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Abstract

A jump system is a set of integer points with an exchange property, which is a generalization
of a matroid, a delta-matroid, and a base polyhedron of an integral polymatroid (or a submod-
ular system). Recently, the concept of M-convex functions on constant-parity jump systems
is introduced by Murota as a class of discrete convex functions that admit a local criterion
for global minimality. M-convex functions on constant-parity jump systems generalize valuated
matroids, valuated delta-matroids, and M-convex functions on base polyhedra.

This paper reveals that the class of M-convex functions on constant-parity jump systems
is closed under a number of natural operations such as splitting, aggregation, convolution,
composition, and transformation by networks. The present results generalize hitherto-known
similar constructions for matroids, delta-matroids, valuated matroids, valuated delta-matroids,
and M-convex functions on base polyhedra.

1 Introduction

A jump system [6] is a set of integer points with an exchange property (to be described later);
see also [16], [17]. It is a generalization of a matroid [8], a delta-matroid [4], [7], [9], and a base
polyhedron of an integral polymatroid (or a submodular system) [14].

Study of nonseparable nonlinear functions on matroidal structures was started with valuated
matroids [10], [12], which have come to be accepted as discrete concave functions; see [19], [21]. This
concept has been generalized to M-convex functions on base polyhedra [20], which play a central
role in discrete convex analysis [22]. Valuated delta-matroids [11] afford another generalization of
valuated matroids. As a common generalization of valuated delta-matroids and M-convex functions
on base polyhedra, the concept of M-convex functions on constant-parity jump systems is introduced
in [24]. To distinguish between M-convex functions on base polyhedra and those on constant-parity
jump systems, we sometimes refer to the former as MB-convex functions and the latter as M?-convex
functions. A separable convex function in the degree sequences of a graph is a typical example of
MY-convex functions. In all these generalizations global optimality is equivalent to local optimality

defined in an appropriate manner. In addition, discrete duality theorems such as discrete separation



Table 1: Sum of discrete structures.

Matroids Rado (1942) [26] (see [27])

(explicitly by Edmonds (1968) [13])
Base polyhedra McDiarmid (1975) [18]
Delta-matroids Bouchet (1989) [5]

(Constant-parity) Jump systems Bouchet and Cunningham (1995) [6]

Table 2: Convolution of discrete functions.

Valuated matroids Murota (1996) [20] (see also [21])
MB-convex functions Murota (1996) [20]

Valuated delta-matroids

M?-convex functions This paper

and min-max formula hold for valuated matroids and MP-convex functions, whereas they fail for
valuated delta-matroids and MY-convex functions.

A number of operations can be defined on matroidal structures and functions.

For example, union (or sum) can be defined for two matroids to yield another matroid. When
translated in terms of incidence vectors, union can be understood as Minkowski sum, followed
by truncation by the vector 1 = (1,1,...,1). Sum can also be defined for delta-matroids, base
polyhedra, and (constant-parity) jump systems (see Table 1).

Convolution (or infimum convolution) of functions is a quantitative extension of sum, and
the first result of the present paper (Theorem 12) is that M’-convex functions are closed under
convolution. This generalizes the known facts that valuated matroids and MPB-convex functions are
closed under convolution (see Table 2).

Aggregation is another fundamental operation. For instance, it is known that any polymatroid
can be obtained as an aggregation of a matroid [14] and that any jump system can be obtained
as an aggregation of a delta-matroid [16]. The second result of the present paper (Theorem 11)
is that M7-convex functions are closed under aggregation. It is mentioned that the first result on
convolution can be derived from this. A kind of converse of aggregation operation is splitting, which
divides variables into several copies and generates a new function on a higher dimensional space.
We show that splitting of M7-convex functions is again M’-convex.

Transformation (or induction) by graphs or networks is one of the most general operations. The
fundamental fact in this direction is that a matroid can be transformed to another matroid through
matchings in a bipartite graph. This construction works also delta-matroids [4]. As for functions,
valuated matroids are closed under transformation by bipartite graphs defined in an appropriate
manner [20], [21], and MB-convex functions are closed under transformation by networks [20]. The
third result of the present paper (Theorem 14) is that this construction extends to M’-convex

functions, that is, transformation of M’-convex functions by networks, to be defined precisely in



Section 6, preserves M’-convexity. Aggregation, convolution and splitting may be obtained as
special cases of this construction, whereas our proof for the network transformation is based on the
combination of aggregation, splitting, and other basic operations.

Here is a remark on the proof technique of the present paper. Our proofs consist of repeated
applications of the defining exchange axiom of M?-convex functions. This is particularly true of the
proof given in Section 7. For MP-convex functions, on the other hand, an alternative “geometric”
or “polyhedral” approach is possible on the basis of the convex extension of the functions. To be
specific, such “polyhedral” proofs are known for convolution and network transformation of MP-
convex functions (see [14], [20], [23]). M’-convex functions, however, seem to deny such “polyhedral”
approach, because jump systems can have “holes” within the convex hull, and accordingly, jump
systems are not determined by their convex hulls. It is also noted that M”-convex functions are
not necessarily extensible to ordinary convex functions, although they possess a number of nice

properties that justify the name of “convex functions.”

2 Definitions and Exchange Axioms

Let V be a finite set. For z = (z(v)),y = (y(v)) € ZV define
o) = ),
el = Y le)],

veV
[z,9] = {z € Z" | min(z(v),y(v)) < z(v) < max(z(v),y(v)),Yv € V}.

We denote by 0 the zero vector of an appropriate dimension. For v € V we denote by x, the
characteristic vector of u, with y,(u) = 1 and x,(v) = 0 for v # u. A vector s € Z" is called an
(x,y)-increment if s = x,, or s = —x, for some u € V and x + s € [z,y]. An (x,y)-increment pair
will mean a pair of vectors (s,t) such that s is an (z,y)-increment and ¢ is an (z + s, y)-increment.

A nonempty set J C ZV is said to be a jump system if it satisfies an exchange axiom, called
the 2-step axiom: for any x,y € J and for any (z,y)-increment s with x + s ¢ J, there exists an
(x+s,y)-increment ¢ such that x+s-+t € J. Aset J C ZY is a constant-sum system if (V) = y(V)
for any x,y € J, and a constant-parity system if z(V) — y(V') is even for any z,y € J.

For constant-parity jump systems, Geelen [15] introduced a stronger exchange axiom:

(J-EXC) For any z,y € J and for any (z,y)-increment s, there exists an (x + s, y)-increment ¢
suchthat t+s+teJandy—s—t e J.

This property characterizes a constant-parity jump system, a fact communicated to one of the

authors by J. Geelen (see [24] for a proof).

Theorem 1 ([15]). A nonempty set J is a constant-parity jump system if and only if it satisfies
(J-EXC).



Next we turn to functions defined on integer points J. We call f : J — R an M’-convex

function if it satisfies the following exchange axiom:

(M’-EXC) For any z,y € J and for any (z,%)-increment s, there exists an (z + s, y)-increment ¢
suchthat t+s+teJ,y—s—teJ, and

f@)+ fly) = fle+s+i)+ fly—s—1).

It follows from (MJ'-EXC) that .J satisfies (J-EXC), and hence is a constant-parity jump system.
We adopt the convention that f(z) = +oo for ¢ J. For a function f : Z¥ — R U {+oc} we
denote the effective domain of f by

domf = {x € Z" | f(z) < +o0}.

Then, it can be seen that if f : ZV — R U {+oc} satisfies (M?-EXC) then its effective domain .J
satisfies (J-EXC).
It is known that if J satisfies (J-EXC), the exchange axiom (M’-EXC) is equivalent to a local

exchange axiom:

(M?-EXCj,) For any z,y € J with ||z — y||1 = 4 there exists an (x, y)-increment pair (s, t) such
that t+s+teJ,y—s—teJ, and

f@)+fy) = fle+s+i)+ fly—s—1).

