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Abstract

This paper proposes new stationary subdivision schemes based on Laplacian smoothing.
Moreover, we discuss best choice of elements of stencils.

First, we propose new subdivision schemes with new subdivision matrices which are
linear combinations of ordinary subdivision matrices and Laplacian operators. So, we call
these schemes “Laplacian subdivision”. Laplacian operator can control fairness of surfaces.
Similarly, Laplacian subdivisions can control (local) fairness of subdivision surfaces.

Then, we consider Laplacian Loop subdivision and Laplacian butterfly subdivision. Us-
ing the analysis in [1,2], we derive a necessary and sufficient condition for Laplacian Loop
subdivision to be C1-continuous. Moreover, we get some C1 Laplacian butterfly subdivi-
sion schemes.

Second, we analyze components of the subdivision schemes. Here, we assume that the
subdivision schemes have symmetric stencils and 1-disc subdivision matrix. That is, we
consider Loop type subdivision. Then, we can see effects of elements of stencils. Thus, we
can get the best choice of elements of stencils. So, we define “optimal scheme” as Loop
type subdivision with the best stencil. Optimal schemes generate good subdivision surfaces.
On regular part, fairness of some optimal schemes is smaller than that of Loop subdivision.

Key words: Laplacian subdivision, C1-continuity, Interpolate schemes, Optimal schemes

1 Introduction

Subdivision [3,4] is a well-known method for geometric design and for computer
graphics, because the subdivision makes smooth surfaces with arbitrary topology. A
subdivision scheme is defined by a rule of change of connectivity and subdivision
matrices. Many researchers study the conditions of the continuity of subdivision
surfaces depending on the subdivision matrices [4–12].

Preprint submitted to Elsevier Science 19 July 2006



On the other hand, fairness of surfaces is an important problem for CAGD. Taubin
[13] proposed Laplacian based fair surface design. His algorithms require linear
time and space complexity. Moreover, he discussed Laplacian smoothing for sub-
divided meshes. However, he did not discuss the smoothness of limit surfaces of
subdivision. The limit surfaces of our Laplacian subdivision are C1-continuous.

We will derive Laplacian Loop subdivision and Laplacian butterfly subdivision.
Our Laplacian subdivision requires linear time and space complexity (Here, we as-
sume the maximal degree of vertices is constant.). In this paper, Laplacian butterfly
subdivision is an interpolate subdivision. Our Laplacian butterfly subdivision is C1-
continuous for regular parts. (For extraordinary points, Zorin et al. [14] derived C1

stencils. However, in this paper, we do not discuss extraordinary points for butterfly
subdivision.)

Next, for subdivisions with symmetric stencils and 1-disc subdivision matrix, we
analyze components of stencils and discuss (local) fairness and convergence rate
of subdivision schemes. Then, we choose the optimal stencil, that is, we can derive
optimal subdivision schemes.

2 Ordinary Subdivision

In this section, we review ordinary subdivisions in general.

2.1 Subdivision Matrix

A subdivision scheme is defined by subdivision matrices and a rule of connectivity
change. The subdivision scheme, when it is applied to 2-manifold irregular meshes,
generates smooth surfaces at the limit. Fig. 1 is an example of the Loop subdivision.
In this figure, (a) is an original mesh; subdividing (a), we get (b); subdividing (b)
once more, we get (c); subdividing infinite times, we get the smooth surface (d). We
call (d) the subdivision surface. Here, a face is divided into four new faces. This is
a change of connectivity. In this paper, the change of connectivity is fixed to this
type, but other types of connectivity change can be discussed similarly.

Fig. 1. Loop subdivision [15].
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Next, let us consider how to change the positions of the old vertices, and how to
decide the positions of the new vertices. They are specified by matrices called “sub-
division matrices”. The subdivision matrices are defined at vertices and they depend
on degree k of the vertex (the degree is the number of edges connected to the ver-
tex). For example, Fig. 2 denotes a vertex vj

0 which has five edges. Let vj
1, v

j
2, · · · , vj

5

be the vertices at the other terminals of the five edges. Then, subdivision matrix S5

is defined as follows:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj+1
0

vj+1
1

...

vj+1
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= Sj
5

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj
0

vj
1

...

vj
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where vj+1
0 is the new locations of the vertex vj

0 after the j +1-st subdivision, while
vj+1

1 , · · · , vj+1
5 are the newly generated vertices.

Fig. 2. subdivision matrix.

