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Abstract

In this paper, we propose a fully polynomial-time randomized approximation scheme (FPRAS)
for the closed Jackson network. Our algorithm is based on Markov chain Monte Carlo (MCMC)
method. Thus, our scheme returns an approximate solution, of which the size of error satisfies
a given error rate. To our knowledge, the algorithm is the first polynomial time MCMC algo-
rithm for closed Jackson networks with multiple servers. We propose two of new ergodic Markov
chains, both of which have a unique stationary distribution that is the product form solution
of closed Jackson networks. One of them is for approximate sampler, and we show it mixes
rapidly. The other is for perfect sampler based on monotone coupling from the past (CFTP)
algorithm proposed by Propp and Wilson, and we show it has a monotone update function.

1 Introduction

A Jackson network is one of the basic and significant models in queueing network theory. In the
model, customers receive service at nodes with multiple exponential servers on first-come-first-
served (FCFS) basis, and move stochastically to a next node when service is completed. In [14],
Jackson showed that the network has a product-form solution as the steady-state distribution of
customers in the network [15, 12]. By computing the normalizing constant of the product-form
solution, we can obtain important performance measures like as throughput, rates of utilization of
stations, and so on.

There is well-known Buzen’s algorithm [5], which computes the normalizing constant of the
product-form solution. However, the running time of Buzen’s algorithm is pseudo-polynomial time
depending on the number of customers in a closed network. Chen and O’Cnneide [7] proposed
a randomized algorithm based on Markov chain Monte Carlo (MCMC), but in some very special
cases it becomes a polynomial-time algorithm. In [24], Ozawa proposed a perfect sampler for closed
Jackson networks with single servers, however his chain mixes in pseudo-polynomial time.

In this paper, we propose a fully polynomial-time randomized approximation scheme (FPRAS)
for calculating the normalizing constant of the product form solution of a closed Jackson network.
We deal with the model that a given network is strongly connected, a class of customers is unique,
no customer leaves or enters the network, and each node has multiple servers. Our algorithm is
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based on MCMC method, and the approximation rate of our scheme is theoretically guaranteed in
a stochastic form. Precisely, for any given parameter £ and §, satisfying 0 <e < 1,0 < < 1, an
approximate solution Z obtained by our algorithm satisfies

Pr[|Z — A <eA]>1-4

where A is the exact solution.

We propose two ergodic Markov chains, both of which have a unique stationary distribution
that is the product-form solution of a given closed Jackson network. Here we note that our chains
are NOT a simulation of a given queueing network, but just have a unique stationary distribution
which is the same as the product-form solution of a network. We show that the mixing time of
our chain for approximate sampler is bounded by n(n — 1)In(Ke~!)/2 for an arbitrary positive
€ < 1, where n is the number of nodes and K is the number of customers. A key idea which derives
polynomiality is not to simulate behavior of customers in a network, while both algorithms of [7]
and [24] simulate behavior of customers. We estimate the mixing time by using a technique of path
coupling introduces in [4]. On the other hand, we show the monotonicity of the other chain, and
design a perfect sampler based on monotone coupling from the past (monotone CFTP) algorithm
proposed by [25].

2 Jackson Network

We denote the set of real numbers (non-negative, positive real numbers) by R (R4, R4, ), and the
set of integers (non-negative, positive integers) by Z (Z, Z++), respectively. A closed Jackson
network is a queueing network model satisfying the followings;
(i) The network has n € Z44 nodes. Node i € {1,...,n} contains s; € Z servers, thus at most
s; customers can receive services on node 7 at a time.
(ii) In each node, customers are served on first-come-first-served (FCFS) basis. The servicing time
of every server on node i € {1,...,n} is exponentially distributed with mean 1/u; € Ry,.
(iii) Once served in node ¢ € {1,...,n}, a customer goes to node j € {1,...,n} with probability
Wi; € Ry. We assume that the matrix W = (Wj;) of transition probability of customers is
irreducible and aperiodic, so ergodic.
(iv) No customers leave or enter the network. Thus, we assume that there are always K € Z, 4
customers in the network.

In queueing network theory, it is well-known that a closed Jackson network has a product form
solution, described below, as a steady state distribution of customers in a network. First, we
introduce the set of non-negative integer points

def. n
AK) = A{x=(z1,29,...,3,) €27 | X7 2, = K}

in an n—1 dimensional simplex. Clearly, a state of K customers on nodes in a network with n nodes
is represented by = = (x1,z2,...,2,) € A(K). Since matrix W of the transition probability of
customers is ergodic, 1 is an eigenvalue and corresponding eigenvector is unique, excluding constant
factor. Let 6 € R}, be an eigenvector for W with corresponding to the eigenvalue 1, i.e., W = 0.
The steady-state distribution J¥ : A(K) — R,y for the closed Jackson network is product form
defined by

T (z) = G(lK) IT o), (2.1)
i=1



where a; : Z+ — R, is a function defined by

def. 1 <9i>z _ % (Zi)z == (2.2)

z . . ] ] 1 9 z
Hj=1 mln{]a Sz} 125 S — ' <Z> (Z > Si),
s; Sit \ M

for z € Z4, (we denote H?:1 min{j, s;} 41 and 01 1), and G(K) et Yowen Iy i(z;) is the

o . . def. n
normalizing constant. For convenience we denote a(x) =[] a;(z;) for any x € Z7}..

