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Abstract

We show that |X| < n|Y| must hold for two finite sets X', C R"
whenever they can be separated by a nonnegative linear function such
that X is above )} and the componentwise minimum of any two distinct
points in X is dominated by some point in ). As a consequence, we
obtain an incremental quasi-polynomial time algorithm for generating
all maximal integer feasible solutions for a given monotone system of
separable inequalities, for generating all p-inefficient points of a given
discrete probability distribution, and for generating all maximal hyper-
rectangles which contain a specified fraction of points of a given set in
R™. This provides a substantial improvement over previously known
exponential time algorithms for these generation problems related to
Integer and Stochastic Programming, and Data Mining. Furthermore,
we give an incremental polynomial time generation algorithm for mono-
tone systems with fixed number of separable inequalities, implying that
for discrete probability distributions with independent coordinates,
both p-efficient and p-inefficient points can be separately generated
in incremental polynomial time.

*Our friend and co-author, Leonid Khachiyan passed away with tragic suddenness,
while we were working on the final version of this paper.
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1 Introduction

Let X and Y be two finite sets of points in R™ such that

(P1) X and Y can be separated by a nonnegative linear function: w(x) >
t > w(y) for all x € X and y € ), where t € R is a real threshold, and
w(z) = Y i, wiz,, for some nonnegative weights wy, ..., w, € Ry.

(P2) For any two distinct points z, 2’ € X, their componentwise minimum
x Az’ is dominated by some y € Y, i.e. x Az’ <.

Given X, Y C R" satisfying properties (P1) and (P2), one may ask how large
the size of X can be in terms of the size of )). For instance, if X is the set of
the n-dimensional unit vectors, and ) = {0} is the set containing only the
origin, then X and ) satisfy properties (P1), (P2), and the ratio between
their cardinalities is n. We shall show that this actually is an extremal case:

Lemma 1 (Intersection Lemma) If X and Y # () are two finite sets of
points in R™ satisfying properties (P1) and (P2) above, then

x| < nlY). (1)

An analogous statement for binary sets X',y C {0,1}" was shown in [6].
Let us also recall from [6] that condition (P1) is essential, since without that
| X'| could be exponentially larger than |}, already in the binary case. Let us
also remark that the nonnegativity of the weight vector w is also necessary.
Consider for instance Y = {(1,1,...,1)} and an arbitrary number of points
in the set X such that 0 < z; < 1 forall z € X and 7 = 1,...,n. Then
clearly (P2) holds, and (P1) is satisfied with w = (—1,0,...,0) and t = —1.
However, it is impossible to bound in this case the cardinality of X in terms
of n and |Y| = 1.

Let us further note that, due to the strict separation in (P1), we may
assume without loss of generality that all weights are positive w > 0. In
fact, it is enough to prove the lemma for w = (1,1,...,1), since scaling
the ith coordinates of all points in X U)Y by w; > 0 for i = 1,...,n always
transforms the input into one satisfying (P1) with w = (1,1,...,1). Clearly,
such scaling preserves the relative order with respect to each coordinate of
the points, and scales properly their componentwise minimum, so that the
transformed point sets will satisfy (P2) as well.

We prove Lemma (1) in Section 5. As a consequence of the lemma,
we obtain new results on the complexity of several generation problems,
including;:

Monotone systems of separable inequalities: Given a system of inequalities
on sums of single-variable monotone functions, generate all maximal
feasible integer solutions of the system.



p-Efficient and p-inefficient points of discrete probability distributions:
Given a random variable £ € Z™, generate all p-inefficient points, i.e.
maximal vectors x € Z" whose cumulative probability Pr[¢ < x] does
not exceed a certain threshold p, and/or generate all p-efficient points,
i.e. minimal vectors # € Z" for which Pr[¢ < z] > p. This problem
has applications in Stochastic Programming [8, 19].

Mazximal k-bozes: Given a set of points in R™ and a nonnegative integer k,
generate all maximal n-dimensional intervals (bozes), each of which
contains at most k of the given points in its interior. Such intervals
are called empty boxes or empty rectangles, when k£ = 0. This problem
has applications in computational geometry, data mining and machine
learning [1, 2, 7, 9, 14, 15, 17, 18].

These problems are described in more details in the following sections.
What they have in common is that each can be modeled by a property =
over a set of vectors C =Cqy x Cy X -+ X Cp,, where C;, i = 1,...,n are finite
subsets of the reals, and 7 is anti-monotone, i.e., if x,y € C, z > y, and
x satisfies property m, then y also satisfies . Each problem in turn can
be stated as that of incrementally generating the family F, of all mazimal
elements of C satisfying

GEN(F;,E): Given an anti-monotone property m, and a subfamily € C
Fr of the maximal elements satisfying m, either find a new mazimal
element © € Fr \ €, or prove that € = F;.

Clearly, the entire family F, can be generated by initializing £ = () and
iteratively solving the above problem |F|+ 1 times.

For a subset A C C, denote by Z(A) the set of maximal independent
elements of A, i.e. the set of those elements 2 € C that are maximal with
respect to the property that z # a for all @ € A. Let Z~1(A) be the set of
elements z € C that are minimal with the property that £ a for all a € A.
In particular, Z~1(F,) denotes the family of minimal elements of C which
do not satisfy property .

Following [6], let us call F, uniformly dual-bounded, if for every non-
empty subfamily £ C F,. we have

IZ7HE) NI (Fa)l < (|7l |€]) (2)

for some polynomial p(-), where |7| denotes the length of the description
of property 7. It is known that for uniformly dual-bounded families F, of
subsets of a discrete box C problem GEN(F,, ) can be reduced in polyno-
mial time to the following dualization problem on boxes (see [5] and also
4, 12, 13)):



DUAL(C, A, B): Given an integer box C, a family of vectors A C C and a
subset B C Z(A) of its mazimal independent vectors, either find a new

mazximal independent vector x € T(A)\B, or prove that no such vector
exists, that is that B =TI(A).

It is furthermore known that problem DUAL(C, A, B) can be solved in
poly(n) + meU°8™) time, where m = |A| + |B| (see [5, 11]). However, it
is still open whether DUAL(C, A, B) has a polynomial time algorithm (see
e.g., [4, 10, 11, 16]).