Theorem 2 ([24]). A function f : J — R defined on a constant-parity jump system J satisfies
(MY-EXQ) if and only if it satisfies (M?-EXCjq.).

In what follows, we refer to M’-convexity simply as M-convexity; in particular, when we talk
about an M-convex function it is presumed that its effective domain is a constant-parity jump
system.

The definition of an M-convex function is consistent with the previously considered special cases
where (i) J is a constant-sum jump system, and (ii) J is a constant-parity jump system contained
in {0,1}. Case (i) is equivalent to J being the set of integer points in the base polyhedron of
an integral submodular system [14], and then M-convex function is the same as the MP-convex
function investigated in [20], [22]. Case (ii) is equivalent to J being an even delta-matroid [29],
[30], and then f is M-convex if and only if —f is a valuated delta-matroid in the sense of [11].

For an M-convex function, it is known that global optimality (minimality) is guaranteed by
local optimality in the neighborhood of ¢;-distance two, which generalizes the optimality criterion
in [1] for separable convex function minimization over a jump system. The efficient algorithm for

the minimization problem of M-convex functions follows from the optimality criterion [24], [25].

Theorem 3 ([24]). Let f : J — R be an M-convex function on a constant-parity jump system
J, and let x € J. Then f(x) < f(y) for ally € J if and only if f(x) < f(y) for all y € J with
lz —ylh < 2.



It is also known that global optimality (minimality) for constrained minimization on a hy-
perplane of a constant component sum is guaranteed by local optimality in the neighborhood of

{1-distance four.

Theorem 4 ([24]). Let f : J — R be an M-convex function on a constant-parity jump system
JCZY, let Jy={x € J|x(V) =k}, and let x € Ji. Then f(z) < f(y) for ally € Ji if and only
if f(z) < f(y) for all y € Jy with ||z —y|]1 < 4.

This optimality criterion for M-convex functions helps us deepen our understanding of the
result of Apollonio and Sebé [2], [3]. They provided a polynomial algorithm for the minconvex
factor problem, which is, given an undirected graph possibly containing loops and parallel edges
and a separable convex function on the degree sequences, to find a subgraph with a specified number
of edges that minimizes the function. The key observation in [2], [3] is that global optimality is
guaranteed by local optimality in the neighborhood of /1-distance at most four in the space of degree
sequences. Since a separable convex function on the degree sequences of a graph is an M-convex

function, this result can be seen as a special case of Theorem 4.

3 Basic Operations

Let f:ZY — R U {+0o} be an M-convex function. We introduce some basic operations on f that
preserve M-convexity. Though too simple to be interesting in their own right, these operations are
stated explicitly in view of their use in our proofs.

For subsets U C V and W D V, we define the coordinate inversion f;; : ZV — R U {+oo} of
U, the restriction fy : ZV — R U {+o0} to U, and the 0-augmentation fV : ZW — R U {4+o0} to
W by

foly,2) = f(=y.2) (yez' zezZ"\Y)
foly) = f(y,0) (yez¥,0ez"\Y),

if2z=0
Py =W =0 gy gy
+o00 otherwise

respectively. For a linear function p : Z" — R, we define f[p] : Z¥ — R U {+00} by

flpl(z) = f(z) + p(x).

It is obvious that they are M-convex.

We say that ¢ : Z¥ — RU {400} is a separable convex function if it is represented as

$(x) =Y dulz(u)),

ueVv

where for each u € V', ¢, : Z — R U {400} is a convex function, that is, for any integers £ < n

Pu(§) + Pu(n) = Pu(§+1) + Puln —1).



Note that this condition is equivalent to the following: for any integer &

¢u(§ - 1) + ¢u(£ + 1) > 2¢u(£)

For a separable convex function ¢, we define f + ¢ : Z¥ — R U {+o0} by

(f +0)(x) = fz) + ¢(z).
Theorem 5. If f is M-convex and ¢ is a separable convex function, then f + ¢ is M-convex.

Proof. 1t suffices to show that for a one-dimensional convex function ¢, with a particular u € V
the function g(x) = f(z) + ¢u(z(u)) is M-convex. Suppose that z = (z(v)) € ZV, y = (y(v)) € ZV
and s is an (z,y)-increment. By M-convexity of f, there exists an (x + s,y)-increment ¢ such that

@)+ fy) = fle+s+t)+ fly—s—1),

and it holds that
Pu(@(w) + u(y(u)) = Pu((u) + 5(u) +t(w)) + du(y(u) — s(u) — t(u))
by convexity of ¢,. Thus we have
9(@) +9(y) 2 g(x+s+1)+9(y—s—1),

which completes the proof. O

4 Splitting

Splitting is an operation which generates a new function by dividing some variables. The objective
of this section is to show that if a given function is M-convex, then the function obtained by splitting
is also M-convex (Theorem 7 below). Although splitting is a simple operation, it plays an important
role when we deal with transformation by networks in Section 6.

First we introduce an elementary operation, called elementary splitting, which divides one
variable into two variables. Elementary splitting preserves M-convexity, from which we can show
that splitting preserves M-convexity.

For a function f : Z¥ — R U {400}, the elementary splitting of f at v € V is a function
f':ZV" — RU{+0oo} defined by

f(@osz(v'),2(0")) = f(wo;2(v)) + 2(v")),
where V! = (V \ {v}) U {¢/,v"} and z¢ € ZV\},

Lemma 6. If f is M-convex, then its elementary splitting f’ is M-convex.



Proof. For a concise description, let V' = {1,2,...,n} and V' = {1,2,...,n — 1,a,b}. We show
that if f is M-convex then its elementary splitting f’ at n defined by
f/(CCO; Zq, xb) = f(xOS Zq + $b)

is M-convex. For u € V/ we denote by x/, the characteristic vector of v in V'. It suffices to show
that f’ satisfies (M?-EXC), that is, for any two vectors 2’ = (xo; Z4, ) € domf’, ¥’ = (Yo; Ya, ) €
domf’, and for any (2’,y’)-increment s, there exists an (2’ + s, 3’)-increment ' such that

P+ W) 2 P )+ S s 1),
We put £ = 2, + 2 and 7 = yg + yp. We also put = = (z0;€) and y = (yo;n).-

Case 1. Suppose that s’ = +x}. is an (2/,)-increment, where 1 < k <n — 1. We denote +xj,
s. Since f is M-convex and s is an (z,y)-increment, there exists an (z + s, y)-increment ¢ suc
by s. Si is M dsi y)-i t, there exist y)-i t ¢ such
that
f@)+fy) =z fle+s+i)+ fly—s—1).
If t = +x; with 1 <1 <n—1, then ¢ = +x; is an (2/ + ¢, y')-increment and
P+ FW) 2 PG+ )+~ 1),

Otherwise we have [ = n. Without loss of generality, we may assume that ¢ < n and t = x,. Since
¢ < n implies that at least one of z, < y, and x;, < y; holds, at least one of x/, and xj, say t’, is an
(2’ + ¢, y)-increment and it holds that

@+ FfW)=fl)+fly) > fla+s+t)+fly—s—t)=f @ +s+)+f(y - —1).

Case 2. Suppose that s’ = +x/, or £y} is an (2’,y')-increment. In this case, without loss of
generality, we may assume that s’ = x; and z; < yp.

If x4 > yq then ¢ = —x/, is an (2' 4+ ¢/, y')-increment and
f@)+ @) =f@) + fly) = F @+ +t)+ 'y = =1).

Suppose that x, < y,. Then we have £ < n and y,, is an (z,y)-increment. Since f is M-convex,

by applying (M?-EXC) with s = y,,, there exists an (z + s,y)-increment ¢ such that
f@)+fy) 2 fle+s+t)+ fly—s—1).
If t = £x5 with 1 <k <n—1, then ¢ = £x}. is an (2/ 4+ ¢, y’)-increment and
FE)+ W) =f@)+fy) 2 fla+s+t)+fly—s—t)=f@"+5+)+ (v =5 1)

Otherwise, we have t = y,, and £ + 2 < 7. Thus at least one of x; + 2 <y and z, + 1 < y, holds,

and hence at least one of x; and xJ,, say t', is an (2’ + s’,3/)-increment. We then have
FE)+ @) =f@)+fy) = flats+t)+fly—s—t)=f@"+5+8)+ f(y =5 1.

