MATHEMATICAL ENGINEERING
TECHNICAL REPORTS

Error Estimates with Explicit Constants
for Sinc Approximation, Sinc Quadrature
and Sinc Indefinite Integration

Tomoaki OKAYAMA, Takayasu MATSUO,
Masaaki SUGIHARA

METR 2009-01 January 2009

DEPARTMENT OF MATHEMATICAL INFORMATICS
GRADUATE SCHOOL OF INFORMATION SCIENCE AND TECHNOLOGY
THE UNIVERSITY OF TOKYO
BUNKYO-KU, TOKYO 113-8656, JAPAN

WWW page: http://www.keisu.t.u-tokyo.ac.jp/research/techrep/index.html



The METR technical reports are published as a means to ensure timely dissemination of
scholarly and technical work on a non-commercial basis. Copyright and all rights therein
are maintained by the authors or by other copyright holders, notwithstanding that they
have offered their works here electronically. It is understood that all persons copying this
information will adhere to the terms and constraints invoked by each author’s copyright.
These works may not be reposted without the explicit permission of the copyright holder.



Error Estimates with Explicit Constants
for Sinc Approximation, Sinc Quadrature
and Sinc Indefinite Integration

Tomoaki OKAYAMA*, Takayasu MATSUOT, Masaaki SUGIHARA?

Department of Mathematical Informatics
Graduate School of Information Science and Technology
The University of Tokyo

*Tomoaki_Okayama@mist.i.u-tokyo.ac.jp,
"matsuo@mist.i.u-tokyo.ac.jp,
in_ sugihara@mist.i.u-tokyo.ac.jp

January 2009

Abstract

Error estimates with explicit constants are given for approximations of functions, defi-
nite integrals and indefinite integrals by means of the Sinc approximation. Although in the
literature various estimates have already been given for these approximations, they were
basically for examining the rates of convergence, and several constants were left unevalu-
ated. Giving more explicit estimates, i.e., evaluating these constants is of great practical
importance, since by which we can reinforce the useful formulas with the concept of “veri-
fied numerical computations.” We also improve some formulas themselves to decrease their
computational costs. Numerical examples that confirm the theory are also given.

1 Introduction

The Sinc approrimation on the whole real line is expressed as

n

F(z)~ Y F(jh)S(j,h)(x), z€R, (1.1)

j=-n
where S(7, h)(x) is the so-called Sinc function defined by

sin[m(x/h — j)]
m(x/h—j)

and h is a mesh size appropriately selected depending on n. A variety of approximation formulas
are derived from the Sinc approximation. For example, the Sinc quadrature for the integral on

S, h)(z) =



(—00, 00) is derived by integrating both sides of (1.1):

/_OO F(z)dz ~ /_oo S PGRSG R @) § de=h Y F(ih), (1.2)

which coincides with the (truncated) trapezoidal formula. Here the relation [*°_S(j, h)(z)dz =
h is used. Another example is the Sinc indefinite integration expressed as

n n

| Fodox [ 33 FGSGME) | do= 30 FGRIGHE,  (13)
—00 -0 | j=—n j=—n
where the basis function J(j, h)(x) is computed via the sine integral Si(z) = [ {sin(c)/c} do:

1G1)(@) =1 {5+ 2 Sifn(o/n - ]} (1.4

Other examples include Sinc indefinite convolution, Harmonic-Sinc approximation, approxima-
tion of derivatives, approximation of Hilbert and Cauchy transforms, and approximation of
inversion of Fourier and Laplace transforms (see, for example, Stenger [20,21]).

When the target interval is finite, say (a, b), variable transformations are utilized. The most
frequently-used transformation has been the Single-Exponential (SE) transformation [20,21],
while recently a stronger transformation, called the Double-Exponential (DE) transformation
has been introduced [8,25]. Under these transformations, some approximation formulas de-
scribed above have been proved to enjoy exponential accuracy. For example, let us consider the
Sinc approximation of a function f with the SE transformation, which we denote fsg gim. here.
The error of the approximation can be estimated as (Stenger [20,21]):

sup ’f(t) — fsmsinc(t )‘ < Cyne” ﬂd’m (1.5)

te(a, b)

where d and p are characteristic constants of f, and C' is an “implicit” constant that does not
depend on n, but can depend on other parameters in the scheme. If the DE transformation is
used instead, the approximate function fpp.gi. enjoys the faster convergence [27]:

Sup |f(t) - fDE—Sinc(t)| S Ceiﬂ-dn/ log(2dn/,u)' (16)
te(a,b)

Again, C is an implicit constant that at least does not depend on n. In either case, the fast
convergence properties encouraged many authors to develop numerical schemes for a variety of
problems, such as Fredholm integral equations [11,15,16], Volterra integral equations [11,17],
initial value problems of ordinary differential equations [3,12], boundary value problems of
second-order ordinary differential equations [2,19,23], and boundary value problems of fourth-
order ordinary differential equations [9,13,18]. As a consequence, today such Sinc schemes
(often grouped as the Sinc methods) are considered to be one of the most useful numerical
methods that can apply to a wide range of problems.

The main aim of the present paper is to give more explicit error estimates than the existing
estimates mentioned above, by clarifying the explicit forms of the constant C’s. The reason of
this is that in order to reinforce the promising schemes with the idea of verified numerical com-
putation, which is a modern tool to design reliable and practical numerical libraries, estimates



must be given without any ambiguity. See, for example, Corliss—Rall [4], Eiermann [5] and
Petras [14] for numerical integration with guaranteed accuracy, where the errors of quadrature
rules (such as Newton-Cotes or Gaussian formulas) have been estimated by strict inequalities
with explicit constants. In other words, the existing estimates for the Sinc formulas are perfect
in that they successfully reveal the convergence rates (note that the constant C’s above are
proved to be independent of n), but if we hope to know the quantity of the errors exactly, more
explicit estimates are desired. Giving the sharp estimates of the constant C’s is actually not
an easy task, especially in the case of the DE transformation. In this project, we show esti-
mates of the constant C’s with explicit forms, concentrating on the approximation formulas for
functions (1.1), definite integrals (1.2), and indefinite integrals (1.3), since they can be handled
alike. In the case of indefinite integrals, we not only give the explicit constants, but also show
that the existing estimates of the convergence rates can be improved.