For each of the problems described above, it will be shown that the
families Z71(£) NZ7Y(F;) and € C F,; can be related to two sets of points
X, Y satisfying the conditions of Lemma 1. Then the Lemma will imply (2),
which in its turn is sufficient for the efficient generation of the family F
(see [5]).

In particular, it will follow that each of the above generation problems
can be solved incrementally in quasi-polynomial time. Furthermore, we give
incremental polynomial-time algorithms for generating

¢ all maximal feasible, and separately, all minimal infeasible integer vec-
tors for systems with fixed number of monotone separable inequalities,
and

e all p-efficient, and separately, all p-inefficient points of discrete proba-
bility distributions with independent coordinates

In the last section, we consider some generalizations of the intersection
lemma. Namely, we show that an analogous lemma holds for families of
vectors in the product of arbitrary meet semi-lattices. As an application,
we obtain quasi-polynomial time algorithms for generating maximal feasible
solutions for systems of monotone inequalities on sums of separable func-
tions with bounded number of variables, and for generating maximal k-boxes
whose diameter does not exceed a given threshold, for a given set of points.

2 Systems of Monotone Separable Inequalities

For i = 1,2,...,n, let [; and u; be given integers with I; < wu;, and let
C; def {li;l; +1,...,u;}. A function f : C; — R is called monotone if, for
x,y € C;, f(x) > f(y) whenever v > y. Let f;;: C; — R, i=1,2,...,n,j =
1,...,7 be polynomial-time computable monotone functions, and consider
the system of inequalities

i=1
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over the elements z € C = {z € Z" | | < x < u}, where | = (I1,...,l),

u=(ug,...,uy), and t = (t1,...,t,) is a given r-dimensional real vector.
Let us denote by F; the set of all maximal feasible solutions for (3).

Then Z~1(F;) represents the set of all minimal infeasible vectors for (3).

Generalizing results on monotone systems of linear inequalities from [5],
we will now use Lemma 1 to prove the following:

Theorem 1 If F; is the family of all maximal feasible solutions of (3), and
E C F; is non-empty, then

IZ7HE)NT Y (FR)| < rnfél. (4)
In particular, |T71(F)| < rn|F.

Proof. For a given index j € {1,...,r}, let us define a monotone mapping
¢j : C — R™ by setting ¢j(x) = (fij(z1),..., fnj(xn)) for z € C. Let
yj = {(Z)](JI) | S g}, and let Xj = {¢]($) ’ S 1_1(5)72?:1 fl](ml) > tj}.
In other words, & is the ¢;-image of those minimal infeasible solutions of
(3) in Z7Y(€) which violate the jth inequality. Since the functions f;; are
monotone, and since we consider only maximal feasible or minimal infeasible
vectors for (3), the mappings &€ — Y; and {z € Z-YE) | Y0 fij(zi) >
tj} — X are one-to-one.

It is easy to see that the sets X; and V; satisfy the conditions of Lemma
1 withw = (1,1,...,1) and t = ¢}, and hence || < n|Y;| = n|€| by Lemma
1. Now (4) follows from the fact that Z-1(E)NZT~1(F) = Uji{z € 1&) |
>limy fig(we) >t} O

Since by (4) the family F; is uniformly dual-bounded, the results of [5],
as we cited earlier, directly imply the following.

Corollary 1 Given a partial list £ C F; of mazximal feasible solutions for
(3), problem GEN(F, &) can be solved in k°1°8K) time, where k = max{n,
7, €]}, using poly(k)log(|lu — ll|ec + 1) feasibility tests for (3).

It should be mentioned that in contrast to (4), the size of F; cannot be
bounded by a polynomial in n, r, and |Z~1(F};)|, even for monotone systems
of linear inequalities (see e.g. [5]). However, for systems (3) with constant
r, we shall show that such a bound exists, and further that the generation
problem can be solved in polynomial time:

Theorem 2 If F; is the family of mazimal feasible solutions of (3), and
E CI7Y(F) is non-empty, then

IZ(E) N Fi| < (nf€])" ()

In particular, |F| < (n|1_1(~7:t)|)r-



Theorem 3 If the number of inequalities in (3) is bounded, then both the
mazimal feasible and minimal infeasible vectors can be generated in incre-
mental time, polynomial in n, r and log(||u —l]|eo + 1)-

The proofs of Theorem 2 and 3 will be given in Section 6. In the next
section, we consider an application of Theorem 3 for the case of r = 1.

3 p-Efficient and p-Inefficient Points of Probability
Distributions

Let £ be an n-dimensional random variable on Z", with a finite support
S C 7 ie., qus Pr[¢ =¢q] = 1, and Pr[¢ = ¢] > 0 for ¢ € S. Given
a threshold probability p € (0,1), a point x € Z™ is said to be p-efficient
if it is minimal with the property that Pr[{¢ < z] > p. Let us conversely
say that x € Z™ is p-inefficient if it is maximal with the property that
Pr[¢ < z] < p. Denote respectively by Fs, and Z!(Fs,) the sets of
all p-inefficient and p-efficient points for £&. Clearly, these sets are finite
since, in each dimension ¢ € [n] def {1,...,n}, we need to consider only the

projections C; def {@¢i,9i — 1| ¢ € 8} C Z. In other words, the sets Fs , and
T Y(Fs,) can be regarded as subsets of a finite integral box C = C1 X -+ X Cp,
of size at most 2|S| along each dimension.

Theorem 4 Given a partial list £ C Fs, of p-inefficient points, problem
GEN(Fs p,E) can be solved in k°U°8%) time, where k def max{n, |S|, |E|}.

Proof. This statement is again a consequence of the fact that the set Fs,
is uniformly dual-bounded. Specifically, we can show that

IT7HE) NI (Fsp)| < IS]IE| (6)

holds for any non-empty subset £ C Fs,. To see (6), let X = {¢(z) | z €
ITHENT N (Fsp)y and Y = {¢(y) | y € E}, where ¢ : Z" — RIS! is the
mapping defined by ¢4(x) = Pr[§ = ¢] for ¢ € S with ¢ < z, and ¢4(z) =0
for ¢ € § with ¢ £ . One can easily check that the mapping ¢ is one-to-one
between X and Z~1(£) NZ~1(Fs,), and that the families X and Y satisfy
properties (P1) and (P2) with w = (1,1,...,1) and ¢t = p. Therefore, (6)
follows from the intersection lemma. O

In particular, all p-inefficient points of a discrete probability distribution
can be enumerated incrementally in quasi-polynomial time. In general, a
result analogous to that for p-efficient points is highly unlikely to hold, since
the problem is NP-hard:



Proposition 1 Given a discrete random variable £ on a finite support set
S C R, a threshold probability p € (0,1), and a partial list € C T~ (Fs,)
of p-efficient points for £, it is NP-complete to decide if € # I_l(}"g,p).