This shows the existence of ¢ in Case 2. O



Suppose that we are given a finite set V = {vj,v2...,v,} and a family of nonempty disjoint
sets {U, | v € V} indexed by v € V. Let U = |J,ey Uv. For a function f : Z¥ — R U {+o0}, we
define the splitting of f to U as a function f’: ZY — R U {+oc0} given by

f,(:i‘vw:z'vz?' . '7i.’Un) = f(§U17£U2? s 7§'Un)7
where &, € ZY and &, = &,(U,) for v € V. We now have the following theorem.
Theorem 7. If f is M-convex then its splitting f' is M-convexz.

Proof. We can obtain splitting f’ by applying elementary splittings >°, .y (|Uy| — 1) times. Hence,
by Lemma 6, f’ is M-convex. O

Theorem 7 implies that if dom f is a constant-parity jump system, then dom f’ is also a constant-

parity jump system.

5 Aggregation and Convolution

Minkowski sum is a fundamental operation on matroid structures, and jump systems are closed
under Minkowski sum. In this section, we deal with an operation for functions, called convolution,
which is a quantitative extension of sum, and also a related operation, called aggregation. The
objective of this section is to show that M-convexity is preserved under these operations. As with
splitting, aggregation plays an important role when we deal with transformations by networks in
Section 6.

For two jump systems J; C ZV and Jo, C ZV, their sum J, + Jo C ZV is defined by

Ji+ Jy = {$1 + 29 | x] € Ji,x9 € JQ},
which is known to be a jump system.
Theorem 8 ([6]). The sum of two jump systems is a jump system.

While this theorem is shown directly in [6], Kabadi and Sridhar [16] gave an alternative proof by
showing that a related elementary operation preserves M-convexity. They showed that if J C ZY

is a jump system then its elementary aggregation J C ZV at v1 € V and vy € V defined by

J = {(zo,2(v1) + x(v2)) | (0, z(v1), 2(v2)) € J}

is also a jump system, where V = (V \ {v1,1}) U {v} and 2y € ZVM¥1¥2}, Theorem 8 can be

derived from the following fact.
Lemma 9 ([16]). An elementary aggregation of a jump system is a jump system.

Convolution is a quantitative extension of sum. For two functions f; : Z¥ — RU{4oc} and f5 :
ZV — RU{+o0}, we define their (infimum) convolution as a function fidfs : Z¥ — RU{+00, —00}
given by

(10f)(x) = inf{ fi(z1) + folzs) |21+ 20 =2, 21 € ZV, 25 € Z"}.



To show that convolution preserves M-convexity (Theorem 12 below), we introduce a quantitative
extension of elementary aggregation.

For a function f: Z¥ — R U {400}, the elementary aggregation of f at vy € V and v € V is a
function f : ZV - RU {+00, —o0} defined by

f(z0;€) = inf{f(zo; x(v1), 2(v2)) | £ = x(v1) + 2(v2)},

where V = (V \ {v1,v2}) U {v} and z¢ € ZV\Mv1:%2}, Then we can show that if f is M-convex then

f is M-convex; the proof is given in Section 7.
Lemma 10. If f is M-convex then its elementary aggregation f 1s M-convex, provided f > —00.

A general aggregation is defined as the result of repeated applications of elementary aggrega-
tions. More formally, let V' be a finite set and 7 be its partition V =1V, UVoU---UV,, into disjoint
subsets. For a function f : ZYV — R U {400}, we define the aggregation of f with respect to 7 as a
function f : Z" — R U {400, —oo} given by

f(§17§27 v 7571) = inf {f(wly‘r% .. 'axn) ’ T; € Z‘/ia xz(‘/z) = gz} .
Then we have the following theorem.
Theorem 11. If f is M-convex then its aggregation f is M-convez, provided f > —oo.

Proof. By applying elementary aggregations |V| — n times, we can obtain f, which is M-convex by
Lemma 10. O

We are now ready to show that convolution preserves M-convexity.

Theorem 12. If fi and fo are M-convex functions then their convolution fil1fs is M-convex,
provided fi[0fy > —o0.

Proof. First we make the direct sum f: ZY x ZV — R U {400} of f; and f defined by

f(x1,22) = fi(z1) + fa(22),

where x1, 29 € ZY. Then f is M-convex because f; and f, are M-convex. Let 7 be the partition
consisting of pairs of the corresponding elements. Then the aggregation of f coincides with fi[Jfs.
Hence, by Theorem 11, fidf is M-convex. O

Finally, we consider another operation, called composition. Let f; : Z%1 — R U {+0o0} and
fa 1 Z%2 — R U {400} be M-convex functions. Put Vj = S; N Sy, Vi = S1 \ Vp, and Vo = Sy \ Vj.
We define the composition of f; and fa to be a function f : Z1YV2 — R U {+00, —oc} given by

flar,22) = nf{fi(z1,91) + fo(z2,42) | y1 = yo € ZV0} (21 € Z, 25 € ZV?).

Theorem 13. The composition of two M-convex functions is M-convex, provided it does not take

the value —oo.



Proof. Consider M-convex functions fl and fo defined by

fl(xlvylao) = f1($17y1> (‘Tl € ZVlayl € ZV070 S ZV2)7
£2(0,(—y2),22) = fo(z2,32)  (0€ Z"1,(—y2) € 20,25 € Z).

Their convolution fi0fs is M-convex by Theorem 12, and the restriction of fillfy to Vi U Vs

coincides with the composition. O

Note that the composition of M-convex functions is a generalization of the composition of
(constant-parity) jump systems. It is known that the composition of two jump systems is a jump

system [6], and Theorem 13 generalizes this fact.

6 Transformation by Networks

In this section, we consider the transformation of an M-convex function through a network. We
show that it preserves M-convexity on the basis of splitting, aggregation, and other basic operations
discussed above.

Let G = (V, A; S, T) be a directed graph with vertex set V', arc set A, entrance set S, and exit
set T', where S and T are disjoint subsets of V. For each a € A, the cost of integer-flow in a is
represented by a function ¢, : Z — R U {400}, which is assumed to be convex.

Given a function f : Z° — R U {400} associated with the entrance set S of the network, we
define a function f : Z” — R U {400, —oc} on the exit set T' by

fly) = inf {f(z) + D ba(é(a)) | 0¢ = (x,~y,0),

a€EA
¢ €24, (v,~y,0) € Z9 x ZT x ZV\OVDL (y € Z7),

where 0¢ € ZV is the vector given by

d)= Y &a)- Y, &) (weV)
a:a leaves v a:a enters v

If such (¢, x) does not exist, we define f(y) = +oo. We may think of f(y) as the minimum cost to
meet a demand specification y at the exit, where the cost consists of two parts, the cost f(z) of
supply or production of x at the entrance and the cost ), 4 ¢a(§(a)) of transportation through
arcs; the sum of these is to be minimized over varying supply = and flow £ subject to the flow
conservation constraint 9¢ = (x, —y,0). We regard f as a result of transformation (or induction)
of f by the network.

Theorem 14. Assume that f is M-convex and ¢q is convez for each a € A. Then the function f
induced by a network G = (V, A; S, T) is M-convez, provided f>—o0.

To prove this theorem, we first show that transformations by some simple bipartite networks
preserve M-convexity. When V' = S UT, we denote the graph G simply by G = (S,T; A). It is

noted that some arcs are directed from S to 7" and the others are from T to S.

10



*r—p—0
S T S T S T
Figure 1: Splitting. Figure 2: Aggregation. Figure 3: Addition.

Lemma 15. Let G = (S,T;A) be a bipartite network, where each vertex in T has exactly one
incident arc (see Fig. 1). If f is M-convex and ¢, = 0 for each a € A, the function f induced by

G is M-conver.