As a second, subsidiary aim, we also improve some of the existing schemes themselves to
reduce their computational cost. Recall that the original Sinc sampling formula is defined as

an infinite sum, i.e.
o

F(z)~ Y F(jh)S(j,h)(x), z€R, (1.7)

j=—o00

which is then truncated in the formula (1.1) assuming that |F(x)| decays sufficiently fast as
z — £oo. In the existing schemes, the truncation is always done symmetrically; i.e., >.°  is
approximated by Y " = for some n. In this case the number of evaluation points of F' is 2n + 1.
It is, however, obviously not optimal when function’s decay rates as * — —oo and £ — oo are
different. Suppose, for example, it is known that the function decays faster as © — —oo than
as ¢ — 0o. Then it should make sense to choose some M < n and modify the formula (1.1) as

n

F(z)~ Y F(jh)S(,h)(x), z€R, (1.8)
j=—M

which obviously reduces the cost to M +n + 1 (< 2n + 1). The usefulness of the form (1.8)
has been pointed out by Stenger [20,21] for some limited range of formulas. We extend this to
other formulas covered in the present paper.

The organization of this paper is as follows. The main estimate results are stated in Section 2.
For readers’ convenience, we also briefly review conventional error analyses here. Then in
Section 3 several numerical results are shown to confirm the theory. The proofs of the main
theorems are left to Section 4. Section 5 is devoted to the conclusions.

2 Conventional and new error analyses for Sinc approximation,
Sinc quadrature and Sinc indefinite integration

We first describe approximation formulas incorporated with variable transformations, and then
summarize the conventional and new error analyses.



2.1 SE-Sinc approximation, SE-Sinc quadrature and SE-Sinc indefinite inte-
gration

The SE transformation is defined by

b—a T b+ a
t = sp(x) = 5 tanh(§>+ 5

and its inverse is expressed as

v = b () = log (ij‘;).

The SE transformation maps x € R into ¢ € (a, b). Thus by considering F(z) = f(¢sp(x))
in (1.8), we can apply the Sinc approximation (1.8) to a function f(¢) defined on a finite
interval (a, b):

N

f@se(@) ~ > f(se(ih)SG, M) (), x€R.

j=—M

Since t = g (), this approximation is equivalent to

N
ft) = Z F(Wsu(7R))S (5, h) (V&g (1), t € (a, b). (2.1)

Jj=—M

How the upper and lower bounds of the summation, N and M, are determined will be discussed
later. We call this approximation the SE-Sinc approximation. Similarly, the SE transformation
can be utilized for definite integration (1.2) and indefinite integration (1.3) as follows:

N

b 00
[ t@a= [ pus@)itu@de = b S fselin)h), (2.2)

—i
N

L

t Yg (1)
/ f(s)ds = /_ F@sn(0))hu(o)do~ > fthsu(3h) 05 (1R)T (3, h) (P (1)) (2.3)

j=—M

We call these approximations the SE-Sinc quadrature and the SE-Sinc indefinite integration,
respectively. Note that, as for indefinite integration, there is another type of formulas [6,7,20]
where the Sinc function S(j,h) is employed as a basis function, instead of J(j,h). In the
present paper, however, we will not get into them but focus solely on (2.3), since the other type
is nothing but the combination of (2.1) and (2.3), and thus can be analyzed in a like manner.

2.2 DE-Sinc approximation, DE-Sinc quadrature and DE-Sinc indefinite in-
tegration

Recently it has turned out that replacing the SE transformation with the DFE transformation
accelerates the convergence rate of the Sinc schemes in many cases [8,25]; in fact, certain



optimality has been proved [22,24]. The DE transformation and its inverse are

b+
t = o (z) = —

1 z—a 1 z—a\)?
— 1 _ - -
x =Py (t) =log 7r10g<b—z)+\/1+{7r10g<b—z>}

The DE transformation maps the whole real line R onto a finite interval (a, b), like as the SE
transformation. Hence, in a similar manner, the following formulas can be obtained:

b—a

tanh (% sinh(a:)) +

N
DE-Sinc approximation: ft) =~ Z f(pr(jh))S(J, h)(ngl(t))a (2.4)
j=—M
b J N
DE-Sinc quadrature: / F@)ydt = Y f(Wor(ih)vhs(ih), (2.5)
a j=—M

N
DE-Sinc indefinite integration: /t f(s)ds =~ Z f(Wos(Gh) WL (iR)J (G, ) (Yoi (t). (2.6)
a =M

Like in the SE-Sinc case, there is another formula for indefinite integration [26]; but in the
present paper (from the same reason as above) we focus on (2.6).
2.3 Function space

In order that the formulas above work accurately, the transformed function by the SE transfor-
mation or the DE transformation should be analytic and bounded on some strip domain,

Pq={Ce€C:|Im(| < d},
for a positive constant d. To be more specific, we introduce the following function space.

Definition 2.1. Let Z be a simply-connected domain which satisfies (a, b) C Z, and let K, «, 3
be positive constants. Then Ly o 3(Z) denotes the family of all functions f that are analytic
on 7, and satisfy for all z in Z the condition that

1f(2)] < K|Qa,p(2)];
where Q, 5(2) = (z — a)¥(b — z)P. For simplicity, we write Q1.1(2) as Q(2).
In what follows, 9 is either 1)s(Zy) or V¥pe(Z4), where

zZ—a
— d
1 zZ—a 1 z—a\)?
Ypp(Zy) = 2€C:larg |[—log| —— | +1/1+ < —log <d
T b—z T b—z

We here would like to emphasize that in the new theorems given below, estimates will be given
explicitly using only the known parameters regarding the function space: i.e., K, «, 3, d, and
b—a.

Vsu(Za) = {Z €C:




2.4 Error analyses for the SE-Sinc case: existing and new results

As for the convergence rate of the SE-Sinc approximation (2.1), the next theorem has been
known.

Theorem 2.2 (Stenger [20, Theorem 4.2.5]). Let f € Lg o 3(¢se(%q)) for d with 0 < d < 7.
Let 4 = min{«, 5}, n be a positive integer, and h be selected by the formula

h = s (2.7)

Furthermore, let M and N be positive integers defined by

N=n, M=[Bn/a]l (i u=5) |
respectively. Then there exists a constant C' independent of n such that
N
sup Z (s (h))S (G, h) (g (1)| < C/memVam, (2.9)

te(a, b)

Although it successfully reveals the fundamental convergence property, the constant C
n (2.9) is left unestimated except the fact that it is independent of n. It is indispensable,
however, to know its concrete form when we hope to guarantee the accuracy of the approxima-
tion. In this paper, we give the constant explicitly below.

Theorem 2.3. Assume that the assumptions of Theorem 2.2 are fulfilled. Then the inequal-
ity (2.9) holds with

_ 2K(b—a)*P 2 i
¢= 0 md(1 — e~2Vmdi){cos(d/2)}o+P + \/;} ’

Note that the constant C' here depends only on K, «, 8, d, and b — a, which are all known
from the assumptions.
For the SE-Sinc quadrature (2.2), an estimate has been again given by Stenger [20].