Proof. Consider the well-known NP-complete problem of deciding whether
a given graph G = (V, F') contains an independent set of size at least ¢, where
t > 2 is a given threshold. Let S C {0,1}V be the set of points consisting of
the |V| incidence vectors of the vertices of G, and ¢ — 2 copies of each of the
|E| incidence vectors of the edges. Let £ be an n-dimensional integer-valued
random variable having uniform distribution on S, i.e. Pr[{ = ¢] = 1/|S]| if
and only if ¢ € §. Then, for p = (t — 1)/|S|, the incidence vector of each
edge is a p-efficient point for &, and it is easy to see that there is another
p-efficient point if and only if there is an independent set of G of size at least
t. O

Finally we observe that if £ is an integer-valued finite random vari-
able with independent coordinates £1,...,&,, then the generation of both
A _1(.7:37,)) and Fs ), can be done in polynomial time, even if the number of
points S, defining the distribution of &, is exponential in n (but provided that
the distribution function for each component &; is computable in polynomial-
time). Indeed, by independence we have Pri¢ < z] = [[iL; Pr[& < z4).
Defining f(z) = logPr[¢ < z] = Y 1 logPr[¢ < z;], we can write f(x)
as the sum of single-variable monotone functions f1,..., f,, where f; =
log Pr[¢; < z;], for i = 1,...,n, and where we regard log0 as —oo. Let
l; =min{z; € Z | Pr[§; < z;] >0} — 1, u; = min{x; € Z | Pr[§ < x;] =1},
and C; = {z € Z | l; < z < u;}. Then the p-inefficient (p-efficient) points

are the maximal feasible (respectively, minimal infeasible) solutions of the

monotone separable inequality > 7, fi(x;) < ¢ def log p over the product

space C def C1 X --- x Cp,. Consequently, Theorem 3 immediately yields the
following:

Corollary 2 If the coordinates of a random wvariable £& over Z™ are inde-
pendent, then both the p-efficient and the p-inefficient points for & can be
enumerated in incremental polynomial time.

4 Maximal k-Boxes

Let S be a set of points in R”, and k& < |S| be a given integer. A maximal
k-box is a closed n-dimensional interval which contains at most k& points
of § in its interior, and which is maximal with respect to this property
(i.e. cannot be extended in any direction without strictly enclosing more
points of S). Let Fsj be the set of all maximal k-boxes. Let us note that



without any loss of generality, we could consider the generation of the boxes
{BND | B € Fsy}, where D is a fixed bounded box containing all points of
S in its interior. Let us further note that the ith coordinate of each vertex
of such a box is the same as p; for some p € S, or the ith coordinate of a
vertex of D, hence all these coordinates belong to a finite set of cardinality
at most |S| + 2. In what follows we shall view Fsj as a set of boxes with
vertices belonging to such a finite grid.

The problem of generating all elements of Fs o has been studied in the
machine learning and computational geometry literatures (see [9, 14, 15],
and also [2, 7, 17, 18]), and is motivated by the discovery of missing asso-
ciations or “holes” in data mining applications (see [1, 14, 15]). All known
algorithms that solve this problem have running time complexity exponen-
tial in the dimension n of the given point set. In contrast, we show in this
paper that the problem can be solved in quasi-polynomial time:

Theorem 5 Given a point set S C R"™, an integer k, and a partial list
of mazimal empty boxes £ C Fg , problem GEN(Fs,E) can be solved in

mPUoe™) time where m of max{n, |S|,|E]|}.

Proof. Let us define C; = {p; | p € S} for i = 1,...,n and consider the
family of boxes B = {[a,b] € R"™ | a,b € C; x --- X Cp, a < b}. For

i=1,...,n, let u; = maxC;, and let C* def {u; —p | p € C;} be the chain
ordered in the direction opposite to C;. Consider the 2n-dimensional box
C=Cfx--xCsxCyx- - xCy, and let us represent every n-dimensional
interval [a,b] € B as the 2n-dimensional vector (u — a,b) € C, where u =
(u1,...,uy). This gives a monotone injective mapping B — C (not all
elements of C define a box, since a; > b; is possible for (v — a,b) € C).

Let us now define the anti-monotone property m to be satisfied by an
x € C if and only if & does not define a box, or the box defined by =z
contains at most k£ points of S in its interior. Then the set Fs ) can be
identified with 7 C B C C, and for any non-empty family £ C Fs 1, the set
Z-YE) NI (Fsy) consists of all those minimal boxes of x € B C C which
contain at least k 4+ 1 points of S in their interior and have the property
that any of their immediate predecessors ' < x in C is dominated by some
y €.

Finally, consider the sets X = {¢(z) | x € Z-YE) NI Y Fsy)} and
Y =1{¢(y) | y € E}, where ¢(z) € {0,1}° is the characteristic vector of the
subset of S contained in the interior of the box defined by = € C. Since there
is exactly one minimal box containing a given non-empty set S’ C S in its
interior, the mapping ¢ is one-to-one between X and Z=1(£) N T~ Y Fs ).
It is also easy to see that the sets X and ) satisfy properties (P1) and (P2)
with w = (1,1,...,1) and t = k. Hence

IZ7HE) NI (Fs i)l < ISIIE] (7)



follows by applying the intersection lemma. (Note that for £ = 0, we have
the stronger inequality |Z=(Fs,)| = |S]).

Since the family Fs; = F; is uniformly dual-bounded, Theorem 5 fol-
lows from the complexity bound for the dualization problem on boxes stated
in the introduction. U

Theorem 5 should be contrasted with the following negative result:

Proposition 2 Given a set of points S C Z"™ and an integer k < |S|, let us
consider the family Bs j of all minimal boxes having integral vertices, each
of which contains at least k points of S in its (strict)interior. Let further X
be a subfamily X C Bs, of such minimal boxes. Then it is NP-complete to
decide if X # Bs .

