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A Region-Dividing Approach to Robust Semidefinite
Programming and Its Error Bound*

Yasuaki Oishif

A new asymptotically exact approach is presented for robust semidefinite programming,
where coefficient matrices polynomially depend on uncertain parameters. The parame-
ter region is divided into subregions to make an approximate problem for a given robust
semidefinite programming problem. The optimal value of the approximate problem con-
verges to that of the original problem as the resolution of the division becomes finer. An
advantage of this approach is that an upper bound on the approximation error is available
before solving the approximate problem. This bound shows how the approximation error
depends on the resolution of the division. Furthermore, it leads to the construction of an
efficient division that attains small approximation error with low computational complex-
ity. Numerical examples show usefulness of the present approach. In particular, an exact
optimal value is often found with a division of finite resolution. Some useful properties
related to polynomial optimization are also presented.

Keywords: robust semidefinite programming, polynomial optimization, linear matrix
inequalities, approximation, conservatism, computational complexity.

1. Introduction

Robust semidefinite programming (robust SDP in short) is the optimization of a linear objective
function subject to linear matrix inequalities (LMIs in short) whose coefficients depend on
uncertain parameters. Its research in the framework of mathematical programming started in
the independent works of Ben-Tal-Nemirovski [3] and El Ghaoui-Oustry-Lebret [18] though
essentially the same problem had been considered in robust control [8]. Surveys are found
in [2, 17, 4, 6]. Robust SDP has many applications such as robust control, robust design of
antenna arrays, and robust truss design. Furthermore, polynomial optimization [23, 29], which
attracts the interest of many researchers, is reduced to robust SDP.

A robust SDP problem is difficult to solve in general due to its semi-infinite nature, that is,
this problem essentially has infinitely many LMI constraints corresponding to different values of
the parameters. Hence, an approximate approach has been taken: A solvable SDP problem is
constructed such that its feasible region is included in that of the original robust SDP problem.

This approach is conservative in that there is usually a gap between the optimal values of
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the approximate problem and the original problem. Ben-Tal-Nemirovski [3, 5, 6] proposed an
approximation scheme in the case of affine parameter dependence and gave an upper bound on
the approximation error. They also showed that the original robust SDP problem is NP-hard
even in this special case. El Ghaoui-Oustry—Lebret [18] proposed a different approximation
scheme in the case of rational parameter dependence.

Recently, asymptotically exact approaches were proposed in the case that parameter depen-
dence is polynomial. In particular, Ohara-Sasaki [28] and Bliman [7] proposed an approach
based on the Kalman—Yakubovich-Popov lemma, Scherer [31] an approach based on Pdlya’s
theorem, and Scherer—Hol [32] an approach based on sum of squares (SOS). See also the works
of Lasserre [23] and Parrilo [29] for the SOS technique. The approximate problems considered
in these approaches are related to the existence of some polynomial in the parameters. As the
assumed degree of the polynomial increases, the optimal value of the approximate problem con-
verges to that of the original robust SDP problem. More interestingly, it is reported in the SOS
approach that the optimal value of the original problem is often obtained with a polynomial of
finite degree. See [31] for a general theory on this type of approximations and on verification
of exactness.

Although these approaches are quite attractive, they have some issues to be settled. (i) How
the approximation error depends on the assumed degree of a polynomial is not well understood
quantitatively. Indeed, this dependence is really non-intuitive [23, 29]. (ii) It is not clear how
one should increase the degree of a polynomial. When one is not satisfied with the quality of the
obtained approximation, he is to increase the degree of the polynomial. This introduces many
new terms into the polynomial especially when the parameter dimension is high. If possible,
one would like to introduce only necessary terms to suppress the computational complexity. It
is not clear, however, how to do it.

The objective of this paper is to investigate another approach proposed by Emoto—Oishi [19]
with particular focus on the above mentioned issues. This approach provides an asymptotically
exact sequence of approximate problems just as the existing approaches. A difference is that
it is based on a division of the parameter region and improves the quality of approximation by
refining the division. An advantage of this approach is that an upper bound on the approx-
imation error is available before solving the approximate problem. Although this bound can
be conservative as in Section 6, it reveals a quantitative property of the asymptotic exactness.
In particular, this bound shows how the approximation error depends on the resolution of the
division. Moreover, it enables us to make a good division, which attains a small approximation
error with small computational load.

The approach to be discussed is a generalization of two techniques. Both of them are



developed for less conservative approximation of a special class of robust SDP problems in the
context of robust control. The first technique was proposed by Masubuchi-Shimemura [26]
using descriptor forms. Its application to robust and gain-scheduled control is found in [25, 22].
A closely related approach is presented in [11]. The second technique is matrix dilation, which
was proposed by de Oliveira—Bernussou-Geromel [12] and was extended in many directions
[14, 1, 33, 34, 13, 15, 16]. It is notable that division of the parameter region was considered in
the context of matrix dilation [27] though its scope was still limited to a special class of robust
SDP problems. Based on these results, Emoto—QOishi [19] proposed an approach to general
robust SDP problems with a proof of its asymptotic exactness. The mentioned results on an
error bound are new contribution of the present paper. They seem to be new even in the special
class discussed before.

This paper is constructed as follows. Section 2 introduces robust SDP with some examples.
Section 3 gives the region-dividing approach, which is to be investigated. Section 4 is the main
section of this paper and gives an upper bound on the approximation error. An efficient division
is discussed in Section 5 while numerical examples are provided in Section 6. Section 7 focuses
on a special robust SDP problem related to polynomial optimization and presents some useful
properties. Section 8 concludes the paper.

