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Abstract

For a graph G and a collection of vertex pairs {(s1,t1),-..,(Sk,tx)}, the disjoint paths
problem is to find k£ vertex-disjoint paths Pi,..., Pr, where P; is a path from s; to t; for each
1 =1,...,k. This problem is one of the classic problems in algorithmic graph theory and has
many applications, for example in VLSI-design.

As an extension of the disjoint paths problem, we introduce a new problem which we call the
stable paths problem. In this problem we are given a graph G and a collection of vertex pairs
{(s1,t1), .-+, (8K, tx)}. The objective is to find k paths P, ..., Py such that P; is a path from s;
to t; and P; and P; have neither common vertices nor adjacent vertices for any distinct 1, j.

The stable paths problem has several variants depending on whether k is a fixed constant
or a part of the input, whether the graph is directed or undirected, and whether the graph is
planar or not. We investigate the computational complexity of several variants of the stable
paths problem. We show that the stable paths problem is (i) solvable in polynomial time when
k is fixed and G is a directed (or undirected) planar graph, (ii) NP-hard when k¥ = 2 and G is
an acyclic directed graph, (iii) NP-hard when k = 2 and G is an undirected general graph.

1 Introduction
1.1 Disjoint paths problem and basic definitions

Suppose that we are given a graph G and a collection of vertex pairs {(s1,¢1),..., (Sk, tx)}. The
disjoint paths problem is to find k vertex-disjoint paths P, ..., Py, where P; is a path from s; to t;
for each i = 1,..., k. This problem is one of the classic problems in algorithmic graph theory and
has many applications, for example in VLSI-design.

The disjoint paths problem has several variants depending on whether k is a fixed constant or
a part of the input, whether the graph is directed or undirected, etc. The disjoint paths problem
was shown to be NP-hard by Knuth (described in [5]) when k is a part of the input. Fortune—
Hopcroft-Wyllie [4] proved that the directed version of the problem (DDPP) is NP-hard even if
k = 2, whereas the problem can be solved in polynomial time when the given digraph is acyclic and

k is fixed. However, it was shown that the disjoint paths problem in undirected graphs (DPP) is



solvable in polynomial time when k = 2 [10], [11], [12]. Then, in 1995, Robertson-Seymour [7] gave
a polynomial time algorithm based on the graph minor theory for the DPP when k is fixed. On
the other hand, Schrijver [8] gave a polynomial time algorithm for the DDPP when G is a directed
planar graph and k is fixed. We summarize the known results on the problem in Table 1 (see [9]

for more results).

Table 1: Complexity of DDPP and DPP.

DDPP DPP
k: constant NP-hard P [7]
(Planar digraph : P [8])
(Acyclic digraph : P [4])
k: variable NP-hard (see [5]) NP-hard (see [5])

(Planar digraph : NP-hard [6]) | (Planar graph: NP-hard [6])
(Acyclic digraph : NP-hard [3])

For an undirected graph (or simply a graph) G = (V, E), let uv denote an edge connecting u
and v. For V' C V| the subgraph induced by V' is a subgraph G’ = (V' E'), where E’ consists of all
edges of G spanned by V'. Contracting an edge e = uv means deleting e and identifying « and v.
A vertex set V' is called a stable set if no two vertices in V' share an edge. For a path P traveling
vertices vg, v1,. .., in this order, v;v; € E is called a shortcut of Pif 0 <i < j<landi+2 <j.

For a directed graph (or a digraph) D = (V, A), let (u,v) denote an arc which starts in u

and ends in v, and for an arc a = (u,v) we define a=! = (v,u). For vertices vg,vy,...,v; and
arcs ai,...,a;, a sequence P = (vg,a1,v1,as,...,a;,v;) is called a directed path (or a dipath) if
a; = (vi—1,v;) for i = 1,..., k. If no confusion may arise, we sometimes denote P = (aq,...,a;) or

identify P with its arc set {a,...,q;}.

Suppose that D = (V, A) is an embedded planar digraph and F is the set of faces of D. For
a € A, let left(a) and right(a) be the faces of D at the left-hand side and the right-hand side of a,
respectively. The dual digraph D* of D is a digraph D* = (F, A*) whose arc set A* is defined by
A* = {a* | a € A}, where a* is an arc from left(a) to right(a).