Proof. We show that the problem is polynomial-time reducible to checking
whether a given graph G = (V, E) contains an independent set of size at
least ¢, where 2 < t < |V| is a given threshold. Let S C {0,2}" be the
set of points consisting of the double of the |V incidence vectors of the
vertices of G, t — 2 copies of the double of each of the |E| incidence vectors
of the edges, and |V| + (¢t — 2)|E| + 1 copies of the origin (0,...,0). Let
E=1t+4+|V]|+ (t —2)|E| + 1. Then to each edge e = {i,j} € E we can
associate a minimal box [a, b], containing k points of S in its interior, with
lower point @ = (—1,...,—1), and upper point having b; = b; = 3, and
b, = 1 for r # ¢,j. It is furthermore easy to see that there is another
minimal box containing at least k points of S in its interior if and only if
there is an independent set of G of size at least ¢. O

5 Proof of the Intersection Lemma

As mentioned in the introduction, we may assume without loss of generality
that all the weights are 1’s. We can further assume that |X| > 1 and that Y
is an inclusion-wise minimal family, each vector of which is component-wise

minimal for properties (P1) and (P2). For i =1,...,n, let [; aof min{z; |
x € X}, and u; def max{z; | x € X'}.
To prove the lemma, we shall show by induction on |X| that

X< Y q), (®)
yeY

where ¢(y) is the number of components y; such that y; < u;.

For |X| = 1 the statement is true since ) is non-empty and ¢(y) = 0 for
y € Y implies by (P1) that X = (. Let us assume therefore that |X| > 2,
and define for every i = 1,...,n and z € R the families

X(i,z)={zeX|x; >z}, Y(,2)={yed|y >z}



Clearly, these families satisfy conditions (P1) and (P2). Furthermore, we
may assume without loss of generality that (i, z) = 0 implies X (4, z) = () for
all i € [n] and z € R. Indeed, by (P2), if |V(i, z)| = 0 then |X (7, z)| € {0,1}.
If there is an i € [n] and z € R, such that X(i,z) = {z} and Y(i,2) = 0,
then deleting the element x from X reduces |X| by 1 and reduces the sum

> yey a(y) by at least 1.
Thus, we can assume by induction on the number of elements in X that

X(i,2) < > aly) (9)

y€Y(3,2)

whenever |X (i, z)| < |X|. Since the latter condition is satisfied for z > I;, we
can sum up inequalities (9), for all values z > l;, and for all indices i € [n],

to obtain . .
S [ o<y [ aw (10)

27N yeY(i,z)

It is easily seen that the left hand side of (10) is equal to

L=)") (& -1l

zeX i=1
while the right hand side is equal to

n

R=Y q(y)> (vi— L)

yey =1
Thus, we get by (P1) and (10) that

n n

(= WX <L<R< (=31 aly). (11)

i=1 i=1  yey

Note that t—>""" ; I; > 0 can be assumed without loss of generality. Indeed,
if ¢ < > . 1; then for an arbitrary y € Y (¥ # 0) we have Y ' vy <
t < 3,1 by (P1). By the minimality of J, we must have y; > [;, for
all ¢ = 1,...,n, implying that ¢t = > ;. But then Y = {l} and we can
replace ¢t by t + €, for a sufficiently small ¢ > 0, and still satisfy property
(P1). Thus inequality (8) follows from (11). O

6 Proof of Theorems 2 and 3
For j =1,2,...,7, let fj(x) = > fij(xi), wherex € C = {z € Z™ | |; <

x; < w,yi=1,2,...,n}. For a given real vector t = (t1,...,t,), let F; be
the set of all maximal feasible solutions of system (3).

10



For each i € [n] ey {1,...,n}, let Aj; : {l; = 1,1;,...,u;} — R be the
difference of f;; defined by

fz](xz + ].) — fw(:l,’z) if x; € {l“ll +1,...,u; — ].}
+00 if x; € {lz — 1,ui}.

Aua) = { (12)
Let us now define, for each j € [r], a mapping u/ from pairs of a vector

x € C and a component i € [n] with z; > [; to vectors y € C by

I(x,1) = .
W (5 0)k T + «ap otherwise,

where o, = ay(z,4,7) is a non-negative integer such that Ay;(zy + o) >
Ajj(x; — 1) and Agj(xp +5) < Agj(x; —1) for all s =0,1,..., a5 — 1. Note
that such oy, always exists by our definition (12).

Given any z € Z71(F;), there exists an index j = p(z) € [r] such that z

violates the jth inequality of the system, i.e. fj(z) > t;. For € C Z71(F)
.\ def

and j € [r], let pz'(j) = {z € & | pla) = j}.

Proof of Theorem 2 Let us consider an arbitrary non-empty subset
E CI7YF,). Consider a vector y € Z(£) NF; and let y; be a component of
y such that y; < u; (such a component always exists since £ is non-empty).
Then, by the maximality of y, there exists a vector z = 2’ € &£ such that
r < y +e’, where e’ is the ith unit vector. Let j = j; = p(z) € [r] be an
index such that z violates the jth inequality of the system.

Claim 1. y < p/(x,19).

Proof. Let us first note that =; = y; + 1, since z; < y; + 1 and we have
fi(z) < tj if x; < y;, contradicting the fact that x € Z~'(F;). This means
yi = p/ (x,4);. Moreover, if z3, < yp — oy for some k # i, then we have

Fi) = fi@) = (fnilun) = frj(an))

hik
+(frj (i) — fuj(@r)) — (fij(@i) — fij (i)
> Apj(rg +ag) — Az — 1), (14)

where the last inequality follows from the monotonicity of the functions f;;,
and the facts that x <y for all k #4, y; = x; — 1, and y, > xp + o + 1.
Since Ayj(zr + o) —Ayj(x; —1) > 0 by the definition of ay, = ag(x, k, j), we
get fj(y) > fj(x) > t;, a contradiction to the fact that y € F;. Therefore,
Yr < x + ap must hold for all components k # ¢, proving the claim. O

Claim 2. yy = i/ (x,14);, for all components k € [n] for which
Api(yr) > Aij(yi)- (15)

11



Proof. Let k # i satisfy (15), then for s =0,1,...,a, — 1, we have
Agj(yr) = Dij(yi) = Dij(w — 1) > Agi(zg + 5), (16)

by definition of o = ay(x,i,7). Since xp < yg, it follows from (16) that
Yp > T+ ap = /ﬂ(a:, i)k, and therefore the result follows from Claim 1. [

Claim 1 implies that

Yy = /\ :uji(wi’i)7 (17)

i€[n]: yi<u;

where for vectors v, u € C we let, as before, v Au denote the component-wise
minimum of v and wu.