3 Randomized Approximation Scheme

In the following we consider a closed Jackson network with n nodes and K customers which has
the product form solution (2.1) for any = € A(K).

In this section, we give an FPRAS for calculating the normalizing constant G(K) of product
form solution for a closed Jackson network. Our approximation scheme is a standard Jerrum-
Sinclair type recursive algorithm [17, 16], while there are some technical points.

3.1 Outline of approximation scheme

In this subsection, we outline our approximation scheme.
For a non-negative integer N € Z,, and a non-negative integer vector ¢ € Z'!, we define a
constant G(N; ¢) by

G(N;c)déf' Z Hozi(xi—kci).

TEA(N) i=1

Clearly, G(K;0) = G(K), what we want to compute. Given a node j in the network, we define a
set Z;(IN) C A(N) by

Z(N) o e A(N) | ;> [X]}.

n

Note that the convex hull of Z;(NV) is also a simplex. We denote the jth unit vector by e;, whose
jth element is one and others are zeros. Given a node j in the network, there is a bijection between
Ej(N) and A (N — {%U, since obviously the properties

My e AN—[X]), y+[X]e; €E5(N)] and Vz € E;(N), = — [X]e; € A (N - [2])]

hold. The subset =;(NN) of A(N) naturally leads the constant

Fj(N;C) déf. Z H(Jél(SCZjLCl)

CCEE]'(N) i=1
Then we can see that
F;(N;e) = Hai($i+ci)
CUEEJ'(N) =1
= S (it [F]) [[eulvi + )
yeA(N-[XT]) i#j



Thus,

G(N;c):?m-G(N—[ lie+ [¥e)) (3.1)

holds and we can compute G(N;¢) if we know the ratio

Fy( N7c Z H 1az (x; +¢i)
e

G(N;c) )
Te=;(N

and the constant G (N — [X] ¢+ [&¥] e;). We define a function JY : A(N) — Ry by

J¢ (x) “ G(]\lf; o) il_[lai(ﬂﬁi +¢ci), (3.2)

which is a probability function on A(N) satisfying
= ) Ji@
XEZ,(N)

Then we can estimate the ratio F;(N;c)/G(N;c) by the Monte Carlo method with a sampler
for JY. By using the equation (3.1) recursively, we can compute the constant G(K) as follows.
Given a sequence of indices (nodes) (i,4!,...,i*"1) € {1,...,n}, we obtain that

G(K) = G(K;0)

G(K°c)
B Lelhy, 2~ =/
= G(K ,C ) EO(KO;CU)
G(K'e)  G(K%)
B 2. 02Y. : . ]
= G(K ;€ ) Fil(Kl;cl) FZ'O(KO;CO)
R-1
G(K";c")
_ BBy T ==L
= G(K%ch) U Fy(KT;cr)

0 def

where K° déf'K 0, K" dof i T*I—{K;ﬂ-‘ and ¢ & - 1+[KT 1-‘61‘7‘71 forr=1,2,...,R.

If we set the sequence (i°,...,i% 1) satisfying that K~1 > K =0, then

R-1

G(EK)=a(c) - []

r=0

G(K";c"
GEe) (3.3)
Fir(K";c")

The above equality gives an idea of an approximation scheme for computing the constant G(K) in a
recursive fashion. In Section 3.3, we describe the detail of our scheme and discuss the approximation
ratio. In the rest of this section, we estimate R, the number of recursions.

Lemma 3.1 The number of recursions R satisfying K'~! > K =0 is bounded by nln K + 1.



Proof: Ifn =1, then R =1 and hence we obtain the claim. If n > 2 and K = 1,2 then R =1, 2,
respectively, hence we also obtain the claim. In the following, we consider the case n > 2 and
K > 3. We define R by

R min{r | K (=) <1},

then clearly R < R/, since K — [K'/n] < K'(n —1)/n for any K’ € Zy. Thus it is enough to
show that

K (=1

nln K+1
)
n

<1
With considering In K > 0 and n > 2,

(L_l)nan-i-l < (L_l)nan _ ((1 . l)n)an < (%)IHK _ 1/K

n n n

Thus we obtain the claim. O

For a polynomial-time approximation scheme, we need to consider the followings;
e How to sample efficiently from J& (x)?
e How to choose the index ¢"?
e How many samples do we need for Monte Carlo approximation?
In Section 3.2, we will propose a new sampler for J& (x) based on Markov chain and discuss the
mixing time of our chain.
3.2 Rapidly mixing Markov chain

Given a vector ¢ € Z!} and a positive integer N € Z, ., we propose a new Markov chain M (N;c)
with state space A(N). A transition of Ma(N;¢) from a current state X € A(N) to a next state
X' is defined as follows. First, we chose a distinct pair of indices {j1,72} C {1,2,...,n} uniformly
at random. Next, let k = X, + X},, and chose [ € {0,1,...,k} with probability

@ (l+ le)ajé (k -1+ CjQ)
Zgzo aj, (s + cj )ag, (kK — s+ cj,)
(z i (L cji)ags (b — U+ cjo) g gy @5 (X5 + ) )
- Eioan(s +en)an (k= s+ ) T ) 0 (0 + )

then set

! (fOI‘ i = jl)a
X! =< k—1 (fori=js),
X; (otherwise).