The symbol R" stands for the set of n-dimensional real vectors. The symbol T denotes the
transpose of a matrix or a vector. We let O,,«,, and I,, designate the n x m zero matrix and the
n x n identity matrix, respectively. The sizes of these matrices are omitted when they are clear
from the context. The maximum singular value of a matrix A is written as (A). For a real
symmetric matrix A, the inequality A > O means that A is positive semidefinite, that is, 2T Az
is nonnegative for any real vector x. Similarly, A > O expresses that A is positive definite. For
two real symmetric matrices A and B, the inequalities A = B and A = B mean A— B > O and
A — B > O, respectively. The Kronecker product of two (not necessarily symmetric) matrices
A = (a;j) and B is defined as

aHB cee almB
AR B =
amB - apmB

2. Robust Semidefinite Programming

A robust SDP problem considered in this paper is written as follows:
P: minimize c'z

subject to E(x) = O, F(z,0) =0 (V0¢€0O).
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Here, ¢ € R" is a given nonzero vector; z = [x; o3 -+ x,]T € R™ is an optimization variable;
6 =100y --- 0,)]7 € O is an uncertain parameter; its domain O is a polytope, i.e., a bounded
polyhedron, in R? with a nonempty interior; E(z) is a function affine in z, whose value is an
¢ x 0 real symmetric matrix; F'(z,#) is a function affine in z and polynomial in 8, whose value
is an m x m real symmetric matrix. We denote by d; the maximum degree of F(x,#) in 6; for
i=1,2,...,p. We write D :=[]_,(d; + 1).

Here are two examples for robust SDP problems.

Example 1 (Robust stability analysis [8]). We analyze robust stability of the system
(d/dt)e(t) = A(O(t))&(t). Here, A(A(t)) is a matrix whose elements are rational functions
of (t); 0(t) is a time-varying parameter that continuously moves in a polytope ©, which is
often a multi-dimensional interval []?_ [6;,6;]. This system is asymptotically stable for any

time variation of §(¢) if and only if the following problem has a negative minimum value:
minimize y
subject to X — I =0, yl—XA)—AO)'X =0 (V0e€o).
This problem can be written in the form of P. Recall that the elements of A(f) are rational
functions of #. If we consider the least common multiplier of their denominators and multiply
its square to both sides of the second constraint of the problem, then this constraint involves

only polynomials of . In this case, the optimization variable x in P consists of y and the

independent elements of X. [l
Example 2 (Polynomial optimization [23, 29]). Consider the maximization problem:

maximize  f(6)

subject to 0 € O,

where f(0) is a scalar polynomial in . It is easy to see that the maximum value of this problem

is equal to the minimum value of the problem:
minimize
subject to x — f(#) >0 (VO € O),

which is in the form of P. O

The robust SDP problem P is difficult to solve. Hence, an approximate approach is taken
usually: to replace the constraint F'(x,0) = O (V0 € ©) by a stronger constraint expressed by a

usual parameter-independent LMI. The approximate problem constructed by this replacement
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is a usual SDP problem, which is solvable by a standard method. Since the feasible region of
the approximate problem is a subset of the original feasible region, the minimum value of the
approximate problem is greater than or equal to the minimum value of the original problem P.
Recently, asymptotically exact approaches are proposed [28, 7, 31, 32|, in which the minimum
value of the approximate problem converges to the minimum value of P as the degree of an
assumed polynomial increases. The SOS approach, in particular, can deal with a problem
more general than P. That is, the parameter region @ can be any set implicitly described by
polynomial inequalities. In the succeeding sections, we investigate yet another asymptotically
exact approach and show that it has good properties not possessed by the existing approaches.
Although this approach cannot deal with a general parameter region like the SOS approach,
many important problems are formulated in the form of P as is seen in the examples.

Before proceeding, we mention an approach, lying opposite to those discussed so far. They

consider the problem:
POW, . 6@) . minimize 'z

subject to  E(z) = O, F(z,09)=0 (Vg=1,2,...,Q)

with {#(@} being points sampled from ©. Note that the feasible region of this problem is
a superset of that of the original problem P. Hence, the minimum value of this problem is
smaller than or equal to that of P. Calafiore-Campi [9, 10] considered the case that the points
{9(‘1)} are chosen randomly and quantified the discrepancy between the two feasible regions in

a probabilistic sense. See [35] for related randomized techniques.

3. A Region-Dividing Approach

3.1. Preliminary results

We will present the region-dividing approach to the robust SDP problem P, which was proposed
by Emoto-Oishi [19]. We begin by presenting preliminary results.

Proposition 3. Let G be a real symmetric matriz. Let [M  H| be a real nonsingular matriz

of the same size as G satisfying MTH = O. The following three statements are equivalent:
(a) MTGM = O;
(b) There exists a positive number a such that G+ aHH?' = O;

(¢c) There exists a real matrizv W such that G + HWT + WH?T = O.



Proof. From (b), the statement (c) follows with W := (a/2)H. Since M is of full-column
rank, premultiplication of M™T and postmultiplication of M to the inequality in (c) gives the
statement (a).

It remains to derive (b) from (a). Since [M H] is nonsingular, it suffices to show the positive

definiteness of
MT
HT

Here, we used MTH = O. Since MTGM = O by (a), it suffices to show the positive definiteness

M*GM MTGH
HYGM H'GH

@)

+a
HTH

(G+aHHYM H|= (O H'H).

of its Schur complement
HYGH +a(H*H)? — H'GM(M*GM)*M*GH.
But this is true for a sufficiently large a due to the positive definiteness of HTH. O

In the control community, the equivalence between (a) and (b) is known as Finsler’s lemma
while the equivalence between (b) and (c) as a special case of the elimination lemma.

Our approach to the robust SDP problem P is to express 2F(x,0) = M(0)TG(x)M ()
and to use the condition (c¢) with some H(#) affine in . The matrix W has to be found for
each 6. We construct an approximation by requiring W to be constant in some polytope and
considering the inequality only at the vertices.

In order to define G(x) and M (), we expand F(z,#) as a polynomial in 6:
F(x,0) = Foo..0(x) + Fio-0(2)01 4+ + Faydyea, ()07 052 - - 020

Although the terms can be arranged in any order, we consider here an inversely lexicographic

order, that is, the term 021652 - - - 657 precedes the term 07 65” - - 00 if

a, < [, or
oy < By, g1 = Bgy1, .- 0p = B, forsomeqg=1,2,...,p—1.
With this order, we define
Fi(z) = [Fio-0(x) Fao.0(®) -+ Fadga,(@)],
M) = I, 611y 0oLy - 6763 ---0%1,]"

so that F(x,0) = [Foo..o(x) Fi(x)[M (). These matrices look as in (1) and (2) below in the
case of p =2 and d; = dy = 2. Define also

2F00...0(.f13) F*(Z')

G(x) = F(a)T o

6



It is easy to see that M (0)TG(z)M(0) = 2F (x,0). With D = []}_,(d; + 1), the matrix M (0) is

Dm x m while G(x) is Dm x Dm.

