consideration of log K,, when its increment can be approximated by an integral, which
naturally leads to the Kullback divergence.

At this point we need to make the following technical remark. If Skeptic uses (1) with
¢ =1 from the very beginning, he becomes bankrupt at time n (IC,, = 0) if

rn=-=xp1=lLx,=—-1 or z1=---=x,1=—-1,2,=1.

Therefore, when we say that Skeptic uses ¢ = 1, we actually mean that Skeptic sets M,
as

C()jn—llcn—l if |:i‘n—1| = 1a

M, = {En_llCn_l if |J_}n_1| <1

where 0 < ¢y < 1. For a similar reason, in Theorem 4.1 we are avoiding the case that
0 = liminf, Z, or 1 = limsup,, Z,,. In fact these cases and the case that lim,, z,, # 0 exists
should be simpler than our case considered in Theorem 4.1

7



4.1 Integral approximation to the increment of monotone log
capital process

In this section, we give a preliminary result on the increment of log IC,,, when Z,, increases
or decreases monotonically, i.e., when there are successive 1’s or —1’s in x,,’s. The reason
to consider this case is as follows. Write

lo = liminfz,, < uy = limsup z,.
n n
Then Z, wanders between [, and u., infinitely often. Z, moves the fastest when z,
oscillates between [, and u., monotonically.
Fix a sufficiently large n and let v = z,, —1 < v < 1. We consider the increment

logkCoiny — log K,y when 2y == y=1or 1 = =2,y = —1.
First consider the case that x,,; =--- = x,.ny = 1. Then %, is written as
nv+ k
Tnik = , k=0,1,....N—1,
Ln+k Ntk
and
N-1 N-1
nv +k v+ k/ny1
log Kpyn —log K, = S 1 (1 ): 1 (1 )—. 9
08 AntN — 108 ;og +n+k: ngog +1+k‘/n n )

Note that log(1+ (v +x)/(1+ x)) is monotone increasing in x > 0. Then the summation
on the right-hand side of (9) is approximated as

N/n v+ — v+ k/ny 1
log (1+ 5= )dw < > log (1 >—</
/0 o8 +1—|—:v v ;0 o8 +1—|—k/n n )

Also note that the difference between the right-hand side and the left-hand side is bounded
from above by C/n, where C' can be chosen independently of v and N. Therefore

N-1 N/n

k
’E 10g<1+m}+ )—n/ 10g<1+v+—$>d9&‘<0.
—~ n+k 0 1+

The definite integral can be explicitly written as follows. Using

(N+1)/n

log <1 + v +x>daz.

n 1+

¢ 1
/ log(a + bx)dxr = B[(a + be)log(a + be) — alogal — ¢,
0

we have

N/n v+ 1
log <1+ = )dz = 5[(1+v+20)10g(1+v+20) — (14 v)log(1 +v)]
0 T

— (14 ¢)log(1l+c), (10)



where ¢ = N/n.
Next consider the case z,,1 =+ = x,.ny = —1. Then Z,, is written as

nv—k
n+k

T = . k=0,1,...,N—1,

and

log Kooy — log IC,, = Z log (1 — 7":;)+—:>

The similar consideration as above yields

‘Zlog (1— +:) —n/ON/nlog <1—%>dm‘ < C.

The definite integral can be explicitly written as

N/n v—1x 1
/0 log< 1+x>dx:5[(1—v+20)log(1—v—|—20)—(1—v)log(1—v)]
— (14 ¢)log(1 +¢), (11)

where ¢ = N/n.
Consider the case that z,, increases from [ ~ [, at time n to © ~ us at time n + N.
Then

B nl+ N l+¢c
U= Inty = n+N 1+c
and
1+c:1—_l, PP Gl | Ch Dl (12)
1—wu 1—wu

It should be noted n+ N = (1 4 ¢)n is of the order O(n), i.e., it takes O(n) steps even if
Zp4r moves from [ to w monotonically. By using (10) and (12), we have except for O(1)
terms

[(1 -1 —i—u)l

—1
20— log(1 — u)

log Koy —logk, =n og(l+u)+

141
—Ll g(1+1) -

:n(l—l)[l—i-u

! log(1 — l)]
5 v log(1 — u)]

—n[1+llog(1+l) + _llog(l —l)}

:(”+N)D(1+u“ 2) "D(lJrlH 2) (13)