Since «a;(x) is a positive function, the Markov chain M (N;c¢) is irreducible and aperiodic, so
ergodic, hence has a unique stationary distribution. Also, M (N;c) satisfies detailed balance
equation

J& (m)P(x — y) = J¢ (y) Py — )



0 a;r(O)a;r(k)/A oﬁr(l)a;’(k —-1)/A e af (k)af(0)/A

% 7 J

0| i (0)aj (k+1)/A" | of (Vo (k) /A | of (2)a] (k= 1)/4' cos a; (k+1)ajf (0)/4

7 i % J

Figure 1: A figure of alternating inequalities for a pair of indices (4, j) and a non-negative integer k.

We denote «;f (2) et ai(z + ¢), af(2) et aj(z+¢j), A et ZI;:O af(s)aj(k —s), and A’ def

J
Yoty af (s)af (k+1—s).

for any states x,y € A(K), where P(x — y) denotes the transition probability from « to y. Thus
the stationary distribution is equivalent to J& (z) defined by (3.2). We can obtain a sample w.r.t.
the probability function J& (z) by simulating Ma (N;c) sufficiently many steps. Next we discuss
the mixing time (defined below) of M (N;c).

Given a pair of probability distributions v; and 15 on a finite state space €2, the total variation
distance between vy and 1 is defined by

drv(vi,v) = max Y |e) - o(x)| = é 3 @) - vaa)]- (3.4)

~ xz€A €N
Given an arbitrary positive real €, the mizing time of an ergodic Markov chain M is defined by

T(e) def mg%{{min{t | Vs > t, dpy(m, Py) <e}} (3.5)
where 7 is the stationary distribution of M and P, is the probability distribution of the chain M

at time period s > 0 with initial state = (at time period 0).
In the rest of this subsection, we show the following theorem.

Theorem 3.2 For 0 < Ve < 1, the mizing time () of Markov chain Ma(N;c) satisfies

7—(5) < n(n2—1)

Let ¢ = (c1,...,cpn) be an arbitrary non-negative integer vector, and we consider the cumulative

distribution function gz[f’c] :{0,1,...,k} — R, defined by

In(Ne™h).

l
gliel(y 2 Zumo 0o )75 1 65) (36)
Zs:O Ozi(S + ci)aj(k —s+ Cj)

We also define gl[?’c] l[;?,c]
We can describe a transition of the Markov chain M (N;¢) by using the function gfj as follows.
First, choose a distinct pair {1, jo} of indices with probability 2/(n(n—1)). Next, put k = X;, +X},,
generate a uniformly random real number A € [0, 1), choose [ satisfying gfm (l-1)<A< gfm (),
and set X =1, X| =k —1land X; = X; for any other indices i ¢ {j1, j2}.

The following lemma plays an important role for our main theorems.

(-1) def 0, for convenience. We abbreviate g to gfj, if there is no confusion.

Lemma 3.3 For anyi € {1,...,n}, the function o; : Zy — Ry+ (i € {1,2,...,n}) is log-concave,
i.e.,

Ina;(z) —Inai(z—1) > Inai(z+ 1) — Ina;(2) (Vz € Zyy). (3.7)



It implies that, for any pair of distinct indices (i,7) (i,7 € {1,2,...,n}), for any k € Z4, and for
any ¢ > 0, the inequalities

g < gy < g+ ey, (3.8)
called alternating inequalities, holds.

F2)

Figure 1 illustrates the definition of alternating inequalities. In the following, we denote o =

ai(z + ¢;) and aj(z) def a;(z +¢j).

Proof: First, we show the log-concavity of «;(z). From the equations (2.2) of the function a;(z),

L B) =3 Inj (z < si),
Ina;(z) = ) ' .
zln {74) — (z=si)lns; = > % Inj (2> si),
hold. Thus
In(%) -z (2<s),
Ino;(z) —Ina;i(z—1) = g"
In () —Ins; (2> ).

From the above, the function «; satisfies (3.7), and thus «; is log-concave. Since the function

af (2) et a;(z + ¢;), obtained by shifting the domain of a; by ¢;, is also log-concave and satisfies

In a;r(z) — lna;-"(z -1)> lnaj(z +1)— lnoz;-"(z) (Vz € Zyy). (3.9)

Next, we show the latter statement. When k£ = 0, it is obvious. When we fix k € Z,,, the
alternating inequalities (3.8) hold for any [ € {0,1,...,k}, if and only if

(Zhpar(saf(k+1-9)) (Shopp o (Daf (k- o)
< (zg:() off (s)act (k — s)) (Z’;ﬁ, aai(shal (k1 s')) , (3.10)
and
(Zhooof (b +1=9)af(5) (oo (k= )] ()
< (Xhopaf (k= s9)af () (ShEi of (k+1-)af (), (3.11)

hold for any [ € {0,1,...,k — 1}. With considering the expansion of (3.10), it is enough to show
that Vs,Vs' € {0,1,...,k}, 0 < s < s <k implies that

a;‘(s)a;'(k +1-— s)aj(s/)a;'(k‘ -s) < a;r(s)ozj(k - s)ozj(s’)ozj(k +1-—4). (3.12)

Since, «; is log-concave for any index j € {1,2,...,n}, the inequalities (k — ') < (k — s +1) <
(k—s) < (k— s+ 1) implies that
lna;r(k‘ —8)+ lnozj(k —s+1)< lnaj(k‘ s +1)+ lnozj(k: —5)

holds. From the above, the inequality (3.12) hold Vs,Vs' € {0,1,...,k} satisfying 0 < s < s’ < k.
We obtain inequality (3.11) in the same way as (3.10) by interchanging i and j. O

We show Theorem 3.2 by using the following path coupling technique proposed in [4].