Let (G, -) be the free group generated by g1, g2, - - ., gk, and let 1 denote its unit element. More
precisely, Gy, consists of all words by - - - b, where t > 0 and by,...,b; € {gl,gfl, . ,gk,ggl} such
that b;bjy1 # gjgj_l and b;b;11 # gj_lgj fori=1,...,t —1and j = 1,...,k. The product x -y
of two words is obtained from the concatenation zy by deleting iteratively all gjgj_1 and gj_1 gj- A
word v is called a segment of a word w if w = xyz for certain words x, z. A subset I' C G, is called

hereditary if for each word y € I' each segment of y belongs to I'.



1.2 Stable paths problem

As a generalization of the disjoint paths problem, we introduce a new problem called stable paths
problem. Suppose we are given a graph G and P,..., P, are paths in G. We say that Py,..., Py
are stable if P; and P; have neither common vertices nor adjacent vertices for any distinct 4, j. In

other words, P, ..., P, are stable paths if the following two conditions hold:

e Any pair of paths have no common vertices.

e Let H be the graph obtained by contracting all edges in Py,..., P;. Foreach¢=1,... k, let
p; be the vertex of H that corresponds to all vertices on P;. Then {p1,ps,...,pr} is a stable
set in H.

The stable paths problem is the following problem.

Stable paths problem (SPP)
Input: A graph G = (V, E) and a collection of vertex pairs {(s1,¢1),..., (Sg, tx)}-

Output: Stable paths Py,..., P; in G, where P; is a path whose end vertices are s; and t; for
eachi=1,... k.
N J

For a digraph D = (V, A), we also introduce a new problem called directed stable paths problem.
Let Pi,..., P be dipaths in D. As with undirected graphs, we say that Py, ..., P, are stable if P,

and P; have neither common vertices nor adjacent vertices for any distinct 7, j. The directed stable

paths problem is defined as follows.

Directed stable paths problem (DSPP)
Input: A directed graph D = (V, A) and a collection of vertex pairs {(s1,t1),. .., (Sk, tx)}-

Output: Stable dipaths Py,..., P, in D, where P; is a dipath from s; to ¢; foreach: =1, ... k.

The stable paths problem is an extension of the disjoint paths problem, because any instance
of the disjoint paths problem can be reduced to an instance of the stable paths problem as follows.
Consider an instance of the disjoint paths problem in a graph G = (V, E') with respect to a collection
of vertex pairs {(s1,%1), ..., (sk, tg)}. Let G’ be the graph obtained from G by subdividing each edge
into two edges, that is, we replace each edge e = uv € E by a new vertex v, and two edges uve, vev.
Then solving the stable paths problem in G’ with respect to {(s1,t1),..., (sk,tx)} corresponds to
solving the original disjoint paths problem. Similarly, the directed stable paths problem is an
extension of the directed version of the disjoint paths problem.

By the above reduction, we see that the variants of the (directed) stable paths problem which
correspond to NP-hard variants of the (directed) disjoint paths problem are NP-hard, that is, we



Table 2: Complexity of SPP and DSPP.

DSPP SPP
k: constant NP-hard NP-hard
(Planar digraph : P) (Planar graph : P)
(Acyclic digraph : NP-hard)
k: variable NP-hard NP-hard
(Planar digraph : NP-hard) | (Planar graph: NP-hard)
(Acyclic digraph : NP-hard)

obtain the following results:
e When k is a part of the input, the SPP is NP-hard even if the given graph is planar.

e When £k is a part of the input, the DSPP is NP-hard even if the given digraph is acyclic or

planar.
e The DSPP is NP-hard even if &k = 2.

In this paper, we reveal the time complexity of several variants of the SPP and the DSPP as
shown in Table 2. The rest of the paper is organized as follows. In Section 2, which is the main
part of this paper, we show that the DSPP is solvable in polynomial time when the given digraph
is planar and k is fixed. This result implies that the SPP is also solvable in polynomial time when
the given graph is planar and k is fixed. In Section 3, we give some applications of our algorithm to
finding certain structures, called a “hole” and a “theta”, in a planar graph. In Section 4, we present
NP-hardness results saying that the SPP is NP-hard even if k = 2, and the DSPP is NP-hard even
if the given digraph is acyclic and k& = 2.

2 Stable paths problem in planar graphs

When the given digraph D is planar and k is fixed, Schrijver gave a polynomial time algorithm for
the directed disjoint paths problem [8]. As a generalization of this result, when the given digraph D
is planar and k is fixed we give a polynomial time algorithm for the directed stable paths problem,

which is based on Schrijver’s algorithm.