We next define the matrix H () such that [M(6) H(6)] is nonsingular, M(0)TH(0) = O

holds, and H () is affine in 6. In the case of p = 2 and d; = dy = 2, this is possible with

Fo(z) = Fio(x) Fool(x) ‘ Foi(z) Fu(z) Fo(z) ‘ Foo(x) Fia(z) Fo(w) ],

I
HIIm

021,
016021,

621,

02051,

[ _QIIm
I

_eljm
I

—021,

—O21,,

_QZIm

(1)

—021,,

—021,

—b621,,

621,
616051,
01631,

For a formal definition of H(f), we introduce ¢ x ¢ matrices J, and K, defined as

1 ifi+1=j,
i (Kg)ij =
0 otherwise;

1 ifi=75=1,
(Jg)ij = )
0 otherwise,
and set

H(0) ::( —01Kg,11 @ @ Kgy1 @ Kgp1 @ Jgy 11 @ Iy
— 0, Kg, 11 @ @ Kgy1 @ Jgp1 @ Igy 1 @ Ly — -+

Om m—m
- edep+1 ® [dp,ﬁ»l K- & [d1+1 ® [m + IDm) X IX(D )] )
Dm—m

which is a Dm x (Dm — m) matrix.

We first fix z and 6 and consider the following condition: There exists W = W (x, #) such
that G(x)+ H(O)WT +WH ()" = O. This condition implies F(x,0) = O by premultiplication
of M ()" and postmultiplication of M (6). The converse implication is not true in general. By
Proposition 3, however, it is true if the inequality is replaced by a strict one. In this sense, the
considered condition is almost equivalent to F'(z,6) = O.

Next, we consider this condition for varying 6. Although we can choose W for each 0, we
impose a stronger condition that W be constant in a polytope in ©. On one hand, this restricts
the choice of W. On the other hand, this restriction enables us to conclude F(z,6) = O for
all § in that polytope by checking G(x) + H()W™T + WH(0)™ = O only at the vertices of the
polytope. This is a consequence of affinity of H (). This observation is formally stated below.
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Proposition 4. Let x be any point in R™ and 0V, ..., 0@ be any points in ©. Then, F(x,0) =
O holds for all 6 in the convex hull of {0, ... 0\DY, if there exists W satisfying

G(z) + HONYWT + WH (O™ = O (3)
forq=1,2,....Q.

Proof. Consider # in the convex hull of {#V ... @1 and represent it as a convex

combination. Convex combination of the () inequalities (3) with the same coefficients gives
G(x)+ HOYW?T + WH(0)T = O for the considered 6. This implies F(z,0) = O. O

This proposition gives an idea of the region-dividing approach to be presented. That is,
we divide the parameter region © to convex polytopes and consider the condition (3) for each
polytope. Since the condition (3) is affine in x and W, minimization of ¢*x with this condition
is tractable as a standard SDP problem. This problem is an approximation of the original
problem because the considered condition is only sufficient for F(z,0) = O (V0 € ©). The
quality of the approximation is, however, improved as the resolution of the division becomes
higher.

We present the approach more formally in the next subsection. We conclude this subsection
by preparing terminology.

A division of © is a finite family {©U}7_ such that © = U;.Izl 6V holds and 6V N O
has no interior point for j # k. Each element OU! of a division {OV} is called a subregion.
We require each subregion to be a convex polytope with a nonempty interior. Since O is a
polytope with a nonempty interior, such a division always exists. The radius of a subregion OV
is defined as rad OV! := Mminge g MaXy ey Max; [0; — ;. A point 0 that attains the minimum
is called a center of OUl. For example, when OV is a multi-dimensional interval [T_,[¢;, 6],
its radius is max;(6; — 6;)/2 and its center is [(6; +61)/2 (0, +62)/2 --- (0,+6,)/2]". The
mazimum radius of a division {OV!} is defined as rad {OV]} := max; rad OU]. Finally, a division
{6M} is called a subdivision of another division {611}, if any subregion OU! is expressed as a
union J, O of some subfamily of {GF}.

3.2. A region-dividing approach

For a given robust SDP problem P, we consider a division {©U}7_; of the parameter region
6. For each subregion OV, we consider the condition (3) with 1), ... 0@ being the vertices
of OU and write the set of all (x, W) satisfying this condition as S(6U]). We allow the matrix

W to have different values in different subregions. Hence, we have the following approximate



problem:

P({OU}): minimize 'z
subject to  E(z) = O, (z,WV)e sl (vj=1,2,...,J).

The feasible region of P({©U1}) is in the space of (z, {WU!}/_,). We consider its projection to
the space of x and call it the projected feasible region. By Proposition 4, the projected feasible
region of P({OV1}) is included in the feasible region of P. This implies min P < min P({6OU1}).

Subdivision of {6V} improves the quality of approximation. Indeed, if {é["’]} is a subdi-
vision of {61}, the projected feasible region of P({O™}) includes that of P({6V}), which
implies min P < min P({6"}) < min P({©V}). Thus, we obtain a sequence of approxima-
tions for the problem P. Qualitative reasoning shows that the approximation becomes exact
as the maximum radius rad {©U} goes to zero [19]. However, in this paper, we would like
to make more quantitative discussion. We obtain in the next section an upper bound on the
approximation error min P({©V}) — min P as a function of the maximum radius.

We would like to mention here the relationship to the branch-and-bound approach for
optimization. When the region-dividing approach is used for polynomial optimization, it looks
similar to the branch-and-bound approach. A difference is that the present approach can be
used for a more general class of robust SDP problems. Moreover, an upper bound on the

approximation error is not available in the branch-and-bound approach in general.

4. An Upper Bound on the Approximation Error

4.1. An upper bound

This is the main section of this paper. It gives an upper bound on the approximation error
min P({6V!}) — min P for a given division {OV]}.