Theorem 3.4 (Path coupling [4]) Let M be a finite ergodic Markov chain with a state space Q2. Let
H = (9, &) be a connected undirected graph with verter set 0 and edge set £ C Q2. Let the length of
all edges be 1, and let the distance between x and y, denoted by d(z,y) and/or d(y,z), be the length
of a shortest path between x and y. Suppose that there exists a joint process (X,Y) — (X', Y") with
respect to M satisfying that whose marginals are a faithful copy of M. If there exists a positive
real 3, exactly less than one, satisfying

BIA(X',Y")] < Bd(X,Y)
for any edge {X,Y'} € £ of H, then the mixing time 7(¢) of the Markov chain M satisfies
7(e) < (1 - B) tIn(e7'D),

where D max{d(z,y) | Vz,Vy € Q} is the diameter of the graph H. [ |

Proof of Theorem 3.2 Let H = (A(N),&) be an undirected simple graph with vertex set
A(N) and edge set £ defined as follows. A pair of vertices {x,y} is an edge of H if and only if
(1/2) 3" |z — yil = 1. Clearly the graph H is connected. We define the length of an edge e € £
as 1, and the distance da(z,y) for each pair (z,y) € (A(N))? by the length of a shortest path
from x to y on H. Clearly, the diameter of H defined by maxg yea(nv){da(z,y)}, is bounded
by N.

We define a joint process (X,Y) — (X', Y”’) for any pair {X,Y} € £. Pick a distinct pair of
indices {i1,i2} uniformly at random. Then put kx = X;, + X, and ky = Y;, +Y],, generate a
uniformly random number A € [0, 1), chose lx € {0,1,...,kx} and ly € {0,1,..., ky} which satisfy
gfﬁz(lx —1) <A< gfl’l-‘Z(lX) and 951};'203’ —1) <A< gfﬁ?(ly), and set X{l =lx, X{Q =kx — lx,
}/le = ly and Y;; = ky — ly.

Now we show that

def. 2

b 1_n(n—l)

satisfies
Elda(Y',Y")] < Bda(X,Y)

for any pair {X,Y} € £. Here we suppose that X,Y € & satisfies |X; — X;| = 1 for j € {j1,j2},
and ‘X] — X]‘ =0 for J g {jla.j?}'

Case 1: In case that neither of indices j; nor jo are chosen, i.e., {i1,is} N {j1,j2} = 0. Put
k = X;, + Xj,, then it is easy to see that Pr(X], =1) = Pr(Y;, = 1) for any [ € {0,...,k} since
Y, +Yi, = k. By setting X; =Y/ and X; =Y, we have da(X',Y') = da(X,Y).

)

Case 2: In case that both of indices j; and js are chosen, i.e., {i1,i2} = {j1,72}. In the same way
as Case 1, we can set X; =Y/ and X =Y. Hence da(X',Y') = 0.

Case 3: In case that exactly one of indices j; and js is chosen, i.e., |{i1, 2} N{j1,j2}| = 1. Without
loss of generality, we can assume that ¢; = j; and that X;, + 1 =Y. Let k = X;, + X;,. Then
Y, +Y;, = k+1 obviously. Let us consider a transition of the joint process with a random number
A € [0,1). Let I € {0,1,...,k} be a unique index satisfying g¥, (I — 1) < A < gF, (). Then
alternating inequalities imply that ¢5T1(1 —1) < A < gf_jl(l +1). Therefore, if X =1 then Y}

1112 2



should be in {I,1+ 1} by the definition of the joint process. Thus we always obtain that [X] =Y}
and X{ +1=Y]]or [Xj +1=Y; and X =Y/ ]. Hence da(X',Y’) = da(X,Y).

12

With considering that Case 2 occurs with probability 2/(n(n — 1)), we obtain that
2
Elda(X, Y] < (1—- ———)da(X,Y).
By < (1= 2 ) dany)

Since the diameter of H is bounded by N, Theorem 3.4 (Path Coupling Theorem) implies that the
mixing time 7(g) satisfies

3.3 Monte Carlo integration

In this section, we give an FPRAS for calculating the normalizing constant G(K) of product form
solution for a closed Jackson network. Since we already have an approximate sampler via the
Markov chain Mx(N;c), we can estimate G(K";c")/F;(K";c") for r € {0,1,...,R — 1} by the
Monte Carlo method. The whole algorithm is as follows,

Algorithm 1 (Randomize Approximation Scheme with Approximate Sampler)

Step 0. Set r: =0, N := K, and ¢:= 0.
Step 1. While N > 1, repeat the followings from i to iv.
i. Generate @) samples, each of which is obtained by simulating M (N;¢) for Ta(N) steps.
ii. Foreach i€ {1,...,n}, U; denotes the number of samples satisfying z; > N/n.
iii. Let I € {1,...,n} be an index with Uy = max{Uy,...,U,}. Set Z" :=U;/Q.
iv. Set c:=c+ [N/n]-er, N:= N —[N/n], and r :=7r+ 1.
Step 2. Output Z := a(c) - Hf;ol 1/z".