Not all of the vectors u’i(x’,i) are necessary for this representation.
Suppose that there exist two vectors z?,z* € & such that z* < y + €,
z* <y + e, and p(z') = p(z¥) = j. Suppose further that A;(zf —1) >
Ajj(zf —1). Then Claim 2 implies that (17) remains valid even if we drop
wk (¥ k). In other words, we can identify, for each j € [r], a single vector
2 € pg'(j), and obtain consequently at most 7 vectors u/(z%, ;) such that

Yy = /\ Vj7 (18)

JE[r]

where 17 is either p/(z%, ij) or u. The latter representation readily implies
(5). O

For £ C C, denote by £ = {y € C | y > =z, for some z € £} and
E-={yeC|y<x, for some z € £}. To prove Theorem 3, we first need
the following lemma.

Lemma 2 Let F; be the set of maximal feasible solutions for (3), and let
YCF and X C I YF) such that X # 0. Then Y = F; and X =T (F)
if and only if

(i) For allx € X and i € [n] such that z; > l;, and for all k # i such that
W (x, i), < up, where j = p(x), the vector T = Z(x,i,k) given by

xp—1 ifh=1
Th=< Wi, +1 ifh=k (19)
Th otherwise,

isin X7T.

(ii) For every collection (v7 € p3'(j) | j € [r]), and for every selection
of indices (ki,...,k.) such that l‘i,j > ly,, the vector y = Aje[T]uj is
in XT U Y™, where vV is either i/ (x?,k;) or u. (We set vI = u if

px'(7) =10.)

12



Proof. Note that if z € X, i,k € [n| and j € [r] satisfy the conditions
specified in (i), and T = Z(x, 1, k) is given by (19), then f;(Z) — fj(z) > 0
follows, implying that both (i) and (ii) are indeed necessary conditions for
the duality (i.e., for ¥ = F, and X = Z~1(F)).

To see the sufficiency, suppose that (i) and (ii) hold, and let y be a
maximal element in C\ (X UY™). Since y # u by assumption, there is an
i € [n] such that y; < u;. By the maximality of y, there exists an x € X
such that < y +e'. Let j = p(x). If yp > p/(x,4), + 1, for some k # i,
then y > #(z,i,k), and hence by (i), y € X, yielding a contradiction. We
conclude therefore that y < p’(z,i), and consequently, as in the proof of
Theorem 2, y is in the form given in (18). But then, by (ii), y € X T Uy,
another contradiction. OJ

Proof of Theorem 3 Clearly, a vector z € T~ !(F;) can be generated
in at most nlog(||u — l||ec + 1) evaluations of the system (3), using binary
search. Thus we can assume that we are given two subsets ) C F; and
0+ X CTI1(F). We can also assume that

YCI(X) and X CZI YY) (20)

Indeed, if there is, say, a y € Y \ Z(X), then let i € [n] be such that
y+e' ¢ XT, and find a new minimal vector z € Z~1(F;) \ X by performing
at most nlog(|ju — Il + 1) evaluations of the system (3). Note that for
constant r, (20) together with Theorems 1 and 2 implies that the sizes of X
and ) are polynomially related: |X| < rn|Y|, |V| < (n|X])". Consequently,
it is enough to show that, given X and ), we can generate a new point in
C\XTUY~ in polynomial time. This can be done using Lemma 2 as follows.
In order to compute a new point in C\ X U Y™, we may assume that each
chain C; is composed of only those elements that appear in X and Y:

{liyui} U{z; : x € X} U{y;: yeV} (21)

fori=1,...,n. It follows from (20) that the set above contains all the ith
components of the predecessors of X and the successors of Y, i.e. {z; —
1: zeX, z; ZL}U{yi+1: ye€Y, y; # u;}. To see the validity of the
assumption, let {p?,pz-l, . ,pfi} be the set specified in (21), where p? < p% <
e < pfi, and let C; = {0,1,...,k;} for i = 1,...,n. Define the functions
fi;:Ci— R fori=1,...,nand j=1,...,r by f;:(k) = fi;(p¥) for k € C..
Let X’ and ) be the sets of elements of C’ corresponding respectively to
elements of X', ) C C. Clearly, the functions f/; are monotone, and ' C 7/,
X' CIT7Y(F)), where t = (t1,...,t,) € R" and F} is the family of maximal
feasible solutions of the system

n
Zfz,](xl) S t]7 j = 1,...,7’,
i=1
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and the operator Z-1(-) is computed with respect to C’. Moreover, we have
XTUY~ =Cifandonly if (X")TU(Y’)” = C' [If y is maximal in C\(XTUY ™),
i € [n], and y; # u; then y + €' € X and therefore there is an x € X such
that y > x — e’. But then y; must be equal to x; — 1, i.e. y; maps to a point
in C/.]

It follows then that computing the vector p/ (x,4) for given z € X, i € [n]
and j € [r] can be carried out in time polynomial in n and |X| 4 |)|. Thus,
we can compute the set of vectors given by (19) and check if each belongs to
XT. If not, we obtain a new element in C\ (X" UY ™), which can be extended
to an element in Z~(F;)\ X in time polynomial in n, r and log(||u—1|| s +1).
Otherwise, we perform the check in part (ii) of the lemma which either gives
us a new point z € C\ (X1t U Y~) (which can be extended to either an
element y € F;\ Y or x € T-Y(F;)\ &, depending on whether z is feasible or
infeasible for the system (3)), or proves that the current sets X and ) are
complete, in which we have obtained all the required elements, i.e., Y = F;
and X = ZT71(F). O

7 Generalizations

In this section, we give some generalizations of the intersection lemma and
discuss some further applications.

7.1 Intersection Lemma for Meet Semi-lattices

Let P;, i = 1,...,n be given finite partial orders such that for any index ¢
and any two elements x,y € P;, elements x and y have a unique minimum,
i.e. the meet z ANy o min(x,y) € P; exists and is well defined. Denote by
”=<” the precedence relation on P, and for € C P, let ET = {y € P |y =
x for some z € £} and £~ = {y € P |y < z for some z € £}. For simplicity,
we write 27 and z~ instead of {x}* and {z}~, respectively. For i € [n] and
x € P;, define

gi(x) ={z € P; : 2z ¢z and z has an immediate predecessor 2z’ < '},

and let

a() <> ailys) (22)
=1

forye P o Py x --- x Pp. Note that this definition of ¢(y) coincides with
the one given in (8), if each P; is a total order.

