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Mariko Sakashital Kazuhisa Makino? Satoru Fujishige®
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Abstract

In this paper, we consider source location problems and their gen-
eralizations with three connectivity requirements (arc-connectivity re-
quirements A and two kinds of vertex-connectivity requirements x and
k), where the source location problems are to find a minimum-cost
set S C V in a given graph G = (V, A) with a capacity function
u: A — R, such that for each vertex v € V, the connectivity from S
to v (resp., from v to S) is at least a given demand d~(v) (resp., d*(v)).
We show that the source location problem with edge-connectivity re-
quirements in undirected networks is strongly NP-hard, which solves
an open problem posed by Arata et al [2]. Moreover, we show that
the source location problems with three connectivity requirements are
inapproximable within a ratio of c¢ln D for some constant ¢, unless ev-
ery problem in NP has an O(N'°81°¢N)_time deterministic algorithm.
Here D denotes the sum of given demands. We also devise (1 + In D)-
approximation algorithms for all the extended source location prob-
lems if we have the integral capacity and demand functions. By the
inapproximable results above, this implies that all the source location

problems are O(In )", .\ (d*(v) + d~ (v)))-approximable.

1 Introduction

There is vast literature on location problems in the fields of operations re-
search, computer science, etc. (see, e.g., [13]). Location problems in net-
works are often formulated as optimization problems to determine the best

*An extended abstract of this paper appeared in Proceedings of LATIN 2006, Chile,
March 2006 [17].
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location of facilities such as industrial plants or warehouses in given net-
works to satisfy a certain property. Location problems based on flow (i.e.,
connectivity) requirements, called source location problems, were introduced
by Tamura et al. [18, 19], and have recently received much attention from
many authors (e.g., [1, 2, 3, 8, 11, 12, 15]).

Connectivity is one of the most important factors in applications to
control and design of multimedia networks. Suppose that we are asked to
locate a set S of servers which can provide a certain service in a multimedia
network N. A user at vertex v can receive a service by connecting to a
server in S through a path in A/. To ensure the quality of the service to v
even if certain number d of links and/or vertices become out of order, we
should select S so that the arc- and/or vertex-connectivity between S and
v is at least d + 1. Therefore, these kinds of fault-tolerant settings can be
formulated as source location problems.

Formally, source location problems can be described as follows. Let
N = (G = (V,A),u) be a network with a vertex set V of cardinality n,
an arc set A of cardinality m, and a capacity function v : A — R, where
R, denotes the set of all nonnegative reals. It has two demand functions
d~,d" : V — Ry, and a cost function ¢ : V' — R,. Then the problem is
given as follows.

Minimize Z c(v)
veS
subject to ¥~ (S,v) > d (v) and ¥ (v,9) >d"(v) (veV), (1.1)

SCV.

Here ¢~ (X,Y) and 41 (X,Y) denote certain measurements based on the
connectivity from vertex set X to vertex set Y in N. For any v € V, we
simply write ¢~ (S, v) and ¢ (v, S) instead of ¢~ (S, {v}) and ¥ ({v}, ), re-
spectively. As such measurements 1 *, this paper studies three basic connec-
tivity requirements: arc-connectivity A, and two kinds of vertex-connectivity
k and k. Note that Problem (1.1) sometimes adopts a single measurement 1)
(=4~ =17T). Let us further note that in a more general problem setting we
consider multiple constraints in (1.1) as 1 (S,v) > d; (v), ¥ (v, S) > d (v)
forallv e Vandi=1,2, --- ,{. For example, we can consider the arc- and
vertex-connectivity simultaneously.

Tamura et al. [18] first considered the source location problem with edge-
connectivity (i.e., arc-connectivity) requirements v (= ¢~ = 1) = A, when
N is undirected, and both the cost ¢ and demand d are uniform (i.e., ¢(v) =1
and d(v) = k for all v € V), and gave a polynomial time algorithm for it.
Since then, Tamura et al. [19, 20], Ito et al. [11] and Arata et al. [2] have in-
vestigated the source location problem with edge-connectivity requirements
in undirected networks. They provided polynomial time algorithms when
the cost function or the demand function is uniform. On the other hand,



it was shown that the problem is in general weakly NP-hard [2]. But, it
remained open to prove the NP-hardness in the strong sense or to devise
a pseudo-polynomial time algorithm. For directed networks, Ito et al. [12]
showed that the problem is strongly NP-hard, even if either the cost function
c or the demand functions d~ and d* are uniform, and Béarész et al. [3] and
Heuvel et al. [8] provided a polynomial time algorithm if ¢, d~ and d* are all
uniform. Tables (a) and (b) in Figure 1 summarize the best known bounds
for the source location problems with the arc-connectivity requirements.

The source location problem with vertex-connectivity requirements (i.e.,
™ =T = k) was investigated by Ito et al.[11]. They considered the case
in which G is undirected, and the cost and the demand functions ¢ and
d(= d~ = d") are both uniform (i.e., ¢c(v) = 1 and d(v) = k for all v € V).
They showed that the problem is polynomially solvable for k£ < 2, but NP-
hard for k£ > 3. It is easy to see that the negative result also follows, even
if G is directed. They also showed that the positive result for k < 2 can be
extended to the case in which the edge-connectivity A(S,v) > ¢ is required
simultaneously.

Let us note that the vertex-connectivity requirements, say, (S5, v) en-
sures that there exist at least k(.S,v) internally vertex-disjoint paths from S
to v. This implicitly means that any source in S never has a breakdown. To
take possible breakdowns of sources into consideration, Nagamochi et al. [15]
introduced another kinds of vertex-connectivity requirements £~ (5, v) and
&t (v,S), where 4~ (S,v) (resp., #T(v,5)) is the maximum number of paths
from S to v (resp., from v to S) which are vertex-disjoint except at v. They
presented a polynomial time algorithm for the source location problem when
d~ and d* are uniform and ¢ = #*. Ishii et al. [9, 10] considered the prob-
lem with a non-uniform demand function in undirected networks, gave a
polynomial time algorithm if d(v) (= d~(v) = d*(v)) < 3, and showed that
the problem is NP-hard in general. Tables (c) ~ (f) in Figure 1 summarize
the best known bounds for the source location problems with the vertex-
connectivity requirements.

Some other types of source location problems were also studied [1, 11, 18,
19]. For example, the single cover problem [18, 19] computes a minimum set
S such that each vertex v has sources s1, s9 € S such that ¥~ (s1,v) > d~ (v)
and Y (v, s9) > dt(v).

Let us next direct our attention to the extended source location problems.

We note that the cost function of the source location problem depends
only on the fixed setup cost of the facilities at vertices. It is natural to
consider the cost functions which depend not only on the setup cost, but
also on the supply values. We consider this kind of generalization, called the
extended source location problems, which was introduced in [16], Namely,
we deal with source location problems with supply values z(v) of facilities
at v € V, whose cost functions ¢, (v € V') are the sum of opening cost and



¢ :uniform ¢ :arbitrary

d :uniform O(n(m + nlogn)) Arataet al[2] O(n(m + nlogn)) Arataet al.[2]

d :arbitraryO(nM(n,m))*  Arataet al.[2] weakly NP-hard Arataet al.[2]

*M(n,m) : the time complexity of computing a maximum flow in undirected
networks with n vertices and m arcs.

(a) Edge-connectivity requirements in undirected networks

¢ uniform c :arbitrary
d :uniform  O(n®mlog(n?/m)) Bérdsz et al. [3) NP-hard Ito et al. [12]
d :arbitrary NP-hard Ito et al. [12] NP-hard Tto et al. [12]

(b) Arc-connectivity requirements in directed networks

¢ :uniform c :arbitrary

d :uniform  NP-hard* Tto et al. [11] NP-hard Ito et al. [11]
d :arbitrary NP-hard  TIto et al. [11] NP-hard TIto et al. [11]

* linearly solvable if d(v) < 2 for all v € V' [11].

