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Abstract

A tree metric is known to be representable as the sum of split metrics. This classical result can
be derived geometrically via the polyhedral split decomposition of a tree metric. The present paper
investigates the polyhedral split decomposition from the viewpoint of discrete convex analysis.

In discrete convex analysis, a distance such as a tree metric and split metric on a finite set
is regarded as a positively homogeneous M-convex function. With the aid of the polyhedral split
decomposition, the positively homogeneous M-convex function for a tree metric is decomposed into
the sum of split functions. This paper shows that those split functions are positively homogeneous
M-convex functions for split metrics. Then, we notice that the decomposition is in contrast with
the general case of M-convex functions because the sum of M-convex functions is not necessarily
an M-convex function. We study the decomposition by means of polyhedral subdivisions induced
by M-convex functions. Those polyhedral subdivisions are known as matroid subdivisions.

This paper also deals with quadratic M-convex functions. The directional derivatives of an
M-convex function can be defined at each point in the domain, and moreover, each of them is
a positively homogeneous M-convex function as a function of directions. A discrete function on
a finite set is called split-decomposable if its convex extension is represented as the sum of split
functions and a linear function. For example, a tree metric is split-decomposable. This paper
shows that each of the directional derivatives of a quadratic M-convex function is represented
as the sum of a tree metric and a linear function. Thus, a quadratic M-convex function is a
split-decomposable function at every point.

Keywords: positively homogeneous M-convex function, quadratic M-convex function, distance,
tree metric, polyhedral split decomposition, matroid subdivision, split-decomposable.

1 Introduction

A tree metric is known to be representable as the sum of split metrics. This classical result can be
derived geometrically via the polyhedral split decomposition of a tree metric [10]. The present paper
investigates the polyhedral split decomposition from the viewpoint of discrete convexr analysis [12].
In order to review the previous results, we begin by classifying a distance, metric, tree metric
and split metric on a finite set X. A distance is defined as a function d : X x X — R such that
d(i,i) =0 for all i € X and d(¢,7) < d(i, k) +d(k,7) for all 4, j,k € X. A metric d is a symmetric and
nonnegative distance, that is, a distance d such that d(i,j) = d(j,7) > 0 for all 4,5 € X. A metric d
is called a tree metric if there exits a tree with nonnegative edge lengths such that d(i, j) is equal to
the length of the path in the tree between the vertices indexed by i and j for all 4,5 € X. An X-splits
is a partition of X into two non-empty sets, i.e., a pair {4, B} of A and B such that ) # A C X,
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0#BCX,ANB =0 and AUB = X. The split metric {4 gy : X x X — {0, 1} associated with
an X-split {A, B} is defined by

o 0 if i,jeAori,j€ B,
g{A,B}(ILaj) =

1 otherwise,

for all 7,5 € X. Let X be the set of the vertices in a tree. Then, deleting an edge from the tree
induces an X-split. As a consequence of this fact, we obtain the classical result that a tree metric can
be represented as the sum of the split metrics corresponding to the edges of its designating tree. This
classical result can be derived geometrically as a special case of the polyhedral split decomposition.

The polyhedral split decomposition of polyhedral convex functions is introduced by Hirai [5, 6] in
order to extend the results of Bandelt and Dress [1]. A polyhedral convex function is a function whose
epigraph is a convex polyhedron. By polyhedral split decomposition, a polyhedral convex function f
on R™ can be decomposed as

f@y=">_ d laz)—r|+f(z) (zeR),
(a,7)ER™ XR,
0<c£,T<+oo

where c(’;r is given by ¢l = sup{t > 0| f(z) — t|(a, ) — 7| is convex in 2} and f, called the residue
of f, is a polyhedral convex function such that c{i:r € {0,400} for any (a,r) € R" x R. A function
loy(x) := |(a,z) —r| of = is called a split function.

The polyhedral split decomposition is extended to discrete functions with the aid of their homo-
geneous convex extensions. A discrete function is a function ¢ : K — R defined on a finite set K of
points/vectors in R™. The homogeneous convex extension of g is defined by

g(z) =sup {(p,z) [p €R", (p,y) < g(y) (y € K)} (z€R").

By definition, g is a positively homogeneous polyhedral convex function with domg = cone K. Then,
from the polyhedral split decomposition of g, we obtain the discrete split decomposition of g as

g@)= Y @)+ @) (zeK),

(a,r)ER™ XR,
0<c p<+oo

where [Z, denotes the restriction of a split function l,, on K and cglr € {0,+o0} for any (a,r) €
R™ x R.

The polyhedral split decomposition is applied to distances as follows. Let X = {1,2,...,n}. For
A C X, we denote by x4 the characteristic vector of A defined by ya(i) =1if i € A and xa(i) =0
if i ¢ A. In particular, we write x; instead of x(;) for each i € X. A distance d: X x X — R can be
considered as a discrete function d on the point set Q = {x; — x; | 4,7 € X} by the correspondence:
d(xi — xj) < d(i,7). The convex extension of d on € is as follows:

d(z) = sup {(p,z) | p € R",p(i) — p(j) < d(xi — x;) (i,j € X)} (z €R"). (1.1)

This d is a polyhedral convex function. Hence, the polyhedral split decomposition is applicable to d.
In [10], we show that, for a metric d, the polyhedral split decomposition of d is given by

da)= > cgﬁAXB,OW +d(z) (zeR),

{A,B}eXy(d)



Where}]b(d) is defined by ¥3(d) = {{A,B} | {A,B} : X—split,cfm_X&O > 0}. Moreover, we reveal
that ci a—xp0 for an X-split {A, B} coincides with the Buneman index [2] for the X-split and that
the residue d’ of d vanishes if and only if d is a tree metric.