Our algorithm generates ) samples by simulating Ma (N;¢) for Ta(N) steps for each sample.
By setting Q = 150nR%c~2In(2nR/d) and Ta(k) = {@ In IOZJW, we obtain the following
theorem. Note that, the definition of Step 1 iii of Algorithm 1 implies Uy > N/n and Z" > 1/n for
each iteration.

Theorem 3.5 If we set Q = 150nR%c=2In(2nR/§) and Ta(k) = [@ In %—‘ , then our ran-

domized approzimation scheme (Algorithm 1) returns Z satisfying

Pr(|Z — G(K)| < eG(K)] > 1 - 6. (3.13)

Proof: First we consider r-th iteration (where r € {0..., R — 1}) of Step 1 in Algorithm 1 and
show the following Claims 1 to 4. Suppose the index I, integer N and the vector ¢ are chosen in
the r-th iteration of Step 1 of Algorithm 1, and we define w” by

r det. F1(N; €)
G(N;e)’
We denote p; fori € {1,...,n} as a probability that a sample satisfies z; > N/n where x is obtained

by using Markov chian M (N; ¢) after T (V) steps. Particularly we define 0" et pr. Note that &"
approximates w’.



Claim 1. Foreachr€{0,...,R—1}, Pr[@" < 5] < 2R holds.

Let S C {1,...,n} be the set of indices defined by g {i| pi <1/(2n)}. Note that |[S| <n—1.
For an arbitrary ¢ € S, the probability of the event U;/Q > 1/n satisfies

fiet] - ol

n
1 1 Q 2 1 QnR

< 9

2nR
where the first inequality is obtained by using the Chernoff bound (see [23], p. 64 for example).
Since Ur/@Q > 1/n, the probability of the event I € S satisfies

J J J

I S P < Pr|—> — < 1) — < —

€8)=) Prll= Zr[ }—Z%R—(” ) 2k < 2R
€S i€S €S

with considering |S| < n — 1, and we obtain Claim 1.

Claim 2. For each r € {0,...,R— 1}, if &" > 5- then |w" — &"| < 0" holds.

With considering the definition of the mixing time (3.5) and the total variation distance (3.4),
Theorem 3.2 and the definition of T (N) imply

r__~r Ta(N)
|w —WISdTv<Py ﬂT)SlOnR

where P,ZA(N) denote the distribution of a sample obtained by Markov chain M (N; ¢) after Ta (V)
steps with an initial state y € A(N). Thus if @ > 5, then

hold and we obtain Claim 2.

Claim 3. Foreachr e {0,...,R—1},if&" > ﬁ then the conditional probability
Pr UZT — 0" > LH0" ‘ "> ﬁ] < % holds, where Z" is defined in Step 1 iii of Algorithm 1.
By using Chernoff bound, n > 2 implies

21 2nR .
N P 1 -, —<5€R) §I5OnR26_2lnn—wT
T ’ —w\_ﬁw w" >% S ze
nR~r n n 20 )
— e 2nIn G < 2 20 2R 5 -m2E 20 0 o O
¢ ¢ i ¢ MR ~ 2R

and we obtain the Claim 3.

From Claims 1, 2 and 3, we obtain the following claim.

Claim 4. For cach r € {0,..., R~ 1}, Pr[(1+ 55) ' < % < (1+ )| > 1 § holds.
When & > i, Claim 2 implies

(1—i)m§w’“g(1+%)m (vrefl,...,R—1}) (3.14)

10



and, Claim 3 also implies

Yzr<ar<(1-&) 2 \@”>ﬁ] >1—2‘; (vre{l,...,R—1}). (3.15)

Pr [(1+§)’

Thus if &" > ﬁ, inequalities (3.14) and (3.15) imply that for each r € {1,..., R — 1},

€ el W € e\ 1
- V1+2) <2<+ )(1- = 1
(1=55) (+58) =z=(+55) 0-55) (3.16)
hold with the probability higher than 1 — %. The right-hand side of (3.16) satisfies
€ €\ 1L 2e 2e €
hs)=(1+—)(1—— =11 <|({l+—=)=(14+4—
(r-h.s.) (+5R>( 53) (+5R—e>_<+4R> <+2R)

and the left-hand side of (3.16) satisfies

(Lh.s.) = (1 - %) (1 + é) T (rhs) > (1 n %) -

Thus, from the above discussion and Claim 1,

Pr[<1+2;)1 << (1+2i%)}
1

> Pr[(l445) ' 7 <wr < (14 55) 27 | 07> | Pror > 4]

AV
VN
—_
|

[NV}
| >
N—
VR

—

|

[NV}
|
N———
|

H

|
| >

hold and we obtain Claim 4.

From Claim 4, we obtain the following.

Claim 5. The random variables Z°, ..., Z®=1 in Algorithm 1 satisfies

wO.._wal

By multiplying inequalities in Claim 4, we obtain

pe (14 ) s s () | 2 (1 8) 2

-R

Since (1 + ﬁ)R <l4eand (14+55)  >(1+¢e) ! >1—¢, Claim 5 is now clear.