(c) Vertex-connectivity requirements x in undirected networks

¢ :uniform c :arbitrary

d uniform  NP-hard* Tto et al. [11] NP-hard Ito et al. [11]
d :arbitrary NP-hard  TIto et al. [11] NP-hard TIto et al. [11]

* polynomially solvable if d(v) <1 for all v € V' [12].

(d) Vertex-connectivity requirements x in directed networks

¢ :uniform c :arbitrary
d :uniform  O(min{k, /n}kn?) O(min{k, v/n}kn?)
(d=k) Nagamochi et al. [15] Nagamochi et al. [15]

d :arbitrary NP-hard* Ishii et al. [9] NP-hard** Ishii et al. [9]

* linearly solvable if d(v) < 3 for all v € V' [9].
** solvable in O(n*(logn)?) time if d(v) < 3 for all v € V [10].

(e) Vertex-connectivity requirements # in undirected networks

¢ uniform c :arbitrary
d uniform  O(min{k, \/n}mn) O(min{k, /n}mn)
(d=k) Nagamochi et al. [15] Nagamochi et al. [15]

d :arbitrary NP-hard Ishii et al. [9) NP-hard Ishii et al. [9]

(f) Vertex-connectivity requirements #* in directed networks

Figure 1: Current best results for the source location problem
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monotone concave running cost for facility at v. We remark that monotonic-
ity and concavity are natural assumptions on the cost, and are required in
many network design problems (see, e.g., [6]). The extended source location
problems were investigated in [16] for uniform edge-connectivity require-
ments in undirected networks. By modeling the problem as a laminar cover
problem, it can be shown that it is solvable in O(nm + n?(g + logn)) time,
where ¢ is the time required to compute ¢, (z) for each z € Ry and v € V.

In this paper we investigate the (extended) source location problems. We
show that the source location problem with edge-connectivity requirements
in undirected networks is strongly NP-hard. This solves an open problem
posed in [2], and gives us a complete picture of the time complexity of the
source location problems (see Figure 1). Moreover, we show that the source
location problems with three connectivity requirements are inapproximable
within a ratio of cln ), .y, d(v) for some constant c, unless every problem in
NP has an O(N'°81°6 N)_time deterministic algorithm. We also devise a (14
In )", oy (dF(v) + d~(v)))-approximation algorithm for the extended source
location problems if we have the integral capacity and demand functions. We
remark that our approximation algorithm is applicable for all connectivity
requirements. By the inapproximable result above, we can say that our
algorithm is optimal for all the extended source location problems, i.e., they
are O(In )", (d*(v) + d~ (v)))-approximable.

The rest of the paper is organized as follows. Section 2 introduces some
notation and definitions of the source location problems, Section 3 shows
the intractability of the source location problems, and Section 4 defines the
extended source location problems and discuss their basic properties. Sec-
tion 5 presents approximation algorithms for the (extended) source location
problems. Finally, Section 6 concludes the paper.

2 Definitions and Preliminaries

Let N = (G = (V, A),u) be a directed network (or an undirected network)
with a set V of n vertices, a set A of m arcs, and a capacity function
u: A — Ry. We sometimes write A as E for an undirected network, if no
confusion arises. A singleton set {x} may simply be written as z. For a
W CV, N[W] denotes the subnetwork of A/ induced by W.

For any X, Y C V, we denote A(X,Y) = {(z,y) € A|z € X,y € Y}.
For X C V, let u=(X) (resp., u* (X)) denote the capacity sum of arcs
entering (resp., leaving) X, i.e.,

(X)) = ) w(e), «T(X)= D ua),
a€A(V\X,X) a€A(X,V\X)

and, for an undirected network, let us define u(X) by u(X) = u™(X) +
ut(X), where we note that u(X) = u(V\X). For every X C V, a vertex



v € V\ X is called an in-neighbor (resp., out-neighbor) of X if there is an
arc (v,x) € A (resp., (x,v) € A) for some z € X, and v is simply called
a neighbor of X if at least one of these two conditions holds. The set of
all in-neighbors (resp., out-neighbors) of X is denoted by N~ (X) (resp.,
N*(X)).

Let us now define three connectivities A, k, and . For vertex subsets
XY CV, we say that X is k-arc-connected to Y if there exists a feasible
flow ¢ from X to Y whose value is at least k, where a flow ¢: A — R, is a
feasible flow from X to Y if it satisfies the following conditions:

de(v) = > pw,w)— > p(ww)=0 (veV - (XUY)), (21)

(vyw)eA (w,w)eA
0 < ¢(a) < u(a) (a € 4), (2.2)

and the value of ¢ is defined by ) v dp(v). The arc-connectivity from
X to Y, denoted by A(X,Y), is the maximum number k such that X is
k-arc-connected to Y. Here we define A(X,Y) = 400 if X NY # 0. For
an undirected network, we use the term “edge” instead of “arc”, e.g., arc-
connectivity is called edge-connectivity if A is undirected.

For two sets X,Y C V, we say that X is k-vertex-connected to Y if
there exists k internally vertex-disjoint paths from X to Y. The vertex-
connectivity from X to Y, denoted by x(X,Y), is the maximum number
k such that X is k-vertex-connected to Y. We define k(X,Y) = +o0o if
XNY #Dor BE(X,Y) #0.

For two sets X, Y C V, A (X,Y) (resp., A7 (X,Y)) denotes the maxi-
mum number of paths from X to Y such that no pair of paths contains a
common vertex in V' \'Y (resp., V \ X). We define i~ (X,Y) = +o0o and
RT(X,Y) =400, if XNY #£0.

From the max-flow min-cut theorem, the connectivity conditions can be
restated as follows.

Lemma 2.1 Let X and Y be two subsets of V.

(i) MX,Y) >k holds if and only if u™ (W) > k holds for every vertex set
W with X CW CV\Y.

(i) k(X,Y) >k if and only if [NT(W)| > k holds for every vertex set W
with X CW and WUNT(W)CV\Y.

(i) &7 (X,Y) >k (resp., k= (X,Y) > k) holds if and only if [NT(W)| > k
(resp., IN~(W)| > k) holds for every vertex set W with X C W C
VY (resp., Y CW CV\ X). O

This paper studies the source location problems given by (1.1) with three
basic connectivity requirements A, x and . Formally, we consider three cases



in which the constraints v~ (S,v) > d~(v) and ¥+ (S,v) > d* (v) are given
as follows.

A(S,v) > d~(v) and A(v,S) > dt(v), (2.3)
k(S,v) > d~(v) and k(v,S) > d*(v), (2.4)
& (S,v) >d (v) and & (v,8) > d*(v). (2.5)

Let us rewrite conditions (2.3), (2.4) and (2.5) in terms of deficient sets,
which will be defined as follows.

For a vertex set X C V, d~(X) (resp., d"(X)) denotes the maximum
in-demand (resp., out-demand) among all vertices in X, i.e.,

d (X)= gle%?d_(v) (resp., dT(X) = max dt(v)).

A set W C V is deficient with respect to A if u= (W) < d=(W) or
ut (W) < dt(W). A deficient set W is called minimal if no other nonempty
subset X C W is deficient. Let W) be a family of all minimal deficient sets
with respect to A\. By Lemma 2.1 (i), the constraint is equivalent to

u (X)>d (v) and ut(X)>d"(v) (ve X CV\DS), (2.6)
and hence the following lemma holds.

