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Abstract

We investigate a problem of estimating distributions that are aligned on a manifold
© embedded in Euclidean space. To estimate the distributions, we utilize local data
aggregation that aggregates samples around a target point on the manifold ©. We
investigate a weighted maximal likelihood estimator on a locally aggregated data where
the weight is given by a kernel function defined by the distance of the Euclidean
space where O is embedded. We show that the asymptotic risk of the estimator is
characterized by geometric quantities such as Laplacian and Riemannian metric. We
also give the optimal kernel width that balances bias and variance trade off induced
by the kernel width.

1 Introduction

In this article we consider a problem of estimating probability distributions equipped on
each point of a manifold ©. Here © is embedded in higher dimensional Euclidean space
R™ as an {-dimensional compact smooth regular submanifold with boundary (possibly
00 = () where 90 is the boundary of ©). Instead of considering an abstract manifold
©, it might be helpful to consider a setting where © = [0, 1]4 and there exists a smooth
embedding map w : © — R™, and identify w(©) as ©. We equip © with a metric
G = (gij) which is induced from the Euclidean metric on R™ so that © has a structure
of Riemannian manifold with boundary. §“ denotes the (i, j)-component of the inverse
matrix of (gs;).

At each 6 € ©, a probability density gg(X) = ¢(X|0) is equipped with. The task we
consider here is to estimate g from the sample observations DV = {(6y,z1),..., 0y, 7N)}
where (0, z,) € © x X is distributed independent identically from the following model:

O, ~ (0)
ZTn ~ qg, (X).

Here 7(0) is a probability density on © with respect to the volume element +/|g|dé, i.e.,
Jo ™(0)1/]3|d0 = 1. We suppose both 7(#) and gy are unknown. A key geometric quantity



is the Laplacian operator on (0, g) defined by
1

var
where 0; is a partial derivative with respect to 6; a local coordinate of ©. As seen later, the
Laplacian operator gives a geometric interpretation of the asymptotic risk of estimators

on locally aggregated data.
We assume all gg (6 € O) are contained in a parametric model M:

M = {pu(X) = p(X|p) | p € U},

Bof(0) = ——=0: (\/131570;1(6))

where U is a d-dimensional C*° manifold. We use the same notation for the local coordinate
of U with U itself, thus we will deal with U as if R?. We also write a partial derivative
with respect to p; as 8%i = 0;. We assume there exists a smooth mapping ¢ : © — U such
that

00(X) = puo)(X) = p(X|(0)) € M. (1)

From now on we fix # which is an interior point of © and consider to estimate gg by
local data aggregation. Corresponding to 6 we define p as

p=p(0):=1(0), 6cint(O).

Thus (1) is equivalent to
(X)) = pu(X) = p(X]p).

We consider an estimator which maximizes weighted log-likelihood on aggregated data
around 6. To do this, we introduce window width hy € R, which depends on the sample
size N, and a weight kernel K : R™ — R, Define a scaled weight kernel as

2
(ol = 5 (195

To estimate gy we employ maximum likelihood estimator ji for weighted log-likelihood:

N

L 1
fi=i(0) = argmax — 3 K (|0 — 0l]) log p(an| 1), (2)
weu n=1

where ||§/ — 6] is Euclidean distance between 6’ and 6 in R™. We consider a class of
weight kernels K}, (z) that decay exponentially as x — oo (Assumption 1). Therefore
only information around 6 contributes to the estimation of g(x|f). In other words, the
weighted maximum likelihood is performed on samples locally aggregated around 6. We
say aggregating samples around the target point 8 as local data aggregation.

The main purpose of this paper is to investigate properties of i under a condition that
the window width goes to 0 (hy \, 0), and give geometric interpretations to the results.
We employ the KL-divergence as a risk measure. An important point is that the prediction
performance is controlled by the window width hpy, so the main result will be presented
in the context of the optimal hy that balances bias and variance trade off induced by the
window width Ap.