Theorem 1. The directed stable paths problem is solvable in polynomial time, if the given digraph
D = (V, A) is planar and k is a fized constant.

Before giving the proof of Theorem 1, we show that a polynomial time algorithm for the undi-

rected version is obtained from Theorem 1.



Corollary 2. The stable paths problem is solvable in polynomial time, if the given graph is planar

and k is a fixed constant.

Proof. Consider an instance of the stable paths problem in a planar undirected graph G = (V, E).
Let G’ = (V, A) be the directed graph obtained from G by replacing every edge uwv € E with
two arcs (u,v) and (v,u). Then solving the stable paths problem in G corresponds to solving the
directed stable paths problem in G’, and hence the original stable paths problem is solvable in

polynomial time by Theorem 1. O

The rest of this section is devoted to the proof of Theorem 1, which is based on Schrijver’s

algorithm.

2.1 Preliminaries for the proof

Let D = (V, A) be a directed planar graph, and {(s1,1),..., (sk,tx)} be a collection of vertex pairs.
The vertices s1,...,Sg,t1...,t, are called terminals. Without loss of generality, we assume that D
is weakly connected and each terminal is incident to exactly one arc. We fix a planar embedding

of D. Let F be the set of all faces of D, and R € F be the unbounded face of D.
We say that a function ¢ : A — Gy is a flow if the following three conditions hold.

e For i =1,...,k, the arc a leaving s; satisfies that ¢(a) = g;.
e For i =1,...,k, the arc a entering ¢; satisfies that ¢(a) = g;.
e For each vertex v € V' \ {s1,..., 8k, t1,...,tx},

P(ar) - plazg)® - ---- Plar) =1,

where ai,...,a; are the arcs incident with v, in clockwise order, and ¢; = +1 if a; leaves v

and ¢; = —1 if a; enters v.

Note that ¢(a) represents the dipaths which go through the arc a. For example, if ¢(a) = g192
then dipaths P; and P, go through the arc a and P; is to the left of P, and if ¢(a) = 93_1 then a
dipath P3 goes through the arc a in the reverse direction of a. The definition of flows means that
no pair of dipaths cross at any vertices. We note here the relation between directed stable paths (or
directed disjoint paths) and flows. Given a solution IT = (P4, ..., P;) of the DSPP (or the DDPP),
we define a function ¥ : A — Gy by

; (if a is an arc on F;),
vn(a) = {“(1]1 Eotherwise). !
Then 7 is obviously a flow.

We say that two functions ¢, : A — G} are R-homologous if there exists a function f : F — Gy

such that



e f(R)=1,
o f(left(a))~! - ¢(a)- f(right(a)) = ¢ (a) for each arc a € A.
It can be easily seen that if ¢ is a flow and ¢ is R-homologous to ¢, then 1 is also a flow.

2.2 Proof of Theorem 1

Schrijver’s algorithm is obtained from the following two propositions for the DDPP in an embedded

planar digraph.

Proposition 3 (Schrijver [8]). For each fized k, we can find in polynomial time a collection of
flows ¢1,...,¢Nn with the property that for each solution 11 of the DDPP, i is R-homologous to

at least one of ¢1,...,¢N.

Proposition 4 (Schrijver [8]). There exists a polynomial time algorithm that, for any flow ¢, either
finds a solution 11 of the DDPP such that 111 is R-homologous to ¢ or concludes that such a solution

does not exist.

Proposition 3 implies the following as a corollary, because stable paths are a special case of

disjoint paths.

Proposition 5. For each fized k, we can find in polynomial time a collection of flows ¢1,...,dN

with the property that for each solution 11 of the DSPP, ¢y is R-homologous to at least one of
¢17 ) ¢N’

For the proof of Theorem 1, we need the following proposition, which is the DSPP version of

Proposition 4. The proof is given in Section 2.3.

Proposition 6. There exists a polynomial time algorithm that, for any flow ¢, either finds a
solution I of the DSPP such that ¥ is R-homologous to ¢ or concludes that such a solution does

not exist.
Our algorithm for the DSPP is obtained from Proposition 5 and Proposition 6 as follows.