On the other hand, in discrete convex analysis established by Murota [12], the notion of M-convex
functions is introduced as a generalization of valuated matroids of Dress and Wenzel [4]. The class of
positively homogeneous M-convex functions is the most fundamental one of M-convex functions and
closely related to distances on a finite set. Indeed, it is known that d is a positively homogeneous
M-convex function and every positively homogeneous M-convex function can be represented as (1.1)
for some distance.

In this paper, we show that the split functions in the polyhedral split decomposition of d are
positively homogeneous M-convex functions for split metrics. Moreover, even if d is not a tree
metric, the residue of d is a positively homogeneous M-convex function. Hence, the polyhedral
split decomposition of d can be interpreted as a decomposition of a positively homogeneous M-convex
function into the sum of positively homogeneous M-convex functions, which is in contrast with the
general case of M-convex functions because the sum of M-convex functions is not necessarily an
M-convex function. We study the decomposition by means of polyhedral subdivisions induced by
M-convex functions. Those polyhedral subdivisions are known as matroid subdivisions [11, 12, 14].

The notion of split-decomposability is suggested by Hirai [5, 6] in association with the polyhedral
split decomposition. A discrete function g : K — R is split-decomposable if its convex extension g can
be decomposed into the sum of split functions and a linear function. The class of split-decomposable
functions depends only on K [5, 6]. In fact, for an origin-symmetric points set K, such as 2, the class
is determined by the matroid associated with K [10]. In the case of €, a split-decomposable function
coincides with a function such that it is represented as the sum of a tree metric and a linear function.
Hence, the path metric d : {i, 7, k,{} — R on a square, i.e., d(i,7) = d(j, k) = d(k,l) = d(l,i) = 1 and
d(i,k) = d(j,1) = 2 is not split-decomposable on € despite that d can be represented as the sum of
the split metrics £ 5y (ry and §gy (5 k)

This paper also deals with quadratic M-convex functions. It is known that there is a one-to-
one correspondence between tree metrics and quadratic M-convex functions on Z" [8]. For an M-
convex function on Z", a directional derivative can be defined at each point in the domain, where
the directional derivative is considered as a function of the directions along the vectors in 2. In
addition, the directional derivatives are positively homogeneous M-convex functions. We show that
every directional derivative of a quadratic M-convex function can be represented as the sum of a tree
metric and a linear function. Thus, a quadratic M-convex function is a split-decomposable function
at every point.

The present paper is organized as follows. Section 2 contains definitions, notation and some fun-
damental lemmas. In Section 3, we describe a relation between distances and positively homogeneous
M-convex functions and introduce some basic terms in discrete convex analysis. In Section 4, we
introduce the polyhedral split decomposition of polyhedral convex functions and the discrete split
decomposition of discrete functions. In Section 5, we apply the discrete split decomposition to a
distance which is regarded as a discrete function on 2. As a result, we obtain the polyhedral split
decomposition of a positively homogeneous M-convex function which is the convex extension of the
distance. In Section 6, we show that a quadratic M-convex function is split-decomposable at every
point.

2 Preliminaries

Let R,Ry, R, be the set of real numbers, nonnegative real numbers, and positive real numbers,
respectively. We denote by R" the n dimensional Euclidean space with the standard inner product
(-,-). For a set S C R", we denote by convS and coneS the convex hull and the conical hull,



respectively, i.e.,

convsS = {Z)\tt | T C S : a finite set, A € Ri,z/\t = 1},
teT teT
coneS = {Z)\tt | T C S : a finite set, A € Ri}
teT
For a set § C R", let riS denote the relative interior of S and let intS denote the interior of S.

For a function f : R"™ — R U {400}, we define dom f = {x € R" | f(x) < +oo}, which is the
effective domain of f, and epif = {(z,5) € R" xR | 8 > f(x)}, which is the epigraph of f. The
subdifferential of a function f at point x € dom f is defined to be the set

Of(x) ={peR"| f(y) - f(z) = (p,y —z) (Vy eR")}.
The directional derivative of f at point x € dom f in a direction d € R" is defined by
td) —
f(asd) = lim LD = (@)
t\.0 t
The indicator function of a set S C R™ is the function dg : R” — R U {400} defined by

5(x) 0 if x €8,
xr) =
5 +oo ifx ¢S

The conjugate of a function f : R” — RU {400} with dom f # 0 is the function f®: R"” — RU{+o0}
defined by
f*(p) = sup {{p,z) — f(z)} (peR"). (2.1)

reR™

For a function f and a vector p € R™, f[—p| denotes the function defined by

fl=pl(@) = f(z) = {p,x) (z€R").

A function f is said to be positively homogeneous if f(Ax) = Af(x) holds for A > 0 and = € R™. If f
is positively homogeneous, then f® = d5¢(o) holds and hence f = (d5(0))® is the support function of
the set 9f(0).

The addition of support functions is equivalent to the Minkowski sum of sets.

Lemma 2.1. Let 03, and 03, be the support functions of sets By and Ba, respectively. Then we have

5231 + 61.32 = 6E1+Bz’
where By + By denotes the Minkowski sum of By and Bs.

For z,y € R", let [z,y] denote the closed line segment between x and y. We refer to an (n — 1)
dimensional affine subspace of R" as a hyperplane. In particular, for (a,r) € R™ x R, we define
a hyperplane H,, = {z € R" | (a,7) = r}, closed half spaces H,, = {z € R" | (a,7) < 7}
and H, = {z € R" | (a,z) > r}, and open half spaces H,, = {z € R" | (a,z) < r} and
Hit ={zeR"|(a,z) >r}. Aset P CR"is said to be a polyhedron if P can be represented as an
intersection of finitely many closed half spaces.