TRT =0, 00)



Our analysis is closely related to the work of Eguchi, Kim, and Park (2003) which
investigated a local regression problem on exponential families, i.e., a problem to estimate
u = p(f) where ® = R™ and M is an exponential family in our terminology. Our set-
ting is more general than that of Eguchi et al. (2003) in the sense that © is generalized
to a manifold, the model M is not restricted to an exponential family and a geometric
interpretation will be given. On the other hand, they also (locally) model the “regression
function” p(0) by a parametric model while our analysis deals with the pointwise estima-
tion of u(#), thus their analysis is more general than ours in that aspect. In that direction,
Tibshirani and Hastie (1987) also considered local regression on some exponential families,
and Yu and Jones (2004) dealt with a regression problem where M is a class of normal
distributions.

Estimation by local data aggregation is closely related to local likelihood density es-
timation which has been studied by many authors (Copas, 1995; Hjort & Jones, 1996;
Loader, 1996; Eguchi & Copas, 1998; Park, Kim, & Jones, 2002). Local likelihood density
estimation is a semiparametric estimation method that combines nonparametric approach
and parametric one to density estimation in such a way that it fits a parametric model to
the sample density locally around a certain target point. If the parametric model offers a
good representation of the underlying distribution, it is efficient with large window width,
otherwise, it flexibly fit the density with small window width as usual nonparametric
density estimation method does.

In Section 2, we present some assumptions for our analysis and prepare basic lemmas
that are needed for the main result. In Section 3, we show the main results concerning
the optimal window width and the asymptotic risk under the optimal window width, and
give their geometric interpretation. In Section 4, we derive an asymptotic expansion of
geometric quantities that appear in the asymptotic risk of the estimator.

2 Preliminaries

To analyze the behavior of i, we put some assumptions on K and show a key theorem

that is useful for our analysis. We impose the following assumptions on the kernel function

K that corresponds to Assumption 20 and 21 of Hein, Audibert, and Luxburg (2007).
The assumption for the kernel K is as follows.

Assumption 1
1. K:R" — R™ is measurable, non-negative and non-increasing on R™T,
2. supp(K), the support of K, has its interior, and K is twice continuously differen-
tiable on the interior of the support, that is in particular fooo K(z)dx > 0 and %
and % exist and are bounded on supp(K).

3. K, |%E| and ]%27[2{\ have exponential decay: there exist o,c > 0 such that for any
t >0 in the interior of supp(K), max{K (), |95 (¢)|, |‘§T§(t)\} < ce o,

Because of Assumption 1, the following two integrals converge:

Crim [ (i <oo. Coi= [ K(lylPidy < o,
RY RY



where 7 is the first element of 3 € Rf. We also impose the following differentiability
assumptions on 7(6) and gg.

Assumption 2
1. 1€ C*O)?2 and w(0") > 0 for all 9’ € O,
2. For allx € X, qp/(x) € C*(©) as a function of 0.

We define an “averaged” probability density

Joo K (16 = 8/l a0 (X)(8")/[510"
Jo Ky (16— &'l)m 6’ )/1lder

The maximum weighted log-likelihood estimator corresponds to estimating gy because
the weighted log-likelihood gives an estimator of KL-divergence from gy except constant
multiplication and addition. Actually as N — oo, fi converges to the “closest” point of U
from gy in probability (see Section 4).

Gp can be approximated by gy plus higher order terms as the following theorem.

Go(X) =

Theorem 1 Under Assumption 1 and 2, the density of the distribution of aggregated
data is expressed by

Caohn?
2C4

@ =qo + [Ae(a9) + 25" (9;1og m(6))(9;a0)] + o(hn?).

g

Proof The proof utilizes Proposition 22 of Hein et al. (2007). Proposition 22 of Hein et
al. (2007) and its proof indicate that the weighted average of probability density gy can
be expressed as follows:

= [ Ko (10— ¢ Daom(®) /a0
2
= Cuagm(6) + "3-Ca (Mo (n(B)as) + m(asS(6) + olhx?), g

where S(0) is a function of § defined by

5(9) = - R|9+

(%)

where R is the scalar curvature and II is the second fundamental from of ©. We omit
detailed explanations of S(f) because it is not related to the later discussions. See Hein
et al. (2007) for details. This is proven by substituting (), gg, and g to p, f, and g in
Proposition 22 of Hein et al. (2007) respectively. It should be noted that Assumption 19
of Hein et al. (2007) is satisfied because © is a smooth compact submanifold (see, remarks
following after Assumption 19 of Hein et al. (2007)). In particular, self-approaching does
not occur, namely there is no two distinct points which are far away in © with respect