Lemma 2.2 ([20]) A set S CV is a feasible solution of the source location
problem with arc-connectivity requirements X if and only if SNW # () holds
for every W € W,. (]

We next consider vertex-connectivity requirements x. From Lemma
2.1(ii), (2.4) can be restated as

INT(X)| >d (v) and |[NT(Y)| >d"(v) (2.7)

for all X withv e X and XUN~(X) CV\S, and for all Y with v € Y and
Y UNT(Y) C V\S. Therefore, we define the deficiency in the following
way. A set W C V is deficient with respect to x if W can be represented
by W = X UN~(X) with [IN"(X)| < d(X) or W = X UNT(X) with
INT(X)| < d"(X). Let Wy denote a family of all minimal deficient sets
with respect to k. Then we have the following lemma.

Lemma 2.3 A set S C V is feasible for the source location problem with
vertez-connectivity requirements x if and only if SNOW # (0 holds for every
W e W,.. 0

Finally, we define deficient sets with respect to k. A set W C V is
deficient with respect to & if [N~ (W)| < d~ (W) or [INT(W)| < dt (W)
holds. Let W; be a family of all minimal deficient sets with respect to &.
By Lemma 2.1 (iii), constraint (2.5) is equivalent to

IN“(X)| >d (v) and |[NT(X)|>d"(v) (ve X CV\Y), (2.8)

and we thus have the following lemma.



Lemma 2.4 ([9]) A set S C V is feasible for the source location problem
with vertex-connectivity requirements & if and only if SNW # 0 holds for
every W € Ws. O

In the subsequent sections, we frequently make use of the constraints
based on deficient sets.

3 Intractability of the Source Location Problems

In this section, we show the hardness results for all the source location prob-
lems. Let us first show that the problem with edge-connectivity requirements
in undirected networks is strongly NP-hard. Recall that the problem can be
written as follows. Given an undirected network N' = (G = (V, E),u) with
a capacity function v : F — Z4, a demand function d : V' — R, and a cost
function ¢ : V' — R, consider

Minimize Y {c(v) | v € S} (3.1)
subject to  A(S,v) >d(v) (veV),
SCV,

where A(S,v) denotes the edge-connectivity between S and v.
Theorem 3.1 Problem (3.1) is strongly NP-hard.

Proof. We show this by reducing to Problem (3.1) the set cover problem,
which is known to be strongly NP-hard [7].

Problem SET COVER

Input. A set U={1,2,---,p} and a family S = {Sy,---,5,} C 2V.

Output. A subfamily X C S such that (Jg cp Si=U and [X] is
minimum.

Let ¢; = |S;| and k; = |{S; | Si  j}|. Given a problem instance I of
SET COVER, we construct the corresponding instance J of Problem (3.1) as
follows.

Vo= {ti,ta} U{s1, -, 80} U{z1, -+, 2p},
E = {(ti,s) |i=1,,q} U{(si,z;) [ j € Sisi=1,---,q}
U{(zjt2) [j=1,--,p},
?; fo=ttandw=s; i=1,---,q),
u(v,w) = 1 ifv=s,w=zjand j€S; (i=1,---,q),
ki—1 ifv=a; (j=1,---,p) and w = ty,



q o —
dv) - {Oizlel if v =ty,1o,

otherwise,
0 if v= tQ,
clv) = 1 if ve{sy, -,s4},

q+1 otherwise.

We denote S = {s;,---,s4} and X = {x1,---,x,}. Figure 2 gives an example
of our reduction. Intuitively, s; and z; correspond to the set S; € S and the

element j of U, respectively. We note that Y ¢, ¢; = Z?:l kj.

Figure 2: Reduction from SET CoveEr (U = {1,---,5}, S = {{1,2}, {2,4},
{1,3,4}, {1,3,5}}).

For j=1,---,p, let W; = {t1,2;} U{s; | Si 2 j}. Then we claim that
the family W) of all minimal deficient sets in J can be represented by

Wi = {{ta}} U{W; |j =1,---,p}. (3.2)

It is clear that {t2} is a minimal deficient set and W; (j = 1,---,p) are
deficient. Let W be an arbitrary deficient set with W Z to. This W satisfies
W > t;. Moreover, we have WNS, WNX # (), since otherwise u(W) > d(t1)
holds, a contradiction. Then we have

uW) = > {ulti,w) |we S\ W}
+> {u(v,w) | (v,w) € B(SNW, X\ W)}
+> {u(v,w) | (v,w) € B(S\ W, X NW)}
+> {u(v,tz) [ve X NW}
= d(t) =) fu(v,w) | (v,w) € E(SNW, X nW)}
+Y {u(v,w) | (v,w) € B(S\ W, X nW)}
—i—Z{u(v,tg) lve XNW}.

Let z; be a vertex in X N W such that {v € S| (v,z;) € E} (= {si | Si



j}) € W. Then we have

Z{u(vvxj) ‘ (Uvrj) € E(S\I/V,l’])} +u(xj7t2)
> Z{u(vvxj) | (U7xj) S E(Sﬂ VV,I‘J)}

Hence, if all z; € X N W satisfies {v € S| (v,z;) € E} € W, we have

D {ulv,w) | (v,w) € B(S\W, X NW)}+ ) {u(v,tz) [ve X NW}
> {u(v,w) | (v,w) € B(SNW, X NW)},

which implies u(W) > d(t1) from the equation shown above. This contra-
dicts the deficiency of W. Thus there exists a vertex x;+ € X NW such that
{vesS|(v,z;+) € E} CW. This means that W contains W;-. Therefore
all W; are deficient and there exists no other minimal deficient set W such
that W Z to. This proves (3.2).

We then claim that any optimal solution Y of J can be represented by

Y ={t2} U{si | S; € X} (3.3)

for an optimal solution X of I, which completes the proof. Let Y be an
optimal solution of J. It follows from (3.2) that Y N W # () holds for all
W € W,. In particular, Y must contain t2. Note that S U {t2} is a feasible
solution of J whose cost is ¢. Since ¢(v) = ¢+ 1forve X, Y NW; # 0
implies Y N {s; | S; 3 j} # 0. This means that X = {S; | s, e Y NS} isa
feasible solution of I, and the optimality of Y implies that X is an optimal
solution of I. g

We remark that the reduction given above is gap-preserving in the fol-
lowing sense. If there exists a p-approximation algorithm for problem (3.1),
then it can be turned into a p-approximation algorithm for SET COVER.
This is due to the fact that any feasible solution X of I yields a feasible
solution Y of J, given by (3.3), with the same cost. Moreover, any feasible
solution Y of J yields a feasible solution X of I whose cost is not greater
than the one of Y. For, if Y is not given by (3.3), it has a cost greater than
q and we can replace Y by {t2} U {s1,52,...,54}. It is known [14, 4] that
problem SET COVER is not approximable within a ratio of clnp for some
constant ¢, unless every problem in NP has an O(N'°81°¢ V) time determin-
istic algorithm. Here we can assume that ¢ is bounded by a polynomial in
p. Since we have > {d(v) | v € V'} < 2pq, which is polynomial in p, we have
the following inapproximability result.

Theorem 3.2 There exists a constant ¢ such that the source location prob-
lem with arc-connectivity requirements in undirected/directed networks is
not approrimable within a ratio of cln)_ i d(v), unless every problem in
NP has an O(N'&1°8N) time deterministic algorithm.
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Next, let us consider the problems with requirements x and 4.

Theorem 3.3 There exists a constant ¢ such that the source location prob-
lems with requirements k and K in undirected/directed networks is not ap-
prozimable within a ratio of cln’y y d(v), unless every problem in NP has
an O(N'°el°eN) time deterministic algorithm.

Proof. We only show the hardness results for the source location problems
in undirected networks, since they can easily be transformed to the ones in
directed networks.

(i) k: We show this by reducing SET COVER to the source location prob-
lem with vertex-connectivity requirement k.

Let U = {1,2,---,p} and S = {S1,---,S,} C 2V be a problem instance
of SET COVER. We construct the corresponding instance of the source loca-
tion problem as follows.