A convex function f is said to be polyhedral if its epigraph epif is a polyhedron. A polyhedral

convex function f is represented as
f(z) :f?gx{@%@—qz'}JersH;b_(x) (z € R"), (2.2)
jeg 7
where {(p;,q;) | i € I} and {(a;,b;) | j € J} are finite subsets of R x R. The conjugate function f*

of a polyhedral function f is also polyhedral and f*® = f holds. We give a fundamental property of
polyhedral convex functions in the following lemma.



Lemma 2.2. The subdifferential of a polyhedral convex function f in (2.2) is given by
0f(z) = conv{p; [ i € I, f(z) = {pi,x) —qi} +cone{a; | j € Jow € Hyyp;}  (z € domf).

A polyhedral complex C is a finite collection of polyhedra such that
(1) if P € C, all the faces of P are also in C, and

(2) the nonempty intersection P N Q of two polyhedra P,Q € C is a face of P and Q.

The dimension of C, denoted by dimC, is the largest dimension of a polyhedron in C. The underlying
set of C is the set |C| = Jpee P- A polyhedral subdivision of a polyhedron P is a polyhedral complex
C with |C| = P. A polyhedral subdivision is pure if its inclusionwise maximal elements are of the
same dimension.

For a polyhedral convex function f, lower faces of epif are bijectively projected on dom f, and
determine a polyhedral subdivision of dom f, which is denoted by 7(f). A polyhedral subdivision
constructed in this way is said to be regular.

Lemma 2.3. For a polyhedral convex function f, the polyhedral subdivision T (f) is given by
T(f) ={F CR" | F = argmin f[—p] for some p € R"}.

For two polyhedral subdivisions C; and Cs, the common refinement Cy ACs is defined by C; ACy =
{FNG|F e€C(C,GeCy, FNG # 0}. Note that C; A Cy is a polyhedral subdivision of |C1| N |Ca|. In
particular, for a finite set of hyperplanes H, we define the polyhedral subdivision A(H) of R™ as

AM)= N{H H' H }.
HeH

Namely, A(H) is the partition of R™ by hyperplanes in H.
The polyhedral subdivision by the sum of two polyhedral convex functions amounts to the common
refinement of the polyhedral subdivisions by the two polyhedral convex functions.

Lemma 2.4. For two polyhedral convex functions f,g with dom f Ndomg # 0, we have
T(f+9)=T()NT(9).

Let K be a finite set of points in R™. For a discrete function f : K — R, the homogeneous convex
extension of f is defined by

F@)=imf { > ANFW) Y Ay =20 >0 (y € K)} + beonerc(x) (z €R"). (2.3)
yeK yeK

By definition, f is a positively homogeneous polyhedral convex function with dom f = cone K.
By linear programming duality, f is also expressed as

flz) =sup {(p,z) |[p e R, (p,y) < f(y) (ye K)} (zxeR").

Hence f is the support function of the polyhedron

Q) ={peR" | {p,y) < fly) (y € K)},

and Q(f) = 9f(0). The polyhedral subdivision 7 (f) of cone K is the intersection of the normal fan
of Q(f) with cone K.

For a function f : R™ — R, we denote the restriction of f to K by fX. A function f: K — R is
said to be convez-extensible if it satisfies TK = f. The set of convex-extensible functions is recognized
as a fundamental class in discrete convex analysis [12].



3 Positively homogeneous M-convex functions

In this section, we describe a relation between the homogeneous convex extensions of a distance and
the positively homogeneous M-convex function.

3.1 The convex extension of a distance

Let X ={1,2,...,n}, and let a finite set {2 defined by
Q= - |ij € X}
A distance v on X is regarded as a discrete function defined on the set {2 by the correspondence:
Y = x4) < (6,9) (1,5 € X).

The homogeneous convex extension of v is defined by

7(x) = inf{ Z Aigv(Xi — X5) | Z Aij(Xi = Xj) =2, Aij 2 0 (4,5 € X)} + deoner()
1,j€X 1,j€EX

=sup{(p,z) [ p € R", (p,xi = xj) <706 —x5) (1,5 € X)}  (z eR"). (3.1)

The effective domain of 7 is coneQ2 = {x € R" | >, 5 x(i) = 0}. From (3.1), 7 is the support function
of the polyhedron

QM) ={p e R" | {p,xi —xj) <v(xi —x5) (i,5 € X)} (3-2)

The convex-extensibility is equivalent to satisfying the triangle inequality, i.e., a distance is a
convex-extensible function on €.

Lemma 3.1. A discrete function f : Q@ — R with f(0) = 0 is convez-extensible if and only if f
satisfies f(xi — x;) < f(xi — xx) + f(xi — x5) for alld, j,k € X.

3.2 M-convex functions

For x € R", we define supptx = {i | (i) > 0,i € X} and supp z = {i | (i) < 0,7 € X }.

Definition 3.2 (M-convex function). A function f : Z™ — R U {400} with dom f # 0 is said to
be M-convez if it satisfies the following exchange property:

(M-EXC|Z)) For x,y € dom f and u € supp™ (x —y), there exists v € supp ™ (z —y) such
that

f@)+ f(y) = f(@ = Xu+x0) + Y+ Xu— Xo)-

Definition 3.3 (polyhedral M-convex function). A polyhedral convezx function f : R — R U
{400} with dom f # () is said to be M-convez if it satisfies the following exchange property:

(M-EXCJR]) For z,y € dom f and u € supp™ (z — y), there exist v € supp™ (z —y) and
a positive number ag € Ry4 such that

f@) + fly) > flz — alxu — xw) + Fy + alxu — x0))

for all a € [0, a).



A polyhedral M-convex function that is positively homogeneous is called a positively homoge-
neous M-convex function. The effective domain of a polyhedral M-convex function is an M-convex
polyhedron, which is defined as follows.

Definition 3.4 (M-convex polyhedron). A nonempty polyhedron B C R™ is defined to be an
M-convex polyhedron if it satisfies the following:

(B-EXCIR]) For z,y € B and u € suppt(z — y), there exist v € supp™ (z — y) and a
positive number oy € Ry such that © — a(xu — Xv) € B and y + a(xy — Xxv) € B for all
o€ [0, Oéo].