Theorem 2.4 (Stenger [20, Theorem 4.2.6]). Let fQ € Lg  3(¢se(Zq)) for d with 0 < d < 7.
Let = min{«, (8}, n be a positive integer, and h be selected by the formula

2
L (2.10)
L

Furthermore, let M and N be positive integers defined by (2.8). Then there exists a constant
C independent of n such that

/ FOd—h S FanGh) iy < C eV, (2.11)
Ry



Again, the constant C' in (2.11) is not given explicitly in the above theorem. We give its
concrete form below.

Theorem 2.5. Assume that the assumptions of Theorem 2.4 are fulfilled. Then the inequal-
ity (2.11) holds with

2K (b — a)*t8-1 2
(b—a) 1

¢= " (1 — e~VZidi){cos(d/2)}e+h ]

Remark 1. Beighton-Noble [1] have given an error estimate for the (modified) SE-Sinc quadra-
ture, but its convergence rate has been polynomial with respect to h. This is because the Euler—
Maclaurin summation formula has been used in their analysis. In the present paper, the error
is analyzed based on Stenger’s [20] idea, and the exponential convergence rate is guaranteed.

The error analysis of the SE-Sinc indefinite integration (2.3) has been given by Haber [6],
only in the case M = N.

Theorem 2.6 (Haber [6, Theorem 2]). Let fQ € Lk, (¥se(Zq)) for d with 0 < d < 7. Let
n be a positive integer, and h be selected by the formula (2.7). Then there exists a constant C'
independent of n such that

sup / f(S)dS— Z f(wsE(]h))wéE(jh)J(]’h)(ngl(t)) SC\/ﬁe*\/TTlm‘

te(a’ b) j=—n

We improve this analysis as follows.

Theorem 2.7. Let fQ € Lk o 3(¢ss(Z4)) for d with 0 < d < w. Let p = min{c, B}, n be a
positive integer, and h be selected by the formula (2.7). Furthermore, let M and N be positive
integers defined by (2.8). Then it follows that

t N
sup) / f(s)ds — Z f(su(Fh)) Vs (GR) T (4, h) (s () < o VAdin,
¢ j=—M

te(a,b

where
2K (b — a)*+h-1
I

C =

1 wd
d(1 — e=2vmdu){cos(d/2)}o+h \/: T

Notice the differences between Theorem 2.6 and Theorem 2.7; the latter not only reveals
the concrete form of the constant C, but also gives a sharper rate of convergence (notice y/n is
now removed). It also adapts the optimal formula where the truncation is done at M and N
with (generally) M # N.

2.5 Error analyses for the DE-Sinc case: existing and new results

Next we describe the results for the DE-Sinc cases. First, we would like to emphasize that
all the existing schemes and analyses have been given only in the case M = N. In the new
theorems below, however, we cover the optimal cases M # N.

The convergence rate of the DE-Sinc approximation (2.4) can be observed by the next
theorem, which is faster than the SE-Sinc case.



Theorem 2.8 (Tanaka et al. [27, Theorem 3.1]). Let f € Lg . ,(¥or(Z4)) for d with 0 < d <
/2. Let n be a positive integer with n > p/(2d), and h be selected by the formula

h= WZ"/M). (2.12)

Then there exists a constant C' independent of n such that

sup [F(t) = Y f(or(ih))S( h) (ni (1))] < € 7/ los2dn/n),

te(av b) j=—n

We improve the estimate as follows:

Theorem 2.9. Let f € Lk o 3(¢pr(Zq)) for d with 0 < d < 7/2. Let p = min{a, 8}, v =
max{a, 5}, n be a positive integer with n > (ve)/(2d), and h be selected by the formula (2.12).
Furthermore, let M and N be positive integers defined by

{M =n, N=n-—log(B/a)/h]  (if p=a) (2.13)

N=n, M=n-llogla/B)/h] (if u=7)

respectively. Then it follows that

N
. . — C Zv| ,—mdn/lo n
sup |f(1) = > fWhou(ih)S(,h) (ps (1)] < Cy T e Q_M + pesv| ommdn/ los(2dn/)
te(a»b) ]:—M - ¢
where the constants C; and Cy are defined by
2K (b — a)**h

= 7 2.14

Cl Wdﬂ ) ( )
2

Cy = (2.15)

meos®tA( sind) cosd’

Remark 2. One may notice that the conditions on n are different between Theorem 2.8 and
Theorem 2.9. The condition n > u/(2d) (in Theorem 2.8) is needed to assure the positiveness of
the mesh size h. In Theorem 2.9, it is rewritten as n > (v e)/(2d); this is because of the following
reasons. Firstly, in order to modify the scheme itself so that it allows optimal truncation with
M and N, we need n > v/(2d) to assure the positiveness of M and N in (2.13). Secondly, with
the condition n > v/(2d), it is not possible to evaluate the maximum of 1/log(2dn/u), which
is included in the constant (see (4.4) in the proof). In order to establish explicit estimates, we
further would like to relax the condition to n > (ve)/(2d), which still seems reasonable, and
then the term can be simply estimated as 1/log(2dn/u) < 1/log(2dn/v) < 1/log(e) = 1.

For the DE-Sinc quadrature (2.5), the next error analysis has been given.

Theorem 2.10 (Tanaka et al. [28, Theorem 3.1]). Let fQ € Lk, ,.(¢Ypr(Z4)) for d with
0 < d < m/2. Let n be a positive integer with n > p/(4d), and h be selected by the formula

b= log(4dn/p)‘

n

(2.16)



Then there exists a constant C' independent of n such that

/ f dt h Z f Ypg Jh))i/)DE(]h) <Ce” 2Trdn/log(4dn/”)

j=—n
We refine the result as follows.

Theorem 2.11. Let fQ € Lg o 3(¢pe(Z4)) for d with 0 < d < 7/2. Let p = min{e, f}, v =
max{a, §}, n be a positive integer with n > (ve)/(4d), and h be selected by the formula (2.16).
Furthermore, let M and N be positive integers defined by (2.13). Then it follows that

/ f dt— h Z f wDE Jh))wDE(]h) < C’ C’27r + e%u 6727rcln/10g(4dn/,u)7
iy 1— e 2#°
where the constants él and 62 are defined by
. _ \a+p-1
¢ = Hb—a) , (2.17)
7
~ 2

= 2.18
cos®tP(Z sind) cosd’ (2.18)
The DE-Sinc indefinite integration (2.6) has been proposed by Muhammad—Mori [10], where
a rough convergence analysis has also been discussed. We present here their results as a theorem
by clarifying mathematical assumptions.