Vo= {517"'75q}u{$17"'7$p}7
E = {(517$])|]6517Z:177Q}7
ki+1 ifve{ry, - ,x,}
d — 9 ; s4p Sy
() { 0 otherwise,

clv) = {1 if v € {s1,---, 54},

q+1 otherwise,

where k; = [{S; | S; 3 j}|. Wedenote S = {s1,---,s,}and X = {x1,---,zp}.
Figure 3 gives an example of our reduction.

W\
T4 Ts

T xr2 I3

Figure 3: Reduction from SET CoveEr (U = {1,---,5}, S = {{1,2}, {2,4},
{1,3,4}, {1,3,5}}).

ForajeU,let W; = {z;} U{s; | j € S;}. Then the family W, of all
minimal deficient sets can be represented by

We={W; |j €U}, (3.4)

since [N({z;})| = k; < d(z;). By Lemma 2.3, it is not difficult to see that
Y is feasible for the instance of the source location problem whose cost is at
most ¢ if and only if X = {S; | s; € Y'} is feasible for the one of SET COVER,
since ¢(v) = ¢ + 1 for v € X. This completes the proof.

11



(ii) k: We show this by reducing SET COVER to the source location
problem with vertex-connectivity requirement k.

Let U ={1,2,---,p} and S = {S1,---, 54} C 2V be a problem instance
of SET COVER. We construct the corresponding instance of the source loca-
tion problem as follows.

q p
v = [JsPYuxulJx,
i=1 j=1
g — {Sgi)7...7sz(j)} (i=1,-,q),
X = {1;17”‘71‘}7}7
x0) = {xgj),---,:ng)} G=1,--,p),
E = {(S,ZL']‘)|$€S(i),j€Si,j:1,"',p}
U{(ajj,x)|x6X(j),j:1,~',p},

IN(N(z;))| +p if v=2z;(cX),
dv) = {2 ifoeXxXMyu...uXx@,
0 otherwise,
1 if veSHuU-..ush),
clv) = qg+1 if v e X,
0 otherwise.

Figure 4 gives an example of our reduction.

x @) x(2) x(3) x4

Figure 4: Reduction from SET CovEr (U = {1,2,3,4}, S = {{1,2}, {2,3},
{1,4}}).
Fora jeU,let W; = {z;} U USisj S@ . and let
F={{z}|zeXV j=1- pu{W;|jeU}. (3:5)

We then claim that F is the family W; of all the minimal deficient sets.

Let us first show that 7 C W;. Let x be a vertex such that x € Uj X0,
Since d(z) = 2 and |N(z)| = 1, {z} is a minimal deficient set. For W; given
in (3.5), since N(W;) = (N(N(z;)) \ {z;}) UXY), we have

INWj)| = (IN(N(z5)) +p) =1 = d(z;) - 1,
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which implies that W} is deficient. Since no proper subset of W; is deficient,
W; is a minimal deficient set. This completes the proof of F C W;.

Let F' be a set such that FF € W; \ F. Then it is easy to see that
FNX #@and FNXW =@ forj=1,---,p. If FNX = {x;}, then F does
not contain a vertex in W;, since otherwise F' 2 W;. However, this implies
that |[N(F')| > d(x;), which contradicts the deficiency of F. On the other
hand, if |F N X| > 2, then we have |N(F)| > 2p, since XU) U XU") C N(F)
for some j and j' with j # j/. This, together with [N(N(z;))| < p, implies
that F'is not deficient, which proves that F D W;.

Let Y be a subset of V whose cost is at most ¢. Then by Lemma 2.4, it
is not difficult to see that Y is feasible for the instance of the source location
problem if and only if X = {S; | S® NY # 0} is feasible for the one of
SET COVER, since c¢(v) = ¢+ 1 for v € X. This completes the proof. O

Before concluding this section, we remark that the bounds shown in
Theorems 3.2 and 3.3 are tight. This will be shown in the next section by
constructing (141In D)-approximation algorithms for all the extended source
location problems, where D denotes the sum of given demands.

4 The Extended Source Location Problems

This section generalizes the source location problems to the ones with supply
values of source vertices. As mentioned in Section 1, we investigate the
monotone concave cost ¢, : Ry — Ry (v € V) which models the cost
depending not only on the setup cost but also on the supply value. Here a
function f : R — R is called monotone if f(z) < f(y) holds for arbitrary two
reals z,y € R with z < y, concave if f(az+(1—a)y) > af(x)+(1—a)f(y)
for arbitrary two reals z,y € R and o with 0 < o < 1. Let us first generalizes
the arc-connectivity requirements.

Recall that Op(v) is the net out-flow at vertex v € V for a flow ¢ : A —
Ry, ie.,

dp(v) = > wlv,w)— D p(w,v).

(v,w)EA (w,w)eA

A flow ¢ : A — Ry is feasible with a supply x : V — Ry if it satisfies the
following conditions:

—z(v) < dp(v) <z(v) (veV), (4.1)
<

0 §_90(a) u(a) (a € A).

Here (4.1) means that the net out-flow dp(v) and the net in-flow —dp(v)
at v is at most the supply at v. For a vertex v € V and a supply z € RY,
let A\~ (z;v) (resp., AT (z;v)) denote the sum of the supply z(v) and the
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maximum net in-flow —dp(v) (resp., net out-flow dp(v)) at v among all
feasible flows with a supply z. In other words, A~ (z;v) (resp., AT (z;v))
denotes the maximum (s, v)-flow (resp., (v, s)-flow) value in the augmented
network N* = (G* = (V*, E*),u*) defined by

VY = Vu({s},

A = AU{(s0),(05) [ve V), (43)
{ u(a) if a € A,

u'(a) = z(v) if a = (s,v), (v, s).

The extended source location problem with arc-connectivity require-
ments asks for a minimum-cost supply x € ]RK, ie.,

Minimize Z cy(z(v))

veV
subject to A7 (w;v) >d (v) and AT(z;0) >dF(v) (veEV), (4.4)
z(v) >0 (veV).
Here we assume that the cost ¢, : Ry — Ry is monotone and concave.
Note that the flows o and ¢ that respectively attain A\~ (x;v) > d~(v)
and AT (z;v) > d*(v) in (4.4) may depend on v. It is not difficult to see

that (4.4) is a generalization of the source location problem. In fact, for all
veV, let

0 if x(v) =0,
c(v) otherwise,

co(z(v)) = {

then we can see that (4.4) represents the source location problem.
By Lemma 2.1, we have the following lemma.

Lemma 4.1 Problem (4.4) can be represented by

Minimize Z cy(z(v))

veV

subject to  u” (W) +z(W)>d~ (W) (W CV), (4.5)
ut (W) +az(W) =2 d" (W) (WCV),
z(v) >0 (vevV).

Proof. Note that for aset X C V (= V*\{s}), the capacity of arcs entering
and leaving X in N'* given by (4.3) is described by

v (X)+x(X) and u'(X)+ 2(X),
respectively. By the max-flow min-cut theorem in A/'*, we have
A (z;v) = minfu” (W) 4+z(W)|veW CV}
A (z;v) = min{u™(W)+z(W)|veW CV}
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for each v € V. This immediately implies that the first two constraints of
Problem (4.5) is equivalent to (4.4). O

Let us next extend the source location problem with vertex-connectivity
requirements k by introducing a supply « : V' — R . We first define the inte-
gral version of the extension (i.e., for integral supplies x € ZY). Let £~ (x;v)
(resp., k1 (z;v)) denotes the maximum number of internally vertex-disjoint
paths to v (resp., from v) such that for each w € V' at most x(w) paths start
(resp., end) at w, where we say that paths P; and P, are internally vertex-
disjoint if the sets of internal vertices (i.e., the vertices that are neither the
starting vertex nor the end vertex) in P; and P; are disjoint. In other words,
k™ (z;v) (resp., kT (z;v)) denotes the value of a maximum flow from s to v’
(resp., v” to s) in the augmented network N'* = (G* = (V*, A*),u*) given
by

vV = {0 |veViu{s],
A = {0V, (") v e VIU{R" W) | (v,w) € A}

U{(s,v"), (v, s) |veV}, (4.7)
1 if a = (v,0") for vev,
w(a) = +oo if a= (v",0) for veV,
+oo if a= (v W) for (v,w) € A,
z(v) if a = (s,0"),(v',s) for ve V.