Lemma 3 Let P;, i = 1,...,n, be given finite meet-semi lattices, let w :
Ui, Pi — R4 be a function assigning a non-negative weight to each element
in U P;, and let t € Ry be a given positive threshold. Assume that X and
Y # 0 are subsets of P =Py X --- x Py, such that

14



(i) for all x € X and y € Y we have Y i jw(z;) >t > " w(y; ),
where w(Q) o > .cow(2), for Q CP; and i € [n];

(i1) For every x’ # x" € X there exists a y € Y such that y = z' AN x".

Then we have

X< ay). (23)

yeY

In particular, |X| < (300 |Pil —n)|Y|.

Proof. We may assume that ) is a minimal family for the above properties.
Clearly, for |X| < 1 the statement is true since ) is non-empty and ¢(y) =0
for y € Y implies by (i) that X = (). We shall prove the lemma by induction
on |X| > 1.

As in the proof of Lemma 1, let us define for every ¢ = 1,...,n and
z € P; the families

X(,z)={zeX : x; =z}, V(,z)={ye)Y : y; = z}.
Fori=1,...,n, let

z;, {minimal z € P; : |X(i,z)| =1 and |Y(i,2)| = 0},
andlet P < P\ ZH X Y e X |2 € 2} and XY X\ (UL, X))
Let further ¢'(y) for y € Y be the value of (22), computed with respect to

pr et P; x --- x P]. Note that

(a) P! is a meet-semi lattice, for i = 1,...,n.

(b) For ¢ = 1,...,n, the minimality of z € Z; implies that z has an
immediate predecessor z’ with 2z’ < y; for some y € Y and hence

Zye)} qd(y) < Zyey q(y) — i |Zi]. We furthermore have |X’| >
|X] = >0 |24 since |X (4, 2)| =1 for all z € Z;, by definition.

(c) For i = 1,...,n, the definition of P; and (ii) imply that Y(i,z) # 0
whenever X'(i,2) # 0, for all i = 1,...,n, and for all z € P/.

Thus, the families X’ (7, z) and )(i, z) satisfy the conditions (i) and (ii)
of the statement with respect to the partial order P’ and we can therefore
assume by induction on the number of elements in X that

X6l < Y d) (24)

Y€V (3,2)

whenever
|X(1, 2)| < |X)].
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Let us note next that for every index i we can assume that X'(i,z) = X’
for at most one value z € P/. Clearly, z = A{x; | z € X'} is such a value,
and z~ C P/ is exactly the subset of all such values (due to the existence of a
unique minimum). Thus 2z~ C z; for all z € A”, and due to the minimality
of Y, we also have 2~ C y;” for all y € ). Hence, redefining the partial order
P!, by deleting all elements 2z’ % z from it, yields a new partial order in
which there is still a unique minimum for every two different elements and
which will not change the sets X’ and ). Furthermore, for every element
z' € P! with 2’ > z, if we replace the weight w(z’) by the sum

Z w(zu)’

2"ePl: 2'=zVz"

where z Vv 2/ & max(z, z') is uniquely defined if it exists, then clearly con-
ditions (i) and (ii) of the statement remain valid with respect to the new
partial order and weights. We can assume therefore without loss of gen-
erality that X’(i,z) = X’ only at z = [;, the minimum element of P/, for
i=1,...,n

Let us then multiply each inequality (24) by the non-negative weight
w(z) and sum up the resulting inequalities, for all indices 7 and for all values
z # 1; (for which |X'(7, 2)| # |X'|), yielding

ZZ 2)| X (i, 2)] <ZZ 2) Y. d). (25)

i=1 z#l; i=1 z#l; ye))(z z)

The left hand side of (25) is equal to

L= Y wiay) =Y w)l|

and the right hand side is
R=Yd (Z wly; ) =Y w(li))
yey =1 i=1

Thus, on the one hand we get by (i) and (b) that

n n

(t =D wla)(|X] — Z Zil) < (t =) wl)|X'| < L (26)

i=1 i=1
and on the other hand, again by (i) and (b), we obtain

n

R<(t—=> wl)) dy) < t—zw VD aw) =D 12l @7
=1

yeY yeY i=1
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Ift <37 w(l;) then we get a contradiction to the assumption |Y| > 1. If
t =Y w(l;), we can replace ¢t by min{d " jw(z;) | z € X} —¢, for a
sufficiently small € > 0, and assume therefore that ¢ > > 7" | w(l;). Therefore
(23) follows from (25), (26) and (27). O

The bound of Lemma 3 is best possible as illustrated by the following
example. Let each P; = {l;, TZ.I, . ,rf "} with minimum element [; and rela-
tions ZZ < ’I"g for ] = 1,...,]{51'. Let X = {(ll,---7li—1,7ﬂg,li+1,---’ln) : j =
L,....k;, 4i=1,...,n}, and let y = (ly,...,l,) be the only element of
Y. Then for the set of weights w(l;) =€, w(r]) =1, for j =1,...,k;, i =
1,...,n, and for t = ne for some € > 0, we have |X| = D" ki = > qi(vi).

Note also that Lemma 1 can be derived as a special case of Lemma
3. Indeed, given XY C R" let {p; : p € X UV} def {p?,pil,...,pfi},
where p{ < p} < ... < pfi, and define P; to be the chain {0,1,... k;},
for i = 1,...,n. We may assume without loss of generality that p° =
(pY,...,p%) = 0 and w; = 1 for all 4, since we can translate the point sets X
and Y without violating properties (P1) and (P2). Define the non-negative
weights w(p?) = p? and w(p!) = p! —pg_l forj=1,...,kjandi=1...,n.
Now Lemma 1 becomes a consequence of (23).

7.2 r-Intersection Lemma

Lemma 3 can be further generalized as follows. Given two finite sets of
elements X’ and ) in the product P def Py x -+ x Py, of n meet semi-lattices,
and an integer r > 2, consider the following property :

(ii") For any r distinct elements ', 22,... 2" € X, their componentwise

meet ' Az?A. . .Az" is dominated by some y € Y, i.e. ' Az2A.. Az <
Y.