Proof of Theorem 1. By Proposition 5, we can find a collection of flows ¢1,...,¢xN such that for
each solution II of the DSPP, 911 is R-homologous to at least one of ¢1,...,¢n. By Proposition 6,
we can either find a solution II of the DSPP such that ¢ is R-homologous to ¢; or conclude that
such a solution does not exist, for each ¢ = 1,..., N. Thus we can solve the DSPP in polynomial

time when the given digraph is planar and k is a fixed constant. O



2.3 Proof of Proposition 6

In order to show Proposition 4, Schrijver introduced a new problem called cohomology feasibility
problem (CFP), and gave a polynomial time algorithm for it. He showed that Proposition 4 can be
derived from the polynomial time algorithm for the CFP. In this section, we describe the CFP and
show that Proposition 6 can also be obtained from the polynomial time algorithm for the CFP.
Let D = (V, A) be a weakly connected digraph, which may have parallel arcs, and let r € V.
Two functions ¢, : A — Gy, are called r-cohomologous if there exists a function f : V — G} such

that
o f(r)=1,
o (a) = f(u)~' ¢(a)- f(v) for each arc a = (u,v) € A.

Schrijver introduced the following problem called cohomology feasibility problem (CFP), and

showed that it can be solved in polynomial time.

\
Cohomology feasibility problem (CFP)

Input: A weakly connected digraph D = (V, A), a vertex r € V, a function ¢ : A — Gy, a
hereditary subset I'(a) C Gy, for each arc a € A.

Output: A function ¢ : A — Gy, such that v is r-cohomologous to ¢ and v (a) € I'(a) for each
arc a € A.

\ J

Theorem 7 (Schrijver [8]). The CFP is solvable in polynomial time of |Al, o, and k, where o =
max{|'(a)| | a € A}.

We are now ready to show Proposition 6.

Proof of Proposition 6. Let D* = (F, A*) be the dual digraph of D with respect to the planar
embedding of D. Let Ay be the set of all chords in all faces of D*. More precisely, we consider all
vertex pairs F, F’ € F which are on the boundary of a face of D*, and define A; as the set of all
arcs ap g from F to F'. For each arc a € A, let a* denote the arc in A* from left(a) to right(a),
and D* —a* be the digraph obtained by removing a* from D*. Then, two faces left(a) and right(a)
of D* make up a new face v, of D* —a*. Let A, be the set of all chords in v, which are not chords
in left(a) or right(a), and let Ay = (J,c 4« Aa. We construct a new graph DT = (F, AT), where
AT = A* U A; U As.
We define ¢ : AT — G}, as follows:

e ¢ (a*) = ¢(a) for each arc a € A.



o Let 7 = ((a}), (a3),...,(af)") be the dipath traveling clockwise from F' to F’ on the
boundary of the face of D* or D* — a*, where ¢; € {+1,—1}. Then ¢ (app) = ¢(ar) -
P(az)® -+ - p(a)® for each ap pr € Ay U As.

We say that ¢ is the extended function of ¢. Note that ¢ can also be defined along a dipath
traveling counterclockwise, since ¢ is a flow.

For each arc a € A", we define I'" (a) C G}, as follows:

e I'"(a) ={1,91,...,9x} for each arc a € A*,

o TH(app)={1,91,097",... ,gk,gk_l} for each chord app € Ay, and

o I (apr)={l,g1,97"... ,gk,glzl,g%,gﬁ, . ,g,%,g,f} for each chord ap p € As.

Then finding a solution II of the DSPP in D such that v is R-homologous to ¢ corresponds to
solving the CFP in DT with respect to 1 and I'". We now show this fact.

Suppose that ¥ : A — G}, corresponds to a solution II of the DSPP which is R-homologous to
¢. Then its extended function ¢ : AT — Gy, is R-cohomologous to ¢+ by Lemma 8 below. Since no
pair of dipaths in I have common arcs or common vertices, we have ¥ (a) € I'(a) (Va € A*UA;).
Furthermore, since no pair of dipaths in I have adjacent vertices, we have ¢ (a) € I'"(a) (Va € As).
Hence Q/JH is a solution of the CFP.

Conversely, suppose that 9™ : AT — G}, is a solution of the CFP. Define ¢ : A — G}, by
Y(a) = ¢t (a*) for each a € A. Then v is R-homologous to ¢ and 1" is the extended function of
1 by Lemma 9 below. For each i =1,...,k, define P, = {a € A|¢(a) = g;}. Since ¥ is a flow and
Yt (a) € Tt (a) (Va € A*), P; consists of a dipath from s; to ¢; and some dicycles. Hence we may
assume that P; is a dipath from s; to t;, and P4, ..., P, are arc-disjoint by the definition of P;. We
now show that II = (P,..., Px) is stable.