Our upper bound is a priori in the sense that one can obtain it before solving P({6OU1}).
We would like to mention that an a posterior: upper bound is easily obtained. Indeed, the
problem P(AM, ... 6@) in Section 2 satisfies min P(§V), ..., #@) < min P < min P({OV1}).
The discrepancy min P({OV}) —min P(0W, ..., 0@) is computable and forms an upper bound
on min P({6V!}) — min P.

We use the following auxiliary problem to derive an upper bound:

P.: minimize c'z

subject to  E(x) = O, F(x,0)=¢el (V0 € O),



where € is a nonnegative number. Obviously, the feasible region of P. is included in that of P

and, thus, min P < min P.. We choose € so that
min P < min P({6Y}) < min P.. (4)

We evaluate min P.—min P using convexity of min P. and obtain an upper bound on min P({60U})—
min P.

For precise discussion, we make the following assumption in the rest of this paper.

Assumption 5.

(a) The robust SDP problem P is strictly feasible, that is, there exists x € R™ such that

E(z) > O, F(z,0)>=0 (V0e€0O).

(b) For any v, the level set
{zeR"|c"z <v, E(z) =0, F(z,0)=0 (V0€0O)}
is bounded. ([l

We first focus on one subregion OVl in a division {©V!}. Aiming at the inequality (4), we
will choose € so that F(z,6°) = eI implies the existence of W such that (z, W) € S(6OV), where
0° is a center of this subregion.

It is convenient to expand F(z,6) around 6°. With §° = [65 65 --- 65]", let us write
F(2,0) = Fop..o(2) + Flo.o(@) (01 = 07) + - + Fyg, g, (x) (01 — 05)" (62 — 05) - (0, — 05) .

Arranging the terms in the inversely lexicographic order, define

FI(2) = [Flo.0(@) Fio0(2) - Figya, ()], (5)
GOC(:L,) — 2F§§O(Z) F*ec(x)
FY (x) @)

With this G (), we consider the inequality
G” (x) + H(OW — )W) T + W H(HD —6)" = O (6)

for each vertex 6@ of the subregion GVl This forms a counterpart of the inequality (3) around
0 = 0°. Let us write as S (OU]) the set of all (x, W%) satisfying the inequality (6) for all
vertices of ©Ul. Then, we see in the next lemma that the condition with S (OV]) is equivalent

to the previous condition with S(6U!).
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Lemma 6. Let x be any point in R™. There exists a matriz W satisfying (z, W) € S(6OV) if
and only if there exists a matriv W satisfying (x, W) € S (6U]).

Proof. We prove the “if” part only. The proof of the “only if” part is similar.

By the definition of M (#), there exists a constant matrix 7" such that M (0 — 6°) = T M (0)
is an identity in 6. Since we have M (0)T"TTH (0 — 6°) = M (0 — 0°)"H(0 — 6°) = O and the
columns of H () constitute the basis of the space {h € RP™| M (6)"h = 0}, there has to exist
T such that TTH(# — 6°) = H(A)T. This T does not depend on 6 because the left-hand side
matrix is of order one in 6.

Now, premultiply 77 and postmultiply 7' to both sides of (6). Then, TTG (2)T = G(x)
because F(x,0) = [Fg o(x) FO(2)]M(0 — 6°) = [F_o(x) FP(x)]TM(0). Moreover, we have
TTH(OW — ) (W) IT = HODYT(W)IT. Hence, WT := T(W’)TT gives the desired

matrix. 0
The following lemma gives € such that the desired implication holds.

Lemma 7. Let z be any point in R" and suppose rad OV < 1/(p+1). If e > ({o[F¥ ()] +
1/pm}2/2)rabd OVl then the inequality F(x,0°) = €l implies the existence of W satisfying
(z, W) € S(6U).

Proof. We will show that the choice W% = (1/rad OV)[Opm—myxm Ipm-m|T satisfies
(z, W) € S%(6U]). Then, application of Lemma 6 gives Lemma 7.

To show (z, W) € S%(OV), we pick a vertex 6@ of OVl and derive the inequality (6). The
second term on the left-hand side, H (0@ — 6°)(W?)T, has the structure

Om><m Hl
O(Dmfm)xm Hy ‘

By the construction of W% and H (0@ — #°) (see (2)), each row of H; contains at most p
nonzero elements, each of which has the form —(02@ —69)/rad OV i = 1,2,...,p. Note that
the magnitude of these nonzero elements is less than or equal to unity. We have, hence,
o(H,) < /pm. On the other hand, the matrix H, has the diagonal elements all equal to
1/rad ©V]. Each of its rows has at most p nonzero non-diagonal elements whose magnitude is
less than or equal to unity. Each of its columns has at most one nonzero non-diagonal element

whose magnitude is again less than or equal to unity. These facts imply that

2
T
Hy+ H i(m—p—l)ﬁ

11



Now, the left-hand side of (6) has the upper-left m x m block equal to
2F0 o(w) = 2F (z,0°) = 2¢l.
Its Schur complement is

Hy + HY — [F¥ () + Hy|T[2F0y.o(2)] " [F” (2) + Hy)
= (radQQ[j} b= 1)[ - {E[ch(x)] + \/W}Q%I.

The right-hand side matrix is positive semidefinite by the assumptions of the lemma. Hence,

we have (6) and complete the proof. O

We next apply this lemma to each subregion in {©V!} to obtain the desired inequality
min P < min P({6V!}) < min P.. With Assumption 5, there exists ¢; > 0 such that, for any
0 < e < €, the auxiliary problem P is strictly feasible. Let vy be a number with min P, < v

and define the level set
X={zeR"|c"'z<vy, E(x) =0, F(z,0) =0 (V§€0O)},

which is nonempty and bounded. Then, for each 0 < € < ¢y, the minimum of P, is attained in
X and only in X. Let U be a number such that
F[F?(z)] <
max maxg[F, ()] < U, (7)

where F?(z) is defined from the expansion of F(x, ) around @ as in (5).

Lemma 8. Suppose that a given division {OV!} satisfies

S . . 2e 1
rad {0V} < m1n{<U+ Upm)Q’ Y 1}.