"2C*(X) denotes the set of functions with k continuous partial derivatives on X.



to the geodesic distance defined by g but too close in R with respect to the Euclidean
distance. Assumption 20 of Hein et al. (2007) assumes stronger condition of K than
Assumption 1 of this article, namely K is twice continuously differentiable on whole R*.
However that difference does not induce any difficulty to derive the required consequence.
Therefore the result of Proposition 22 of Hein et al. (2007) is still valid under our setting.
In addition, Proposition 22 of Hein et al. (2007) assumes gq, 7(6) € C3(©) as a function
of # and the direct consequence under the stronger condition indicates that the residual
term appears in the asymptotic expansion (3) can be O(hy?) instead of o(hy?). However
it is easy to check that by relaxing their assumption to gp, 7(#) € C?(©) a similar (but a
little bit weak) result with the residual term o(hx?) is obtained.

Since 79 may not be a probability density, normalization is needed to obtain gy. Note
that

1 1

Jrodz — Cym(0) + [ 152y (Ao (n(8)as) + m(6)a6S(8)) da + o(hn?)

_ hiy” C/A (2(0)q0) + 7(0)gp S (0)dz + o(hn?)
—me) (Cm(@)) 2 e\m™(V)q9 T™\Y)40 N ).

Thus dividing 7y by normalizing constant, we have
_ Ty
@ = f rodx

2
= [Craom(®) + "5-Ca (Bo(aO)a0) + 7(O)anS(0)) + o(hn®)|

|:Cl71(0 Clﬂ' 02/A6 (G)QGS(Q)d:p—i—o(hNQ)
=qp — 22’1;] L CQ/AQ + m(0)qeS(0)dz
2C1 (9)02 (Ao (m(0)gg) + m(0)qeS(0)) +O(hN2)
o DN (0)) + Ny g (m(6 h? 4
=qp — 2Ci7(0)? o(m(0)) + 2C 7 (6) > o(m(0)gs) + o(hn"). (4)
Here noticing
Ao(m(O)as) = —=0i (V131570 (x(0)a0))

[ (-
Q‘

o (V1315" ((957(9))ao + 7(8) (D300)) )
7(0))an + 7(6) Ao a0) + 23 (9i(6))(Ds0),

we see that the RHS of (4) is equivalent to

§

I
B
@

CQhN
2017r(9)

ngflV [Ao(gs) + 257 (8: og 7(8)) (9;q0)] + 0(hn?).

[7(0) Ao (g9) + 257 (0im(0))(9500)] + o(hn?)

=qp +



Figure 1: Relation between gy and gp.

O
We define
Q= [A@(CI@) + 25 (8;1og m(0))(0;q0)] ,
T:=q9p—pu— h%@-

Then by Theorem 1, T = o(hx?). Moreover note that J Qdz =0, thus [ gpdz = [p,dz =
1 gives [Tdxz = 0.

Remark 1 @Q can be characterized by the weighted Laplace-Beltrami operator. The t-th
weighted Laplace-Beltrami operator with respect to density w(0) is defined by

t 1
(0) m(6)
where div and grad are divergence and gradient respectively corresponding to the metric

g, thus Q) is obtained by operating the 2nd weighted Laplace-Beltrami operator to qy except
constant multiplication because

Ap = Do+ —590i(m(0))0; = —ordiv (m(9) grad)

Do (as) + 257 (0108 7(0)(0300) = — o~k (V/[7157(6)°0;(a0))

QJ@

= d1v (m(60)*grad(ge)) = Aa(gp).

Details of the weighted Laplacian can be found in (Grigor’yan, 2006; Hein et al., 2007).

It should be noted that the Laplacian has an interpretation that it expresses the
difference between the value of an argument function at a given point (say #) and the
average value taken over the neighborhood of 8. This interpretation matches the statement
of Theorem 1 because Theorem 1 says the difference between the density at # and the
averaged density around 6 is expressed by the weighted Laplacian (Figure 1).