For the real version let k= (z;v) denote the sum of the supply z(v) and
the maximum net in-flow —d¢(v) at v among all feasible flows in N/ with a
supply x such that

> p(wrwy) <1 (4.8)

(w1, w2)EA: wa=t

holds for all ¢ (# v), where we assume without loss of generality that u(a) =
+o0o for all @ € A. Similarly, let T (z;v) denote the sum of the supply z(v)
and the maximum net out-flow dp(v) at v among all feasible flows with a
supply x such that

> plwiwy) <1 (4.9)

(w1, w2)EA: w1=t

holds for all ¢t (# v). Similarly to the integral version, these correspond
to the maximum flows in N*. Here we remark that (4.8) and (4.9) can
naturally be extended to

> elwi,wa) < u(t), D wlwiw) < u(h)

(w1, w2)EA: wo=t (w1, w2)EA: w1=t
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for a given vertex capacity u:V — Ry.
The extended source location problem with vertex-connectivity require-
ments k can be formulated by

Minimize Z cy(z(v))

veV
subject to Kk (x;v) >d”(v) and kT (x;v) >dT(v) (veV), (4.10)
z(v) >0 (veV).
Similarly to (4.4), this extension also takes supply values (or capacities) of

sources into account.
As can be imagined, Problem (4.10) is also represented by

Minimize Z cy(z(v))

veV

subject to [N (W)|+a(WUN~(W))>d"
INT(W)|+2(WUNT(W)) >dt (W) (WCV),
z(v) >0 (veV).

Lemma 4.2 Problem (4.10) can be represented by Problem (4.11).

Proof. Since k™ (x;v) (resp., kT (z;v)) denotes the value of a maximum
flow from s to v/ (resp., from v” to s) in the augmented network N'* =
(G* = (V*, A*),u*) given by (4.7),

Kk (x;0v) >d (v) and kT (z;v) > dT(v)
are respectively equivalent to

d” (v) (v e W* CV*\ {s}), (4.12)
dt(v) (W e W* CV*\ {s}). (4.13)

We only show that (4.12) can be represented by
IN"W)| +2(WUN—(W)) >d (W),

since it can similarly be shown that (4.13) can be represented by |[N*(W)|+
z(WUNT(W)) > dH(W).

Let W* be a set such that v* € W* C V*\ {s}. If W* has a finite
(u*)~ (W*), then we have

(i) w" € W* implies w” € W*,

(il) w' € W* implies {z" € V* | (z,w) € A} C W*,
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and hence (u*)™ (W*) is finite and given by
(u*)"(W™) = |{v eV v gw*" e W*}‘ + Z{$(U) | v € W*}. (4.14)

Moreover, any W* with minimum (u*)~ (W*) satisfies

(iii) w” € W* implies w’ € W* or 2’ € W* for some (w, z) € A.
For, if there exists a vertex w € V satisfying w’ ¢ W*, w” € W*, and
z @ W* for any (w,z) € A, then we have (u*)”(W*\ {w"}) < (u*)~(W*),

which contradicts the minimality of (u*)~ (W™*). From (i),(ii) and (iii) there
exists W C V such that

W ={' " eV |veWlu{v eV |ve N-(W)}.
By (4.14), this implies that a minimum (u*)~ (W?*) can be represented by
()= (W*) = [N=(W)| + z(W U N~ (W)).

This completes the proof. O

We remark that the generalization of the source location problem with &
does not make much sense, since a supply of each vertex is already bounded
by 1. Hence we do not deal with the generalization.

5 Approximation Algorithms for the Extended
Source Location Problems

In this section, we introduce the submodular cover problem as a natural
common generalization of set cover problem [4, 14] and submodular set
cover problem [5, 21], and show that the extended source location problems
can be regarded as the submodular cover problem. We then show that the
extended source location problems are all approximable within a ratio of
(14+1In>>, o (d”(v) + dt(v))) by producing a simple greedy algorithm for
the submodular cover problem.

5.1 The Submodular Cover Problem

Before defining the submodular cover problem, let us first recall the sub-
modular set cover problem.

Let V be a finite set. A set function f : 2" — R is monotone nonde-
creasing (simply monotone) if f(X) < f(Y') holds for arbitrary two subsets
X CY CV, and submodular if

fX)+fY) = f(XNY)+ f(XUY) (5.1)
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holds for arbitrary two subsets X, Y C V. A monotone submodular function
with f(0) = 0 is called a polymatroid function. A set S C V is called span-
ning if f(S) = f(V). Given a cost function ¢: V — Ry and a polymatroid
function f : 2¥ — R, the submodular set cover problem is to compute a
spanning set of minimum cost, i.e.,

Minimize Z ()
€S

subject to  f(S) = f(V), (5.2)
SCV.

It is known [5, 21] that the problem contains the matroid base problem, the
set cover problem, the partial cover problem, and so on, and it admits a
simple greedy algorithm whose approximation ratio is 1+Inmax;cy f({j}).

We now extend the submodular set cover problem.
A function f : ]RK — R is submodular if

f@)+fy) = fleny)+ flaVy) (5:3)

holds for arbitrary two vectors z,y € RY. Here (z Ay)(v) = min{z(v),y(v)}
and (z V y)(v) = max{z(v),y(v)}.

The submodular cover problem to be considered in this paper can be
described as follows. Given a finite set V', monotone concave cost functions
¢y : Ry — Ry (v € V), a monotone submodular function f: RY — Ry and
a real M, the problem asks for a minimum-cost vector x € RK that satisfies
flx) > M, ie.,

(SC) Minimize Z cy(z(v))

subject to f(x) > M, (5.4)
T e RK.

Here we can assume without loss of generality that f(0) =0 and f(z) < M
for all x € ]RK, since we can modify f and M by

f(@) := min{f(z) — f(0), M — f(0)}

and M := M — f(0), respectively, so that f(0) = 0, f(z) < M (z € RY),
and f is still monotone submodular. This paper also considers its integral
version, which is obtained from (5.4) by replacing = € ]RK with = € ZK,
where Z, denotes the set of all nonnegative integers.

We remark that Wolsey [21] considered a similar generalization, but he
assumed that the cost function ¢ is linear and f is piecewise linear and
concave as well as monotone and submodular.

18



5.2 SC Formulation of the Extended Source Location Prob-
lems

We show that all the extended source location problems can be formulated
as the submodular cover problems. Let us first consider the extended source
location problem (4.4) with arc-connectivity requirements \.

Given a directed network N’ = (G = (V, A), u) and two demand functions
d~,d", we define a function f and a real M by

flx) = Z (min{)\_(:r;v),d_(v)} + min{/\+(az;v),d+(v)}) , (5.5)

veV

M = ) (d (v)+d* (). (5.6)

veV

Then we note that the extended source location problem can be formulated
as (5.4). Moreover, we can see that f is monotone and submodular, which
proves that the problem can be formulated as a submodular cover problem.

Lemma 5.1 A function f defined by (5.5) is monotone and submodular.