A cone that is an M-convex polyhedron is called an M-convex cone.

Remark 3.5. As the property M-EXC[Z] in Definition 3.2 reflects an exchange axiom of matroids,
M-convex function is originally introduced as a generalization of valuated matroids for functions on
integer lattice points. The property M-EXC[R] in Definition 3.3 is devised to propagate the concept
of M-convexity for functions in real variables through an appropriate adaptation of M-EXCJ[Z]. Poly-
hedral M-convex functions are further extension of M-convexity M-EXC[R] to polyhedral functions.

Recall that a positively homogeneous convex function is the support function of some convex set.
In particular, a positively homogeneous M-convex function is the support function of some L-convex
polyhedron [12, Theorem 8.4], which is defined as follows.

For two vectors p,q € R™, pV q and p A q are, respectively, the vectors of componentwise maxima
and minima of p and g¢; i.e.,

(pV q)(i) = max(p(i), q(i)), (pAq)(i) =min(p(i),q(i)) (1<i<n).

Definition 3.6 (L-convex polyhedron). A nonempty polyhedron D C R™ is defined to be an
L-convex polyhedron if it satisfies

(SBS[R]) p,gqe D=pVgpAqeD,
(TBSR])) peD=p+aleD (VaecR).

We associate a distance v : X x X — R with the two-way directed complete graph K, such that
the length of an edge (i,7) is v(i,7) for all 4,7 € X, where we distinguish an edge (i,j) from its
opposite edge (j,). If the graph K, has no negative cycle, where a negative cycle means a directed
cycle of negative length, we say that + has no negative cycle.

It is known that Q(v) is the empty set for a distance v having negative cycles. Moreover, there
is a one-to-one correspondence between L-convex polyhedra and distances having no negative cycle
[12, §5.2]. Every L-convex function is represented as (3.2) for a distance v having no negative cycle.
Therefore, 7 is a positively homogeneous M-convex function.

We close this section by discussing the sum of M-convex functions. By Definitions 3.2 and 3.3,
we see that, in general, the sum of M-convex functions is not necessarily an M-convex function, i.e.,
it does not necessarily satisfy (M-EXCJ|Z]) or (M-EXC[R]). This paper introduces a case that the
sum of M-convex functions is also an M-convex function. In order to resolve the case, we apply the
following theorem; see also [12, Theorem 6.63].

Theorem 3.7 (Murota and Shioura [13, Theorem 5.2]). For a polyhedral convex function
f:R" - RU{+oo} with dom f # 0, the following two conditions (1) and (2) are equivalent.

(1) f is a polyhedral M-convex function.

(2) argmin f[—p] is an M-convex polyhedron for every p € R™ with inf f[—p] > —oc.



Theorem 3.7 is one of the characterizations of polyhedral M-convex functions. According to
Lemma 2.3 and Theorem 3.7, a polyhedral M-convex function induces a polyhedral subdivision such
that each polyhedron in the polyhedral subdivision is an M-convex polyhedron. Such a polyhedral
subdivision is called a matroid subdivision. Matroid subdivisions are studied in tropical geometry
[14], surgery on Grassmannian [11], and discrete convex analysis [12]; see also [9]. Because the sum
of polyhedral M-convex functions is obviously a polyhedral convex function, the M-convexity of the
sum depends on whether the polyhedral subdivision induced by the sum is a matroid subdivision
or not. This paper gives an example that the common refinement of matroid subdivisions is also a
matroid subdivision.

4 Polyhedral and discrete split decomposition

This section introduces the polyhedral split decomposition of polyhedral convex functions and the
discrete split decomposition of discrete functions. The discrete split decomposition of a discrete
function is summarized as the polyhedral split decomposition of the convex extension of the discrete
function.

4.1 Polyhedral split decomposition

We briefly explain the polyhedral split decomposition of polyhedral convex functions. The proofs of
the propositions in this section can be found in [5, §2], [10, §7].

Definition 4.1 (split function). For a hyperplane H = H,; with ||a| = 1, the split function
I : R™ — R associated with H is defined by

lg(z) = [{a,z) —b|/2 (x € R").
By Lemma 2.2, the polyhedral subdivision induced by split function is given as follows.

Proposition 4.2. Let Iy be the split function associated with a hyperplane H = Hg, with ||a| = 1.
The subdifferential of Lz is given by

{a/2} if e HT,
Olg(z) =< [—a/2,a/2] if x € H,
{—a/2} itee H ™,
and polyhedral subdivisions T (lgr) and T (13;) are given by
T(lg)={HH" H },
T(ly) = {{a/2},{—a/2},[-a/2,a/2]}.
For a polyhedral convex function f : R” — R and a hyperplane H, we define the quotient cy(f)
of f by Iy as
cu(f) =sup{t € Ry | f —tlg is convex},
and the set of hyperplanes H(f) as
H(f) ={H |0 <cu(f) <+oo}.

The basic idea for the polyhedral split decomposition of a polyhedral convex function f is to subtract
split functions associated with hyperplanes in H(f) from f successively. In fact, if dimdom f = n,
this idea directly applies to f because of the following proposition. Note that, for Hy, Hy € H(f) with
HyNintdom f # () and Hy Nintdom f # 0, we have Hy = Hs if and only if H; Ndom f = Hy Ndom f.



Proposition 4.3. Let f : R" — RU{+o0} be a polyhedral convex function. Then, for H, H' € H(f)
and t € [0,cu(f)], we have

H=H = cyp(f —tly) = ca(f) — t,
Hndomf # H Ndom f = cy(f — tiy) = ey (f).