Proof. We can obtain f from f by restriction and splitting. Hence, if f is M-convex then f is
M-convex by Theorem 7. O

Lemma 16. Let G = (S,T;A) be a bipartite network, where each vertex in S has exactly one
incident arc (see Fig. 2). If f is M-convex and ¢, = 0 for each a € A, the function f induced by
G is M-convez, provided f > —00.

Proof. We can obtain f from f by aggregation and 0-augmentation. Hence, if f is M-convex then

f is M-convex by Theorem 11. O

Lemma 17. Let G = (S,T;A) be a bipartite network, as in Fig. 3, where S = {s1,...,Sn},
T ={t1,...,tn}, and A = {a1,...,a,} with a; = (si,t;) or a; = (t;,8;) fori=1,....,n. If f is
M-convez and ¢, is convez for each a € A, the function f induced by G is M-convez.

Proof. We may assume that

ST ={s1,...,5m}, ST ={Smt1,---,5n},
TV ={t1,...,tm}, T~ ={tmit,---stn},
AT ={(s;,t;) |i=1,...,m}, A7 ={(ti,si) |[i=m+1,...,n},

and A= AT UA~. Then, for z = (z;) € Z", f is expressed as
f(.%') = f(.’L‘) + Z¢a(xz) + Z ¢a(_xi)v
i=1 i=m+1

and if ¢q(z) is convex then ¢,(—z) is convex for a € A~. Thus we can obtain f by adding a

separable convex function to f. Hence, if f is M-convex then f is M-convex by Theorem 5. O
Using above lemmas, we see that transformation by bipartite networks preserves M-convexity.

Theorem 18. Assume that f is M-convex, ¢, is convex for each a € A, and G = (S,T; A) is a
bipartite network. Then the function f induced by G is M-convez, provided f > —00.
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Figure 4: Transformation of a bipartite network.
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Figure 5: Transformation of a general network.

Proof. We construct a new network that represents the same transformation as the original network.
The new network is obtained by subdividing each arc of G into three arcs, as illustrated in Fig. 4.
For each arc a € A we consider two new vertices u, and w,; if a is directed from S to T', i.e., a = (s,t)
with s € S and t € T, we will have three arcs a; = (s,uq), ag = (uq,w,) and a3 = (wg,t); and if
a= (t,s)witht € T and s € S, we will have a3 = (t,w,), a2 = (wq, uq) and a1 = (uq, s). The cost ¢,
is associated with arc ao, whereas the arcs a; and ag are given 0 as the cost. Thus the new network
consists of three bipartite graphs connected in series, G; = (S,U; A1), Gy = (U, W; Ag), and
Gs = (W, T; As), where U = {u, |a € A}, W ={w, |a € A}, and A; = {a; |a € A} (i=1,2,3).
The given M-convex function f on S is transformed through Gy to a function f; : ZV —
R U {+o0}, which is M-convex by Lemma 15. Then f; is transformed through G to a function
fo: ZW — R U {400}, which is M-convex by Lemma 17. Finally, f, is transformed through G3 to
a function f3 : ZT — R U {400, —00}, which is M-convex by Lemma 16. The resulting function f3
coincides with the function f induced from f by G. O

We are now ready to show Theorem 14.

Proof of Theorem 14. We construct a new network that represents the same transformation as the
original network. The new network is obtained by subdividing each arc of G into some arcs, as
illustrated in Fig. 5. We may assume, by subdividing arcs, that no arcs exist between the two
vertices in SUT. Let U = V \ (SUT), let Ayr be the set of arcs connecting U and T, and

12



define Agy and Ayy similarly. For each arc a € Ayr, we consider a new vertex wg; if a is directed
from U to T, ie., a = (u,t) with w € U and t € T, we will have two arcs a1 = (u,w,),a2 =
(wq,t); and if a = (t,u) with t € T and uw € U, we will have ay = (f,wg),a1 = (wq,u). For
each arc a = (uj,u2) € Ayy with uj,us € U, we consider a new vertex w,, and have two arcs
a1 = (ug,wg), a2 = (wq, uz). Thus the new network consists of three bipartite graphs connected in
series, G1 = (S,U; A1), Go = (U,W; Ag), and G3 = (W, T; A3), where W = {w, | a € Ayr U Ayy},
Ay = Asy, Ao ={a1 |a € Ayr}U{ai |a € Ayy} U{az | a € Ayy}, and Az = {a2 | a € Ayr}.

By Theorem 18, transformations by the networks G1,Go, and G35 preserve M-convexity. Since
the transformation by G can be represented as a combination of the above three transformations,

the function f transformed from f by G is M-convex. O

As we mentioned in Section 1, transformations by networks also preserve MPB-convexity. Two
kinds of proofs for this fact are known (see [20], [21], [28]), one uses a dual variable and the other
is a complicated algorithmic proof. We can see that our proof of Theorem 14 also works for MP-
convex functions, that is, by proving that splitting, aggregation, and other basic operations preserve

MB-convexity, we can show that transformations by networks preserve MB-convexity.

7 Proof of Lemma 10 for Elementary Aggregation

In this section, we give a proof of Lemma 10. For a concise description, we denote V' = {1,2,...,n—
1,n}and V = {1,2,...,n —2,a}. We show that if f is M-convex then f defined by

f(x0; &) = inf{f(zo;Tn—1,7n) | £ = Tn_1+ 20}

is M-convex. For u € V, we denote by X« the characteristic vector of u in V.
We first deal with case where the effective domain of f is bounded, whereas the general case is

treated in Section 7.4.

7.1 Case of bounded effective domain
Lemma 19. If f is M-conver and domf is bounded then its elementary aggregation f 18 M-convez.

Proof. Let J and J be the effective domains of f and f, respectively. If f is M-convex then .J is

a constant-parity jump system, which implies by Lemma 9 that J is also a constant-parity jump

system. Hence, by Theorem 2, it is enough to show that f satisfies (M7-EXCj,.), that is, for any

&= (20;€),9 = (yo;n) € J with [|Z—g[|1 = ||zo—yo||1 +|€ —n| = 4, there exists an (7, §)-increment
pair (s,t) such that

F@+F@) > f@+s+t)+fG—s-1). (+)

Without loss of generality, we may assume that & > . Take x,,_1, Ty, Yn—1, Yn with the minimum

value of |zp,—1 — Yn—1| + |Tn — yn| such that

f(xo;f) = f(xO;xn—laxn) ((‘TO;xn—l»xn) S Ja 5 =Tp-1+ xn)a

Fwo;n) = fWosn-1,9n)  ((Y0;Un—1,Yn) € J, 1= Yn—1 + Yn)-
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Note that such x,,—1, Zn, Yn—1, yn exist, because J is finite and (xo;€), (yo; 1) € J.
If 2, 1 = yn_1 O T, = ¥y, then it is obvious by (M/-EXC) for f that there exists an (Z,7)-
increment pair (s,t) satisfying (x). Since x,—1 > yn—1 or z, > y, holds by the assumption & > 7,

we may assume that z,_1 > y,—1 and z, # yn.

Case 1. Suppose that & > n+ 2. By (M'-EXC) for f with s = —x,,_1, we have

f@o;zn—1 — L, zn £ 1)+ f(yo;yn—1 + Lyn F 1),
f(xO; xn—hxn) + f(y();yn—layn) Z min f(xo; Tpn—1 — 2; xn) + f(yO;yn—l + 27 yn)7 ) (1)
f(xo +to;n—1 — 1, zn) + f(yo — to; Yn—1 + 1, yn)

where tq € Z"~2 is an (29, yo)-increment. Note that the signs in (1) are determined by the relations
of components, and the second term exists only if x,,_1 — y,—1 > 2. If the second term or the third
term achieves the minimum, then (s,%) = (—Xa, —Xa) OF (—Xa,1), where t = (to,0) € ZV, is an

(Z,9)-increment pair satisfying (x). Otherwise, we have

fzo; xn—1,2n) + F(Y0: Yn—1,Yn) = f(@os2n—1 — Lizpn + 1) + f(yo; Yn—1 + 1,yn — 1),
or f(])(); zn—laxn) + f(yO; yn—layn) 2 f($0§ Tp—1 — 1,2Un - 1) + f(y(); Yn—1 + ]-7 Yn + 1)

If 2, > yy, then we have f(zo; Tn—1,2n) + f(Y0i Yn—1,Yn) = f(20; Tn—1—1, 20 — 1)+ f(Y0; Yn—1+
Ly + 1), and so f(z0;€) + f(yo;n) = f(w0; € —2) + fyo;n +2). Thus (5,t) = (—Xa, —Xa) is an
(Z, §)-increment pair satisfying (x).