Proof. Recall that A~ (z;v) and AT (x;v) can be expressed as

A7 (z;v) = minfu” (W) +z(W)|veW CV}, (5.7)
A (z;v) = min{fut (W) +z(W)|veW CV} (5.8)

for z € RK and v € V (see (4.6)). This immediately implies that f is
monotone. We next show that f is submodular. Note first that the sum of
submodular functions is also submodular, and for a constant h,

h(z) = min{g(x), h}

is submodular if g is monotone submodular. Since the submodularity of
At (x;v) can be proved similarly, we only show the submodularity of A~ (x; v),
i.e.,

AT (@ 0) + A7 (g50) 2 A (@ Ay;0) £ AT (2 Vy;v) (5.9)

holds for arbitrary two vectors z,y € RV,

For two vectors z,y € RY and a vertex v € V, let W; and W5 be
sets that contain v and satisfy A7 (z;v) = u= (W) + 2(W7) and A\~ (y;v) =
u~ (W) 4+ y(Ws). Since u~ is submodular and x A y is modular, we have

uw” (W) + (z Ay) (W) +u” (W2) + (z A y)(Wa)
> ’LL_(Wl N WQ) + (l‘ A y)(W1 N Wg)
—I—’LL_(Wl U WQ) + (l‘ A y)(W1 U WQ). (5.10)
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Moreover, from Wy N Wy C W7, W, it holds that

z(W1) — (x Ay)(W1) + y(Wa) — (z Ay)(W2)
> (zVy)(WiNWs) — (z Ay)(W1 N Wa). (5.11)

By summing (5.10) and (5.11) up, we have
A (@) + A (gv) = w” (W) +2(Wh) +u” (Wa) + y(Wa)
> ’LL_(Wl ﬂWQ) +(x\/y)(W1 ﬂWQ)

+ u_(Wl U Wg) + (l‘ VAN y)(W1 U WQ)
AT (@ Vy;v) + A7 (2 Ayiv),

v

where the last inequality follows from W1 N Wy, W7 U Wy 3 wv. O

We next consider the problem with vertex-connectivity requirements x.
Let

flz) = Z (min{x ™ (z;v),d” (v)} + min{x™ (z;v),d" (v)}), (5.12)

veV

M = ) (d (v)+dt(v)).

veV

Then similarly to the case of arc-connectivity requirements A, problem (4.10)
can be formulated as (5.4). Thus it remains to show that f is monotone
submodular.

Lemma 5.2 A function f defined by (5.12) is monotone and submodular.

Proof. Recall that ™ (z;v) and k1 (x;v) can be represented by

Kk (z;v) = min{|[N"-(W)|+z(W)+x(N-(W)) |ve W CV},
kT(z;v) = min{|[NT(W)|+z(W)+2(NT(W))|veW CV}
for x € RK and v € V (see Lemma 4.2). This immediately implies that f is
monotone. We next show that x~(x;v) (v € V) is submodular in z. This
completes the proof, since the submodularity of £™ (x;v) is similarly shown.
For two nonnegative vectors x,y € RK and a vertex v € V, let W7 and
W3 be sets that contain v and £~ (x;v) = [N~ (W1)|+x(W7) + (N~ (W),
K (y;v) = [INT(Wa)| +y(Wa) + y(N—(W3)). By the modularity of x Ay, it
holds that

(@A y) (W) + (x Ay)(Wa) = (2 Ay) (Wi N Wa) + (z Ay) (WL UW). (5.13)
From the definition of in-neighbor N ~, we have

N (XNY) C (N~ (X)NY)U(N~(Y)NX)U (N~ (X)NN~(Y)), (5.14)
N (XUY) = (N"(X)\Y)U(N~(Y)\ X) (5.15)
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for two subsets X, Y C V. Note that N~ (X)NY, N~ (Y)NX and N~ (X)N
N~(Y) are pairwise disjoint, and (N"(X)\Y)N(N-(Y)\X)=N"(X)Nn
N~(Y). Therefore, from (5.14) and (5.15), we have

Z(INT(X)+2(N(Y)) > 2(N (XNY))+2(N (XUY))

for any two subsets X,Y C V and any nonnegative z € RK. In particular,
this shows the submodularity of [N~ ()], i.e.,

INT(X)|+ N (V)| >IN (XNY)|+ | N (XUY)|. (5.16)
Therefore we have the following two inequalities:

IN=(W1)|+ [N~ (Wa)| > [N~ (WinNWo)|+ [N~ (WL UWs)|, (5.17)
(x Ay)(N~ (W) + (z Ay) (N~ (W2))
> (@ Ay)(N“(WinWa)) + (z Ay) (N~ (W1 UWa)). (5.18)

Moreover, we can see that

(=2 Ay ) Wi\ N~ (W2)) + (y —z Ay)(Wa \ N~ (W1))
(x—zANy) (W1 NWa) + (y —x Ay) (W N W)
(xVy—zAy) (W N W), (5.19)

IV

where the inequality follows from Wy N Wy C Wy \ N~ (W), Wo \ N~ (W),
and

(z =z Ay) (N~ (W) + (. — 2z Ay)(N™(W2) N W)
+(y—zAy)(N"(W2)) + (y =z Ay) (N~ (W) N Wa)
2 (w—IM/)(( “(W) NW2) U(N™(W2) NW1) U (N~ (W) NN~ (W2)))

y—axAy) (N"(Wi) N W2) U (N~ (W) N W) U (N~ (W) NN~ (W2)))
(33\/9—1‘/\1/) (N7 (W) N Wa) U (N~ (W2) N W1) U(N™ (W) NN~ (W2)))
(xVy—xzAy) (N~ (W1 NnW)). (5.20)

AV

Here the last inequality follows from (5.14). By summing (5.13) and (5.17)—
(5.20) up, we have

T (w50) + R (g5 0)
= [NTW)[ +2(W1) + (N~ (W1)) + [N"(W2)| + y(Wa) +y(N~ (W2))
> [INT(WinWa)| + (z Vy)(Wi N Wa) + (z Vy) (N~ (W1 N Wa))
HINT(WLUWa)| + (z Ay) (W1 UTW2) + (2 Ay) (N (Wi UWa))
K (xVy;v)+ K (zAy;v).

v

This proves the lemma. O
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Finally, we show that the source location problem with vertex-connectivity
requirements ~ can be formulated as the submodular set cover problem (5.2).
Let

£8) = ) (min{a"(S,v),d” (v)} + min{a"(S,v),d" (v)}), (5.21)

veV

M = ) (d (v)+dt ).

veV

Then similarly to the cases above, the source location problem with vertex-
connectivity requirements £ can be formulated as (5.2). Thus it remains to
show that f:2Y — R, is monotone submodular.

Lemma 5.3 A function f defined by (5.21) is monotone and submodular.
Proof. Recall that #7(S,v) and 4T (v, S) can be represented by

R (S,v) = min{{N~-(W)||veW CV\S},
£T(0,8) = min{|[NT(W)||ve W CV\S}

for S CV and v € V (see Lemma 2.1 (iii)). This immediately implies that f
is monotone. We next show that 47 (5,v) (v € V) is submodular in §, i.e.,

£ (S1,0) + & (So,v) > A(S1NSa,0) + (S U Sa,v)

holds for any two sets S1,5 C V.
For two sets S1,59 C V and a vertex v € V, let W;, i = 1,2 be sets that

satisfy
veW;, CV\S;, and & (S;v)=|N"(W;).

Since [N~ (+)| is submodular, we have

ET(S1,v) + A7 (S2,0) = [INT (W) + [N~ (Wy)]
INT (W1 0N Wa)| + [N~ (W U W2

>
> &7 (S, U S, v) 4+ &7 (S1 N Sa,v),

where the last inequality follows from Wi N Wy C V'\ (S1USy), Wi UW, C
V\ (51 N SQ), and Wi N Wy, Wy U W5 3 w.