Here, the subdivision matrix Sj
5 is a square matrix. The superscript j means the j-th

step of the subdivision. Here, neighbor vertices of a vertex v are called vertices on
the 1-disc of v. The subdivision matrix is generally defined not only on vertices in
the 1-disc, but also on other vertices around, · · · . Here, we discuss only subdivision
matrices that depend on vertices in the 1-disc. However, we can discuss other sub-
division matrices, similarly. In this paper, we assume that the subdivision matrix is
independent of j. A subdivision scheme of this type is called “stationary”.

In this way, the subdivision matrix is written for a vertex. However, since a newly
generated vertex is computed by two subdivision matrices at the ends of the edge,
the two subdivision matrices must generate the same location of the vertex. So, the
subdivision matrices have this kind of restriction.

For example, subdivision matrices Sk (k ≥ 3) for the Loop subdivision are
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Sk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − kβ β β β β β · · · β

3
8

3
8

1
8

0 0 · · · 0 1
8

3
8

1
8

3
8

1
8

0 0 · · · 0

3
8

0 1
8

3
8

1
8

0 · · · 0
...

. . .

3
8

1
8

0 0 · · · 0 1
8

3
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where k is the degree of the associated vertex, and

β =
1

k

(
5

8
−
(

3

8
+

1

4
cos

(
2π

k

))2
)

.

The degree k of a vertex is at least two. A vertex whose degree is two is a boundary
vertex. The degree of a vertex of 2-manifold meshes is at least three. In this paper,
we do not discuss boundaries of meshes. So, we assume that the degree is at least
three.

As seen above, a stationary subdivision scheme is defined by subdivision matrices
Sk (k ≥ 3). Then, by the theorem 2.1 in [8], the limit surface of subdivision f :
|K| → R3 is the following parametric surface:

f [p](y) =
∑

i

viφi(y),

vi ∈ R3, φi(y) ∈ R, y ∈ |K|, p = (v0, v1, · · · ),

where K is a complex, |K| is a topological space, that is, the mesh, i is an index
of a vertex, vi is the position of the i-th vertex, p = (v0, v1, · · · ), and φi(y) is
the weight function with the i-th vertex. Moreover, the weight function φi(y) is
dependent on the subdivision matrices. If the sum of each row of the subdivision
matrix is 1, vertices at each stage of the subdivision is affine combinations of the
original vertices. Therefore,

∀y ∈ |K|, ∑
i

φi(y) = 1.

So, weight functions make affine combinations, too. If the combination is not affine,
it is not invariant under the translation of the coordinates systems, and hence we
usually consider only affine combinations. Therefore, in what follows we assume
that the sum of elements in each row of the subdivision matrix is equal to 1.
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Here, we denote φ(y) = (φ0(y), φ1(y), · · · ). Then, φ(y) decides a set of repre-
sentable surfaces. Then, the set is spanned by φ(y). So, we call the weight functions
basis functions. The limit surface of the subdivision is a point in such a functional
space.

3 Laplacian Subdivision

In this section, we define “Laplacian subdivision”.

3.1 Laplacian operator

In this paper, we assume that Laplacian operator on meshes is written as:

L = I − HA,

where I is identity matrix, H is a diagonal matrix, A is the adjacency matrix:

Hii =
1

ki
, Aij =

⎧⎪⎨
⎪⎩

1 if vertex i is adjacent to vertex j

0 otherwise
,

ki is the degree of vertex i.

L is diagonalizable, because HA =
H1/2H1/2AH1/2H−1/2 and H1/2AH1/2 is real symmetric matrix. Moreover, from
Gershgorin’s theorem, we can see that L has real eigen values 2 ≥ l1 ≥ l2 ≥ · · · ≥
ln ≥ 0.

Eigen vectors of L is regarded as natural vibration modes of surfaces, and eigen
values of L as natural frequencies.

Here, we can see that limj→∞ Ljp0 is high frequency part of meshes (here, a row
of p0 is a vertex of meshes), and limj→∞(L−1)jp0 is low frequency part of meshes
(here, L−1 is a pseudo inverse of L).

3.2 Laplacian subdivision

Here, we assume that subdivision schemes have symmetric stencils. See Fig. 3.

Here, 2(b+c) = 1. For Loop subdivision, b = 3
8
, c = 1

8
, β = 1

k

(
5
8
−
(

3
8

+ 1
4
cos

(
2π
k

))2
)

.
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Fig. 3. 1-disc stencils.