If z, < yn then we have f(zo; Zn—1,%n) + f(Y0; Yn—1,Yn) = f(x0;2n—1—1, 20+ 1)+ f (Y05 Yn—1+
1,yn—1). By the definition of z,,—1, Ty, Yn—1, Yn, we have f(xo; xpn—1,2n) = f(xo; Tp—1—1,2,+1) and
T (W03 Yn—1,Yn) = f(Yo;Yn—1+1,yn—1). This contradicts the minimality of |x,—1 —yn—1|+|Tn —Ynl-

Case 2. Suppose that £ = 7. It suffices to show that if § =0 and Z = (1,1,1,1;0), (2,1, 1;0),
(3,1;0), (2,2;0), or (4;0), there exists an (&, y)-increment pair (s,t) satisfying (x). This is shown

in Section 7.2.

Case 3. Suppose that & = n + 1. It suffices to show that if § =0 and 7 = (1,1,1;1), (2,1;1),
or (3;1), there exists an (Z, §)-increment pair (s, t) satisfying (x). This is shown in Section 7.3. [
7.2 Case 2 in the proof of Lemma 19

In this section, we deal with Case 2 in the proof of Lemma 19. First we show the essential case when
z = (1,1,1,1;0), whereas the other cases can be derived from this using the splitting technique
discussed in Section 4.

7.2.1 The main lemma

Let f: Z5 — RU{+0c0} be an M-convex function with a bounded effective domain, and define

f($1,1‘2,$3,$4;§) = inf {f($17332,x3,$4;$5,$6) ‘ T5 + e = é} .
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We now show that if § = 0 € J and # = (1,1,1,1;0) € J then there exists an (&, §)-increment
pair (s, t) satisfying (). We may assume that £(0,0,0,0;0) = £(0,0,0,0;0,0) and f(l, 1,1,1;0) =
f(1,1,1,1; k,—k) with & > 0. We denote 0 = (0,0,0,0;0,0), 1 = (1,1,1,1;k,—k), and x1234 =
X1+ X2 + X3 + X4

Lemma 20. Suppose that f(0,0,0,0;0) = f(0) and £(1,1,1,1;0) = f(1;) with k > 0. Then we

have N N
f(1,1,0,0;0) + f(0,0,1,1;0),
£(0) + f(1) > min < £(1,0,1,0;0) + £(0,1,0,1;0), ¢ . (2)
£(1,0,0,1;0) + f(0,1,1,0;0)
Proof. First, by (M7-EXC) for f with s = x1, we have
£(1,1,0,0;0,0) + £(0,0,1,1; k, —k),
f(1,0,1,0;0,0) + f(0,1,0,1; k, —k),
f(0) + f(1) > min f(1,0,0,1;0,0) —|—f(0,1,1,0,k,—k),
f£(1,0,0,0;1,0) + f(0,1,1,1; —k),
f(1,0,0,0;0,-1) + (7171,1,7@ k+ 1)

If one of the first three terms achieves the minimum, the desired inequality holds. Otherwise, we

have

f£(1,0,0,0;1,0) + f(0,1,1,1;k — 1, —k), } (3)

S mi

f0) + f{1¢) > min {f(l,o,o, 0:0,~1) + (0,1, 1, Lk, —k + 1)
We consider the following bipartite digraph G = (Ug, Vio; Ag). The vertex sets Ug and Vi are

defined by

Uo ={u@p | 1<p<k, 1<i<4, f(xisa — xi + x5 — (p— 1)x6) < +00},
Vo ={vey | 1<r <k 1<5<4, f(xj+rxs—(r—1)xe) < +oo}.

The arc set Ag is defined as follows. For u(,; € Ug an arc exists from wg,;) to v ;) with
re{l,...,k} and j € {1,2,3,4} \ {i} if there exists ¢ such that 0 < g < k and

f(0)+ f(x1234 — xi +px5 — (0 —1)x6) > f(xj +7rxs — (1 —1)x6) + f(X1234 — Xi — Xj + 4X5 — 4X6)-

Note that this inequality guarantees v(, ;) € V. Similarly, for v, j) € Vi an arc exists from vy, ;)
to u(py) with p € {1,...,k} and i € {1,2,3,4} \ {j} if there exists ¢ such that 0 < ¢ <k and

Jp)+ fx;+rxs — (r—1)xe) > f(xazsa — xi + x5 — (0 — D)xe) + f(Xi + X5 + ax5 — axe)-

Note that this inequality guarantees u(,; € Ug.
Then the following lemma holds, which we prove in Section 7.2.2.

Lemma 21. The out-degree of each vertex in G is at least one.

We mention here that Ug # () and Vg # (). For, it follows from the inequality (3) that u 1) € Ug
or v(1,1) € V. Then Lemma 21 implies that Ug # 0 and Vi # 0.
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By Lemma 21, G has a directed cycle C' =
This means, by the definition of Ag, that there exist q1, g2, ..., gam such that

f(xa1234 — xi, +P1xs — (p1 — 1)x6)
f(Xi, +p2x5 — (P2 — Dxe) + f(X1234 — Xiy — Xia + @1X5 — q1X6),
f(Xiy +p2xs — (p2 — 1)xe)
J(xa234 — Xis +p3xs — (3 — D)xe) + f(Xis + Xax + @2X5 — @2X6),
f(0) + f(x1234 — Xis + P3x5 — (3 — 1)x6)
> f(Xis +Paxs — (P2 — 1)x6) + f(X1234 — Xis — Xis + 43X5 — 43X6)>
f(Xis +Paxs — (P2 — 1)X6)
f(x1231 — Xis +P5X5 — (P5 — 1)X6) + f(Xis + Xis + q1X5 — qaX6),

(X1234 — Xigm_1 + P2m—1X5 — (P2m—1 — 1)X6)

f
f

f(1k) + f(Xigm + P2mX5 — (P2m — 1)X6
> f

~~

By adding these inequalities, we obtain

m(f(0) 4+ f(1x)) > f(x1234 — Xiy — Xiz + q1X5 — q1X6)
+ f(Xis + Xio + @2X5 — G2X6)
+ f(x1234 — Xis — Xia + 93X5 — 93X6)
+ f(Xis + Xis + qaX5 — qaX6)

(U(pa,i1)> V(pasia)> Ups i) s Vpasia) s - - -

» U(pom—1,d2m—1)1 v(pzm,i2m))'

(Xigm + D2mX5 — (P2m — 1)x6) + f(X1234 — Xigm_1 — Xiom + @2m—1X5 — @2m—1X6),
)

X1234 — Xi; +P1xs — (P1 — 1)x6) + f(Xin + Xiam + C2mX5 — @2mX6)-

+ f(X1234 = Xizm_1 — Xizm T+ @2m—1X5 — @2m—1X6)

+ f(Xir + Xiom T @2mX5 — 2mX6)-

Then we have

m(f(O) + f(]-k)) f(X1234 — Xiy — )Zzz) + JE(>~<Z3 + >~<12)
+ f(Ra23a — Xis — Xia) + F (X5 + Xia)