If dom f is not full-dimensional, there exist infinitely many hyperplanes having the same inter-
section with dom f. Moreover, cy/(f — tly) may not be equal to cgy/ (f) for H,H € H(f) and
t € [0,cm(f)] despite that H # H’. Hence, in the case of dim dom f # n, we must restrict H(f) to the
set such that there are no hyperplanes having the same intersection with dom f in the set. Technically
speaking, we define the equivalence relation ~ by letting H ~ H' if H Ndom f = H' Ndom f. Since
a collection of representatives from the equivalence classes has the desirable property, we decompose
f by using the representatives. Note that representatives is finite because 7 (f) is finite. If we fix
representatives, denoted by H®(f), of H(f)/~, the polyhedral split decomposition of f is uniquely
defined as in the next theorem; see also [6, Thorem 2.2].

Theorem 4.4 ([10, Theorem 7.8]). A polyhedral convex function f: R"™ — RU{+oo} is uniquely
decomposable as

= S eu(Plu+f. (4.1)

HeH(f)

where [ : R" — RU{+o0o} is a polyhedral convex function with cg/(f") € {0,+o0} for any hyperplane
H'.

Incidentally, the quotient cg(f) of f by Iy is written explicitly as in the next proposition.

Proposition 4.5. Let f : R” — RU{+0o0} be a polyhedral convex function, and let H be a hyperplane
in R™. Then we have

x€domfnNH,
o= Ll F@) = ) | g =gt £ Som I AT

2 () WO ey = eyl n H

We conclude this section by the following lemma, which is used in Section 5.2.

Lemma 4.6. For a polyhedral convex function f : R™ — R, the polyhedral subdivision T (f) is
decomposed as

T(f) = AH() AT (f). (4.2)

Proof. By Proposition 4.2, we have 7 (aly) = {H, H", H™} for any o € R, ;. Hence, by Lemma 2.4,
we have (4.2) from the decomposition (4.1). O

4.2 Discrete split decomposition

We briefly describe the discrete split decomposition of discrete functions defined on a finite set K of
points of R™. The proofs of the propositions in this section can be found in [5, §3], [6, §3], [10, §8].

The discrete split decomposition is based on the next proposition [6, Theorem 3.2] and Theorem
4.4. Recall that f is defined by (2.3).



Proposition 4.7. For f: K — R, H € H(f), and t € [0,cu(f)], we have

f=tpy+f—Uuk.

We mention that the essential contents of the following theorem is derived as Theorem 3.2 in [6].

Theorem 4.8 ([10, Theorem 8.7]). Let f : K — R be a discrete function. Then, f is uniquely
decomposable as
F=Y eaDi+r,

HeH(f)

where f': K — R satisfies cg(f) € {0, +00} for any linear hyperplane H'. Furthermore, we have
F=> cuDu+7

HeHe(f)

If, in addition, f is convexr-extensible, then f’ is also convex-extensible.

We here describe a relation between K and H(f). Let f be a convex-extensible discrete function

on K. Note that since 7 (f) is the intersection of the normal fan of Q(f) with cone K, each hyperplane

H € H(f) is linear, i.e., H = H,p for some a € R". From the regularity of the subdivision T(f)
induced by f, we notice that possible hyperplanes appearing in H(f) is limited by the point set K.
Then, we make the next definition.

Definition 4.9 (K-admissible). A set of linear hyperplanes H is K-admissible if H satisfies
(A1) HNriconeK # 0 for each H € H, and

(A2) cone(FNK)=FnNconeK for each F € A(H).

Note that K-admissibility is determined solely by K. A justification for Definition 4.9 follows
from the next lemma.

Lemma 4.10. For f: K — R, the set of hyperplanes H(f) is K-admissible.

Note that if a set of linear hyperplanes H is K-admissible, then any subset of H is also K-
admissible. So we define the set of linear hyperplanes Hy as

Hyx = {H | H : a linear hyperplane, { H} is K-admissible}.

By Lemma 4.10, H(f) C Hx holds for any f : K — R. In the case of dim dgm? # n, we restrict Hy
to representatives, denoted by HY., of Hg /~, so that we have H°(f) = H(f) N HS C H.
The next theorem implies that the discrete split decomposition can be carried out without explicit

construction of convex extensions; the quotient cz(f) can be calculated without the construction.

Theorem 4.11 (Hirai [6, Theorem 3.4]). For a discrete function f : K — R and a hyperplane
H € Hg, let ¢y (f) be defined by

L 5@ - ) g - ) | ¢ EENE
H(f)—2 £ Ir(z) L (y) {Z;}Ef[g,;ﬂ}{

Then we have

cn(f) = max{0,éy (f)}-
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Figure 1: The homogeneous convex extension of a metric v on X = {3, j, k}.

We close this section by introducing the notion of split-decomposability. A function f € RX is said
to be split-decomposable if f — ZHEHO(f) cu (f)I is the restriction of a linear function. We explain
the relation between split-decomposable functions on K and K-admissible sets of hyperplanes.

Lemma 4.12. Let f : K — R be a discrete function. Then we have

W = C?—i— <Q7 > + dcone K (C S R+,q S Rn)

By Lemma 4.12, the quotient of ¢f + ({g,-))® by a split function depends only on cf. Hence, the
discrete split decomposition of cf + ({g,-))¥ is determined by cf.

Proposition 4.13. For H C H$, and o € Rir, let f =3 men ang. Then the following conditions
(a), (b) and (c) are equivalent.

a) 7: ZHGH aply + dcone K -

(
(b) H="H°(f) and oy = cu(f) for H € H.
(¢) H is K-admissible.

By Lemma 4.12 and Proposition 4.13, every split-decomposable function is constructed from a
K-admissible set of hyperplanes, i.e., the sum of a positive combination of the restrictions of the
split functions associated with the hyperplanes and the restriction of a linear function. Thus, split-
decomposable functions are also determined by K through the K-admissible sets of hyperplanes since
the K-admissibility depends on K.