Here, we consider the stencil of Laplacian. See Fig. 4. k is degree of the center
vertex. So, the sum of elements of this stencil is zero.

Fig. 4. Stencil of Laplacian.

Now, subdivision matrix of Loop subdivision is:

Sk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − kβ β β β β β · · · β

3
8

3
8

1
8

0 0 · · · 0 1
8

3
8

1
8

3
8

1
8

0 0 · · · 0

3
8

0 1
8

3
8

1
8

0 · · · 0
...

. . .

3
8

1
8

0 0 · · · 0 1
8

3
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Here, we define Laplacian Loop subdivision as subdivision with subdivision matrix
SH

k :

SH
k = Sk + a

⎛
⎜⎜⎜⎜⎜⎝

1 − 1
k
· · · − 1

k

0 0 · · · 0
...

...
...

...

⎞
⎟⎟⎟⎟⎟⎠ ,
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where a ∈ R.

So, if a > 0, then the limit surface of Laplacian Loop subdivision has more high
frequency part. This is high pass Laplacian Loop subdivision.

Next, we consider low pass Laplacian Loop subdivision. Here, we define pseudo
inverse of L (L does not have an inverse. Because, L has eigen value 0.). In general,
there is a well-known pseudo inverse of L. Let L = U−1TU, T = diag(l1, l2, · · · , ln).
Then, pseudo inverse L̀−1 = U−1T̀U , where

T̀ii =

⎧⎪⎨
⎪⎩

1
li

if li �= 0

0 if li = 0
.

However, the computation of L̀−1 requires quadratic time complexity. An important
merit of subdivision schemes is thier linear time complexity. So, we do not use L̀−1.

As we have seen, 2 ≥ l1 ≥ l2 ≥ · · · ≥ ln ≥ 0. So, we define a pseudo inverse of L
as Ĺ−1 = I − 1

2
L. Ĺ−1 = U−1T́U , where T́ = diag(1− 1

2
l1, 1− 1

2
l2, · · · , 1− 1

2
ln).

Here, 1 ≥ 1 − 1
2
ln ≥ 1 − 1

2
ln−1 ≥ · · · ≥ 1 − 1

2
l1 ≥ 0. So, limj→∞(Ĺ−1)jp0 is low

frequency part.

Here, we can consider stencil of Ĺ−1. See Fig. 5. The sum of elements of this stencil
is 1.

Fig. 5. Stencil of pseudo inverse of Laplacian.

Thus, we define low pass Laplacian Loop subdivision as subdivision with subdivi-
sion matrix SL

k :
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SL
k = (1 − á)Sk + á

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

1
2k

1
2k

1
2k

1
2k

1
2k

· · · 1
2k

3
8

3
8

1
8

0 0 · · · 0 1
8

3
8

1
8

3
8

1
8

0 0 · · · 0

3
8

0 1
8

3
8

1
8

0 · · · 0
...

. . .

3
8

1
8

0 0 · · · 0 1
8

3
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where 0 ≤ á ≤ 1.

So, the limit surface of low pass Laplacian Loop subdivision has more low fre-
quency part.

Note that Ĺ−1 has local stencil. So, Ĺ−1 acts local fairness. On the other hand,
L̀−1 acts global fairness. That is, L̀−1 does not have local (symmetric) stencil. So,
L̀−1 requires quadratic time complexity. Therefore, the limit surface of low pass
Laplacian subdivision has only local low frequency part.

3.3 C1-continuity of Laplacian subdivision

Here, we consider C1-continuity of Laplacian Loop subdivision. In [2,16], we de-
rived a necessary and sufficient condition for stationary subdivision schemes to be
C1-continuous. Using the condition, we decide domain a for Laplacian Loop sub-
division to be C1-continuous.

First we consider high pass Laplacian Loop subdivision. Now, pj+1 = SH
k p0. Let

∆ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · ·
−1 1 0 · · ·
−1 0 1 0 · · ·

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Using a matrix D́H
k = ∆SH

k ∆−1, we get
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj+1
0

vj+1
1 − vj+1

0

...

vj+1
k − vj+1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= D́H
k

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj
0

vj
1 − vj

0

...

vj
k − vj

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Here, we denote the vector consisting of the elements vj
1 − vj

0, v
j
2 − vj

0, · · · , vj
k − vj

0

as dj and the associated submatrix of D́H
k as DH

k :

D́H
k =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∗ ∗́
0
... DH

k

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

So, dj+1 = DH
k dj. Thus, DH

k = Dk + a 1
k
B, where B =

⎛
⎜⎝ 1 · · · 1

...
...