_l’_

+ f(X1234 )N(iszl - >~<i2m) + f(f(ll + >~(i2m)’

where X1234 = X1 + X2 + X3 + X4-
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Here we note that

mXi234 = (X1234 — Xiy — Xiz) + (Xig + Xiz)
+ (X1234 — Xiy — Xia) + (Xis + Xia)
+ ()21234 — Xigm—1 — Xi2m) + (9211 + >27;2m)'
Then the desired inequality (2) follows from Lemma 22 below. O

Lemma 22. If
miis = > my(Xi+ X)) (4)
1<i<j<4

and

m(f(0)+ f(1p) = > miif(i+ X))

1<i<j<4

for some nonnegative integers m;; and m, then

£(0) + f(1g) = min{ f(X1 + X2) + F(Xs + Xa), F(X1+X3)+ F(X2+Xa), F(R1+%a) + F(R2+ X))

Proof. On the right-hand side of (4), the sum of the coefficients of 1 and x2 is 2mi2 +mi3+mis+
ma3 + mayg. Meanwhile, that of x3 and x4 is 2msq + mi13 + mig + Mme3 + moy. Hence mio = mgy.
We can show mqi3 = mo4, mi4 = Moz in the same way. Thus we have

m(f(0)+f(1x)) > miz(f(X1+X2)+f (Xs+Xa))+mis(f(X1+X3)+F (Xa+Xa))+maa(F(x1+%a)+f (Xa+X3))

and

mi2 +mi3 +mig = m,
which imply the desired inequality. O
7.2.2 Proof of Lemma 21
The out-degree of vertex u, ;) is nonzero by Lemma 24 below, which relies on the following lemma.
Lemma 23. For any integers p < q and for any i € {1,2,3,4}, (A) or (B) holds.
(A) There exists an integer r such that p <r <q+1 and

f((p+2)xs —pxe) + f(x1234 — Xi + ax5 — (¢ + 1)x6)

fxj+(+aq+2—=r)xs —(p+aq+1—7)x6) + f(Xj» + Xjs +7X5 — TX6)-
>min§ f(xj, +(P+q+2—7)x5 —(p+q+1—7)x6) + f(Xjs + Xir +7X5 —7TX6)5 ¢ >
fixjs++a+2—r)xs—(p+a+1—7)x6) + fOG + Xjo +7X5 — T'X6)

where {j1,72,73} = {1,2,3,4} \ {i}.
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(B) There exists an integer r such that p+1<r <q-+1 and

f((p+2)xs —pxe) + f(xa23a — xi +axs — (¢ + 1)x6)
> flrxs —rxe) + fxazsa—xi+(p+qg+2—r)xs — (p+q+1—7)xe)-

Proof. We show by induction on g — p.
If ¢ — p = 0 then, by (M’-EXC) with s = —xg, we have

f((p+2)xs —pxe) + f(x1230 — Xxi +ax5 — (¢ +1)x6)

Fxi +(+2)xs — 0+ 1)xe) + f(X1234 — Xju — Xi + 4X5 — 9X6)
< min 4 FOG2 + (2 +2)x5 = (p+1)x6) + f(x1238 = X5z — Xi + aX5 — aX6),
- Fxjs +(@+2)xs — (p+1)x6) + f(x1234 — Xjs — Xi +aX5 — axe), [
f((p+1)x5 — (p+1)xe) + f(x1234 — xi + (¢ + 1)Xx5 — qxe)

where {j1, 2,73} = {1,2,3,4} \ {i}. If one of the first three terms achieves the minimum, then (A)
holds with r = ¢; otherwise (B) holds with r = p + 1.
If ¢ — p = 1 then, by (M’-EXC) with s = —x5, we have

f((p+2)x5 —pxe) + f(x1234 — xi +ax5 — (¢ + 1)x6)
fO + @+ 1)xs —pxe) + fxaz2sa — x5 — Xi + (@+ D)xs — (¢ + 1)xs),
< min 4 £ O + 2+ 1)x5 = pxe) + f (X128 — x> — Xi + (g + Dxs — (a+ 1xe),
- f(Xjs + (p+1)x5 —pxe6) + f(xa2sa — Xjs —xi +(@+1)xs — (@ + 1)xe), [
f(+1Dxs — (p+1)xe) + f(x1234 — Xz (¢+1)x5 — axe)

where {j1, 2,73} = {1,2,3,4} \ {¢}. If one of the first three terms achieves the minimum, then (A)
holds with r = ¢ + 1; otherwise (B) holds with » = p + 1.

Suppose that ¢ —p > 2. By (M7-EXC) with s = —yg, we have

f((p+2)x5 —pxe) + f(x1234 — Xi + ax5 — (¢ + 1)x6)

fO + (P +2)x5 — (p+ )xe) + f(xa230 — X — Xi + aX5 — 4X6);

FXg + (@ +2)x5 — (p+ 1)xe) + f(X1234 — Xjo — Xi + X5 — 4X6),

>min ¢ f(xj; + (@ +2)xs — (p+ 1)xe) + f(x12384 — Xj5 — Xi + X5 — aX6), ¢ >
f((p+3)x5s — @+ 1)xe) + f(x1234 — xi + (¢ — 1)x5 — qX6)>
f((p+2)x5 — (p+2)x6) + f(x1234 — xi +ax5 — (¢ — 1)X6)

where {j1, 72,73} = {1,2,3,4} \ {i}. Note that the fourth term exists only if ¢ —p > 3. If one of the
first three terms achieves the minimum, then (A) holds with r» = ¢, and if the last term achieves

the minimum, then (B) holds with » = p 4+ 2 < ¢. To the fourth term, the induction applies and
yields (A) withp+1<r <qgor (B) withp+2<r <gq. O

Lemma 24. For any integer 1 < p < k and for any i € {1,2,3,4}, there exist integers q and r
such that 0 < ¢<k—-1,1<r <k, and

FOG +7x5 — (r—1)xe) + f(xg2 + Xjs + aX5 — aXe),
F(0)+f(xa23a—xi+pxs—(p—1)x6) = min ¢ f(xj +7rx5 — (r —1)x6) + f(xjs + X5 + ax5 — 4X6)s
F(xjs +rxs — (r=1)x6) + fFOx + Xjo + ax5 — aXx6)

9

where {j1, j2, 73} = {1,2,3,4} \ {¢}.
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Proof. 1t suffices to consider p which minimizes f(x1234 — xi + x5 — (p — 1)x6). Let p be the
minimum minimizer. By (M7-EXC) with s = x5, we have

fOxG +x5) + f(XG2 + x5s + (P —1D)xs — (P — 1)xe),
F(Xja +x5) + f(Xjs + x50 + (P —D)xs — (P — 1)xe),
f(0)+f(xa2sa—Xitpxs—(p—1)x6) = min q f(xjs + x5) + G + X5 + (= Dxs — (p — 1)xe),
fxs —x6) + f(x123a — xi + (p — Vx5 — (p — 2)x6),
f(2xs5) + f(x1234a — xi + (» — 2)x5 — (P — 1)x6)

Note that the last two terms exist only if p > 2.

If one of the first three terms achieves the minimum, the claim holds with ¢ =p—1 and r = 1.
To consider the fourth term, suppose that p > 2 and

J(0) + f(x123a — Xxi + x5 — (P — 1)xe) = f(x5 — x6) + f(X123¢ — xi + (P — 1)x5 — (P — 2)X6)-

Then, since f(0) = £(0,0,0,0;0) < f(x5 — x6), we have

f(xi231 — xi +pxs — (P — D)xe) > f(xazsa —xi + (P — D)xs — (P — 2)x6),
which contradicts the definition of p.
To consider the fifth term, suppose that p > 2 and

J(0) + f(x1234 = xi + x5 — (P — Lxe) = f(2x5) + f(X1234 — xi + (P — 2)x5 — (P — L)xe)-
By Lemma 23, at least one of (A) and (B) holds.