Before stating the main results of this article, we define some notations. Let i be
the “closest” point in U to gp, the distribution of locally aggregated data, and v be the
difference between i and u:

fi = arg min D(gyl[p,0),
!



Vi= [ — M.
The Fisher metric g on the tangent space T,,U/ at p is defined by
gij = —/puai(‘)j logp,dx = /puﬁi logp,ﬁj logp,dx.

g% denotes the (i, j)-component of the inverse matrix of (g;;) (not ¢ = gig*g4). We

define s;;, a variant of Fisher metric, as
Sij = /—(M@iaj logpﬁdx.

Also we denote by s* the (i, j)-component of the inverse matrix of (s;;).

3 Optimal window width and asymptotic risk

In this section, we state the main result of this article. The result gives the asymptotic
behavior of KL-divergence between the true gy and the estimated one p;. The asymptotic
risk is expressed by sum of risks induced by bias and variance. The optimal window width
that balances the bias and variance trade off will be given. To state the main theorem we
prepare two lemmas (Lemma 1, 2). The first one is about the bias v = i — p and the risk
difference induced by the bias. The second lemma gives an asymptotic expansion of the
risk of the estimator fi. The proofs of the lemmas are given in Appendix A.

Lemma 1 Under Assumption 1 and 2, the biasv has the following asymptotic expansion:

vt = N Zk/Qak log p.dz + o(hy?).

The KL-divergence between qg and py can be expanded as

h 4
D(gollpp) = g ”/Q@ logp#da:/Qa logpudx—i-/d:c—&—o(h]v ).

Remark 2 We can show that
.. _ _ QZ
_gm/Q@- logpudx/Qaj logpudx—i—/p(m > 0.
m

Q

The proof is as follows. Decompose D into the part parallel to {0, logpu}l 1 and the one

perpendicular to those:
0 d
— = chél logp, +,
Pp 3

where [ (9 logp,)pudx =0 for all 1 <1 <d. Then

9" / Q0; log pydz / Qd;log pudz = gk gyt gy = gy

2 2 2 2
= / <Q — r) pude = / A 2Qr + rp,dz = / & rPp,dr < Q—dx.
Pu Pu Pu Pu



Lemma 1 says that the primary term of the bias v’ is expressed by Q and the inner product
of the basis vectors of the tangent space at p. Thus if Q) is orthogonal to the tangent space,
the order of the bias v! becomes smaller than hy?.

The following lemma concerns an asymptotic expansion of the risk of the estimator ji.

Lemma 2 Under Assumption 1 and 2, the risk of i is decomposed as follows:

D(pullpa)
_ 1 ~ NG/~ —\j hN2 _
= D(qo|lpp) + 5(# — )" (e — p) sij — - | @ (log @ — log p;) dx
QQ 60 4 ~ _ 12
+7 —dz — [ T'log —dx + o(hn") + op (||t — f2|7). (5)
8 s Dp

Combining the two lemmas (Lemma 1, 2) we obtain the following theorem.

Theorem 2 The KL-divergence between p,, and p, has the following asymptotic property:

Epn[D(pullpa)]
= hN4

- _ ] VO
' </ QO; Ing,ud:U/Qaj logp#da:) 97 + §EDN[(M — ) (= p)]si5

+o (hn +Epn(lli— £l + [Ep~ (i — Al -
Proof
Taking expectation of (5) with respect to sample data DN, we obtain

Epn[D(qellpa)]

= D(qllpa) + EDN[(N i) (e — ) )siy —

2

2
12v Epy {/Q(lOg% —logpy) dx

4 2 a,
W[ Ly, [ / Tloggzdx] T o(hn*) + olEl — Al]%).

First we evaluate the third term of the RHS of the above equation. Since

/ Q (log gy — logp;) dz

NQ . iR L
/Q{ 2 — (log pp + (. — 1)'0; logpﬁ+0p(Hu—uH2)} dz + o(hn?)
/Q {logpu Q — (logp +v'0;log py) — (it — [1)'9; log p + Op(||f1 — MIIZ)] dz
+o hN )
[ hNPQ? Py 5 2 ~ 2
= 20 dz — [v' + (p — p)'] | QO;logpuda + 0p(hn*) + Op([l — al7),
we have
h?