Theorem 2.12 (Muhammad-Mori [10]). Let fQ € Lk, ,(¥pe(Zaq)) for d with 0 < d < /2.
Let p/ = pp— e for € with 0 < € < p, n be a positive integer with n > p’/(2d), and h be selected
by the formula
, - log(2dn/u)
= m )
Then there exists a constant C' independent of n such that

sup / f(s)ds — Z F (or(3)) e (10) (5, b) (i (1) | < € @™/ Tosl2dn/i),

te(a, b) j=—n

By modifying the scheme and clarifying the concrete form of constants, we give a more
explicit estimate, and additionally obtain a sharper rate of convergence as follows.

Theorem 2.13. Let fQ € Lg o 3(¢pe(Z4)) for d with 0 < d < 7/2. Let p = min{e, f}, v =
max{a, (}, n be a positive integer with n > (ve)/(2d), and h be selected by the formula (2.12).
Furthermore, let M and N be positive integers defined by (2.13). Then it follows that

sup / £(s)ds — Z F (Gow (1)) Was ()T (i, B) (U5 (1)

te(a,b)
< ﬁ @# + e5(@+8) log(2dn/p) o—dn/ log(2dn/u)
= d | 21— e e n ’

where the constants C; and Cy are defined by (2.17) and (2.18), respectively.



3 Numerical examples

In this section, we present numerical results that confirm the estimates for the six approxima-
tions: (2.1)—(2.6). All programs are written in C with double-precision floating-point arithmetic,
and GNU Scientific Library is used for computing the sine integral function in (1.4). We set
the interval (a, b) to (—1, 1), and consider test problems below.

Example 1 (approximation of a function). Consider the function
filt) = L+ )21+ 02 (1 - 1),
This function is analytic on the domain ¥sp(Z;/2) and ¥pe(Zy/6), and satisfies
()] < 201+ 2|21 — 2P,
for all z € Ysp(Zy/2) and z € Ypp(Zx/6)-

Example 2 (approximation of a definite integral). Consider the function
1 N —1/2
fa(t) = 51+ %) +§(1+t) ; (3.1)

and its definite integral on (—1, 1):

/_11 f2(t)dt = % {2 arcsinh(1) + 3\/5} .

The function f5 is analytic on the domain ss(Zy/2) and ¥pr(Z,/6), and satisfies

h(2)Q() < (23/4+ ;) 14221 |1,

for all z S ¢SE(-@71’/2) and z € wDE(gﬂ'/G)'

Example 3 (approximation of an indefinite integral). Consider the function fs of (3.1) again,
and its indefinite integral on (—1, 1):

t
/ fals)ds = i {21/2 F (14 0Y2 441+ )2 1 arcsinh(1) + arcsinh(t)} .
-1

Figure 1 and 2 show the results for Example 1. Since fi € L o (%se(Z4)) with K = 2, o =
1/2, 3 =3/4,d=m/2, and also fi € Lk o g(¥pr(%4)) with K =2, « =1/2, 3 =3/4,d=7/6,
we can apply Theorem 2.3 and Theorem 2.9 to estimate the approximation errors; the estimated
maximum error is plotted as the dotted lines in the figures. The actual numerical error is checked
on 1999 equally-spaced points, i.e. ¢ = —0.999, ..., 0.001, 0, 0.001, ..., 0.999, and plotted as
the solid line with + points. We can see that the estimate surely bounds the actual errors from
above in both figures. Similarly, Figure 3 and 4 show the results for Example 2, and Figure 5
and 6 for Example 3. In both problems, the estimates are in fact sharp upper bounds of the
actual error, when the effects of rounding errors are negligible.

10
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4 Proofs

In this section, we give proofs for the six new theorems above. Rough structures of the proofs
are the same in all the cases, and thus in order to help readers understanding, we first outline the
common structure in §4.1, taking the SE-Sinc approximation (2.1) as an example. In particular,
there we clarify which terms have been left unestimated. Then in §4.2 detailed proofs for the
SE-Sinc formulas are given, and in §4.3 for the DE-Sinc formulas. Finally in §4.4, we give the
proof of supporting lemmas.

4.1 Sketch of the proofs

Proofs consist of evaluating two kinds of errors: discretization error and truncation error. In
the SE-Sinc approximation (2.1), for example, the total error can be bounded as

N
FO) = D Fsu(ih))S(, h) (s (1))
j=—M

<|F@®) = D FWhs(h)SU, h) (g ()

—M-1 00
+1 D FWse(R)SG Wt 0)+ D f(se(ih) S, b) (s (1)) -
j=—00 J=N+1

The first term of the right hand side is the discretization error, and the second is the truncation
error. Let us evaluate these terms in turn.

First, we consider the discretization error. To this end, it is indispensable to introduce the
following function space.

Definition 4.1. Let Z,4(€) be a rectangular domain defined for 0 < ¢ < 1 by
Pa(e) ={C € C:|Re(| < 1/e, |Im¢| < d(1—e)}.
Then H!(Z,) denotes the family of all functions F' analytic on Z,, and such that the norm
Ni(F,d) is finite, where
N1(F, d) = lim [E(O)]ldC]-

<=0J074(e)

The discretization error of the Sinc approximation for a function F belonging to H!(%;)
has been estimated as follows.

Theorem 4.2 (Stenger [20, Theorem 3.1.3]). Let F € H(Z,). Then

sup | Fe) = 3 FURISU.A) )| < — e,

j=—o00

By setting F(x) = f(tsg(x)), we can apply the theorem to obtain an estimate for the
SE-Sinc approximation.
Next, the truncation error can be evaluated by the next lemma.
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Lemma 4.3 (Stenger [20, in the proof of Theorem 4.2.5]). Let f € Lk o 3(se(Za)) for d with
0 < d < m Let u = min{e, 8}, n be a positive integer, and M and N be positive integers
defined by (2.8). Then it follows that

~M-1 00 —a)® B
D FWse(h)SG ) s ()| + | D Fihse(ih)S(, h) (s (1)) SQK(th)JF

e Hnh

Notice that Theorem 4.2 and Lemma 4.3 refer to different function spaces H'(%,) and
Lx o 3(¢se(Zq)); the next lemma gives a link between these spaces.

Lemma 4.4 (Stenger [20, Theorem 4.2.4)). If f € L o 3(¥su(Za)) for d with 0 < d < , then
f(Wse(-)) € HY(Za).

By summing up the above results and by taking h according to (2.7), the constant C' in (2.9)
can be estimated as

{Nl(f(%]a(-)),d) L 2K(b - a)‘”ﬁ} 1 MUEs()d | 2K(b-a otp

md(1 = e72d/t) ph Vi T md(1 — e~2VTdR) i
< ENQapWse().d) | 2K —a)t?
- owd(1 - e—QM) Nz : .