(A) There exists an integer v’ such that 0 <7/ <p—1 and

F(2xs5) + fxi2sa —xi + (P —2)x5 — (P — 1)x6)

fOx+@—r")xs — (=7 —1)x6) + f(Xjo + Xjs T 'x5 — ' X6),
>min ¢ f(xg, + @ —7")xs — (0 —7" = 1)xe) + f(Xjs + X5 +7"x5 —7"X6),
fxjs+@—7")xs —(—71"—=1)xe) + f(Xj +X5. +7"x5 — 7" X6)

(B) There exists an integer 7’ such that 1 <’ <p—1 and
F2xs) + f(xazsa = xi + (P = 2)xs — (P — D)xe)
> f(r'xs —r'x6) + f(x1231 = xi + (P = )xs — (P — 7" — D)xe)-
In case of (A) we have
f(0) + f(x1234 — xi + px5s — (p — 1)X6)
FOG+ (P =7")xs = (p =" = Dxe) + F(Xso + Xjs +7'x5 = 7'x6),
> min § f(xg + (0= 7)xs = (=" = D)xe) + F s + X5 +7'x5 = 7'x6);

FOGs + (0 =7")xs = (0 =" = xe) + f(Xj1 + Xjz2 +7'X5 — 'Xe)
which implies the desired claim with ¢ =" and r = p — r'.
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In case of (B) we have 1 <7’ <p—1 and

F(0)+ f(xa23a — Xxi + x5 — (P —D)xe) = f(r'x5 —"'x6) + f(x1234 —xi + (0 —1")x5 — (p— 7" — 1) x6).

Since £(0) = £(0,0,0,0;0) < f(r'xs — r’x), we have

fxazsa —xi + x5 — (@ — Dxe) > f(x12sa = xi + (0 —7)xs — (p — 7" — 1)x6),
which contradicts the definition of p. O

In the same way as Lemma 24, we have the following lemma, which means that the out degree

of vertex V(r.j) is nonzero.

r?j

Lemma 25. For any integer 1 < r < k and for any j € {1,2,3,4}, there exist integers p and q
such that 1 <p<k,1<q<k, and

J(x1234 — xi, +pxs — (P — 1)xe) + f(Xir + X5 + ax5 — aX6),
F(p)+f(xj+rxs—(r—1)xe) > min < f(x1234 — Xis + X5 — (P — 1)x6) + f(Xio + X5 + aX5 — 4X6):
Jf(x1234 — Xis +px5 — (P — 1)x6) + f(Xis + X5 + aX5 — aX6)

where {i1,12,i3} = {1,2,3,4} \ {j}.

Proof. We consider the coordinate transformation from (x1, xe, x3, 4; x5, 26) to (1 —x1,1 — 29,1 —
x3,1 —x4;k+ 26, —k+x5). Applying Lemma 24 in the new coordinate system, we see the following
fact:

For any integer 1 < p’ < k and for any j € {1,2,3,4}, there exist integers ¢’ and r/
such that 0 < ¢ <k—-1,1<7' <k and

f() + fOG+ (k=p" + 1)xs — (B —p')xe)
fxazsa — xi + (k=" +1)xs — (k —7")x6) + f(xin + x5 + (k= d)xs — (k — q')xe6),
> min ¢ f(X1230 = Xip + (K = 7"+ D)xs — (k= 1")xe) + f(xa, + x5 + (k= ¢)xs — (k — ') x6),
F(xi2sa — Xis + (k= 7"+1)xs — (k —7")x6) + f(xis + x5 + (k= ¢')x5 — (k — ¢')x6)
where {i1, 2,13} = {1,2,3,4} \ {j}.
By settingp=k —r"+1,r=k—p' +1, and ¢ = k — ¢/, we obtain the claim. O

Lemma 21 immediately follows from Lemmas 24 and 25.
7.2.3 Other cases in Case 2
The other cases in Case 2 are treated here with the aid of the splitting technique.

Lemma 26. Ify=0 and z = (1,1,1,1;0), (2,1,1;0), (3,1;0), (2,2;0), or (4;0), then there exists
an (Z,7)-increment pair (s, t) satisfying f(2) + f(§) > f(@+s+1t)+ f(§— s —1t).
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Proof. 1f £ = (1,1,1,1;0) then the claim follows from Lemma 20.

Suppose that Z = (2,1,1;0). In this case, we may assume f(0,0,0;0) = £(0,0,0;0,0) and
f(2,1,1;0) = f(2,1,1;k,—k) with & > 0. We define f’ as f'(x1,z9,23,24;25,26) = f(z1 +
Ty, T3, T4; 5, ), and [’ as

f/($17$27$371:4;£) = inf {f/($1,1'2,$3,$4;x5,x6) | T5 + T = 6} .

Then f/(x1,x2,x3,24;0) = f(x1 + @2, x3,24;0). Since f’ is a splitting of f, it is M-convex by

Theorem 7. By Lemma 20, we have

£(0,0,0;0,0) + f(2,1,1;k, —k) = £'(0,0,0,0;0,0) + f'(1,1,1, 1;k, —k)
f~,(17 170707 0) + f,(0707 17 1’ O)’
> min ¢ f/(1,0,1,0;0) + f/(0,1,0,1;0),
£'(1,0,0,1;0) + £7(0,1,1,0;0)
min { f(1,1,0;0) + f(1,0,1;0), ¢,
f(1,0,1;0) + f(1,1,0;0)

which means that there exists an (&, §)-increment pair (s, t) satisfying f(Z)+ f(§) > f(E+s+1t)+
Fg—s—1. ) .

Suppose that Z = (3,1;0). In this case, we may assume f(0,0;0) = f(0,0;0,0) and f(3,1;0) =
f(3,1;k,—k) with k > 0. We define f" as f'(x1,x2, x3,24; 25, 26) = f(x1 + T2 + T3, 24; x5, T6), and
f’ as

f~’($1,$2,1‘3,$4; ¢) = inf {f’(:rl,xg,xg,u; x5, T6) | x5 + x6 = f} )

Then f’(xl,xg,xg,x4;0) = f(xl + 9 + x3,24;0). Since f’ is a splitting of f, it is M-convex by
Theorem 7. By Lemma 20, we have

f(()?Oa 070) + f(37 1? ka _k) = f/(07 07 07 0; 07 O) + f/(17 17 17 17 ka _k)

£/(1,1,0,0;0) + £/(0,0,1,1;0),

> min < f/(1,0,1,0;0) + f/(0,1,0,1;0),

£(1,0,0,1;0) + £/(0,1,1,0;0)
£(2,0;0) + f(1,1;0),
min § f(2,0;0) + f(1,1;0),
£(1,1;0) + £(2,0;0)

£(2,0;0) + £(1,1;0),

which means that there exists an (&, §)-increment pair (s, t) satisfying f(Z) + f(§) > f(E+s+1t)+
fi-s-0. ~ ~

Suppose that £ = (2,2;0). In this case, we may assume f(0,0;0) = f(0,0;0,0) and f(2,2;0) =
f(2,2;k,—k) with & > 0. We define f" as f'(x1,x9, 23, 24; x5, 26) = f(21 + 2, x3 + T4; x5, 26), and
f’ as

f’($1,$2,x3,$4;€) = inf {f/($1,$27$3,x4;$5,1‘6) | T5 + Te = 5} .

21



Then f’(xl,:n27x3,a:4;0) = f(xl + 29,23 + 24;0). Since f’ is a splitting of f, it is M-convex by
Theorem 7. By Lemma 20, we have

f(07070a0)+f(2727k7_k):f/(07070707070)+f/(17171717ka_k)

£'(1,1,0,0;0) + f7(0,0,1,1;0),

> min § f'(1,0,1,0;0) + f(0,1,0,1;0),

f(1,0,0,1; O)+f’(0,1,1 0;0)
2 0;0)+f( ,2;0),

1 1-0)+f( ,1;0), ¢,

1,1;0) + f(1,1;0)

= min

i
i,
fQ,

which means that there exists an (, §)-increment pair (s, t) satisfying f(2) + f(7) > f(Z +s+1t) +
Fi—s—1). ~ ~

Suppose that Z = (4;0). In this case, we may assume f(0;0) = f(0;0,0) and f(4;0) =
f(4;k,—k) with k& > 0. We define f" as f'(x1, 22,23, 24525,26) = f(x1 + 22 + 23 + 24525, T6),
and f’ as

fl(x17x2a xs3, $47£) = inf {f/($1,132,$3,l'4; 1'5,336) | Z5 + Te = 6} .