Similarly, we can prove the submodularity of #7(S,v). This completes
the proof. O

By Lemmas 5.1, 5.2 and 5.3, it is proved that the (extended) source
location problems can be formulated as the submodular cover problems.
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5.3 An Approximation Algorithm for Submodular Cover
Problem

In this section, we propose a simple greedy algorithm for the submodular
cover problem defined in Section 5.1.

The algorithm starts with x = 0 and repeatedly increases x until it
becomes a feasible solution for the problem. For z € RY, v € V, and
d(>0), let

cy(x(v) +9) — cp(z(v))
f(x'+’6Xb) _'f(x) ’

where x, is the vth unit vector, i.e., x,(w) = 1 if w = v, and 0 otherwise.
Note that each = with f(x) < M has v € V and 6 (> 0) such that the
denominator in (5.22) is positive, if f(y) > M for some y, which follows
from the monotonicity and the submodularity of f. In each iteration, it
finds an element v* € V and positive real §* > 0 that is the most cost-
effective, i.e., that attains

gm(v;é)

(5.22)

gz (v*;6%) = venvl}(go{gx(v;é)h (5.23)

where we assume the existence of the minimum in (5.23).
This algorithm is formally described as follows.

Algorithm GREEDY_SC

Input: A finite set V', a monotone submodular function f : RK — Ry,
monotone concave cost functions ¢, : Ry — Ry (v € V), and a real
M (> 0).
/* Let us assume that f(0) =0 and f(z) < M for all z € RY */

Output: A feasible solution = € RK for Problem SC.
Step 0. z(v) :=0for all v e V.

Step 1. While f(z) < M do
(I) Find an element v* € V and a real §* > 0 that satisfies (5.23).
(IT) z(v*) := z(v*) + &*.

Step 2. Output x and halt. O

We remark that, even if v* € V and §* > 0 always exist in Step 1, the
algorithm might not halt in general since for v* and ¢* in Step 1, f(z +
0*xv+) — f(x) might be f(z + 6*x+) — f(z) — 40, and hence infinitely
many iterations are necessary to attain f(z) = M.

However, this does not occur for many problem instances, including the
ones constructed from the (extended) source location problems. As for the
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integral version of the problem, we modify algorithm GREEDY_SC by re-
placing “ a real §* > 07 in Step 1 with “ an integer §* > 0 ”.

We show that the algorithm given above computes a feasible solution
of problem SC with a ratio of (1 4+ In(M/¢)) if v* and 6* in Step 1 always
satisfy f(x + 0*xy+) — f(x) > € for some positive real € > 0.

For a given instance of the submodular cover problem, let OPT be the
minimum cost and let 2(P) denote the vector obtained by the pth iteration of
GRrEEDY_SC (e.g., (%) = 0). Suppose that GREEDY_SC chooses an element
v € V and areal §%) > 0 at the tth iteration (i.e. $(p+1) =z )+5(p)x ®))-
Let price(k) = g, (v;6) for every real k>0 w1th fx®) <k < f(a:(p+1))
Note that, by the definition of price(k), fo price(k)dk is equal to the cost
of the solution which GREEDY_SC outputs. Then we have the following
lemma.

Lemma 5.4 price(k) < % holds for any k with 0 < k < M.

Proof. Let us arbitrarily take an optimal solution z*. We denote {v1,---, vy}
= {v eV |zP(v) < z*(v)}. Let & = x*(v;) — 2P (v;) and z; = ;1 + F; X,

(i =1,---,0) with g = 2. We remark that x, is a feasible solution for

the problem instance. Since ¢, (v € V') is nonnegative, we have

OPT

>ch v;)

> Z(Cvi (@ie1(vi) +0i) — v, (wi1(v:)))

i=1

¢
Ny (el (@) +8) —en (@i () s
a ZZ:; < flxiz+ 51')(%.) — f(zi1) (f( i—1 7+ 6ZX'UZ‘) f( z—l))) (5.24)

It clearly holds that

Ti—1 A (w0 + 0ixy;) =20 and  xi—1 V (2o + diXe;) = Ti-1 + diXu;
foralli=1,---,¢. Hence, by the submodularity of f, we have
f(@o + dixv,) — f(@o) = fmim1 + dixw,) — f(wiz1). (5.25)
From (5.24) and (5.25),

o, (Tim1(v3) + 6;) — e, (i1 (vi)) ‘ ' _ ta
ort= Z( f(o + dixw,) — f(zo) (Flmis 4+ 8o) = £ H))>

= Z 9o (035 00) (f (i1 + dixw,) — f(wi1))
=1
> g, (07:00)) (M = f@)) (5.26)
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where the equality follows from z® (v;) = x;_1(v;) and z®) = g, and the
last inequality follows from the optimal choice of algorithm GREEDY_SC,
and

)4
D (f@ioa +dixe,) = f(wio1)) = flxe) = f(zo).
i=1
Hence price(k) (= g m (v®);6P)) < % holds, since M — f(z®) > M —k
holds for any k with f(z®) < k < f(z®+D). O

We are now ready to show the following theorem for the approximation
ratio of GREEDY_SC.

Theorem 5.5 Let € be a nonnegative real such that v* and §* in Step 1
always satisfy f(x + 6*xy+) — f(x) > €. Then GREEDY_SC computes a
solution whose cost is at most (1 +In %) times OPT. Moreover, it is poly-
nomial if

(i) v* and 0* in Step 1 can be computed in polynomial time, and

(ii) the number of iterations is bounded by a polynomial in the input size.

Proof. Since the second statement is easily shown, we only prove the first
statement. From the discussion before Lemma 5.4, the cost of a solution
computed by GREEDY_SC is equal to fOM price(k) dk. By Lemma 5.4, we
have price(k) < % for k < M — e. Moreover, since v* and ¢* in Step 1
always satisfy f(z+ 6*x+) — f(x) > ¢, (5.26) implies

OPT
€

price(k) = price(M —¢) <

for any k£ > M — . Hence, we have

M-k

OPT /M —€ OPT
_l’_
€ 0

M M
/ price(k)dk < e - dk = <1 +1In ?> OPT.
0

O

As for the integral version, we have the following theorem. Here H (k) =
S | 1/k is the kth harmonic number, which is bounded by 1+ In k.

Theorem 5.6 GREEDY_SC computes a solution whose cost is at most H
(M) times OPT. Moreover, it is polynomial if

(i) v* and 0* in Step 1 can be computed in polynomial time, and

(ii) the number of iterations is bounded by a polynomial in the input size.
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Proof. This follows from ¢ > 1. O

In the next section, we show the conditions in Theorems 5.5 and 5.6
hold for the extended source location problems. Namely, we show that
the extended source location problems are (1 +1n)", .\ (d~(v) + d*(v)))-
approximable in polynomial time.

5.4 Applying a Greedy Algorithm to the Source Location
Problems

This section applies algorithm GREEDY_SC to the extended source location
problems. Let us first consider the problem with arc-connectivity require-
ments .

Recall that the denominator of g, (v;d) is given by

f(x+0x0)—f(7)
— Z (min{A™ (z + dxp; w),d ™ (w)} + min{A* (2 + dxo; w), d* (w)})
weV

- Z (min{A™ (z;w),d” (w)} + min{\* (z;w), d* (w)})

weV

= Z (min{A™ (@ + dxp; w),d” (w)} — min{ A~ (z;w),d” (w)})

weV
+ Z (min{A" (z + dxv; w), d¥ (w)} — min{ AT (z;w),d* (w)}) .
weV
We first show that this denominator has the following properties.

Lemma 5.7 For avectorx € RY, f(x+0x,)—f(x) is concave and piecewise
linear in 6. Moreover, the number of line segments is at most 2n + 1.