There remains a term to be estimated: N7 (Qq,8(¥se(-)), d). To the authors’ best knowledge,
this term has never been explicitly evaluated, and one of the primal contributions of the present
paper is that it is given for the first time. Its proof is left to §4.4.

Lemma 4.5. Let o and 3 be positive constants, let ¢ = min{ca, §}, and let d be a constant

with 0 < d < 7. Then
4 b—a

a+0
N Qe (), < - {m(dm} |

This completes the desired explicit estimation. It turns out that the term N (Qaq,3(¥sx(+)), d)
commonly appears in the other two formulas (2.2) and (2.3) as well, and proofs can be derived
in like manner there.

The DE-Sinc cases can be handled in an analogous fashion. There are two terms to be evalu-
ated: N1(Qa,3(¥ox(+)),d) for the DE-Sinc approximation (2.4), and N (cosh(-)Qa. g(¢pr(+)), d)
for the DE-Sinc quadrature (2.5) and the DE-Sinc indefinite integration (2.6). The evaluation
is given as follows, while its proof is left to § 4.4; we here like to mention that the proof gets far
more complicated than the SE-Sinc case.

Lemma 4.6. Let o and 8 be positive constants, let © = min{a, §}, and let d be a constant
with 0 < d < w/2. Then

—a a+p
Nl(Qa,ﬁ(¢DE(-)),d) < Nl(COSh(')Qa,,H(%bDE(')),d) < 4 { b )} '

mpcosd | cos(sind

4.2 Proofs in the SE-Sinc case
4.2.1 Proof for the SE-Sinc approximation (2.1)

As described above, the proof of Theorem 2.3 can be immediately obtained by combining
Lemma 4.5 with the inequality (4.1).

13



4.2.2 Proof for the SE-Sinc quadrature (2.2)

The discretization error of the Sinc quadrature has been analyzed in the literature as follows.

Theorem 4.7 (Stenger [20, Theorem 3.2.1]). Let F € H'(Z,). Then

Nl(R d)  ordsn
/ z)de —h Z — o—2nd/h © "
j=—00

Let us apply the theorem to the SE-Sinc quadrature. Since Q(1sg(¢)) = (b — a)¥ly(C), it
follows that

F(sn(Cn(Q)] = (e DQWss(O)] € 7o QupWe(O) (42)

under the assumption that fQ € L o (¢se(Zg)). Thus it immediately follows f(¢s(-))¢is(-) €
H'(2,) because N1(Qa.5(¢se(+)), d) is finite from Lemma 4.5. Therefore we can use Theorem 4.7
for F(z) = f(¢se(x))sy(x) to bound the discretization error of the SE-Sinc quadrature as fol-
lows.

Lemma 4.8. Let fQ € Lk o (¥se(Z4)) for d with 0 < d < 7, and let p = min{«, $}. Then

4K(b_a)a+ﬁfl o—27d/h
/ ft)ydt—nh Z f (s jh))qzz)SE( h)| < [Lcos®tB(d/2) 1 — e—2md/h’

]7—00

The truncation error is bounded as follows.

Lemma 4.9. Assume that the assumptions of Lemma 4.8 are fulfilled. Furthermore let n be a
positive integer, and M and N be positive integers defined by (2.8). Then it follows that

—-M-1 _ jasiet
h Z f wSE Jh)WSE(Jh +|h Z f wSE jh))1/}SE<jh) < 2K(b ) e—;mh.

j=—00 Jj=N+1 a

Proof. We can see that the same proof as Lemma 4.3 holds because (b — a)f(.)zpéE(zps—El(.)) c
Li o 3(¢se(Zq)) from (4.2). -

Combining Lemma 4.8 with Lemma 4.9, we obtain Theorem 2.5.

4.2.3 Proof for the SE-Sinc indefinite integration (2.3)

The discretization error of the Sinc indefinite integration has been analyzed as follows.

Theorem 4.10 (Stenger [20, Lemma 3.6.4]). Let F' € H!(%,). Then

sup /_x F(o)do — Y F(jh)J(j,h)(z)| < Qd(i/v_l(f’izd/h)he_wwh-

zeR j=—o0

From this we obtain an estimate for the SE-Sinc case in the same way as Lemma 4.8.
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Lemma 4.11. Let fQ € L o 3(¢se(%q)) for d with 0 < d < 7, and let ;1 = min{c, #}. Then

2K(b _ a)a+ﬁfl hefﬂd/h
~ dpcos®tB(d/2) 1 — e—2md/h’

sup / F)ds— S Flbsnlih)he ()G H) (i (1) <

te(a,b) j=—00

For the truncation error, it is necessary to bound the basis function J(j, h). The next lemma
gives the bound.

Lemma 4.12 (Stenger [20, Lemma 3.6.5]). For z € R, the function J(j, h)(x) is bounded by
J(G, h)(@)| < L1h.
Using this lemma and Lemma 4.9, we can bound the truncation error as follows.

Lemma 4.13. Assume that the assumptions of Lemma 4.9 are fulfilled. Then it follows that

—M-1

Z f(Yse ]h‘))wSE(]h) (J )(¢SE Z J(Yse jh»wSE(Jh) (4, )(¢SE( )
j=—00 j=N+1
<1 2K O =),

7

Combining Lemma 4.11 with Lemma 4.13, we obtain Theorem 2.7.

4.3 Proofs in the DE-Sinc case
4.3.1 Error estimation for the DE-Sinc approximation (2.4)

From Lemma 4.6, it immediately follows that f(¢pe(-)) € HY(Zy) if f € Lk.as(¥os(Za)),
similar to Lemma 4.4. Therefore Theorem 4.2 can be used to bound the discretization error as
follows.

Lemma 4.14. Let f € L o 8(¥pr(Z4)) for d with 0 < d < 7/2, and let y = min{a, §}. Then

e*ﬂ'd/h

sup |f(8) = > F(@oe(ih)SG, ) (¥ns (1)) < Ll

te(a7b) j=—00

where the constants C; and Cy are defined by (2.14) and (2.15), respectively.
The truncation error is estimated in the next lemma.