...

⎞
⎟⎠, Dk is such

submatrix of Loop subdivision.

Dk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
8

1
8

0 0 · · · 0 1
8

1
8

3
8

1
8

0 0 · · · 0

0 1
8

3
8

1
8

0 · · · 0
. . .

1
8

0 0 · · · 0 1
8

3
8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− βB.

Now, by discrete Fourier transform, first term of Dk is diagonalizable. Moreover,
eigen values of B are k, 0, 0, · · · , 0. Eigen vector of eigen value k is (1, 1, · · · , 1)�.
Eigen value of eigen vector (1, 1, · · · , 1)� in first term is 5

8
. So, operator B affects

only this eigen space of first term.

Thus, Dk and DH
k are diagonalizable, too. Eigen values of DH

k are 5
8
− kβ + a, 3

8
+

2
8
cos(2π

k
), 3

8
+ 2

8
cos(4π

k
), · · · , 3

8
+ 2

8
cos(2(k−1)π

k
).

Therefore, the limit surface of high pass Laplacian Loop subdivision is tangent
plane continuous if and only if ∀k ≥ 3, |5

8
− kβ + a| < |3

8
+ 2

8
cos(2π

k
)|. So,

0 < a < kβ − 2
8

+ 2
8
cos(2π

k
).

9



Here, Loop subdivision is C1-continuous. Eigen values 3
8
+ 2

8
cos(2π

k
), 3

8
+ 2

8
cos(2π

k
)

are dominant eigen values. So, B does not affect dominant eigen spaces. Thus,
difference vectors of high pass Laplacian Loop subdivision are equal to that of
Loop subdivision at the limit. Therefore, if the limit surface of high pass Laplacian
Loop subdivision is tangent plane continuous, the limit surface is C1-continuous.

Next, we consider low pass Laplacian Loop subdivision. Similarly, using a matrix
D́L

k = ∆SL
k ∆−1, we get

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj+1
0

vj+1
1 − vj+1

0

...

vj+1
k − vj+1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= D́L
k

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vj
0

vj
1 − vj

0

...

vj
k − vj

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Here, we denote submatrix of D́L
k as DL

k :

D́L
k =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∗ ∗́
0
... DL

k

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, DL
k = Dk + á(β − 1

2k
)B.

Here, we can see that if a = á(kβ − 1
2
), then high pass scheme is equivalent to

low pass scheme. So, if ∀k ≥ 3, |5
8
− kβ + á(kβ − 1

2
)| < |3

8
+ 2

8
cos(2π

k
)|, then

the limit surface of low pass Laplacian subdivision is tangent plane continuous and
C1-continuous.

Note that if k ≥ 4, kβ − 1
2

< 0. However, if k = 3, kβ − 1
2

> 0. So, since
0 ≤ á ≤ 1, if k = 3, a > 0. That is, low pass Laplacian Loop subdivision at vertex
with degree-3 is high pass Laplacian Loop subdivision.

3.4 Examples

In this subsection, we show some examples. Fig. 6 is a torus. Fig. 7 is Loop subdi-
vision surface of the torus. Fig. 8 and Fig. 9 are high pass and low pass Laplacian
Loop subdivision surfaces of the torus. Here, a = kβ − 2

8
+ 2

8
cos(3π

k
), á = 1.
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Fig. 6. Torus. Fig. 7. Loop subdivision surface.

Fig. 8. High pass Laplacian Loop subdivi-
sion surface.

Fig. 9. Low pass Laplacian Loop subdivi-
sion surface.

Fig. 10. Cube. Fig. 11. Loop subdivision surface.

Similarly, Fig. 10 is a cube. Fig. 11 and Fig. 12 and Fig. 13 are Loop and high
pass and low pass Laplacian Loop subdivision surfaces of the cube. Here, a =
kβ − 2

8
+ 2

8
cos(3π

k
), á = 1.

High pass Laplacian Loop subdivision surfaces keep outlines of shapes more than
ordinary Loop subdivision surfaces.

The low pass Laplacian Loop subdivision shrinks the limit surface than the limit
surface of ordinary Loop subdivision. See Fig. 14 and Fig. 15. The green surfaces
are the limit surfaces of Loop subdivision. The pink surfaces are the limit surfaces
of low pass Laplacian Loop subdivision.
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Fig. 12. High pass Laplacian Loop subdi-
vision surface.