5 The polyhedral split decomposition of a positively homogeneous
M-convex function

5.1 The discrete split decomposition of a distance

In this subsection, we apply the discrete split decomposition to 7 : 2 — R. Recall that Q@ = {x; —x; |
i,7 € X}. Figure 1 (c) illustrates the homogeneous convex extension of a metric v on X = {i, j, k}.
Since X on a linear space as in Figure 1 (a), we can project {(x; — x;,7(¢,7)) | i,j € X} to 3-
dimensional space as shown in Figure 1 (b).

Although 7% is a polyhedral convex function, its effective domain dom®¥ is not fully dimensional.
Then, we define representatives Hg, as mentioned in Section 4.2. For an X-split {A, B}, we denote

H(XA_XB)/2 X0 by Hy py. Let 1 be the all-one vector. Hereafter, coefficients for scaling vectors

to unit ones are omitted for simplicity. We obtain Hqo := {H | H : a linear hyperplane, {H} :
Q-admissible} as in the next proposition.

11



Proposition 5.1. Ho = {Hu(y,—yg)+p1,0 | {4, B} an X-split, o, 3 € R}.
Since it is immediate that
Hya,py Ndom7 = Ho(yy—yp)+p1,0 N domy
for all a, 6 € R, we define the hyperplanes:
HS = {Hapy | {A, B} : an X-split}.
Proposition 5.2. For each H € Hq, there exists a hyperplane H® such that
H Ndom¥ = H° Ndom#y
in Hg,. Moreover, for all H,H' € H, H Ndom7y = H' Ndom# if and only if H= H'.

By Proposition 5.2, Hg, constitutes representatives of Hq/~. Hence, Theorem 4.8 can be applied
to v and + is decomposed uniquely with hyperplanes in H(3) NHg,. We apply Theorem 4.11 to 7,
and then ¢p, ,,(7) is equal to the minimum of

(00 — x) — Y8 (w) L =) - R )

2ZH{A,B} (Xi — Xk) 2ZH{A,B} (Xl - Xj)

9

where 4,57 € A, k,l € B, and {w} = Hya gy N [Xi — Xk, X1 — Xj|. Hence, we have

N VIX| , —ONH A
Cham (V) = S5 min 96— xw) 0 = xg) = 2y e (

Xi_Xk+Xl_Xj>
2 )

Xi_Xl+Xk_Xj>}

Yxi — x1) + v (xk — x;) — 29 H A ( 2

Since v satisfies the triangle inequality, we obtain

QOH{A’B}(Xi — Xkt X _Xj) _1

0l 9 2(’7()@ —x;) + 70— xx))

and

QNH{a ) (Xz‘ — X+ Xk — Xj)

v 5 = %(’Y(Xi = x5) + 70k = x1))-

Thus, we have

. |.X| .
CHam (V) =75 i,jéﬁﬁeg{”% —xk) + 70— x5) — 706 — x5) —v(xa — xx)s
y(xi — xi) + 70k — x5) —v(xi — x5) + 70O — x:)}

:\/’2)(7’ i,jEIE\I,ikI,lleB{FY(i’ k) + V(Lj) - V(Z’aj) - V(Z’ k)’ W(ia l) + V(kv]) - /7(7:7]') - ’7(]{7’ l)},
(5.1)

and so, we have cpy, 5, (7) = max{0,ép,, 5, (7)}. As a result, the next theorem is obtained.
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Theorem 5.3. Let v: X x X — R be a distance. Then v can be decomposed as

y= Y cu, M, +7
o€X()

where () is defined by
Y(y) ={o | o :an X-split,cy, (7) > 0}
and v : X x X — R is a distance with cg_,(v') =0 for any X -split o’. Furthermore, we have

= > eu,Mlu, +7" (5.2)
ceX(y)

v
We here define the compatibility of X-splits.

Definition 5.4 (compatible). Let {A, B} and {C, D} be X -splits. Two X -splits {A, B} and {C,D}
are compatible if at least one of the sets ANC,AND,BNC and BN D is the empty set.

A collection of X-splits is called pairwise compatible if any two X-splits in the collection are
compatible. For a subset H of Hg), we denote X3y = {{A, B} | {A, B} : an X-split, Hy4 gy € H}. We
can translate the 2-admissibility of H into the pairwise compatibility of 3.

Proposition 5.5 ({10, Proposition 9.8]). A set of hyperplanes H C Hg, is Q-admissible if and
only if Yy is pairwise compatible.

Hence, we obtain the following proposition.

Proposition 5.6. A metric v is a tree metric if and only if v is decomposed as

/7 = Z CHo' (7)1%5

o€X(v)

By Proposition 5.6, a split-decomposable function on €2 corresponds to the sum of a tree metric
and a linear function.

We introduce the Buneman index for the convenience. For a metric v : X x X — R and an X-split
{4, B}, the Buneman index is defined by

1 k) + 40,
9 I : : fY(Z7 ) + 7(]7 )7 _ N
biam) = 3 i,jerzfll,lkr,lleB{mm { A 0) +AGok) B AR D o

If ~ is a metric, we obtain from (5.1)

CHapy (V) = @ min {min {W’ k) + 7(7." l)’} — (i, 5) — y(k, 1)}

=
+
2
—
b
>~
N—

2  ijeAkleB (i
=I|X] b:{yA,B}'

Therefore, we have cy, 5, (7) = max{0,¢m , 5 (7v)} = /|X[max{0, b?A’B}}. As a result of the
discrete split decomposition of metrics on €2, the next theorem is obtained.
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Theorem 5.7. Let v: X x X — R be a metric. Then v can be decomposed as
y=Y_ VIXIo, +4, (5.3)
o€ ()

where Xy(7y) is defined by
Yp(y) = {o | o : an X-split,b) > 0}
and ' : X x X — R is a metric with bZ: <0 for any X -split o’.