Lemma 4.15. Assume that the assumptions of Lemma 4.14 are fulfilled. Furthermore let
v = max{a, §}, n be a positive integer, and M and N be positive integers defined by (2.13).
Then it follows that

—M-1 - e~ 5 Hexp(nh)
7 F@Wos(ih)S(, h) (Wpa (t) Z F(Woe(ih)S (G h) (s (1)) < 2de2”Cr———5—,

j:—oo ] N+1

where the constant C is defined by (2.14).
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Proof. Clearly |S(j,h)(¢pi(t))| < 1for all t € (a, b). And since f € L o 5(¢pr(Z4)), it follows
for all z <0 that

|f(oe(2))] < KQa,p(¢pe())
(b— a)a+ﬁ
(1 + e—ﬂ'sinh(z))a(l + eﬂsinh(x))ﬂ
< K(b _ a)oc-‘rﬁ e sinh(z)
< K(b— a0 oFo - Faen(=n)

Y

then the first sum is bounded as

—M-1 —M-1

0 FWon()SGRERO)| < Kb —a)*Pein 37 e deenin

< K(b— a)aJr,B ega/ efgaexp(fsh) ds

— 00

e—sh e—ga exp(—sh) ds

< 2K (b—a)*tPez® /_M wah

wah eMh o 2
_ 2K —S)C;f 2% _zaexp(Mh).
mahe

Furthermore using ¢ = min{«, 8}, v = max{«, (4}, and the relations (2.13), we have

2K(b — a)@+5 e2¢ —Zaexp(Mh) < 2K(b — a)a-l-/@ e2? ef%uexp(nh) _ de%ucl efa,uexp(nh)

woch eMh ¢ mwphenh h enh
Similarly we can bound the second sum, thus the claim follows. |
Then we can prove Theorem 2.9 as follows.
Proof. From Lemma 4.14 and Lemma 4.15, clearly it follows that
N ‘ ‘ . e—7rd/h - ef%yexp(nh)
sup |F(8) = Y f(@os(ih))S(, h) (Yo ()| < C1 |Com——m + 2d 3" ————
te(a,b) M 1 — e—2md/ he

Substituting (2.12) into the first term, we have
e—wd/h e—wdn/ log(2dn/u) e—wdn/ log(2dn/u)

1 — e—2md/h - 1 — e—mu(2dn/p)/log(2dn /) = 1 — e—Tpe

, (4.3)

since the function e™®/1°8% hag its minimum at z = e. The second term can be evaluated as

T O B Ll Gt o)

henh 2dlog(2dn/p) log(2dn /) 2d ’
and using n > (ve)/(2d) > (ne)/(2d), we have

exp{—%@dn/ﬂ) (1_m>} < exp{—%(e) <1_®>} =1 (4.4)

log(2dn/p) = log(e) ’

since the left hand side is monotonically decreasing. Thus this theorem is established. ]
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4.3.2 Proof for the DE-Sinc quadrature (2.5)
Noticing that

w]/DE(C) = cosh(Q)Q(Ype(C)),

0
b—a
we easily obtain

mleoshON) ¢ () Qo)) < TS

|f(¢DE(<))w1,3E(C)‘ = b—a b—

K|Qa,s(¢)], (4.5)

under the assumption that fQ € Lk o g(¥pr(Z4)). From this and Lemma 4.6, it immediately
follows f(1pg(-))Whs(-) € HY(Z4). Therefore we can use Theorem 4.7 to bound the discretiza-
tion error as follows.

Lemma 4.16. Let fQ € Lk o 3(¢or(Zq)) for d with 0 < d < 7/2, and let p = min{a, 3}.
Then
b 0 , o 6727rd/h
[ =n Y pwnm)eb )| < CrCor

j=—00
where the constants C; and Cy are defined by (2.17) and (2.18), respectively.
The truncation error is estimated by the next lemma.

Lemma 4.17. Assume that the assumptions of Lemma 4.16 are fulfilled. Furthermore let
v = max{a, $}, n be a positive integer, and M and N be positive integers defined by (2.13).
Then it follows that

—M—1 o
h Y F@oe(ih)Uhs(h)| + [ D F(@bos(ih)) s (h)| < e2¥Cyemarexwinh),
j=—00 j=N+1

where the constant C} is defined by (2.17).

Proof. Since fQ € L o 3(¢ps(Z4)) and (4.5), it follows for all 2 < 0 that

, 7 cosh(z) K(b—a)*tP
| (Yo (2))¥pp(2)] < —— (15 o momh@)a(] 1+ eromh(@))?

< K(b . a)a"'ﬁ_lﬂcosh(x) ewasinh(z)’

then the first sum is bounded as

—-M-1 —-M-1
he Y F@os(i)Uhe(h)| < b Y- K(b—a)* 7 rcosh(jh) e™ M
j=—o00 Jj=—0o0
—Mh
< K(b—a)*h1 / 7 cosh(x) ™M@ g
_ K(b — a)OH»ﬁil e—ﬂasinh(Mh)
o
a+B-1 %
< K(b_a) L eae e—gaexp(Mh).
o
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Furthermore using p = min{«, 8}, v = max{«, (5}, and the relations (2.13), we have
o3V

K(b — a)a+ﬂ—1 ez? e—%a exp(Mh) ~ K(b — a)a+ﬂ—1 ez’ —7,uexp(nh) & e—%uexp(nh).
« - n 2
Similarly we can bound the second sum, thus the claim follows. ]

Now we are in a position to prove Theorem 2.11.

Proof. From Lemma 4.16 and Lemma 4.17, clearly it follows that

~ ~ e—27rd/h Zv —Zuexp(n
/ f dt—h Z f@bDE jh))wDE(]h) <Cy Cm"‘éﬂ e~ skexp(nh) |
j=—M
Substituting (2.16) into the first term, we have
ef2wd/h ef2wdn/ log(4dn/p) efQde/ log(4dn/p)

= <
1— e2md/h | _ o—5m4dn/p)/log(ddn/p) — 1— e 5He

similar to (4.3). The second term can be evaluated as

e—guexp(nh) _ e—27rdn = exp {—7;“(46171/,&) (1 o 10g(4;n/u)>} e—27rdn/ log(4dn/p,),

and using n > (ve)/(4d) > (ne)/(4d), we have

e {5 ) (1~ g ) =050 (g ) =

since the left hand side is monotonically decreasing. It completes the proof. ]

4.3.3 Proof for the DE-Sinc indefinite integration (2.6)

Above we have already seen that f(¢pg())Yh,(-) € HY(Z4) if fQ € Lk a5(¢oe(Za)), thus the
discretization error can be obtained as below by using Theorem 4.10 and Lemma 4.6.

Lemma 4.18. Assume that the assumptions of Lemma 4.16 are fulfilled. Then

C1Cy he md/h
/ Fds— 30 Fon(h)baim G s ()| < S P

j=—00

where the constants C; and Cy are defined by (2.17) and (2.18), respectively.

The truncation error is estimated as follows; since it can be easily obtained from Lemma 4.12
and Lemma 4.17, we omit the proof.

Lemma 4.19. Assume that the assumptions of Lemma 4.17 are fulfilled. Then it follows that

—-M-1

Z f(ou(G0) ¢ (7h) T (7, )(wDE Z f(oe(30))¢hs(7h) I (7, )(wDE( )

j=—00 j=N+1
v~ —Zuexp(nh
< 1.1e2VCye zHexp(nh)

where the constant C} is defined by (2.17).
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Finally, we prove Theorem 2.13.