Then, we have min P < min P({6V1}) < min P, for e = [(U + /pm)?/2Jrad {6OV]}.

Proof. It suffices to show min P({©U1}) < min P.. By the assumption, 0 < ¢ < ¢, holds
and, thus, any minimizer of P, belongs to X. Let x be such a minimizer. Then, due to (7),

Lemma 7 can be applied to each subregion in {©V!}. Hence, z belongs to the projected feasible
region of P({6©U1}), which gives min P({6U1}) < min P.. O

We now take the final step. By Lemma 8, the discrepancy min P, — min P bounds from
above the approximation error min P({©U!}) — min P. Note that min P. is a convex function

in e. Using this fact, we evaluate min P, — min P.

12



Theorem 9. Suppose that Assumption 5 holds. Let €y be a number such that the auziliary
problem P. is strictly feasible for any 0 < e < €. Let U be a number in (7). For some
0 < €1 < €, let g be an upper bound on the left derivative of min P, at € = €. Finally, suppose
that a given division {OV!} satisfies

_ . ) 2¢ 1
rad {0V} < m1n{<U+ 1pm)2’ Y 1}.

Then, we have

min P({611}) — min P < w@{@m}. (8)

Proof. By € < ¢, we can apply Lemma 8 to have min P < min P({6V}) < min P, for
e =[(U+ /pm)?/2]rad {©U1}. This e satisfies 0 < € < ¢; by the assumption.

Due to convexity of min P,, the upper bound g is greater than or equal to the left derivative
of min P, at this e. Hence, we have min P > min P. — ge, which gives min P, — min P < ge.

Substitution of the concrete form of ¢ completes the proof. [l

An immediate consequence of this result is the asymptotic exactness of the present approach,
that is, the approximation error min P({©V})—min P converges to zero as the maximum radius
of the division goes to zero. Moreover, the rate of the convergence is at least the first order of
the maximum radius. Computation of the right-hand side of (8) is possible as we will see in
the next subsection. Note that the corresponding result has not been obtained for the existing
asymptotically exact approaches [28, 7, 31, 32].

Theorem 9 claims that we need to decrease rad {©U!} in order to make the approximation
error small. This is not easy when the parameter dimension p is high. Indeed, the number of
LMIs in the approximate problem P({6U1}) is at least proportional to the number of subregions,
which is in the order of (rad {©V!})?. Hence, decrease of rad {OV!} leads to rapid increase
of the size of the approximate problem. This difficulty may be inevitable because the original
problem P is NP-hard. It would be nice, however, if we could suppress the rapid increase of

the number of subregions. We will discuss this issue in Section 5.

4.2. Computation of the upper bound

The upper bound (8) is computable. For its computation, we need three numbers vy, U, and
g. We will discuss computation of each in order.

We begin by computation of vy. Let €y be a number such that the auxiliary problem P, is
strictly feasible for 0 < e < ¢y. Since P, is itself a robust SDP problem, we can construct an
approximate problem for it. The minimum value of the constructed problem is larger than or

equal to min P,.,. Hence, this number can be used as vy.
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Next, we compute an upper bound U defined in (7). For this purpose, we first obtain an
n-dimensional interval [[;_,[z;, 7;] that contains the level set X. In order to compute z,, for

example, we consider the problem:

minimize 3

subject to c'x <wy, E(x)>=0, F(x,0)=0 (V0¢c0).

A lower bound on the minimum value is easily computed by sampling §’s as in P(61V), ..., (@),
Other ends of the intervals can be computed in a similar way. After obtaining this n-dimensional

interval, we consider the problem:

minimize y
yl  Fl(x)

subject to
Fl(z)t oyl

-0 (vg: c ﬁ[&,@], Vo € @),
i=1

with the optimization variable y. This problem is in the form of the robust SDP problem
P and, thus, an upper bound on its minimum value can be computed by construction of an
approximation. The computed upper bound can be used as U.

Finally, we discuss computation of g, which is an upper bound on the left derivative of min P.
at € = €. It is easy to compute a lower bound v; on min F,, again by sampling ’s. On the other
hand, vy is an upper bound on min P,;. With these numbers, we can put g := (vo—v1)/(€0 —€1)
because

_ Yo — v _ min P, —min P

g= > <L > (the left derivative at €).
€)p — €1 €)p — €1

The last inequality follows from convexity of min P..

5. Adaptive Division

We consider in this section how to make a good division that attains a small approximation
error with a small number of subregions. To this end, we improve the error bound in Theorem 9.

For a given division {OV!}, consider a minimizer (z, {WWV!}) of the problem P({6V!}). With
this minimizer, some constraints are active while others are not. Here, the constraint (3) is said
to be active if the left-hand side matrix has a zero eigenvalue. If a subregion ©U] has a vertex
whose corresponding constraint is active, we say that this subregion is active. Since an active
subregion is an important subregion, it is reasonable to define a new index for the resolution
of the division:

a-rad {6V} .= max rad OV,

14



where the maximum is taken over all j such that the subregion ©U! becomes active at a min-
imum. When there are multiple minimizers, we define a-rad {©U]} by taking the minimum of
all possible values. In this case, M{@m} is not easy to compute. However, its upper bound
is always computable by solving P({OV!}). We call this index the mazimum active radius.
Obviously, a-rad {OV!} < rad {6V!}. The next theorem says that the approximation error can

be bounded with the maximum active radius.
Theorem 10. With the same assumptions and symbols as in Theorem 9, we have
. U+ . /om)?— 4
min P({6V}) — min P < wa—rad {61},

Proof. Let € = [(U + /pm)?/2rad {OU)}. Since 0 < € < € < ¢, the problem P. has a
strictly feasible solution z € R™, with which E(z) > O and F(z,0) > el (V0 € ©). Using this
z and constructing WU as in the proof of Lemma 7, we can have a strictly feasible solution
of P({©V1}). Note also that min P({©V1}) is bounded below. By these facts and the duality
theorem on SDP (Theorem 2.4.1 of [4]), the dual problem of P({6V!}) has an optimal solution
that attains min P({©V!}). The optimal solution consists of positive semidefinite matrices ¥'17(@)
corresponding to all the subregions ©OU! and their vertices 8@, In particular, the matrices Y@
are equal to zero for inactive subregions GUl.