Fig. 13. Low pass Laplacian Loop subdivi-
sion surface.

Fig. 14. Loop subdivision and low pass
Laplacian Loop subdivision surfaces of
torus. Fig. 15. Loop subdivision and low pass

Laplacian Loop subdivision surfaces of
cube.

Here, we can see that for the torus, fairness of Loop subdivision surfaces is smaller
than that of low pass Laplacian Loop subdivision. Low pass Laplacian Loop subdi-
vision has only local low frequency part. So, global fairness of low pass Laplacian
Loop subdivision surfaces is not necessary smaller than that of ordinary Loop sub-
division surfaces.

4 Laplacian Butterfly Subdivision

In this section, we consider Laplacian butterfly subdivision. Laplacian butterfly sub-
division is an interpolate subdivision scheme. Ordinary butterfly subdivision basis
has fairness. In this section, we consider only low pass Laplacian butterfly subdivi-
sion. Similarly, we can consider high pass Laplacian butterfly subdivision.
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4.1 Low pass Laplacian butterfly subdivision

As in the case of Laplacian Loop subdivision, we consider linear combination of
butterfly subdivision matrix and Laplacian operator. However, Laplacian operator
affects the position of vertex v0

0 of original mesh. So, we can not make interpolate
Laplacian subdivision.

Therefore, we consider a new operator L̄. L̄ affects only new generated vertices.
See Fig. 16. The left figure is the effect of L with a < 0. The right figure is the
effect of L̄.

Fig. 16. Laplacian operator for interpolate schemes.

Thus, we define the stencil of L̄. Fig. 17 is the stencil of butterfly subdivision (Here,
w in [14] is zero.). Fig. 18 is stencil of L̄ (See Fig. 5 with k = 6.). However, this
stencil is not symmetric. So, we consider symmetric stencil. Fig. 19 is symmetric
stencil of L̄. Thus, we use this stencil.

Then, we can consider low pass Laplacian butterfly subdivision. The stencil of low
pass Laplacian butterfly subdivision is convex combination of ordinary butterfly
subdivision stencil and symmetric stencil of L̄. Here, we denote coefficients of the
convex combination as (1− b), b, where 0 ≤ b ≤ 1. For example, if b = 1

4
, then the

stencil of low pass Laplacian butterfly subdivision is the stencil in Fig. 20. However,
the interpolate subdivision with this stencil is not C1-continuous.

Now, we consider C1-continuity of low pass Laplacian butterfly subdivision. Using
our analysis in [2,16], we checked C1-continuity of b = 1

8
or 3

16
(Maybe, 0 ≤ b <

1
4
, then low pass Laplacian butterfly subdivision is C1-continuous.). Fig. 21 is the

stencil of b = 1
8
. Fig. 22 is the stencil of b = 3

16
.

4.2 Examples

Here, we show some examples of low pass Laplacian butterfly subdivision. Fig. 23
is an original mesh. All degree of vertices of this original mesh is 6. The center

13



Fig. 17. The stencil of butterfly subdivi-
sion.

Fig. 18. Non-symmetric stencil of L̄.

Fig. 19. Symmetric stencil of L̄. Fig. 20. Non-smooth low pass Laplacian
butterfly subdivision stencil.

Fig. 21. The stencil of b = 1
8 . Fig. 22. The stencil of b = 3

16 .

vertex of original mesh is (0, 0, 1). Other vertices of original mesh is on the plane
z = 0. So, butterfly subdivision surface of this original mesh represents basis func-
tion of regular part. Fig. 24 is the butterfly subdivision surface of the original mesh.
Fig. 25 is the low pass Laplacian butterfly subdivision with b = 1

8
of the original

mesh. Fig. 26 is that of b = 3
16

.
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Fig. 23. Original mesh. Fig. 24. Basis function of butterfly subdi-
vision.

Fig. 25. Basis function of low pass Lapla-
cian butterfly subdivision with b = 1

8 .
Fig. 26. Basis function of low pass Lapla-
cian butterfly subdivision with b = 3

16 .

Fig. 27. Basis functions of ordinary butter-
fly and b = 1

8 .

Fig. 28. Basis functions of low pass
Laplacian butterfly subdivision with
b = 1

8 and 3
16 .