Proof. For a vertex w € V, let

Ap(0) = min{\" (z + dxp;w),d” (W)} — min{\™ (z;w),d” (w)}, (5.27)

ty = min{min{u~ (W)+z(W)|lweW CV \ {v}},d (w)}
—min{\" (z;w),d” (w)}.
)

Then since A~ (z;w) = min{u™ (W) +z(W) | w € W C V}, A\;;(0) is given
by

1) if 0 < py,
ey Otherwise.

Ao(0) = { (5.28)

Similarly, if we define
AL(6) = min{\T(z + dxp;w), d (w)} — min{ AT (z;w),d" (w)},
vy = min{min{uT(W)+z(W) |lweWCV \ {v}},d" (w)}
—min{\" (z;w),d" (w)},
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we have

0 if 0 < vy,
v, otherwise.

AH(8) = { (5.29)

Note that each A is concave and consists of at most two linear segments.
Since f(xz+4dxy) — f(x) = > ey (Ap(0) + A5 (6)), it is concave and consists
of at most 2n + 1 line segments. O

Lemma 5.8 For a vector x € RK, flx+ 0xy) — f(xz) can be computed in
polynomial time.

Proof. From (5.28) and (5.29), we can see that the set of breakpoints in
flz+dxn) — f(x) is {pbw, v | w € V'}. Moreover, p,, and v, can be obtained
by computing maximum (s, w)- and (w, s)-flow in the network obtained from
N* given in (4.3) by identifying s with v. This completes the proof. O

Lemma 5.9 For a vertex v € V and a real x € RK,

Igli(r)lgx(v;é) = min{ g, (v; i), 92 (V; V) | pws vy > 0,w € V}. (5.30)
>

Proof. Recall that

co(xz(v) +9) — cp(z(v))
f(x+6Xv)_f(x) ‘

Since ¢, is monotone and concave, so is the numerator of g, (v;J). Moreover
the denominator is piecewise linear and concave. Thus the lemma follows.
More precisely, let d;, ¢ = 1,---,¢ be positive reals such that d; < d;41,
i=1,--,0—Tand {6; |i=1,- -, 4} = {ftw,vw > 0| w € V}. Then from
Lemma 5.8, we can assume that f(x + dx,) — f(z) can be described by

gr(v; 5)

;0 + 5; if 0,1 <6<6;,i=1,---,¢,
f(x+ 6x0) — f(2) { b !

ap10 + Beyr if 0p <6,

where g = 0, a1 > -+ > Olpiq (Z 0), 0O1 (Z 0) < - < ﬂg+1 and «oy;d; +
Bi = aj+10; + Piy1 for i = 1,--- 0. It is easy to see that g,(v;dy) =
ming>s, g-(v; 9), since a1 = 0 and ¢, (z(v) + ) — cy(x(v)) is monotone.
We show that

9z (v;01) = Ogiglélgx(v;é) and
min{g (v; 0i-1), o (v 61)} = m<i§1<69m(v;5) (i=2,---,0).
1—1 004
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co(z(v) + ;) — ep(z(v) + di—1)

= D =0
b — (co(@(v) + 6i—1) — co(@(v))) 6 — (co(2(v) + 6;) — co(x(v))) b1
L 0i — 0i—1 ’

where we note that k; = 0. Then we have

hido +k < CU(IL’(”U) + 5) — CU(J}(U)) if §,_1<d< 52'7

hid+k = co(w(v)+0) —ep(x(v) if 6=0i1,0;, (5:31)
since ¢, is concave. Hence it holds that
cp(2(v) +0) — ¢p(z(v)) S hi o + ki
fl@+oxy) = flx) = b+
_ h . aiki — hif3; (5.32)

i i+ i)
for 6,1 < § < ;. Since o; > 0 and §B; >0 for ¢ =1,---,¢, §;_1 attains the
minimum of (5.32) for a real § such that §;—1 < § < §; if a;k; — h;3; < 0,
and 0; attains the minimum if a;k; — h;3; > 0. This, together with (5.31),
implies that d;_1 or ¢; attains the minimum of g,(v;d) for 6,1 < 0 < §;
(i =2,---,¢), and 9; attains a minimum of g,(v;d) for 0 < 6 < &7, where
the second sentence follows from k1 = 0. This proves the lemma. O

Lemmas 5.8 and 5.9 imply the following result.

Lemma 5.10 For the extended source location problem with arc-connectivity
requirements A, each iteration of Step 1 in GREEDY_SC computes an ele-
ment v* € V and a real 6* > 0 that satisfy (5.23) in polynomial time.

Let us assume that v* and ¢* are chosen in some iteration of Step 1 in
GREEDY_SC. Then the number of line segments of f(x + dx,) — f(x)
decreases at least one. Since we have at most 2n + 1 line segments of
flz+dxy) — f(x), v € V, the following lemma follows.

Lemma 5.11 For the extended source location problem with arc-connectivity
requirements A, GREEDY_SC requires at most n(2n + 1) iterations.

Theorem 5.12 For the extended source location problem with arc-connectivity
requirements A, GREEDY_SC computes in polynomial time a feasible solu-
tion whose cost is at most 1 +1ny" oy, (d~(v) +d*(v)) times the optimal
cost if d—, dT and u are integral.

Proof. The polynomiality of GREEDY_SC follows from Theorem 5.5 and
Lemmas 5.10 and 5.11. Since u,, and v, are integers if d~, d™ and u are
integral, we have £ > 1 in Theorem 5.5, and hence the approximation ratio
is at most 1+1Ind", o\ (d~(v) +d¥(v)). O
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It follows from the discussion above that the integral version of the ex-
tended source location problem is also solvable.

Theorem 5.13 For the integral version of the extended source location prob-

lem with arc-connectivity requirements A, GREEDY_SC computes in polyno-

mial time a feasible solution whose cost is at most 1+In Y~ -y, (d~(v) + d*(v))
times the optimal cost if d=, d¥ and u are integral.

Let us move to the problem with vertex-connectivity requirements k.
Let

fy = min{min{|{N~(W)|+z(WUN~-(W))|weW CV,

vgWUN- (W)} d (w)} —min{k™ (z;w),d (w)}
vy = min{min{|NtT(W)|+2(WUNT(W))|weW CV,

vg WUNTW)},dH(w)} — min{sx*(z;w),d" (w)}.

Then for vertex-connectivity requirements x, we have results similar to the
ones in Lemmas 5.7 ~ 5.11. For example, u,, and v, can respectively be
obtained in polynomial time by computing maximum (s,w’)- and (w”, s)-
flows in the network obtained from N* given in (4.7) by identifying s with
.

Theorem 5.14 For (the integral version of ) the extended source location
problem with vertex-connectivity requirements x, GREEDY_SC computes in
polynomial time a feasible solution whose cost is at most 1+In Y\ (d™ (v)+
d* (v)) times the optimal cost if d~ and dt are integral.

Similarly, the extended source location problem with £ is approximable.
As a corollary, we have the following result, where it can also be obtained
by formulating the problems as submodular set cover problems.

Corollary 5.15 For the source location problems with vertex-connectivity
requirements k and &, GREEDY_SC computes in polynomial time a feasible
solution whose cost is at most k + 2Inn times the optimal cost, where k =
1+1n2.

Proof. This follows from d~(v), d*(v) < n. O

6 Conclusion

In this paper, we have considered the source location problems and their
generalizations. We have showed that the source location problem with
edge-connectivity requirements in undirected networks is strongly NP-hard,
which solves an open problem posed by Arata et al. [2], and that there exists
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a constant ¢ such that no source location problems with three connectivity
requirements in undirected/directed networks are approximable within a
ratio of ¢In D, unless every problem in NP has an O(N'°81°6 V)_time deter-
ministic algorithm. Here D denotes the sum of given demands. We have also
proposed (1 + In D)-approximation algorithms for all the extended source
location problems if we have the integral capacity and demand functions.
By combining our negative results, this shows that our approximation algo-
rithms for all the problems are optimal.
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