Now, let us subdivide each inactive subregion, if necessary, so that each of the created
subregion has the radius smaller than or equal to a-rad {©V!}. Then, the resulting new division
{6} has tad {OM} = arad {6V} Note also that min P({6#}) < min P({6!}). We then
consider the SDP dual of P({6*}) and construct its solution. In particular, if a subregion G
is a newly created subregion, assign zero matrices to the dual variables corresponding to this
subregion; If a subregion O coincides with one subregion in {OV!}, assign the same values
as before, i.e., YVUI@  With these assigned values, the dual objective function takes the same
value as before, i.e., min P({6V}). By weak duality, we have min P({6V}) < min P({6M}) <
min P({6V1}), which shows

min P({6V}) — min P = min P({6M}) — min P
< g(U +2\/m)2ﬁ{é[k]} _ g(U + \/W)QM{@U]}.

2

O

This theorem motivates us to consider the following procedure: Start with a coarse division;
Repeat dividing an active subregion until the estimated application error becomes small enough.

For estimation of the approximation error, both a priori and a posteriori bounds can be used

15



though the latter is more recommendable for its tightness. Details of the procedure are given

below. See Figure 1 for an example.
Algorithm 11.

0. Consider a coarse division {601}
1. Solve P({6U1}) for the current division.

2. Estimate the approximation error with the a priori or the a posteriori error bound and stop

if it is small enough.
3. Find an active subregion of the maximum radius.

4. Divide that subregion into two subregions so that they have small radii. Go back to Step 1.
O

Recall that subdivision never increases the approximate error. Hence, with this algorithm,
the approximation error is monotonically non-increasing though the estimated value may in-
crease.

There is no guarantee that the computational complexity is reduced by this algorithm.
Indeed, in the worst case, the maximum active radius a-rad {OV!} is equal to the maximum
radius rad {©V!}. This means that the number of subregions is in the order of (a-rad {OV!})=P,

In many cases, however, more efficient division can be expected. See the examples in Section 6.

6. Examples

We applied our approach to two problems, both of which are polynomial optimization over a
two-dimensional interval. See Example 2 in Section 2 for polynomial optimization. The result
is satisfactory and shows some interesting aspects of the approach. We haven =1,p =2, =0,
and m = 1 for the considered problems. All the computation was performed on YALMIP [24]
with SDPA-M [20] as an SDP solver.

In the first example, we maximize
£(0) = —37507 + 80003 — 57007 + 1446, — 37505 + 80005 — 57002 4 1446,

over the interval © = [0,1]?. This function has four local maxima, in particular, f(0.2,0.2) =
23.6, f(0.2,0.8) = f(0.8,0.2) = 18.2, and f(0.8,0.8) = 12.8. Hence, when we formulate this

problem in the robust SDP problem P, its minimum min P is equal to 23.6.
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0 01
minimum value: 1.090017 1.086318 1.082518 1.080000
a priori bound: — - 42.937136 42.937136
a posteriori bound: 0.010260 0.006560 0.002760 0.000242

Figure 1. Divisions generated for maximization of (9). A filled circle means that the corre-
sponding constraint is active while a hollow circle inactive. Approximate minimum values as

well as estimated approximation errors are also presented.

With the coarsest division {©}, we constructed an approximation P({@}) and solved it.
The obtained minimum value was 23.6, which is apparently equal to the exact value min P. In
fact, the proposed approach often gives an apparently exact result with a coarse division. This
phenomenon is interesting because the SOS approach has a similar property.

Next, we maximize

f(0) = —5020, — 560,03 + 96,0, (9)

over © = [0,1]*. It has a unique local maximum f(0.6,0.6) = 1.08 and, hence, the global
maximum.

The corresponding robust SDP problem P has min P = 1.08. With the coarsest division,
our approximation gave min P({©}) = 1.090017, which is larger than min P = 1.08. In order
to improve the approximation, we repeated subdivision with Algorithm 11. The result is
summarized in Figure 1. In the figure, a filled circle means that the corresponding constraint
is active while a hollow circle inactive. We can see that the division becomes finer around
6 = [0.6 0.6]", which maximizes f(6). This is reasonable because accurate computation may
be necessary around this point. We obtained a satisfactory approximation with the fourth
division.

When rad {61} < 1/3, the a priori error bound can be computed. The result is presented
in Figure 1. We can see that the computed bound is much larger than the actual approximation
error. On the other hand, the a posteriori error bound gives a tight estimation. It is computed
from 1000 #’s randomly sampled in ©. We should notice, however, that the a posteriori error

bound can be computed only after the corresponding approximate problem is solved.
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7. Computation of an Optimal Point in Polynomial Op-
timization

We saw in Sections 2 and 6 that the maximum value of a polynomial f(f) over § € © can be
computed by the region-dividing approach. It was not clear, however, how to compute 6 that
attains the maximum value. We consider this issue in this section. The corresponding result is
known in the SOS approach [23].

For a given polynomial optimization problem, divide © into {©V!} and consider the approx-
imate problem P({OV1}). The function F(z,) is set as a scalar function z — f(#) here while the
objective function is z. Write as (Z, {Wm}) an optimal solution of this approximate problem.
Then, this Z is in general an upper bound on the maximum of f(#), § € ©. A necessary and
sufficient condition for this upper bound to be exact is that F'(Z, é\) = 0 holds for some 6 € ©.
In this case, this 0 is a maximizer of f(0). The next theorem gives a necessary and sufficient

condition for F(Z, é\) = 0 to hold and, at the same time, gives a way to compute such 9.

Theorem 12. Let {6V} be a division of © and (7, {/W[J]}) be an optimal solution of the
problem P({OV1}). Let 0 be a point in © and W be the optimal solution WU for a subregion
OUl containing 0. Finally, let {@\(1), IR ,é\(Q/)} be a subset of the vertices of the same OV
such that the relative interior of its convex hull contains 0. Then, F(Z, 5) = 0 holds if and only
of

MOT[G@) + HONWT + WH(0)T|M(6) = 0 (10)

holds for all g =1,2,...,Q".