Lemma 4 If X and Y # () are two finite sets of elements in P satisfying
properties (i) of Lemma 3 and (ii') above, then

X< (r=1))aly).
yey

The proof of this lemma is a straightforward modification of that of Lemma
3.

7.3 Systems of Monotone Inequalities on Sums of Separable
Functions with Bounded Number of Variables

We shall consider in this section multi-hypergraphs, i.e. hypergraphs H C 27
in which every hyperedge has an integral multiplicity. For instance, if we
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indicate multiplicities in parentheses, then H = {H; = {1,2}(1), Hs =
{1,2}(2), Hs = {3}(1)} is a multi-hypergraph consisting of three hyper-
edges of multiplicities 1, 2, and 1, respectively. Let us define dim(H) =
max{|H| : H € H}. For instance, dim(H) = 2 for the above example,
since hyperedges H; and Hy both have two elements, while hyperedge Hs
has only one.

We can generalize Theorem 1 as follows. Let Hi,...,H, C 27l be r
multi-hypergraphs on n vertices, and let C = C; x --- x C,, = {z € R" |
!l <z < u}, where [,u € R". For j = 1,...,r, H € H;j, and i € H,
let fui; : C; — R, be a single-variable (polynomial-time computable)
monotone function. Consider a system of r inequalities

Z HfH,z,](wz)gtja jzlv"'ara (28)

HEH; icH

over x € C, where t1,...,t, are given real thresholds.

For instance, if r = 1, H; = H is the multi-hypergraph considered in
the example above, and fr, 11(z1) = 3, frp11(x1) = 21, fu21(x2) =
fH2.1(x2) = 2, and fr, 31(x3) = x3, then (28) consists of the following
single inequality:

mi’xg + 2x129 + a:g < t.

Theorem 6 If dim(H;) < const for all j = 1,...,r, then all maximal
feasible solutions of a system (28) can be generated in incremental quasi-
polynomial time.

Theorem 6 is an immediate consequence of the following statement:

Theorem 7 Let Hq,...,H, C 2" be r multi-hypergraphs on n vertices.
Forj=1,...,r, H € H;, and i € H, let fr;; : C; — Ry be a single-
variable monotone function. If F C C is the family of all maximal feasible
solutions of (28), and € C F is non-empty, then

7' E) NI H(F)| < Z > HIEIEN+ DFIE .
j=1 HEH,

In particular,

T E) NI H(F)| < d(i D IEN+ 1) el

Jj=1

where d = max{dim(H;),...,dim(H,)}.
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Proof. We may assume without loss of generality that each chain C; is
composed only of those elements that appear in £ and their successors:

fori=1,...,n. [Ifx € Z7YE), i€ [n], and z; # I; then z — e’ € £~ and
therefore there is a y € £ such that y > = — e’. But then 3; must be equal
to x; — 1, i.e. ; =y; + 1 € C;.] Assume also without loss of generality that
r=1and let H C 2" and f(z) = Yomen L licn fai(xi). Given t € Ry,
and a non-empty subset £ of the maximal feasible solutions of the inequality
flx) <t/ let X =T YE)NZTI(F). We use Lemma 3 to prove the theorem.
Define the partial orders

Pu=@Q)Ci, foo HEH and  P= (X Pu.

i€H HeH
For an element z = (x; € C; : i € H) € Py, let us associate the non-
negative weight w(z) = [[;c y(fm.i(2i) — fri(x; — 1)), where we assume that
faili — 1) 10 for all H € ‘H and i € H. Consider the monotone mapping
¢ :C — P defined by: ¢(z) = ((z; : i€ H) : He H) for x € C, and let
X' ={¢(z) | v € X}, and V' = {é(y) | y € £}. Note that for any H € H
and y € Py we have

an) <> TT Il < |HIlEl+ 1),
1€H jeH,j#1

Thus with respect to the above weights and the partial order P, the families
X’ and )’ satisfy conditions (i) and (ii) of Lemma 3, and consequently

X =X <> qu(y) < Y HIEIE+ P
ye)y’ HeH

The theorem follows. O
On the negative side, we have the following proposition.

Proposition 3 Given a hypergraph H C 2" and an integer threshold t,
incrementally generating all minimal infeasible vectors for the inequality
J(@) = gen ey i <t over z € {0, 1} is NP-hard, even if dim(H) =
2.

Proof. Again, we reduce the problem from the following well-known NP-
complete problem: Given a graph G = (V, E) and an integer ¢, determine if
G contains an independent set of size at least . To do this let us associate a
binary variable x; with each vertex i € V, and define the monotone function

flz)=(t-2)- Z a:z-acj+zg:i,

{ij}eE iev
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over the elements z € {0,1}V. Let ) C {0,1}" be the set of incidence
vectors of the edges of G. Then ) is a subset of the minimal infeasible
vectors for the inequality f(z) <t — 1, and it is easy to see that there are
no other minimal infeasible vectors if an only if there is no independent set
of G of size at least t. O

7.4 Maximal Packings/Coverings of Points into/by Boxes

Let S be a set of points in R™. Let C': § — {1,2,...,r} and w: S — Ry
be respectively a coloring and a weighting of the point set S, i.e. mappings
that assign respectively one of r colors and a non-negative real weight to each
point in S. Given a non-negative threshold vector t = (t1,...,t,) € R7., let
us define a packing of the point set S, with respect to (C,w,t), to be a box

containing (in its interior) a subset of S; f {p € §|C(p) = i} of total weight
at most ¢; for alli = 1,...,r. Let us define conversely a (C, w, t)-covering of
S, to be any box that contains a subset of S; of total weight greater than ¢;
for some 7 = 1,...,r. Denote respectively by Fs ¢, and I‘l(}“&cywi) the
families of all maximal packings and all minimal coverings of the point set
S with respect to (C,w,t). Clearly, if r = 1, t = k, and all weights are ones,
then Fs ¢, is just the family of maximal k-boxes discussed in Section 4.
Therefore, Theorem 5 is a special case of the following.

Theorem 8 All maximal packings of a given point set S C R"™, with respect
to a given coloring C : S — {1,2,...,r}, a non-negative weight w : S —
Ry, and a given threshold vector t € R”_, can be generated in incremental
quast polynomial time.