Figure 2 illustrates the polyhedral split decomposition of a metric on X with | X| = 3. It is known
that every 3-point metric is representable as the sum of split metrics, i.e., 7/ = 0 in the decomposition
(5.3).

Figure 2: The polyhedral split decomposition of a metric on X = {i, j, k}.

5.2 M-convexity of split functions

In this subsection, we describe the split functions in the polyhedral split decomposition of a distance
are also positively homogeneous M-convex functions and unravel why the sum of the split functions
is an M-convex function as the main result of this paper.

Theorem 5.8. Let lH{A,B} : R™ — R be the split function associated with an X -split {A, B}. Then
¢ = ZH{A s T Ocone 1S a positively homogeneous M-convex function from R™ into R.

Theorem 5.8 implies that ¢ is the support function of some L-convex polyhedron. Then we
prove Theorem 5.8 by taking the conjugate of ¢ and showing that it is the indicator function of
an L-convex polyhedron, which is represented as (3.2) for a (scalar multiple) split metric. Hence,
=1 Hiapy T dconeq turn out to be the homogeneous convex extension of the (scalar multiple) split

metric {{4 py. Note that Theorem 5.8 can be obtained as a consequence of the fact that & is a
(scalar multiple) split metric and Proposition 4.13.

Proof of Theorem 5.8. For simplicity, we redefine ¢ := /| X |l Hiap 4 dcone - Obviously, the effective
domain of ¢ is cone{). By the definition (2.1), the conjugate of ¢ is defined as follows:
¢*(p) = sup{(p, z) — ¢(x) | = € R"}
= Sup{<p,w> — {(xa — xB)/2, )] ‘ T € coneQ}
= max{max{(p — (xa — xB)/2, %) | € coneQ,z(A) > z(B)},
max{(p+ (x4 —xB)/2,7) ‘ x € cone), z(A) < x(B)}} (p e R").

The maximum; max{(p — (xa — x5)/2,z) | z € coneQ,z(A) > z(B)} is zero if p— (xa — xB)/2 =
al + B(—xa + xB) for some a € R and § € Ry, otherwise +00. Hence, we have

o a—B+3 (i€ A,
M)_{a+ﬂ—§ (i € B),
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and so

I [ (jeAorijeB),
POZPI= 29841 (icAjeB).

Similarly, the maximum; max{(p + (xa — xB)/2,z) ’ z € cone, z(A) < x(B)} is zero if p +
(xa—xB)/2=£E1+n(xa— xB) for some £ € R and n € R, otherwise +0c0. Hence, we have

i) — 5"1'77_% (’iGA),
Pl {5—77+§ (i € B),

and so

. . 0 (i, € Aori,j€ B),
p(i) = p(j) = : .
2n—1 (i€ A,jeB).
Since [ and n must satisfy —26+1=2n—1,84>0and n >0, we have 0 < 8 < 1,0 < n < 1.
Therefore, the effective domain of ¢* is the polyhedron Q(¢) defined by

(te A,jjeBorieB,je A)

n <
Q((Z)): {pGR p(l)—p(])S

0 (i,jeAori,j€B), }
1

Obviously, Q(¢) is the L-convex polyhedron defined by the split metric {4 py and ¢*(p) takes zero
for p € Q(¢) and 400 for p ¢ Q(¢). Therefore, ¢ is the support function of the L-convex polyhedron
Q(¢), that is, ¢ is a positively homogeneous M-convex function. O

Note that a residue 7/ appearing in (5.2) is also a positively homogeneous M-convex function
because 7' is a distance. As a consequence of Theorem 5.8, 7 is decomposed as the sum of positively
homogeneous M-convex functions, which is a case that the sum of M-convex functions is also an
M-convex function. As mentioned in Section 3, we give a description based on Theorem 3.7 for this
case.

By Theorem 3.7, it is sufficient for showing the M-convexity of 7 that each cone in 7 (%) is an
M-convex cone by Lemma 2.3. We begin by proving the next proposition, which, combined with
Theorem 3.7, provides an alternative proof of Theorem 5.8 since cone(? is obviously M-convex cone.

Proposition 5.9. For an M-convex cone D, we defineY ={x; — x; € D |i,j € X}. Let {A, B} be
an X -split. Then the following (1), (2) and (3) hold.

(1) cone(HyapyNY) = HyapyNconeY if and only if Hyy gy NconeY is an M-conver cone.
(2) cone(H {A By Y) = {A py NconeY if and only if H{A py NconeY is an M-convex cone.

(3) cone(H N Y)= Hiy py NconeY if and only if Hiy pyNeoneY is an M-convex cone.

Proof. We show (1). Every M-convex cone By can be represented as

Bo=1{ Y cijlxi—x;) | ey =0 ((i.4) € F)}

(i,j)eF

for some F C X x X, where we may assume that F' is transitive, i.e., (i,j) € F and (j,k) € F imply
(i,k) € F. Hence, cone (H{ ABy N Y’) is obviously an M-convex cone, from which the necessity is
immediate because Hyg gy NconeY = cone(Hy gy NY).
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We show the sufficiency. By hypothesis, Hy4 gy MconeY is an M-convex cone. Thereby Hy gy N
coneY is represented as

Hyy gy NconeY = { Z cii(xi —x5) | ¢ij >0 ((4,7) € F')}
(i,j)eF’

for some F' C X x X. By definition, Y is transitive, i.e., x; —x; € ¥ and x; — xx € Y imply
Xi — Xk € Y. It follows that x; — x; € coneY is equivalent to x; — x; € Y. Hence, we have
Xi — Xj € HyapyNY for any (i,7) € F’, and thus cone(H{4 5y NY) = H{4 py NconeY.