Proof. From Lemma 4.18 and Lemma 4.19, clearly it follows that

¢ N
sup / f(s)ds - Z (on(ih)) e (1) G, Y5 (2))

te(a,b)

<Oy

_C’Q eiﬂ.d/h 11 s s
2 & 7 2t Zv —Zuexp(nh)
2d1— o-2zman T 007 -

We can use (4.3) for the first term. For the second term, we have

efguexp(nh) < e%,u efﬂ,ucosh(nh)

— eFtexp [— {(Qd”/“) + (2d;/u) H

_ .z .7 1 B (2dn/u) —dn/ log(2dn
= ciesp [T 00/ + gy~ i ] ¢

Furthermore, since n > (ve)/(2d) > (ne)/(2d), it follows that

3

\)

3

[\)

1.1 1ip (2dn/ ) 1. 1,u 1 (2dn/ )
T 2d S Tog(2dn/p) = 2d {(Qd”/ WY Bansw) ~ Tog@dn) 1) }

If we set a function g as g(x) = z e~ 2%, which has its maximum at z = 2/(7u), we have

1.1 s _r s 1.1 1 (2dn//,b> _
Lt Ty wexp(nh) < e (utv) L-1H 2 2d N wdn/log(2dn/u)
nee = 2d [ <( n/MH(?dn/u) log(2dn/p) ) | ©

< %(,U“‘rl/) Llp &2 2 e—ﬂ'dn/ log(2dn/p)
- 2d THe

v
_ e—7rdn/ log(2dn/p)

s d
< e§(,u+1/) efﬂ’dn/log(2dn/,u)
y .
Furthermore using ez ") = ¢2(@+8)  we obtain the desired inequality. [ |

4.4 Proofs of Lemma 4.5 and Lemma 4.6

Here we prove Lemma 4.5 and Lemma 4.6.
First we consider Lemma 4.5. Recall that Q, g(2) = (z —a)*(b— 2)P. If we apply a variable
transformation z = s ((), we get

(b—a)*th
(1+ e=$)x(1+ e$)8°

Qa,ﬁ(wSE (C)) =

In view of this, we can see that the next lemma is essential to estimate N7 (Qq 3(¥se()), d).
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Lemma 4.20. Let z and y be real numbers with |y| < 7, and let ( =z +1iy. Then

1 1

’1 + e¢ = (1+ e*)cos(y/2)’ (4.6)
1 1

'1 + e—C‘ = (1+ e ®)cos(y/2) (4.7)

Proof. We only prove the first inequality (4.6), because the second one (4.7) can be easily
derived by replacing ¢ with —(. Using

cosh?(z/2) — sin®(y/2) > cosh?(z/2){1 — sin®(y/2)} = cosh?(z/2) cos?(y/2),

we have

’ 1 e /2 - e~ /2 1

1+ eS| 2\/cosh2(m/2) _ sin2(y/2) = 2cosh(z/2)cos(y/2) (1 + e*)cos(y/2)’
which establishes the lemma. [ |

Using this lemma, we can estimate Ni(Qq 3(¢su(+)), d) (Lemma 4.5).

Proof. For all € with 0 < € < 1, we have

d(1—e) _ NatB d(1—e)
(b—a) / dy o,

I . 4 dy < i . dy
Lo —d1-g) |Qa,8(Vse(z +1iy))|dy e (14 e=®)a(1+ e*)B (-0 cos®+B(y/2)

if we note Lemma 4.20. Therefore N1(Qq. g(¢se(-)),d) can be written as

N3 (Qap(s()od) = lim, [ Qup(Wssla+i))|dot lim [ 1Quplbsa(otin))]de. (45)

Again using Lemma 4.20, we can estimate it as

Nl (Qa,,@(wSE('))’ d)

IN

b—a OTF [oo dx
Qmeﬂ) [ te=rrear

ath oo dx
/—oo (14 e ®)r(1 + e”)+

}
Eez)
) {aem) o
Eez)
{

cos(d/2)
4 b—a }O‘+ﬁ 1
| cos(d/2 L
(d/2) p =
Now we switch to Lemma 4.6. The function cosh(() is bounded as
|cosh(z +1iy)| = \/coshQ(a:) — sin?(y) < cosh(z), (4.9)
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for all z, y € R. The main difficulty in proving Lemma 4.6 is that bounding the function
Qa,3(¥pe(()) is quite a complicated task. Since

(b _ a)a+5
1 e—7msinha (] emsinh ()8’
- -

Qa,ﬁ(wDE(C)) =

the next lemma is essential in the project.

Lemma 4.21. Let x and y be real numbers with |y| < 7/2, and let ( = x +1iy. Then
1

(1 + ersinh(@)cosy) cos(Z siny)’
1

(1+ e-msinh(z)cosy) cos(F siny)

(4.10)

IN

1
1+ e™ sinh ¢
‘ 1

IN

14+ e 7 sinh ¢

We like to leave its long proof to the end of this section. If we accept this lemma, we can
derive Lemma 4.6 as follows.

Proof. We write 2(¢) = cosh(¢)Qa,3(¥pe(()) for simplicity. It is sufficient to bound N;(£2, d)
since clearly N1 (Qa.3(¢por(+)),d) < N1(£2,d) holds. Using (4.9) and Lemma 4.21, we have

b—a oth 1

COS(% sin y) } (1 4 e—msinh(z) cosy)a(l 4 emsinh(z) cos y),B
b—a oth 1

COS(% sin y) } (1 1 e—msinh(z) cosy)p,(l - emsinh(z) cosy)p,

[2(z +1iy)| < cosh(x) {

< cosh(z) {

_ otp ,

< cosh(z) {bﬂa} e~ mrsinh(jz) cosy (4.11)
cos(% siny)

for all z € R and y € [—d, d]. Then it follows for all € with 0 < e < 1 that

. . < 1
mgr:iloo —d(1—¢) ‘Q(m + lyﬂ dy = ;,;Erfoo empsinh(|z]) cos d(1—¢)

d(1=¢) (b— a)**F cosh(x) /d<16> dy
d(1—e) cos®tA (g siny)

Therefore, similar to (4.8), we can see that

Ni(£2,d) = lim |2(x +iy)|dx + limd |2(z +1iy)| dx,
y—-

y—d ) o —00

and by (4.11), it is estimated as

b—a atb poo .
NM(£2,d) <2 {)} / cosh(x)e ™ sinh(|z|) cosd .