Fairness of basis functions of b = 1
8

or 3
16

is smaller than that of basis function
of ordinary butterfly subdivision. In Fig. 27, the green surface is basis function
of ordinary butterfly subdivision. The pink surface is basis function of low pass
Laplacian butterfly subdivision with b = 1

8
. In Fig. 28, the green surface is basis

function of low pass Laplacian butterfly subdivision with b = 1
8
. The pink surface

is that with b = 3
16

.

Next, Fig. 29 is a cube. Fig. 30 is the butterfly subdivision surface of the cube. Fig.
31 is the low pass Laplacian butterfly subdivision surface with b = 1

8
of the cube.

Fig. 32 is that of b = 3
16

. Here, we use the stencil in [14] as stencil of extraordinary
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Fig. 29. Original cube. Fig. 30. Butterfly subdivision surface of
the cube.

Fig. 31. Low pass Laplacian butterfly sub-
division surface with b = 1

8 .
Fig. 32. Low pass Laplacian butterfly sub-
division surface with b = 3

16 .

points.

In Fig. 33, the green surface is ordinary butterfly subdivision surface of the cube.
The pink surface is low pass Laplacian butterfly subdivision surface with b = 1

8
of

the cube. In Fig. 34, the green surface is low pass Laplacian butterfly subdivision
surface with b = 1

8
. The pink surface is that with b = 3

16
.

For this cube, we can not see concrete decrease of fairness between ordinary butter-
fly subdivision surface and low pass Laplacian butterfly subdivision surfaces with
b = 1

8
and 3

16
. Thus, in the future work, we must discuss stencil of extraordinary

points.
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Fig. 33. Low pass Laplacian butterfly sub-
division surfaces with b = 0 and 1

8 .
Fig. 34. Low pass Laplacian butterfly sub-
division surfaces with b = 1

8 and 3
16 .

5 Optimal Schemes

In this section, we consider subdivisions with symmetric stencil and 1-disc subdi-
vision matrix. That is, we consider Loop type subdivisions.

In previous section, we see that eigen value 5
8
− kβ decides the effect of Lapla-

cian operator. So, next, we consider effects of other eigen values. In fact, other
eigen values of Dk affect waves on concentric circles whose center is vj

0. Eigen
value of Laplacian of Dk affects a wave which is vertically on other waves. Thus,
we will change elements 3

8
, 1

8
of stencil such that the waves on concentric circles

are decreased faster. Then, we call a subdivision scheme which has best choice of
elements of stencil “optimal scheme”.

5.1 Analysis of Loop type subdivision

Now, we consider Loop type subdivision matrix Sk:

Sk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − kβ β β β β β · · · β

b b c 0 0 · · · 0 c

b c b c 0 0 · · · 0

b 0 c b c 0 · · · 0
...

. . .

b c 0 0 · · · 0 c b

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

17



For Loop subdivision, b = 3
8
, c = 1

8
, β = 1

k

(
5
8
−
(

3
8

+ 1
4
cos

(
2π
k

))2
)

. Then,

Dk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b c 0 0 · · · 0 c

c b c 0 0 · · · 0

0 c b c 0 · · · 0
. . .

c 0 0 · · · 0 c b

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− βB.

Here, we denote the first term of Dk as A. A is diagonalizable by discrete Fourier
transform: A = W−1ΛW . Here, Λ = diag(b + 2c cos( 0

k
), b + 2c cos(2π

k
), b +

2c cos(2(2)π
k

), b + 2c cos(2(3)π
k

), · · · , b + 2c cos(2(k−1)π
k

)).

W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ω0 ω0 ω0 · · · ω0

ω0 ω1 ω2 · · · ω(k−1)

ω0 ω2 ω4 · · · ω2(k−1)

...
...

...
. . .

...

ω0 ω(k−1) ω2(k−1) · · · ω(k−1)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where ω = e−i 2π
k = cos(2π

k
) − i sin(2π

k
).

Now, the eigen value b+2c of A is eigen value of Laplacian. Other eigen values of A
is coefficients of decreases of discrete Fourier transform of difference vectors. Each
eigen space of the other eigen values of A represents vibration modes of difference
vectors.

Here, in order to be tangent plane continuous, |b+2c−kβ| < |b+2c cos(2π
k

)|. See
Fig. 35. Red points are eigen values of Dk. The center of the circle is (b, 0). The
radius of the circle is |2c|.