Lastly, we conclude the proof of Theorem 3.5. Let ¢ be the vector in Step 2 of Algorithm 1,
then the equality (3.3) implies a(c)/(w?---w® 1) = G(K), and the output of Algorithm 1 is
Z =a(e)/(Z°--- ZB=1). Thus Claim 5 implies

Pr (1—5)§G(Z)§(1+€) >1-4

Hence we obtain the theorem. O
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4 Perfect Sampler

In this section, we propose another sampler for Jév , which is a perfect sampler based on monotone
CFTP. We propose another Markov chain Mp(N;¢), which is a modified version of M (N;e),
and show that the chain is monotone. In the proof of monotonicity, Lemma 3.3 in the previous
section plays a key roll again. Note that the problem of sampling from the product-form solution
JE (= Jé( ) of closed Jackson networks (2.1) is included as a special case.

4.1 Monotone coupling from the past

Here we review CFTP briefly [25]. Suppose that we have an ergodic Markov chain M with a
finite state space € and a transition matrix P. The transition rule of the Markov chain X — X’
can be described by a deterministic function ¢ : Q x [0,1) — Q, called update function, as
follows. Given a random number A uniformly distributed over [0,1), update function ¢ satisfies
that Pr(¢(z, A) = y) = P(z,y) for any z,y € Q. We can realize the Markov chain by setting X’ =
»(X,A). Clearly, update functions corresponding to the given transition matrix P are not unique.
The result of transitions of the chain from the time ¢; to to (t1 < t2) with a sequence of random
numbers A = (A[t1], Alti +1],..., At —1]) € [0, 1)!27" is denoted by ®}?(z, A) : 2 x [0,1)2711 — Q

where %2 (2, ) € (- - (¢(x, Alta]), - .., Alta —2]), A[ta — 1]). We say that a sequence A € [0, 1)!7]

satisfies the coalescence condition, when Jy € Q, Vo € Q, y = <I>OT(ac, A).

Suppose that there exists a partial order “>” on the set of states (2, and that a unique pair of
states (Tmax, Tmin) €xists in the partially ordered set (£2,>), satisfying max = & » Tmin, Vo € Q.
A transition rule expressed by a deterministic update function ¢ is called monotone (with respect
to “>")if VA €[0,1), Vo,Vy € Q, z = y = ¢(z,A) = ¢(y, A). We also say that a chain is monotone
if the chain has a monotone update function.

With these preparations, a standard monotone CF'TP algorithm is expressed as follows.

Algorithm 2 (Monotone CFTP Algorithm [25])

Step 1. Set the starting time period T := —1 to go back, and set A be the empty sequence.

Step 2. Generate random real numbers A[T], A\[T' + 1],...,A[[T/2] — 1] € [0,1), and insert them
to the head of A in order, i.e., put XA := (A[T]|,\[T" +1],..., A\[-1]).

Step 3. Start two chains from xpmax and Ty, respectively, at time period 7', and run each chain
to time period 0 according to the update function ¢ with the sequence of numbers in A. (Here we
note that every chain uses the common sequence A.)

Step 4. [Coalescence check] The state obtained at time period 0 is denoted by ®%(z, X).
() IfIye,y= @OT(xmaX, A) = @%(xmin, A), then return y.
(b) Else, update the starting time period 7" := 2T, and go to Step 2.

Theorem 4.1 (Monotone CFTP Theorem [25]) Suppose that a Markov chain defined by an update
function ¢ is monotone with respect to a partially ordered set of states (2, =), and Irmax, ITmin € 2,
Ve € Q, Tmax = & = Tmin. Then the monotone CFTP algorithm (Algorithm 2) terminates with
probability 1, and obtained value is a realization of a random variable exactly distributed according
to the stationary distribution. ]

Theorem 4.1 says that Algorithm 2 is a (probabilistically) finite time algorithm for infinite time
simulation.
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4.2 Monotone Markov chain

In this section we propose another Markov chain Mp(N;e) with a state space A(N) for the
probability distribution J2. We abbreviate A(N) as A in the following. The transition rule of
Mp(N;c) is defined by the following update function ¢ : A x [1,n) — A. For a current state
X € A, the next state X’ = ¢(X,\) € A with respect to a uniformly random number A € [1,n) is
defined by

l (for i = |A]),
X! = kE—1 (fori= |\ +1),
X; (otherwise),

where k = X || + X541 and [ € {0,1,...,k} satisfies

[k,C] [k,C]
(=D < A= A< g3 ()

where gz[é?’c} is defined by (3.6). In the following, we abbreviate gl[-?’c} as gfj in the same manner
as the previous section. Our chain Mp(N;e) is a modified version of M (N;¢), obtained by
restricting to choose only a consecutive pair of indices. Clearly, Mp(N;c¢) is ergodic. The chain
has a unique stationary distribution J& defined by (3.2).

In the following, we show the monotonicity of Mp(INV;¢). Here we introduce a partial order “>”

on A. For any state x € A, we define cumulative sum vector hg = (hg(0),hg(1),...,hx(n)) €
Zi‘i‘l by
L det. [0 (for i = 0),
ha(i) = { > oy (forie{1,2,...,n}).