—
cos(% sind o

{ N Y } / COSh([L‘) e TH sinh(z) cosd dz
cos(5 sind) 0

4 b—a oth
cos(% sind) mucosd

This is the desired inequality. [ |

Il
W
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Finally we finish this section by proving Lemma 4.21.

Proof. We only need to show (4.10) for the same reason as in Lemma 4.20. Clearly (4.10) holds
if y = 0, thus we assume y # 0 below. The left hand side of (4.10) is equal to

1
Tt ) ol y)

1
’1 + e sinh(z+iy)

where
sin?(% cosh(z) siny)

) =1- .
9(@,y) COSh2( sinh(x) cosy)

Then for (4.10) it is sufficient to prove the inequality g(x,y) > g(0,y), because
9(0,y) =1— Sin2(§ siny) = cosQ(% siny).

Since ¢ is an even function, we can assume z > 0 and 0 < y < 7/2 without loss of generality. In
what follows, we prove g(z,y) > ¢(0,y) holds for each y; this is done in the following two steps:

1) Show %g(m,y) >0 for all z with 0 < z < x,
2) Show g(z,y) > g(zo,y) for all z with z¢ < z,

where g = log((1 + cosy)/siny).
Let us first consider the second one, which is relatively easy. Clearly it holds that

.92 h . 1
o 2(2 cosh(z)siny) >1-— 5 = tanh®(Z sinh(z) cos y).
~ cosh (5 sinh(z) cosy) cosh” (5 sinh(z) cos y)

g(w,y) =

The equality holds when x = z(. Since the function tanh?(% sinh(z) cosy) is monotonically
increasing with respect to z, it follows for all  with = > z¢ that

g(z,y) > tanh2( sinh(z) cosy) > tanh2( sinh(zo) cosy) = g(zo, y)-

This completes the second step.
Next we consider the first step, 0 < z < xy. Notice that 1 < cosh(z) < 1/sin(y) in this
range of x. Considering the derivative of g(z,y), we have

d
%9(117 y)
7 sin( 5 cosh(x) siny) sin(§ cosh(z) sin(y) + y) sinh(7 sinh(z) cos(y) +

- 2 COShS( sinh(z) cos y) ) {1(z,y) + g2(2,9) },

where
o (ey) = sin(% cosh(x) sin(y) — y)
’ sin(% cosh(z) sin(y) +y)’
(2.4) = sinh(% sinh(z) cos(y) — )
g2,y sinh(% sinh(x) cos(y) + x)
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Let us prove g1(z,y) + g2(z,y) > 0, which then proves %g(x, y) > 0. We readily see

sin(% cosh(z) sin(y) +y) > 0,
sin(§ cosh(z) sin(y) —y) > 0,
sinh(F sinh(z) cos(y) + ) > 0,

since 1 < cosh(z) < 1/sin(y). Moreover, if 5 cosy > 1,
sinh(F sinh(z) cos(y) — z) > 0.

Hence we can conclude g1 (x,y) + g2(x,y) > 0if 0 < y < arccos(2/m).
Assume arccos(2/m) < y < 7/2 below. In this range of y, we prove g1 (z,y) + g2(x,y) > 0
by showing:

La) $01(z,y) > 0 and Jgs(z,y) > 0,
1b) 91(0,9) + 2(0,9) > 0.
The claim 1a) can be shown as follows. For the derivative of g;(x,y), it immediately holds that

msinh(z) sin(2y) sin y
2sin?(Z cosh(z) sin(y) +y) ~

0
3.1 (x,y) =

For the derivative of gs(z,y), we have

) (5 cosy) cosh(z) sinh(22) — sinh(2(5 cosy) sinh x)

—g2(z,y) = —— :

ox sinh“((5 cosy) sinh(z) + x)

{cosh(z) sinh(2x) — sinh(2sinh z)}
sinh?((% cosy) sinh(z) + z)

> (g cosy)

)

since 0 < §cosy < 1. Furthermore differentiating the numerator of the right hand side, we
have

di {cosh(z) sinh(2x) — sinh(2sinh )} = cosh(z) {3 cosh(2z) — 2 cosh(2sinhx) — 1} .
T
Recalling 0 < z < xg = log((1 + cosy)/siny) and arccos(2/7) < y < w/2, we can see
1 1 I+1
ngcglog<—'_,COSy><log<72r ),
siny 2 5—1

and in this range of z, it follows that

3 cosh(2z) — 2 cosh(2sinhz) — 1 > 0.

Thus %gg(x,y) > 0 holds.
The proof is completed by showing 1b):

sin(§ sin(y) —y)  §cos(y) —1
0,y) + g2(0,y) = —2— + =0
91(0,9) + 92(0, ) sin(§sin(y) +y)  Scos(y) +1
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Let us start with the obvious inequality for 0 < s < 7/2:
(5 + ) sin(s) > Fsin(s) >
from which we have
(2 —s) (5 +s)sin(s) > (5 —s) s > cos(s)s,

and it follows for 0 < s < 7/2 that

2sin(s) {(g)Q — 52} > 2508 S.
Putting s = 7 sin(y) here, we have

2sin(% siny) {Z cos y}2 > 2(5 siny) cos(5 siny).

This inequality is equivalent to:

{sin(% siny)(5 cosy) — (5 siny) cos( smy}{ cosy) + 1}
> — {sin(5 siny)(% cosy) + (§ siny) cos( smy}{ cosy) — 1},

which then is equal to:

sin(F siny)(5 cosy) — (5 siny)cos(Fsiny)  (Fcosy) —1 -0
sin(§ siny)(5 cosy) 4+ (§siny) cos(§siny)  (Feosy)+1 ~

The left hand side is nothing but ¢1(0,y) 4+ ¢g2(0,y), which completes the proof. [ |

5 Concluding remarks

In this paper, explicit error estimates have been given for the SE/DE-Sinc approximation,
the SE/DE-Sinc quadrature, and the SE/DE-Sinc indefinite integration, i.e. (2.1)-(2.6). By
“explicit” we mean that the estimates are given with all the constants explicitly clarified; this
is in contrast to the existing convergence analyses by several authors [6,10,20,27,28] where the
convergence rates have been successfully revealed, but the constants have been left unevaluated.
Giving explicit estimates is quite important from practical perspective, since it enables us to
guarantee the accuracy of approximations in actual computations, and make the numerical
formulas more reliable and practical. We have also improved some formulas themselves so that
the computational costs are decreased. This is done by replacing the symmetric truncation,
like (1.1), with the optimal truncation, like (1.8). The numerical results have been also shown,
which confirm the theory.

Future works include the followings. First, we are now in fact constructing libraries with
guaranteed accuracy based on the new explicit estimates. This will be reported soon elsewhere.
Second, similar explicit estimates are desired for other Sinc formulas, such as approximations
of derivatives and indefinite convolutions.
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