TEDN [/Q (log @p — log py) dx}



h 4 2 h 2, B h 2E AT B
= Z/gdx— N2U /Q@i log godx — N DNi(M A)’ /Q@i log ggpdx
0

+ o(hw* + Ellli — a2
h 4 _ _
hy* / L g g / Q0 log god / Q3 log qpde
+ o(hw* + IEpn i — Alll + Epw [l — al1%).

Moreover by Theorem 1 we have

Epy {/Tlog ;?dx] =Epy [(n— )] /T@i log puda + o(hy?)
m

=Ep, [(,u —p+p— ﬂ)z] /Téi log p,da + o(hy?)
= o(hn" + |Epy [ — Al |)-

Therefore applying Theorem 1 to expand D(gg||pg), we have

EDN[ (%Hpﬂ)]
—— "2 [ Qaitogp,ds [ QB log e+ - / L+ SB[ — ) (i~ Yo
Q2 N i 3 3 N Q2
_ T pu 491/Q6i10gpudx/Q(9j logp#dx—&—g/q_edx

+o(hn* + ||Epy [t — fi] | + Ep~ [l — al%])
hnt o _ _ 1 VS
:ig” / Q0;log p,dx / Q0; log p,dx + §EDN[(M—M) (o — )]s

h
N / Q* ( - ) dz + o(hy* + |Epy (& — i) | + Epx 2 — al?)).
q9 Pu

Now noticing the relation

hat 1 1 hat 1 1
g’/(f(—)dx:g/cf Qhn® e
% Pu pu+=5=+O0(hN") Pu

4 2
1 1
= [ (L -2 oty - ) as
8 Pp 2 Du
= O(hN4)v
we obtain
EDN [D(gollpp)]
h i = 1 N Y
- g 7 [ @drtogpde [ Q3 logpuda + JEpa(( 1) (i~ i),
+o(hn*+ |Epn [ — a] || + Epn[ll — al%]) -
This yields the desired formula. (|



Figure 2: Geometric relation between p,, ps and p;, and the bias and variance.

It can be shown that there exists a constant B depending only on the kernel K such
that, for
N(h) = BNh*n(0),

the maximum likelihood estimator i on locally aggregated data behaves as if it is estimated
from N (hy) samples distributed from gy:

SEox (i~ ) (i — Y] = oo+ o(N () ™) (©
9P Y 2N (hy) ’
(see next section for details). Thus the (asymptotic) optimal window width is obtained by
minimizing over hy the primary term of the asymptotic risk expressed by the following
quantity:

4
(asymptotic risk) ~ h%g” /Q@i logpudx/Qﬁj log p,dx + 2N(th)
This expression explicitly illustrates the bias and variance trade off. If we take too small
hy, the substantial sample size for estimation becomes too small and the second term,
variance term, becomes large. On the other hand too large hy induces large bias, i.e., the
first term, bias term, becomes large. Thus we should choose the optimal window size that
balances the bias-variance trade off. It should be noted again the bias term is controlled
by the geometric quantity () characterized by the weighted Laplace-Beltrami operator.
Figure 2 illustrates how the bias and variance are induced by geometric relations between
P> Pp and pj.
If 3i, [ QO;logp,dx # 0, the minimum of the asymptotic risk is achieved at

hy=———
N (NBW(H)%]'QU

)

where
Vij = /Qéi logpydx/ng log puda.

Thus under the optimal window width the risk can be expanded as

Epn[D(gollpp)] = Epn[D(ppullpa)]

10



ij ‘4f.z d 4i£ ¢ ei} 5444 N— 41@ N~ 114
— .. + 2
(9"7i5) Br(0) 5 + + o( ).

On the other hand if Vi, i Q0; logp,dx = 0, i.e., @ is perpendicular to the tangent space
spanned by {9;logp,}% ;, the optimal asymptotic risk is

Epv[D(gsllpa)] = Epn [D(pullpp)] = o(N~ 7).