Next consider the case that z,, decreases from u to [. Then

1
= log(1 + u) +

nu—N_u—c
n+N 1+¢

[ = Tn+N =



and

1—i—c:1+u7 1—u+2c:—(1+u)(1_l).
1+ 1+1
By using (11) and the above, we have except for O(1) terms
1+u 14+u)(l—1
log Kpin — log I,y = n[ log(1+1) + % log(1 —1)
1 _
_ it log(1 4+ u) — “ log(1 — u)]

n(l+u) 1+l —1
1+1 [2 og(1+1) + bgl_w}

14w 1—u
—n[ 5 log(1 4+ u) + 5 log(l—u)]

- e+ Mp(S | 5) - (55 | 5)

: 14
2 (14)
It should be noted that both (13) and (14) can be written as

1+,
2

log Kooy — logC,, = (n+ N)D(M H 2) D( %) +O(1). (15)

4.2 Increment of log capital process for an arbitrary path

In this section, we first show that the main term of (15) remains the same for any path
not necessarily monotonic between z,, and z,, . Theorem 4.1 is a simple consequence of
the following result.

Theorem 4.2 For sufficiently large n, when Z, moves from T, =1 to T, n = u, | # u,
through any path,

log Kooy — log IC,, = (n+N)D(1+u H 2) nD(1+l H 2) o(N). (16)

Proof: For notational simplicity we assume [ < u and prove this theorem. The case
[ > u can be proved similarly. As discussed in the previous subsection, it takes at least
O(n) steps for moving from z,, = [ to Z,.y = u. We divide the vertical z,-axis through
[ and u by the horizontal lines with equal distance 1/4/n. Since T, can wander below [
or above u, we extend the grid of equidistant horizontal lines to [0,[] and [u, 1]. Next,
we denote the times when Z,,,n < m < N, hits at different horizontal lines (admitting
+1/n rounding error) as n = ng < ny < ng < --- < ny = n+ N, successively. Then
Tm,n; < m < njgq, moves in the interval (Z,, — 1/y/n, Z,, + 1/y/n), i.e.,

|jm_jnj| < nj§m<nj+1,

1
v
and Zp,,, = Tn; = 1/y/n (admitting £1/n rounding error).

10



We decompose the increment of the log capital as

M—-1

log Koy —logKp = Y (log K, ,, — log K, ),

h=0

and show that for each h except for small orders

L+ 2y
log K (&

—log K, ~ npp1 D

Mh+1

1+7z 1
(e )
‘ 2) h 2 2
Then (16) follows by summing up these terms.
For notational convenience, we put €, = +1/y/n, and without loss of generality con-
sider the first step h = 0 with z,, =1 and z,,, = [+ €,.

From
log(1+1+e€,) =log(1+1)+ : J’; P+ O(é2),
log(1—1—¢,) =log(l—1)— % +O(é2),
we have
D<1+l% %) = 1—H%lo (14+1+e€,)+ 1_l2—_€nlog(1 —1l—€,)
_ D<1 ! H 2) “ Jog(1+1) — % log(1 — 1) + O(€).
Therefore
D (=5 | 3) -m0 (552 | 3)
= (ny —ng)D (1 1 H 2) +m [%log(l +1) — Eglog(l — )| +O0(me)
— (n1 — np) [1 Dog(1+1) + 2= log(1 - 0l
+ny [% log(1+1) — % log(1 — l)] + O(n1€2)
= S [m = n0) (14 1) + e log(1+ 1)
+ %[(nl —n0)(1 = 1) — niey) log(1 — 1) + O(ny€?).
When there are n, times of z,, = +1’s and ny4 times of z,, = —1’s in the time interval
ny — no,

1 — o = Ny + N,

ni(l + €,) — nol = ny, — ng.

11



Therefore
1 1
5[(n1 —n)(1 +1) + nie,] = ny, 5[(711 —no)(1 = 1) — ni€,) = ng,

1

and
1+,
”1D< ‘ 2) B ”°D< +2$ } 5) = n, log(1 +1) + nglog(l — 1) + O(ns€2).

Since T, ng < m < ny, moves in the interval (I — 1/v/n, 1+ 1/y/n), it follows that

1+z,,

ny log(1 + 1) 4+ nglog(l —1) Z log(1 4 Zyp—12m) + O(n1€y,)

m=ng+1

= log K,,, — log K,y + O(n16y,),
and thus

1+,
n1D< + ZTn,

1 n
‘2)_”0D( o

By summing up this relation from h = 0 to M —1, we have (16) as desired. This completes
the proof. 0

‘ 2) = log K., — log K,y + O(ni€,) + O(nqel).