This follows again from a generalization of the dual-bounding inequality
(7), which can be proved using the intersection lemma:

Theorem 9 Let S be a given set of points in R™, C' : S — {1,2,...,7} and
w: S — Ry be respectively a coloring and a weighting of S, and t € R, be
a giwen non-negative real-threshold. If F = Fs ca: 15 the set of packings of
the point set S, with respect to (C,w,t), then

') NI HF) < Z Z H{p € S; | point p & the interior of box y}|,
=1 yey
(29)
for any O # Y C F, where S; = {p € S| C(p) = i}. In particular,
IZ-HF)| < ISIIFI-
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7.5 Maximal Packings with Certain Geometric Properties

We conclude with one more application of Lemma 3. Let S be a set of

points in R™. For ¢ = 1,...,n, consider the set of projection points P; def

{pi € R | p € 8}, and let L; be the lattice of intervals whose elements are
the different intervals defined by the projection points P;, and ordered by
containment 7> ”. The meet of any two intervals in £; is their intersection,
and the join is their span, i.e. the minimum interval containing both of them.
The minimum element [; of £; is the empty interval. Let £L = L1 X --- X L,
and for a box z € £, and i € [n], denote by |z;| the length of the interval
xz;. Let fi; : Ry — Ry, i =1,2,...,n, j = 1,...,r be monotone real
functions for which f;;(|z|) is supermodular over x € L, i.e., for which we
have fi;(|]) > fi(ly)) for = = y, and

fii(lx vV yl) + fij(lz Ayl) = fij(l2]) + fij(ly]) (30)

for all z,y € L;. Let us also say that f : £L; — R is locally supermodular
if (30) is satisfied for all z,y € £; for which = V y is an immediate successor
of z,y. It is not hard to see that local supermodularity is equivalent with
the supermodularity of a monotone function on the lattice £; (the same is
not true for non-monotone functions).

Consider the system of inequalities

n
i=1
over the set of n-dimensional boxes x € £, where t = (¢1,...,t,) is a given

nonnegative r-dimensional real vector.
Let us denote by Fs; the set of all maximal feasible solutions for (31).

Theorem 10 Let S C R" be a given point set, f;; : Ry — Ry, i =
1,2,...,n, j = 1,...,r be monotone supermodular functions, and t € R’
be a given threshold vector. Then for any non-empty subset ) of the mazximal
feasible solutions Fsy of (31), we have

2 V) NI (Fs)l < rn(2]S| = 1Y, (32)

Proof. Naturally, the elements in each lattice £; can be ranked from 0, at
the minimum element [;, to k; at the maximum element, where k; is the
number of minimal elements in £; \ {l;}. For y € £;, if y has two immediate

predecessors in £;, let us denote them by 3" and y”. Now, for j =1,...,r,
consider that the following set of weights
' fii(lyl) if rank(y) =0
w (y) = fij(yl) = fi; (L)) if rank(y) =1

fiz(ul) = fi; (1)) = fi (1Y) + fi; (| Ay"|)  otherwise -
33
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defined on the elements y € L;, i = 1,...,n. (Actually, these are the so-
called Mdbius coefficients of the function f;; on the lattice £;, see, e.g., [3].)
Then it immediately follows from the monotonicity and supermodularity
of the functions f;; that the weights (33) are nonnegative. Furthermore, we
have w’(z~) = f;j(Jz|), for any x € L£;, and i € [n]. This can be easily
seen by induction on the rank of the element x € £;. Indeed, the statement
is trivially true if rank(z) = 0. If rank(z) > 1 then we let z= \ (2)~ ey
{z',..., 2"}, where we assume that x = 2% = 2" =1 =2 = 282 ... = 21,
For h =1,...,k, let y" by the predecessor of 2" in (z')~. Note that y' = I;
and y* = 2.
Claim. 375y w! (") = fij(|2*]) — iy (y*])-
Proof. For k = 1, the statement is true by (33) since rank(z*) = 1. For
k > 1, we have by induction and definition of the weights w/

k
> wiah) = wi(ah) + Y4 wiah)
h=1
k—1
= fila*) = £ (21 = i (gD + fis ") + D w @)
h=1
= fillal) = Fis ("))
(]

Now we apply induction at 2’ to get w’((z')~) = fi;(|2']), and thus the
above claim gives

k

w (27) = w((2)7) + ) wl (@) = fis(la') + fig (Ja*1) = fis(19"]) = fis ()

h=1

Now (32) becomes a consequence of Lemma 3 since ¢(y) < 2|S| — 1 for
all y € £; and all i € [n]. O

Corollary 3 Let § C R" be a given point set, fi; : Ry — Ry, i =
1,2,...,n, j = 1,...,r be monotone convex functions, and t € R’_ be a
given threshold vector. Then for any non-empty subset YV of the mazimal
feasible solutions Fs; of the system

n
S filzl) <ty G=1,...,m,

=1

we have
TN Y) NI (Fsa)l < rn(2lS] = 1]V (34)
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Proof. By Theorem 10, it is enough to verify that the functions f;; are
locally supermodular on the lattice £. For this, consider two elements
v,y € L, for which y = 3’ V ¢ is an immediate successor of both 7’
and y”, i.e. y is the span of ¢’ and y”. Then

Fii(yl) = fi;(09') = fi(W' T+ 1" =1 AY") = fii(1y'])

> fi(ly Ay T+ 1Y =1y A = fis(ly' A y"])(35)
Fii (') = fi(ly" Ay,
where (35) follows from the convexity and monotonicity of f;;. O

Finally, we mention two applications of Corollary 3:

e Given a set of points S C R", a coloring C' : § — {1,2,...,r},
a weighting w : § — R, and a non-negative real threshold t €
R’ , generate all maximal (w,C,t)-packings of S with diameter not
exceeding a given threshold § > 0. If x € L is such a packing, then it
must further satisfy the inequality (327, |24|P)!/? < § which is in the
form covered by Corollary 3 for any finite p > 1.

e Given n sets Py,--- ,P, C R, and a positive real threshold d, generate
all minimal boxes [a,b] € £ with {a;,b;} C P;, for i = 1,...,n, and
with volume at least §. In fact, these boxes are the minimal feasible
solutions of the inequality Y " | log |z;| > logd, over the lattice £. If
F is the family of all minimal feasible solutions to this inequality, then,
as was done in Theorem 10 and Corollary 3, one can use Lemma 3 to
prove that

Z(X)NI(F)| < Y IBif|X].
=1

for any non-empty subset X C F. Thus all minimal such boxes with
volume at least § can be generated in quasi-polynomial time.
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