Suppose that two dipaths P; and P; have a common vertex v for some distinct 4, j. Then there
exist arcs a; and ag of D such that both a; and ag are incident to v, ¥(a;) = g;tl, and ¢¥(az) = gjj.ﬂ.
Let 7 be the dipath in D* whose first and last arcs are a] and a3, respectively, along the boundary
of the face of D* corresponding to v. We may assume that we have chosen a1 and as such that 7
is as short as possible. Then gfﬂ and gjﬂ are segments of Y " (ap pr) for an arc appr € Ay, where
7 is the dipath from F to F’, which contradicts the assumption that ™ is a solution of the CFP.
Hence no pair of Il have common vertices.

Suppose that P; has a vertex vq, P; has a vertex vg, and a = (v1,v2) € A for some distinct 4, j.
Then there exist arcs a; and ag of D such that a; is incident to v1, ag is incident to va, ¥(a1) = giﬂ,
and ¥(ag) = gjj-d. Let m be the dipath in D* whose first and last arcs are aj and a3, respectively,
along the boundary of the face of D* — a*. We may assume that we have chosen a; and as such

that 7 is as short as possible. Then g;tl and gfl are segments of ¢ (ap p) for an arc ap g € As,

8



where 7 is the dipath from F to F’, which contradicts the assumption that 1™ is a solution of the
CFP.

By the above arguments and Theorem 7, we can find a solution II of the DSPP such that ¥n
is R-homologous to ¢ in polynomial time by solving the CFP. O

To complete the proof of Proposition 6, we show the following two lemmas.

Lemma 8. If ¢,v) : A — G}, are R-homologous in D, then their extended functions ¢+, 9™ : AT —

G} are R-cohomologous in DT.

Proof. Since ¢,1) : A — G}, are R-homologous, there exists a function f : F — Gy such that
o f(R)=
o f(left(a))™! - ¢(a) - f(right(a)) = ¢ (a) for each arc a € A.

It is enough to show that f satisfies that

v (a) = f(w)™ ¢ (a)  f(v) (%)

for each arc a = (u,v) € AT. If a € A* then (%) is obvious. Suppose that app € A; U Ay is a
chord and 7 = ((a}), (a3), ..., (af)%), where ¢; € {+1,—1}, is the dipath from F' to F’ which
appeared in the definition of the extended function. Then ¢ (ap ) = d(ar) - plag)2----- o(ap)e
and Y (ap ) = P(ar)® - p(ag)? - -+ P(a))9. Let Fo(=F),Fi,...,Fi(= F') € F be the vertices

lying on 7 in this order. Then we have

P (app) = Pan)? -Plag)® - - - Par)”

= (f(Fo)™" - ¢(a)r - f(F) - (f(F) 7" - plag)® - f(F)) -+ (F(Fio1) " ¢(a) f(F1))
FF) ™ plar) - plag)® - - plar) - f(F)

= f(F)™" - ¢T(app) - F(F),

which means that (%) holds for ar p. O

Lemma 9. Let ¢ be the extended function of ¢ : A — Gj. Suppose that Y+ : AT — Gy, is
R-cohomologous to ¢+ and ¢ : A — Gy, is the function defined by 1 (a) = ™ (a*) for each a € A.
Then 1) is R-homologous to ¢ and 1™ is the extended function of 1.

Proof. Suppose that 1™ is R-cohomologous to ¢ with respect to f : F — Gj. Then it is obvious
that v is R-homologous to ¢ with respect to f.

Suppose that ap pr € AjUAs is a chord and 7 = ((a]), (a3)?, ..., (a])?), where ¢; € {+1, -1},
is the dipath from F to F’ which appeared in the definition of the extended function. Let Fy(=



-

8 :
A ———>— :arcs on F;

{72 > --- : other arcs

Figure 1: Remark on I'".