Proof. We show the “only if” part. Express f as a convex combination of {(9\(1), 5(2), e 5@')}:
0 =aV9W 4 @92 1 ... + @)@ Since § is in the relative interior of the convex hull, the
coefficients a'? can be chosen all positive. Here, we have
Q' R N R R
0=2F(z,0) =Y a“M(0)"[G@)+ HOD)WT + WH(H)"M(6)
q=1
due to the affinity of H(6). Since all the terms are nonnegative, they have to be equal to zero.

Division by a(? shows the claim. The “if” part follows from the reversed reasoning. 0

Based on Theorem 12, a maximizer 0 can be computed as follows: Solve the approximate
problem P({6V1}); Compute the kernel for each active constraint; Find f such that the vector

M (0) belongs to that kernel. Note that this theorem can be used also for verification of exactness

of the approximation.
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The condition (10) in Theorem 12 is nonlinear in f. This can be an obstacle in finding 0.
We can obtain a condition affine in 0 by following the approach of Scherer [31], who discussed

verification of exactness in a general setting.

Corollary 13. Let the symbols be the same as in Theorem 12. Moreover, let Y@ be a dual
optimal solution of P({OV1}) corresponding to the primal constraint at 0\ i, the subregion OU!,
ie., G(x)+ HOD)WUT L WUlH@OW)T = O. Then, F(7,0) =0 holds if H®)"Y® = O and
Y@ 20 forallq=1,2,...,0Q .

~ ~

Proof. Recall that the kernel of H(0)" is spanned by the column vectors of M (f). Since
H (@\)T}/}(q) = O holds and M (é\) is a column vector in the present case, each column of Y@ is
equal to M (5) multiplied by some real number. Here, Y@ is a nonzero positive semidefinite
matrix. Hence, we can write Y@ = b(Q)M(g)M(g)T with 6@ > 0 for each ¢ = 1,2,...,Q".

Since Y@ is a dual optimal solution, it satisfies the complementarity condition
tr [G(E) + HOYWT + WH(O) )Y@ =0

for g = 1,2,...,Q’. Substitution of Y@ = b(Q)M(é\)]\/[@)T and Division by @ > 0 give the
condition (10) in Theorem 12. O

The condition in the corollary is not only affine in 0 but also representable as an LMI.
Hence, we can find ) by solving a standard SDP problem. This condition is not necessary for
the exactness because a dual optimal solution is not unique and may not satisfy Y@ #0. A
remedy is to use the primal-dual path-following interior-point method to solve P({©U1}). Since
this method gives an optimal solution as large as possible [21], Y@ # O can be expected.

We applied Theorem 12 to the two polynomial optimization problems in the previous section.

We successfully obtained the optimal points (0.2, 0.2) and (0.6, 0.6), respectively.

8. Conclusion

An approximate approach to robust SDP is presented. The approximation error can be re-
duced to any degree by subdivision of the parameter region. An a priori upper bound on the
approximation error is available, which is proportional to the maximum radius of the division.
This error bound leads to an algorithm for an efficient division, which attains a small approxi-
mation error with low computational complexity. Numerical examples show that the proposed
approach is promising. In particular, the exact minimum is often found with a coarse division.

In the context of the SOS approach, some techniques for efficient computation have been
proposed [36, 30]. These techniques are quite different from the technique proposed in this

paper. It may be interesting to consider their combination.

19



Acknowledgments

The author is particularly thankful to Kazuo Murota for a number of helpful comments. His

thanks go to Yoshio Ebihara, Shinji Hara, Izumi Masubuchi, and Takashi Tsuchiya for their

valuable comments. Part of this work is supported by the 21st Century COE Program on

Information Science and Technology Strategic Core and a Grant-in-Aid of the Ministry of

Education, Culture, Sports, Science and Technology of Japan.

References

[1]

[11]

[12]

P. Apkarian, H. D. Tuan, and J. Bernussou, “Continuous-time analysis, eigenstructure assign-
ment, and H? synthesis with enhanced linear matrix inequalities (LMI) characterizations,” IEEE
Transactions on Automatic Control, vol. 46, no. 12, pp. 1941-1946, 2001.

A. Ben-Tal, L. El Ghaoui, and A. Nemirovski, “Robustness,” in Handbook of Semidefinite Pro-
gramming: Theory, Algorithms, and Applications, H. Wolkowicz, R. Saigal, and L. Vandenberghe,
Eds. Boston, USA: Kluwer, 2000, pp. 139-162.

A. Ben-Tal and A. Nemirovski, “Robust convex optimization,” Mathematics of Operations Re-
search, vol. 23, no. 4, pp. 769-805, 1998.

A. Ben-Tal and A. Nemirovski, Lectures on Modern Convex Optimization: Analysis, Algorithms,
and Engineering Applications. Philadelphia, USA: SIAM, 2001.

A. Ben-Tal and A. Nemirovski, “On tractable approximations of uncertain linear matrix inequali-
ties affected by interval uncertainty,” SIAM Journal on Optimization, vol. 12, no. 3, pp. 811-833,
2002.

A. Ben-Tal and A. Nemirovski, “Robust optimization: methodology and applications,” Mathe-
matical Programming, ser. B, vol. 92, pp. 453—480, 2002.

P.-A. Bliman, “On robust semidefinite programming,” in Proceedings of the 16th International
Symposium on Mathematical Theory of Networks and Systems (MTNS2004), Leuven, Belgium,
July 2004.

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan, Linear Matriz Inequalities in System and
Control Theory. Philadelphia, USA: STAM, 1994.

G. Calafiore and M. C. Campi, “A new bound on the generalization rate of sampled convex
programs,” in Proceedings of the 43rd IEEE Conference on Decision and Control, Paradise Island,
The Bahamas, December 2004, pp. 5328-5333.

G. Calafiore and M. C. Campi, “Uncertain convex programs: randomized solutions and confidence
levels,” Mathematical Programming, vol. 102, no. 1, pp. 25-46, 2005.