For any pair of states @,y € A, we say x = y if and only if hg > hy. Next, we define two special

states Tmax, Lmin € A by Tmax def. (N,0,...,0) and @pin def. (0,...,0,N). Then we can easily see

that V$ 6 A, xmax i xr t $min-

Theorem 4.2 Markov chain Mp(N; c) is monotone with respect to the partially ordered set (A, ),
ie, YA€ [Ln), YX,YY € A, X =Y = ¢(X,)) = ¢(Y, \).

Proof: We say that a state X € A covers Y € A (at j), denoted by X ->Y (or X ->;Y), when

+1 (for i = j),
X, —~Yi={ -1 (fori=j+1),
0  (otherwise).

We show that if a pair of states X,Y € A satisfies X ->;Y, then VA € [1,n), ¢(X, ) = (Y, N).
We denote ¢(X,\) by X’ and ¢(Y,\) by Y’ for simplicity. For any index i # |\], it is easy to see
that hX(Z) = hX/(i) and hy(l) = hy/ (Z), and so hX/(i) — hy/ (Z) = hX(Z) - hy(l) > 0 since X >~ Y.
In the following, we show that hx/(|A]) > hy/(|A]).

Case 1: If [A\] #j—1and [\ # j+ 1. Let k = X|5) + X|y|41, then it is easy to see that
Y5 + Y|a|+1 = k. Accordingly X{/\J = YL’)\J = [ where [ satisfies

i+ =1 A=A < gl agan @,
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and hence hx/(|A]) = hy/(|\]).

Case 2: Consider the case that [A\] = j — 1. Let k +1 = X;_1 + Xj, then Y;_; +Y; = k, since
X -=;Y. From the definition of cumulative sum vector,

hxr([A]) = by ([A))
hx!(G=1) = hy(j—1)
= hx/(j—2)+ X —hy(j—2) - Y],
= hx(j-2)+Xj, - hy(j-2) - Y,

o / /
= Xj1-Yi,

Thus, it is enough to show that X’» 1> Y’ . Now suppose that [ € {0,1,..., k} satisfies 96’—1)]'([_
1)< A—[A| < gé“j_l)j(l) for A. Then gfﬂ) (I-1)<A=[A\] < g@“l)J(l + 1), since the alternating

inequalities in Lemma 3.3 imply that gf*l) (1-1) < gf 1) (1-1) < géﬂl)](l) < 96“1) (l+1).

Thus we have that if Y] ; =1 then X} , is equal to [ or [ + 1. In other words,

GO0 (1)

and hence X} ; > Y] , holds in all cases. Accordingly, we have that hx:([A]) > hy/([A]).

Case 3: Consider the case that [A] = j + 1. We can show hx/(|A]) > hy/(|A]) in a similar way
to Case 2.

For any pair of states X,Y satisfying X > Y, it is easy to see that there exists a sequence
of states 21, Zs, ..., Z, satisfying X = Zy->=Zy->--- -=Z,. =Y. Then applying the above claim
repeatedly, we obtain that ¢(X,\) = ¢(Z1,\) = ¢(Za, A) = -+ = &(Zp, N) = (Y, N). O

Since Mp(N; ¢) is a monotone chain, we can design a perfect sampler based on monotone CFTP.

We could also employ Wilson’s read once algorithm [27] and Fill’s interruptible algorithm [9, 10],
each of which also gives a perfect sampler.

4.3 Expected running time

Here, we assume the following condition, which leads that our perfect sampling algorithm terminates
in an expected polynomial time.

Condition 1 Forallie€ {1,2,...,n—1},

k
1
> (ki@ — gty 0) = 5

1=0
hold for any k € {0,1,...,K}.

As a particular case, when we deal with a closed Jackson network with single servers model (i.e.,
s;i =1 for each i € {1,...,n}), we can assume Condition 1 by arranging indices of servers to satisfy

0i/pi = Oiy1/piv1 (Vi€ {1,...,n—1}).
Theorem 4.3 Under Condition 1, the expectation of coalescence time Ty € Zii of Mp(N;c)

defined by Tk def min{t > 0| Jy € A, Vo € A, y = ®,(z,A)} is bounded O(n®In N). The whole
number of transitions in our perfect sampler is also bounded by O(n3In N).

Note that the coalescence time T, is a random variable.
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Proof: Let H = (A,€) be the graph defined in the proof of Theorem 3.2; i.e., H is an undirected
simple and connected graph with vertex set A and edge set £ defined as follows. A pair of vertices
{X,Y} is an edge if and only if (1/2)> ", |X; — Y| = 1. For each edge e = {X,Y} € &, there
exists a unique pair of indices j1,j2 € {1,...,n}, called the supporting pair of e, satisfying

. - 1 (7’ :j17j2)7
[Xi = Vi _{ 0 (otherwise).

We define the length Ip(e) of an edge e = {X,Y'} € € by Ip(e) def. (1/(n—1)) Z‘Z;Il(n — 1) where

*

J* = max{j1,j2} > 2 and {ji,j2} is the supporting pair of e. Note that 1 < min.cglp(e) <
max.cg lp(e) < n/2. For each pair X,Y € A, we define the distance dp(X,Y’) be the length of
a shortest path between X and Y on M. Clearly, the diameter of H, i.e., max x yjea2 dp(X,Y),
is bounded by Nn/2, since dp(X,Y) < (n/2) Y1 ,(1/2)|X; — Yi| < (n/2)N for any (X,Y) € A%
The definition of edge length implies that for any edge {X,Y} € &, dp(X,Y) = lp({X,Y}).