F),Fy,...,Fi(= F") € F be the vertices lying on 7 in this order. Then we have

F)~ ¢t (app) - f(F)

Fo) ' g(ar)™ - ¢lag)® - -+ - pla) - f(F)

= (f(Fo)~" - ¢la))™ - f(F1)) - (F(F1) 7" - dlaz)® - f(FR)) - -~ - (f(Fi1) ' pla) f(F)
=1(a1)” - ¥(a2)? - - pla)?,

which means that ¢ is the extended function of . O

Here, we explain the reason why we define I' (ap pr) = {1, g1, gfl, ey Gk g;l,g%,ng, . ,g,%, g,;Z}
for each chord app € Ay in the proof of Proposition 6. Our definition of directed stable paths
forbids pairs of dipaths to have adjacent vertices, but allows each dipath to have adjacent vertices

as in Fig. 1. In this case, 9T (ap /) may possibly be equal to gi2 or 9;2.

3 Applications

In this section, we apply Corollary 2 for the SPP to finding certain structures, called a “hole” and
a “theta”, in planar graphs.

Given a graph G, we say that a cycle C is a hole (or an induced cycle) if C is a cycle of G
induced by some set of vertices. In other words, C is called a hole if C' has no chords. We remark
here that holes with an odd number of edges play an important role in the strong perfect graph
theorem.

Given a graph G = (V, E) and two distinct vertices u,v € V', we consider the problem of finding
a hole in G that passes through u and v. Although this problem is known to be NP-hard [1] in
general graphs, we can solve it in planar graphs in polynomial time by applying our algorithm for

the stable paths problem.

Corollary 10. Suppose that we are given a planar graph G = (V,E) and two distinct vertices

u,v € V. Then we can find a hole that passes through u and v in polynomial time.

Proof. Let uu~ and uu™ be edges incident to u, and let vv~ and vv™ be edges incident to v. It is
enough to show that we can find a hole traveling u—, u,u", v, v, and v in this order, because the

number of choices of u~,u", v, and v* is at most |V|*.

10
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Figure 2: Construction of G’.

As in Fig. 2, construct G’ from G by replacing u,v and all edges incident to them with new
vertices s1, 9,11, 12 and edges sju™, vty sovT, u"ty. Note that G’ is planar since G is planar.

Then there exists a hole traveling u ™, u,u™,v™, v, and v in this order in G if and only if there
exist stable paths in G’ with respect to terminals s, s2,t1, and t2, because a pair of stable paths
with no shortcuts in G’ corresponds to a desired hole in G. Hence, by solving the stable paths
problem in G’, we can find a desired hole. Since G’ is planar, by Corollary 2, it can be done in

polynomial time. O

In a similar way as Corollary 10, we can find in polynomial time a hole that passes through &

given vertices if the given graph is planar and k is fixed.

Corollary 11. Suppose that we are given a planar graph G = (V,E) and k distinct vertices
V1,02, ...,0x €V, where k is a fixed constant. Then we can find a hole that passes through vy, ..., vk

i polynomial time.

Proof. Let vpv;, and vhv; be edges incident to vy for h = 1,...,k. It is enough to show that we
can find a hole traveling vl_,vl,vfr,v;,vg, v;,vg_,vg, ey U, U, and v,j in this order, because the
number of choices of v, vf,vz_,v;, ..,y , and v,j is at most |V|2k and that of permutations of
V1, ...,V 18 kL

Construct G’ from G by replacing a vertex v, and all edges incident to v, with new vertices
Sp,tn—1 and edges shv;,th_lv}: for every h = 1,...,k. Note that G’ is planar since G is planar.

Then there exists a desired hole in G if and only if there exist stable paths in G’ with respect to
terminals si,..., Sk, t1,...,tr, where we define ¢, = tg, because a collection of k stable paths with
no shortcuts in G’ corresponds to a desired hole in G. Hence, by solving the stable paths problem
in G, we can find a hole that passes through vy, vy, vf, vy , V2, ’U;_, V3, U3, ..,V , Vg, and v,j in this

order. Since G’ is planar, by Corollary 2, it can be done in polynomial time. O

A theta is a graph consisting of two nonadjacent vertices u,v and three paths Py, P, P3 con-
necting v and v, such that Py, P», P are pairwise vertex-disjoint except for w, v, and the union of
every pair of P, P, P3 is a hole. We call v and v end vertices of the theta.

Chudnovsky—Seymour [2] gave a polynomial time algorithm for the problem of finding a theta in

a given graph. However, the problem of finding a theta that has specified end vertices is NP-hard,
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because finding a hole which passes through two specified vertices is NP-hard [1]. We show that

this problem is solvable in polynomial time in planar graphs.