So, if c > 0, b − 2c ≥ 0, then dominant eigen values of Dk are b + 2c cos(2π
k

), b +

2c cos(2(k−1)π
k

). These eigen values correspond to lowest frequency part of differ-
ence vectors. Therefore, D∞

k is low pass filter of difference vectors. On the other

hand, eigen values b + 2c cos(
2�k

2
�π

k
), b + 2c cos(

2�k
2
�π

k
) correspond to highest fre-

quency part. These eigen values are smallest eigen values of A. So, components of
these eigen spaces decrease fastest.

In fact, If c > 0, b − 2c ≥ 0, then D∞
k = W−1FW , where F = diag(0, (b +

18



Fig. 35. Eigen values of Dk.

2c cos(2π
k

))∞, 0, 0, · · · , 0, 0, (b + 2c cos(2(k−1)π
k

))∞). Let w2 be second row of W
and wk be k-th row of W and w−1

2 be second column of W−1 and w−1
k be k-th

column of W−1. Then, since dj+1 = Dkd
j,

d∞ = W−1FWd0

= (b + 2c cos(
2π

k
))∞ ·

(
0 w−1

2 0 · · · 0 w−1
k

)
Wd0

= (b + 2c cos(
2π

k
))∞ ·

(
w−1

2 (w2 · d0) + w−1
k (wk · d0)

)
.

Here, clearly, imaginary part of
(
w−1

2 (w2 · d0) + w−1
k (wk · d0)

)
is zero. So, we

consider only real part. Then, Re(w2) = Re(wk) = Re(w−1
2 ) = Re(w−1

k ). So,
Re

(
w−1

2 (w2 · d0) + w−1
k (wk · d0)

)
= Re(2 · w−1

2 (w2 · d0)). Re(w−1
2 (w2 · d0)) =

Re(w−1
2 w2)d

0. Here, matrix Re(w−1
2 w2) is:

Re(w−1
2 w2) = Re

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ω0 ω1 ω2 · · · ω(k−1)

ω(k−1) ω0 ω1 · · · ω(k−2)

ω(k−2) ω(k−1) ω0 · · · ω(k−3)

...
...

...
. . .

...

ω1 ω2 ω3 · · · ω0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Therefore, we can see that if k is even, then d∞ forms regular k-gon or its expansion
on tangent plane at v∞

0 . If k is odd, then d∞ forms regular k-gon. That is because
d∞+1 ∝ Re(w−1

2 w2)d
∞. See Fig. 36 (k = 6). d∞

i is i-th row of d∞. The left picture
is regular hexagon. The right picture is a expansion of regular k-gon which is extend
by a constant factor with a direction. These d∞ satisfy d∞+1 ∝ Re(w−1

2 w2)d
∞.

Therefore, triangles of Loop type subdivision are good shapes at the limit.
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Fig. 36. Difference vectors at the limit.

5.2 Optimal schemes

Here, we consider best choices of b, c.

In previous subsection, we can see that b, c affects only eigen values. Eigen vectors
are independent of b, c. Eigen values are coefficients of Laplacian and decrease of
waves on concentric circles whose center is vj

0.

First our request is that eigen values which correspond to lowest frequency part are
maximal eigen values. That is, c > 0. Second our request is that all eigen values
are non-negative. That is, b − 2c ≥ 0. Then, components of the waves decrease
monotonically. If b, c satisfy these two requests, then Dk is a low pass filter.

From our requests, b > 0.

Next, we consider maximization of convergence rate of the waves. That is, we

maximize
b+2c cos(2π

k
)

b+2c cos(4π
k

)
. So, we maximize c.

Here, b + c = 1
2
. Therefore, our choice is b = 1

3
, c = 1

6
.

Here, we show optimal schemes. Fig. 37 is the basis function of optimal schemes
with β = 1

k
(2

3
−(1

3
+ 1

3
cos(3π

k
))) (This is high pass optimal scheme.). Here, original

mesh is Fig. 23. Fig. 38 is the basis function of optimal schemes with β = 1
k
(2

3
−

(1
3

+ 1
3
cos(2π

k
))2). Fig. 39 is the basis function of optimal schemes with β = 1

k
(33

64
)

(This is low pass optimal scheme.). Fig. 40 is the basis function of Loop subdivision
scheme.