Now we show that E[dp(¢(X,A),d(Y,A))] < (1 - m> ~dp(X,Y) for any pair {X,Y} €
E. In the following, we denote the supporting pair of {X,Y} by {j1,72}, and X' = ¢(X,A),
Y’ = ¢(Y,A) for the convenience. Without loss of generality, we can assume that j; < j2, and
ij +1= sz'
Case 1: When |A| = jo — 1, we will show that

Eldp(X"Y') | [A] =j2 — 1] < dp(X,Y) — (1/2)(n — j2 + 1)/(n — 1).

In case j1 = jo — 1, X’ = Y’ with conditional probability 1. Hence dp(X’,Y’) = 0. In the
following, we consider the case j; < jo —1. Put k = X;,_1 + X}, then Yj,_1 + Y, = kK + 1 since
Xj, +1=1Yj,. In the same argument of Case 2 in the proof of Theorem 4.2, Lemma 3.3 implies
that when [ € {0,1,...,k} satisfy g’(’“j_l)j(l —1)<A-[A] < 96‘_1)]'(0’ then X’ =l and Y/ =1

or [ ; L, since g7 (1= 1) < gf;_4),(0—=1) A= [A] < gf;_4);(D) < g;7,;(1+1) hold. In other
words,

() to)- ()G (2 ) () (i )

hold. If X7, _, =Y, _;, the supporting pair of {X’,Y"} is {j1,j2} and so dp(X",Y’) = dp(X,Y). If
X§2—1 7 Yj/

1, the supporting pair of {X’,Y"} is {j1,j2 — 1} and so dp(X",Y’) = dp(X,Y) — (n —
ja+1)/(n—1).
Condition 1 implies that
. k
Pr |:X]I'2—1 # YJ'I2—1 | [A] =j2 — 1} = Do (gf(i—o—l)(l) - gf(ﬁl)(l» > 1/2, and,

Pr [Xjf.z_l — Y} | A =ja— 1} < 1/2.

Thus we obtain that

Bldp(X",YO[A] =j2—1] < (1/2)dp(X,Y) + (1/2)(dp(X,Y) = (n = j2 +1)/(n — 1))
= dp(X,Y) = (1/2)(n—j2 +1)/(n —1).

Case 2: When |A] = ja, we can show that E[dp (X', Y")||A] = jo] < dp(X,Y)+(1/2)(n—j2)/(n—1)
in a similar way to Case 1.
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Case 3: When |A] # jo — 1 and |A]| # jo, it is easy to see that the supporting pair {j],j5} of
{X",Y'} satisfies jo = max{j}, j5}. Thus dp(X,Y) = dp(X',Y’).
The probability of appearance of Case 1 is equal to 1/(n — 1), and that of Case 2 is less than
or equal to 1/(n — 1). From the above,
1 1 n—j2+1 1 1 n—7 1

E X' YN < XY)— LI LI = X.Y)—
[de(X Y s de(XY) =055 27 Yoo o - &Y

1 1 1
(= s s eetaroe ) ) = (1 g ey

hold for any pair (X,Y) € £.
Next we estimate the expectation of the coalescence time T, of Mp. Since the metric dp is
defined as the shortest path in the graph H, we also obtain

IN

dp(X',Y") < (1= 5k ) de(XY) (VXY €4)

hold with the analogous argument of path coupling [4]. We define D def d(Tmax, Tmin) and 7 def

n(n —1)2(1 +1n D), then we have

Pr[T. > 1] = Pr [q)(lm (Tmax, A) # @gm (Zmin, A)] = Pr[® (Tmax, A) # P (Tmin, A)]

< Yxyyear do(X,Y)PL[X = O (@max, A), Y = O (@min, A))
1

E [dp ((I)go (-'Bmaxa A)7 (I)SO (wmiﬂv A))] S <1 n m

2

1 n(n—1)2(1+1In D) 1

= 1l—— D<elePp =2,
n(n —1)32 e

70
> dP(mma)u mmin)

The submultiplicativity of coalescence time ([25]) implies that Pr[T, > krg] < (Pr[Ty > To])k <
(1/e)* for any k € Z,. Thus

E[T.] = Y2t -Pr[Tiy=t] <79+ Pr[T% > 10 + 70 - Pr[T% > 270] + - --
< T0+T0/e+70/e2—|-...:7—0/(1—1/6)SQT().

Clearly D < Nn, and thus we obtain the result about the expected coalescence time that
E[T.] < 2n(n—1)?(1+1In(Nn)) = O(n*InNn).

Finally we estimate the whole number of transitions required in our sampling algorithm. Put
m = [logy Ty ]. Algorithm 2 terminates when we set the starting time period T = —2™ at (m+1)st
iteration. Then the total number of simulated transitions is bounded by 2- (20 +21 422 +...+2m) <
2-2-2™ < 8T, since we need to execute two chains from both @y and x,;,. Thus the expectation
of total number of transitions of Mp(N;e¢) is bounded by O(E[8T.]) = O(nIn Nn). O

Corollary 4.4 Under Condition 1, the mizing time of Mp(N;c) is bounded by n(n —1)*In(Nn).
|
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