We consider the consequence of this theorem when z,, wanders from [ ~ [, to u ~ Uy
and then back to /, in a cycle. Suppose that z,, = [ goes up to Z,+n, = v and goes down
to ZTp4n, = . Then by adding log K,4n, — log K,, and log K,,4 N, — log K4 n,, We obtain

14171
log Koy, — log K — N@(% 5) + (M) (17)
Similarly when z,, = u goes down to Z,.n, = [ and goes up to Z,1n, = u, we have
1 1
log Koy, — logKC,, = NuD< ;Lu ‘ 5) + o(Ny). (18)

From (17) and (18), we can say that if Reality violates SLLN, log capital of the strategy
(1) with ¢ = 1 increases at the rate D(1[|1) whenever Z, comes to I, and increases at
the rate D(£%||2) whenever z,, comes t0 U

Theorem 4.1 is now a simple consequence of Theorem 4.2. Note that for sufficiently
large ny < ng, (16) is written as

1+z,,

log K., —log Ky, = n2D< ‘ 2) — nlD(l T, ‘ 2) + o(ny). (19)

Under the assumption [, < s, for sufﬁ01ently large m, z,, wanders between [, and .
Starting from a sufficiently large (but fixed) ng with Z,, ~ [, consider successive time
points when Z,, returns to [, before finally reaching z,. Adding the increments in (17)
and finally the increment in (19) we have

1 141

3) ~mon(55 | 5) +otm,

2) 1o 3) Tl

14z,
Theorem 4.1 is proved by dividing both sides by n and letting n — oo.

log K,, — log K., = nD(

2

12



A Summary of mixture e-strategy in Chapter 3 of
Shafer and Vovk (2001)

Here we summarize the mixture e-strategy in Chapter 3 of Shafer and Vovk (2001) for
the bounded forecasting game in such a way that its resource requirement (computational
time and memory) becomes explicit.

For a single fixed e-strategy P¢, which sets M,, = eK,_1, the capital process is given
as KI"(xy...2,) = [[l_,(1 + ex;). Shafer and Vovk combine P¢ for many values of e.

Let 1/2 > € > €3 > -+ > 0 be a sequence of positive numbers converging to 0. Write
€ = —€,, k=1,2,.... Furthermore let {p;},—0 41,42, be a probability distribution on
the set of integers Z, such that pg = 0 and p_j, = py, (symmetric). Actually py is the initial
amount (out of 1 dollar) put into the account with the strategy P, k = +1,+2,.... For
example we could take
1 1
&= gis Pe= g k= L2 (20)

as is done in Chapter 3 of Shafer and Vovk (2001). However it is more convenient here to
leave € and py to be general. Then the mixture strategy weakly forcing SLLN is given by
the weighted average of the strategies P, k = +1,4+2, ..., with respect to the weights

{pk}kzo,il,iz...; namely
(o)
= > e

k=—o00

Consider the value M of P*. It is written as

Z D€k H (1 + exxi).

k=—o00

Now introduce the elementary symmetric functions e,q,€n1,...,€,, of the numbers
T1,...,T, as

n
=1, 6nl—E Ti, €n2 = E xx]a--'aen,nzllmz
1<i<j<n =1

Recall that the set of values {xl, ..., &, } and the set of values {e,1,...,e,,} are in one-
to-one relationship. Therefore computing all the values of the elementary symmetric func-
tions of {z1,...,x,} is computationally equivalent to keep all the values of {x1,...,z,}.
Using elementary symmetric functions, M is written as

Z pkzek En— lz_zen 1,8 Z pk:EH_l' (21>

k=—o00 k=—o0
Let F' denote the discrete probability distribution on [—1/2,1/2] with
F({ex}) =pr, k=%£1,£2,...,

13



and let

denote the m-th moment of F. Then (21) is written as

n—1
M, = Zﬂiﬂen—l,i- (22)
i=0

At this point it becomes clear that we can take an arbitrary probability distribution
F on [—1/2,1/2] provided that F is not degenerate at 0 and 0 is the point of support,
ie., forall e >0
F(e) — F(—¢) > 0.

M* in (22) for such an F is a strategy weakly forcing SLLN. Now the simplest F' seems
to be the uniform distribution on [—1/2,1/2]. Actually (20) is in a sense close to the
uniform distribution. Then

1/2 1 1 .
—1/2 0 m : odd.

In this case there is virtually no computational resource is needed to compute p,,, since it
is explicitly given. Furthermore the strategy weakly forcing SLLN based on the uniform
distribution is given by

n—1

. 11
Mn = Z Z-_i_Qﬁen—l,i-

i:odd

In order to compute the M we need all the values of the elementary symmetric functions
en—14, © = 1,...,n — 1, which is equivalent to keeping all the values of {z;,...,2,-1} as
discussed above. Therefore the mixture e-strategy needs a memory of size proportional

to n at time n, whereas our strategy in (1) only needs to keep track of the values of z,_;
and IC,,_1.
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