Y.-Y. Cao and Z. Lin, “A descriptor system approach to robust stability analysis and controller
synthesis,” IEEE Transactions on Automatic Control, vol. 49, no. 11, pp. 2081-2084, 2004.

M. C. de Oliveira, J. Bernussou, and J. C. Geromel, “A new discrete-time robust stability con-
dition,” Systems & Control Letters, vol. 37, pp. 261-265, 1999.

20



[13]

[14]

[21]

[22]

M. C. de Oliveira, J. C. Geromel, and J. Bernussou, “Extended H? and H* norm charac-
terizations and controller parametrizations for discrete-time systems,” International Journal of
Control, vol. 75, no. 9, pp. 666-679, 2002.

M. Dettori and C. W. Scherer, “New robust stability and performance conditions based on
parameter dependent multiplies,” in Proceedings of the 39th IEEE Conference on Decision and
Control, Sydney, Australia, December 2000, pp. 4187-4192.

Y. Ebihara and T. Hagiwara, “New dilated LMI characterizations for continuous-time multiob-
jective controller synthesis,” Automatica, vol. 40, no. 11, pp. 2003—-2009, 2004.

Y. Ebihara and T. Hagiwara, “A dilated LMI approach to robust performance analysis of linear
time-invariant uncertain systems,” Automatica, vol. 41, no. 11, pp. 1933-1941, 2005.

L. El Ghaoui and S.-I. Niculescu, “Robust decision problems in engineering: a linear matrix
inequality approach,” in Advances in Linear Matriz Inequality Methods in Control, L. E1 Ghaoui
and S.-1. Niculescu, Eds. Philadelphia, USA: SIAM, 2000, pp. 3-37.

L. El Ghaoui, F. Oustry, and H. Lebret, “Robust solutions to uncertain semidefinite programs,”
SIAM Journal on Optimization, vol. 9, no. 1, pp. 33-52, 1998.

K. Emoto and Y. Oishi, “Analysis and synthesis of control systems rationally dependent on
uncertain parameters” (in Japanese), Transactions of the Society of Instrument and Control
Engineers, vol. 41, no. 4, pp. 314-321, 2005.

K. Fujisawa, Y. Futakata, M. Kojima, S. Matsuyama, S. Nakamura, K. Nakata, and M. Ya-
mashita, “SDPA-M (SemiDefinite Programming Algorithm in MATLAB) user’s manual: ver-
sion 6.2.0,” Technical Report B-359, revised version, Department of Mathematical and Com-
puting Sciences, Tokyo Institute of Technology, Tokyo, Japan, May 2005, available from
http://grid.r.dendai.ac. jp/sdpa/

D. Goldfarb and K. Scheinberg, “Interior-point trajectories in semidefinite programming,” STAM
Journal on Optimization, vol. 8, no. 4, pp. 871-886, 1998.

M. Kawata, “A multiobjective gain scheduling using descriptor representation: an approach from
LMI non-common solutions” (in Japanese), Transactions of the Society of Instrument and Control
Engineers, vol. 38, no. 8, pp. 677-685, 2002.

J. B. Lasserre, “Global optimization with polynomials and the problem of moments,” SIAM
Journal on Optimization, vol. 11, no. 3, pp. 796-817, 2001.

J. Lofberg, “YALMIP: a toolbox for modeling and optimization in MATLAB,” in Pro-
ceedings of the CACSD Conference, Taipei, Taiwan, September 2004, available from
http://control.ee.ethz.ch/~joloef/yalmip.php

I. Masubuchi, T. Akiyama, and M. Saeki, “Synthesis of output feedback gain-scheduling con-
trollers based on the descriptor LPV system representation,” in Proceedings of the 42nd IEEE
Conference on Decision and Control, Maui, USA, December 2003, pp. 6115-6120.

I. Masubuchi and E. Shimemura, “On application of the descriptor form to design of gain schedul-
ing systems” (in Japanese), Transactions of the Institute of Systems, Control and Information
Engineers, vol. 12, no. 7, pp. 390-394, 1999.

Y. Matsuoka, Y. Ebihara, and T. Hagiwara, “A dilated LMI approach to robust performance
analysis of time-invariant systems and its improvement by sectioning of parameter regions”
(in Japanese), in Proceedings of the 47th ISCIE Annual Conference, Kyoto, Japan, May 2003,
pp. 725-726.

21



[28]

[29]

A. Ohara and Y. Sasaki, “On solvability and numerical solutions of parameter-dependent differen-
tial matrix inequality,” in Proceedings of the First SICE Annual Conference on Control Systems,
Kyoto, Japan, May 2001, pp. 61-64.

P. A. Parrilo, “Semidefinite programming relaxations for semialgebraic problems,” Mathematical
Programming, ser. B, vol. 96, pp. 293-320, 2003.

P. A. Parrilo, “Exploiting algebraic structure in sum of squares programs,” in Positive Polyno-
mials in Control, D. Henrion and A. Garulli, Eds. Berlin, Germany: Springer, 2005, pp. 181-194.

C. W. Scherer, “Relaxations for robust linear matrix inequality problems with verifications for
exactness,” SIAM Journal on Matrix Analysis and Applications, vol. 27, no. 2, pp. 365-395, 2005.

C. W. Scherer and C. W. J. Hol, “Matrix sum-of-squares relaxations for robust semi-definite
programs,” Mathematical Programming, to appear.

U. Shaked, “Improved LMI representation for the analysis and the design of continuous-time
systems with polytopic type uncertainty,” IEEE Transactions on Automatic Control, vol. 46,
no. 4, pp. 652-656, 2001.

T. Shimomura, M. Takahashi, and T. Fujii, “Extended-space control design with parameter-
dependent Lyapunov functions,” in Proceedings of the 40th IEEE Conference on Decision and
Control, Orlando, USA, December 2001, pp. 2157-2162.

R. Tempo, G. Calafiore, and F. Dabbene, Randomized Algorithms for Analysis and Control of
Uncertain Systems. London, UK: Springer, 2005.

H. Waki, S. Kim, M. Kojima, and M. Muramatsu, “Sums of squares and semidefinite program-
ming relaxations for polynomial optimization problems with structured sparsity,” SIAM Journal
on Optimization, to appear.

22