Corollary 12. Suppose that we are given a planar graph G = (V, E) and nonadjacent vertices

u,v € V. Then we can find a theta with u,v as its end vertices in polynomial time.

Proof. Let uui,uus, and uug be edges incident to u, and let vvy, vve, and vvs be edges incident
to v. It is enough to show that we can find a theta such that uwu; and vv; are the edges on P; for
i =1,2,3, because the number of choices of uy,us, u3, v1, v, and v3 is at most |V5.

Construct G’ from G by replacing u,v and all edges incident to them with new vertices
51,89, 83,11,12,t3 and new six edges s;u;,v;t; for ¢ = 1,2,3. Note that since G is planar, G’ is
also planar.

Then there exists a desired theta in G if and only if there exist stable paths in G’ with respect
to terminals s1, so, s3, 11, t2, and t3, because a collection of three stable paths with no shortcuts in
G’ corresponds to a desired theta in G. Hence, by solving the stable paths problem in G’, we can

find a desired theta. Since G’ is planar, by Corollary 2, it can be done in polynomial time. [

4 Hardness Results

In this section, we give two NP-hardness results. These results indicate that the (directed) stable
paths problem is essentially different from the (directed) disjoint paths problem.

First, we show that the SPP is NP-hard even if kK = 2, whereas the DPP is solvable in polynomial
time if & is fixed.

Theorem 13. The stable paths problem (SPP) is NP-hard, even if k = 2.

Proof. The problem of finding a hole that passes through two given vertices is NP-hard [1]. As in
the proof of Corollary 10, this problem can be reduced to the SPP with k£ = 2, and hence the SPP
is NP-hard, even if k = 2. O

We next show that the DSPP is NP-hard even if the given digraph is acyclic and k = 2, whereas
the DDPP is solvable in polynomial time when the given digraph is acyclic and k is fixed.

Theorem 14. The directed stable paths problem (DSPP) is NP-hard, even if the given digraph
D = (V, A) is acyclic and k = 2.

Proof. 1t is enough to show that 3-SAT can be reduced to the DSPP in acyclic digraphs with k = 2.
Let Cy ACy A--- ACy, be an instance of 3-SAT with n variables x4, ..., z,.
We construct an acyclic digraph D = (V, A) as follows (see Fig. 3). Let W = {wy, w1, ..., wp, Wy}

be a set of vertices, where w; and w; correspond to the variable x; for each ¢ = 1,...,n. For

12
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Figure 3: Construction of D.

each j = 1,...,m, let v;1,v,2,v;3 be vertices, which correspond to the literal C}, and define
Vi = {vj1,vj2,v53}. Let P = {po,p1,...,pn} and Q = {qo,q1,-..,qm} be sets of vertices, and
define the vertex set V by V. =W U (UL, V;) UPUQ.

Define arc sets A, and A, by

Ap = {(piflvwi)v (piflvwi)a (wiapi)7 (wlapz) ’ 1= 17 .. .,TL},
Aq = {(qj_l,vjﬂ'), (Uj,i>Qj) | ] = 1, ey My = 1,2,3},

and let A, be the arc set defined as follows: (w;,v;;) € A, if the I-th element of C; is x; and
(ws,v5;) € Ay if the I-th element of C; is Z;. The arc set A is defined by A = A, U A, U A,.

We now show that solving the DSPP in D = (V| A) with respect to s1 = po, t1 = pn, S2 = qo,
and to = ¢y, is equivalent to solving the original 3-SAT.

Foreachi =1,...,n, every dipath from s; to t; goes through exactly one of w; and w;. Then, we
can see with the following observation that assigning “true” or “false” to z; in the 3-SAT problem
corresponds to deciding that P; goes through w; or w; in the DSPP, respectively.

Suppose that the [-th element of C; is x; (resp. Z;). Then, if we assign “true” (resp. “false”) to
x; then Cj is satisfied in 3-SAT, which corresponds to the fact that if P; goes through w; (resp. w;)
then P can go through v;; from g;_1 to g; in the DSPP. Thus, Cj is satisfied for every j =1,...,m
in the 3-SAT problem if and only if P, can go from ¢y to ¢, in the DSPP.

By the above arguments, 3-SAT can be reduced to the DSPP in an acyclic digraph with k =
2. O
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