On regular part, fairness of basis functions of optimal scheme with β = 1
k
(2

3
− (1

3
+

1
3
cos(2π

k
))2) or 1

k
(33

64
) is smaller than that of basis function of Loop subdivision. In

Fig. 41, the green surface is basis function of Loop subdivision. The pink surface
is basis function of high pass optimal scheme. In Fig. 42, the green surface is basis
function of Loop subdivision. The pink surface is optimal scheme with β = 1

k
(2

3
−

(1
3
+ 1

3
cos(2π

k
))2). In Fig. 43, the green surface is basis function of Loop subdivision.

The pink surface is basis function of low pass optimal scheme.

In Fig. 44, the green surface is basis function of high pass optimal scheme. The

20



Fig. 37. Basis function of high pass opti-
mal scheme

Fig. 38. Basis function of optimal scheme
β = 1

k (2
3 − (1

3 + 1
3 cos(2π

k ))2).

Fig. 39. Basis function of low pass optimal
scheme.

Fig. 40. Basis function of Loop subdivi-
sion.

Fig. 41. Basis functions of Loop and high
pass optimal.

Fig. 42. Basis functions of Loop and opti-
mal scheme β = 1

k (2
3 − (1

3 + 1
3 cos(2π

k ))2).

pink surface is basis function of optimal scheme with β = 1
k
(2

3
− (1

3
+ 1

3
cos(2π

k
))2).

In Fig. 45, the green surface is basis function of optimal scheme with β = 1
k
(2

3
−

(1
3

+ 1
3
cos(2π

k
))2). The pink surface is basis function of low pass optimal scheme.

Moreover, in Fig. 46, the green surface is optimal subdivision surface with β =
1
k
(2

3
− (1

3
+ 1

3
cos(2π

k
))2). The pink surface is low pass optimal subdivision surface.

Here, original mesh is the cube in Fig. 29. So, we can see that if k ≥ 5, then fairness
of β = 1

k
(33

64
) is smaller than that of β = 1

k
(2

3
− (1

3
+ 1

3
cos(2π

k
))2).

Therefore, optimal schemes generate good subdivision surfaces. On regular part,
fairness of some optimal schemes is smaller than that of Loop subdivision.

Note that above optimal schemes are C1-continuous. Using the analysis in [2],
we can get the necessary and sufficient condition for optimal schemes to be C1-
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Fig. 43. Basis functions of Loop and low
pass optimal.

Fig. 44. Basis functions of high
pass optimal and optimal with
β = 1

k (2
3 − (1

3 + 1
3 cos(2π

k ))2).

Fig. 45. Basis functions of
β = 1

k (2
3 − (1

3 + 1
3 cos(2π

k ))2) and
low pass optimal.

Fig. 46. Optimal subdivision surface with
β = 1

k (2
3 −(1

3 + 1
3 cos(2π

k ))2) and low pass
optimal subdivision surface.

continuous. In fact, optimal subdivision scheme is C1-continuous if and only if
|b + 2c − kβ| < |b + 2c cos(2π

k
)| (Here, b = 1

3
, c = 1

6
.).

6 Conclusion

In this paper, we proposed “Laplacian subdivision” and “optimal scheme”.

Laplacian subdivision use a new subdivision matrix which is linear combination
fo ordinary subdivision matrix and Laplacian operator. Then, we could define high
pass Laplacian subdivision and low pass Laplacian subdivision. In this paper, we
defined Laplacian Loop subdivision. Moreover, we derived the necessary and suf-
ficient condition of C1-continuity of Laplacian Loop subdivision. So, we could
generate C1 Laplacian Loop subdivision surfaces.

Next, we defined Laplacian butterfly subdivision. Laplacian butterfly subdivision is
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an interpolate subdivision. Similarly, we could define high pass Laplacian butterfly
subdivision and low pass Laplacian butterfly subdivision by stencils. On regular
part, we checked C1-continuity of some low pass Laplacian butterfly subdivision.

Finally, we analyze Loop type subdivision. Then, we could understand effects of
all elements of stencils. A eigen value of Dk corresponds to Laplacian. Other eigen
values of Dk affect waves on concentric circles whose center is vj

0. Eigen value of
Laplacian of Dk affects a wave which is vertically on other waves.

Thus, we choiced elements of stencils such that high frequency part of the waves
on the concentric circles are decreased fastest. Then, we defined “optimal scheme”
as subdivision schemes which have this choice of elements of stencil. Optimal
schemes generate good subdivision surfaces. On regular part, fairness of some op-
timal schemes is smaller than that of Loop subdivision.
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