Then f’(ml,xg,xg,x4;0) = f(:cl + x9 4+ 3 + x4;0). Since f’ is a splitting of f, it is M-convex by
Theorem 7. By Lemma 20, we have

£(0;0,0) + f(4;k,—k) = £'(0,0,0,0;0,0) + f'(1,1,1,1; k, —k

)
F'(1,1,0,0;0) + /(0,0,1,1;0),
> min fN’(l,O, 1,0;0) + fN’(O, 1,0,1;0),

£/(1,0,0,1;0) + £/(0,1,1,0;0)

= f(2;0) + £(2;0),

which means that there exists an (Z, §)-increment pair (s, t) satisfying f(Z) + f(7) > f(Z +s+1t) +
fg—s—1). O

7.3 Case 3 in the proof of Lemma 19

In this section, we deal with Case 3 in the proof of Lemma 19. First we focus on the case of
Z = (1,1,1;1), whereas the other cases are treated later using the splitting technique discussed in
Section 4.

Let f:Z°> — R U {+00} be an M-convex function, and put
Fm1, w0, 233€) = Inf {f (w1, o, w3524, 25) | 24 + 25 = £} .
We now show that if § = 0 € J and Z = (1,1,1;1) € J then there exists an (Z, §)-increment pair

(s,t) satisfying (x). We may assume £(0,0,0;0) = £(0,0,0;0,0) and f(1,1,1;1) = f(1,1,1;k +
1,—k) with k > 0.
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Lemma 27. Suppose that f(0,0,0;0) = f(0,0,0;0,0) and f(1,1,1;1) = f(1,1,1;k + 1, —k) with
k > 0. Then we have

F(1,1,0;0) + £(0,0,1; 1),
£(0,0,0;0,0) + f(1,1,1;k 4+ 1,—k) > min { f(1,0,1;0) + f(0,1,0;1),
f(0,1,1;0) + f(1,0,0; 1)

Proof. We define f':Z% — R U {+o00} as

f(x1, o, 3505, 26) if 24 =0

!
f(x1, 22, 23, 24; 25, 76) = .
+00 otherwise.

Since f is M-convex, f’ is also M-convex. By Lemma 24 applied to f’ with ¢ = 4, we have the
following fact:

For any integer 1 < p < K/, there exist integers ¢ and r such that 0 < g < k' — 1,
1<r<F¥k, and

f/(]-a 07 07 07 r, _(T - 1)) + f,(07 17 1) Oa q, _Q)7
f,(oa 07 07 07 Oa 0)+f/(17 17 17 Ovpa _(p_l)) Z min f/(07 17 07 07 T, _(T - 1)) + f,(17 07 11 07 q, _Q)7
0

f/(oa ) ]-7 O;TJ _(T - 1)) + f,(17 1)0707 q, _Q)

By taking ¥’ > k+ 1 and p = k + 1 in the above, we have

£(0,0,0;0,0) + £(1,1,1;k + 1,—k) = £/(0,0,0,0;0,0) + £/(1,1,1,0;k + 1, —k)

f/(1,0,070;7’, _(T - 1)) + f,(oa 17 1707 q, _Q)7
> min f/(Ov 1,0,0;7", —(7" - 1)) + f,(la()) 17Oa q, _Q),
f/(0707 170;T7 _(T - 1)) + f/(17 170707 q, _Q)

fEL 0,05, —ET = 1))+ f(0,1,1; ¢, —q),

= min f 0,1,0;’/“, T_l))+f(170>1aQ>_Q)a
£00,0, 157, =(r = 1)) + f(1,1,0;¢, —q)
£(1,0,0:1) + f(0,1,1;0),
> min f~(0,1,0;1) —i—f~(1,0,1;0), ,
f(0,0,1;1) + f(1,1,0;0)
which implies the lemma. O

Lemma 28. If =0 and z = (1,1,1;1), (2,1;1), or (3;1), then there exists an (Z,q)-increment
pair (s,t) satisfying f(#)+ f(§) > f(F+s+1)+ f(7—s—1).

Proof. If £ = (1,1,1;1) then the claim follows from Lemma 27.
Suppose that £ = (2,1;1). In this case, we may assume f(0,0;O) = f(0,0;0,0) and f(2, 1;1) =
f(2,1:k+1,—k) with k > 0. We define f’ as f'(x1, xo, x3; 24, ¢5) = f(x1 + 22, 23; 24, 25), and f’ as

F(ar, w0, 25;€) = inf { f' (21, w2, w3 04, 75) | 24 + 25 = £}
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Then f’(:z:l, x9,x3;§) = f(:cl + w9, x3;&). Since f’ is a splitting of f, it is M-convex by Theorem 7.
By Lemma 27, we have

f(0707070)+f(2717k+17_k) :fI(O,O,O,O,O)+f/(1,1,1,]€+1,—k)
F'(1,0,0;1) + f'(0,1,1;0),
> min ¢ f'(0,1,0;1) + f/(1,0,1;0),
f(0,0,1;1) + f'(1,1,0;0)
F(1,0:1) + £(1,1;0),
=min ¢ f(1,0;1) + f(1,1;0), o,
f(0,1;1) + f(2,0;0)
which means that there exists an (&, §)-increment pair (s, t) satisfying f(Z)+ f(7) > f(Z+s+1t)+
fg—s -0 ~ N
Suppose that & = (3;1). In this case, we may assume f(0;0) = f(0;0,0) and f(3;1) = f(3;k +
1, —k). We define f as f'(x1, 2, v3; 74, 5) = f(21 + 2 + 23;24,25), and f’ as

F(@1, w0, 233 &) = inf { f' (21, 22, w3, 24, 25) | 24 + 35 = €}
Then f’(ml,xg, x3;€) = f(:vl + xo + x3;&). Since f’ is a splitting of f, it is M-convex by Theorem
7. By Lemma 27, we have

F(1,0,0;1) + f/(0,1,1;0),
> min q f/(0,1,0;1) + f'(1,0,1;0),
£(0,0,1;1) + f’(1,1,0;0)

= f(1;1) + [(2;0),
which means that there exists an (&, §)-increment pair (s, t) satisfying f(z) + f(7) > f(&+s+1t)+
fg—s—1). O
7.4 Case of unbounded effective domain

We now deal with the general case of Lemma 10 without boundness assumption on the effective

domain.

Proof of Lemma 10. For R =1,2, ..., we define f(f) : Z" — R U {+o0} by

ﬂm@O:{f@)ifmwva@NSR (e ez,

+o00 otherwise

which is an M-convex function with a bounded effective domain, provided that R is large enough
for domf() £ (. For each R an elementary aggregation fEB) of f(B) is M-convex by Lemma 19.
Take z,y € domf. There exists Ry = Ry(x,y), depending on = and y, such that z,y € domf(R)

for every R > Ry. Since f) is M-convex, there exists an (z,y)-increment pair (sg,tr) such that
F@)+ P (y) > P (@ + sp+tr) + [P (y — sr — tr).
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Since the set of all (z, y)-increment pairs is finite, at least one (x, y)-increment pair appears infinitely

many times in the sequence (Sgr,,tR,), (SrRy+1,tRo+1)s---- More precisely, there exists an (z,y)-
increment pair (s,t) and an increasing subsequence Ry < Ry < --- such that (sg,,tr,) = (s,t) for
1 =1,2,.... By letting R — oo along this subsequence in the above inequality we obtain

F@) +fy) > fle+s+t)+ fly—s—t).

Thus f satisfies (M?-EXC,.). This completes the proof of Lemma 10. O
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