The assertions (2) and (3) are shown similarly. O

By Lemma 4.6, 7(5) is the common refinement of A(H°(¥)) and 7 (y/). We interpret 7 () as
the result of the successive refinements of 7(7/) by hyperplanes in H°(¥). Note on 7 (/) as the
initial state that each cone in 7 (v’) is an M-convex cone since 7/ is a distance. A hyperplane in
H® (%) satisfies for each cone in 7 (7') the conditions in the left-hand sides of (1), (2), and (3) in
Proposition 5.9. Thus, the common refinement of 7(7/) and the hyperplane consists of M-convex
cones. We repeat such a refinement process until we obtain 7 (). At each step, a refinement of 7 (v/)
is composed of M-convex cones because of Proposition 5.9 and the Q-admissibility of H®(%) as in

Lemma 4.10. Therefore, we obtain the following proposition.

Proposition 5.10. Let H C H°(¥). Each polyhedron in the common refinement of T (y') and A(H)
is an M-convexr cone. Therefore, each polyhedron in the polyhedral subdivision T (%) is an M-convex
cone.

It follows from Theorem 3.7 and Proposition 5.10 that 7 is a positively homogeneous M-convex
function.

Remark 5.11. The conjugate structure is revealed as follows. By Lemma 2.1 and Theorem 5.8,
the decomposition of 7 implies that Q(v) is the Minkowski sum of L-convex polyhedra. We know
that Q(7) is also an L-convex polyhedron. Note that, in general, the Minkowski sum of L-convex
polyhedra is not necessarily an L-convex polyhedron. The L-convex polyhedron corresponding to a
split function is a line segment (+{al | « € R}) by Proposition 4.2. Since the Minkowski sum of line
segments is a zonotope, the polyhedral split decomposition of 7 provides a decomposition of Q(7) into
the Minkowski sum of a zonotope and some polyhedron, which is the dual operation of the polyhedral
split decomposition. The zonotope is closely related to a tight span in T-theory [3]; see also [8].

6 Tree metrics and quadratic M-convex functions

In this section, we focus on the property of M-convex functions as described in the next theorem; see
also [12, Theorem 6.61].

Theorem 6.1 (Murota and Shioura [13, Theorem 4.15]). For an M-convex function f : Z" — R
and x € dom f, define vf,(u,v) = f( 4+ Xu — Xo) — f(z) (u,v € X). Then v¢, is a distance.

By Theorem 6.1, v, can be regraded as a discrete function on 2 for each z € dom f by the
correspondence:

Yeae(Xi — X5) — V2(1:7) (1,5 € X).

In fact, the discrete split decomposition is applicable to vy ,. We are particularly interested in the case
that f is a quadratic M-convex function on Z"™ N cone(), i.e., f can be represented as f(x) = %:UTA.I'
for all z € Z™ N cone§2 with some coefficient matrix A. The reason is that tree metrics and quadratic
M-convex functions are closely related. For a tree metric d : X x X — R4, an n X n square matrix
D = (d;j;) is defined as d;; = d(i, j) for all i,j € X and called a tree metric matrix.
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Theorem 6.2 (Hirai and Murota [8, Theorem 3.1]). A quadratic form f(x) defined on Z™ N
conef) is M-convex if and only if there exists a tree metric d : X x X — Ry such that

1
f(z) = ) "Dz (x € Z" N cone),

where D is a tree metric matriz for d.

Let f be a quadratic M-convex function on Z" N cone?, and let f(z) = —z" Dz for some tree
metric matrix D. Then ¢, for f and x € Z" N cone(} is as follows:

’Yfal’(uvv) = f(:l? + Xu — Xy) — f(x)

1 1
= —i(x + Xu — XU)TD(JJ + Xu — Xo) + ixTD:c

= —z' DXy + ' Dxy — fxu u DXu + X0 Dxu + xv v Dxo
= (=2 D, xu — xo) +d(u,v) (u,ve X).
Therefore, by the correspondence:
d(xi = xj) < d(i,j) (i,j € X),
vt can be regarded as a discrete function on  as follows:
V() =d() + (=2 D, )™

By Lemma 4.12, we have 7, = d + (=2 " D, ) + dconeqr- Furthermore, ¢H, p(vfa) for Hyypy is
represented as follows:

_ VX . OnH Xi — Xkt Xt — Xj
CHa By (Vf) = ~—5— min {'Yf,w(Xi — X&) + V20— X5) — 27f,x R ( : 5 ’ )7

2 ijeAk|leB
T ONH{apy (Xi — XL+ Xk — Xy
Ve (X = X0 + V(e = X5) = 205, 0 ( z 2 : )}

5

|2X min LG5, k) +d(1.§) = d(i.3) = d0, k). d(i.D) + d(k. ) = (i, ) — d(k.1) }

= VIX[ {4 5y

because, by direct calculation, we have

(d(xi — x5) + (—2"D,xi — x5) + d(xi — x&) + (—2" D, x1 — x&))

mH{AB}(xz' — Xkt X —Xj) _ 1

s, 9 9
and
oo (X~ X XE— XY _ ]
’YmH{A’B}< : 5 J) = 5(dxi = x5) + (—2"D,xi — x5) + d(xe — x0) + (=2 D, xx — x1))-

Since d is a tree metric, we have

Ya()= D VIXIGE, () + (=2"D, )"

O’GEb(d)

by Theorem 5.7 and Proposition 5.6.

For an M-convex function f : Z" — R and = € dom f, the convex extension of v ,(-) coincides
with the directional derivative f’(x;-) of the convex extension of f, where f/(z;-) is considered as a
function of directions. Then, we regard 7y .(-) as the directional derivative of f at a point x. Hence,
for a quadratic M-convex function f on Z"Ncone(?, we conclude that the directional derivative vy 4(-)
for each z € Z™ N cone() is split-decomposable.
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