Remark 3 In the context of nonparametric regression, the convergence rate N~ 18
known as mini-maz rate (Gyorfi, Kohler, Kryzak, & Walk, 2002). Namely, if the true
regression function is taken from a class of twice-differentiable functions as in our setting
(Assumption 2), estimation accuracy of any estimator is at most Op(Nf%H) for a certain
choice of regression function. The problem setting in this article includes regression with
Gaussian noise that corresponds to a situation where {p, | p € U} is a set of Gaussian
distributions with different mean and fived variance. Therefore the local data aggregation
achieves the optimal rate in a sense of mini-mazxity.

What is remaining is to prove (6). In the next section we give the proof of (6).
4 Asymptotic behavior of maximum weighted log-likelihood

estimator

In this section we prove (6). Instead of considering ji defined in (2), we consider a simpler
formulation defined as follows:

N
1
[l := arg max — E w(zy) log p(x \,u/), (7)
el N n=1 ! "

where {z,}N_, = {(0,2,)}_, are ii.d. samples from a probability density ¢(z), and
w(z) is a non-negative weight function depending on z. If we set ¢(z) «— 7(0)gs(x), and
w(zp) «— Kpy (||0n — 0]), then the estimator i defined by (7) is reduced to that of (2).

We denote by ji the “closest” point of U to ¢(Z) with respect to the expectation of the
weighted log-likelihood:

fi := arg max/q(Z)w(Z) logp(X | )dZ.
weu

We write DV = {z1,...,2x}. Let o and ¢ be matrices the (i, )-th elements of which are
defined by

0ij = Eq[w(Z)20; log p(Z|j1)0; log p(Z| )],
Gij = —Eq[w(2)0;05log p(Z| 1)),

where 0; is partial derivative with respect to u’. We denote by ¢ the (4, j)-th element of

¢ 1 (inverse of ¢).

11



4.1 Fixed weight w(Z) against N

First we consider a situation where w(Z) is independent of the sample size N. Although
K (]16n — 6]]) depends on the sample size, to state asymptotic property of the estimator
under w(Z) independent of N is instructive and helpful to consider the weight kernel
depending on the sample size N.

Proposition 1 The expectations of the first and second moment of i1 — i1 are given by

Epnl(i-m1=0 (). ®)
and
. ‘ ik, lj
Bpw[(i - 1) - ] = 297 1 0 (Njﬁ) | ©)
Moreover

VN (ji = i) ~ N (0,6 o),

where N (u,X) is normal distribution with mean p and covariance X.

Proof Since fi is an M-estimator (Huber, 1964) with respect to a risk function p(Z|u) =
w(Z)log p(X|u), the proof is given by standard asymptotic analysis of M-Estimators, see
for example (van der Vaart, 1998). We only give brief proofs of assertions (8) and (9).
Since i is the maximizer of the weighted log-likelihood, we have

1 & _
~ > w(zn)dilogp(zali) =0 (Vi).

Thus we have

N
1 N ) o
0= > w(zn) (9ilogp(an|) + (i — 1)’ 0id; log p(wn| 1)) + Op(llft — fil]*)-

n=1

This yields

N
1 o
Sij (1 N 2 w(en)dilogp(enli) + Op ([l — %) (10)
n:l

Since i maximizes the expectation of the weighted log-likelihood, we have

Eq[w(Z)0;log p(X |p)] =

Therefore taking expectation of (10), we obtain the assertion (8). (9) is also proven from
(10). O

12



4.2 Varying weight w(Z) against N

Here we fix § € © which is an interior point of ©. If w depends on the sample size N as
in the case of w(zy,) = Kp, (||6n — 0||), the above proposition should be modified because
g and h are not constants and ¢~ 'o¢~! may converge to 0 or diverge to co. However for
the settings

SettingA :
q(2) — m(0")qo (x), w(z) — Kny (10" =0l)) (2= (¢, 2))

(we call this setting Setting A), we have a proposition which is analogous to Proposition
1. Before stating the proposition we remark the following lemma.

Lemma 3 Let C3 be

Cy = / K(|ly]1?)*dy,
Rl

which is finite because of Assumption 8. Then for all continuous function f: © — R, we
have

Jim [ Ko (16— 610 £) /G0 — C17(0) (1)
~—0Jo
and

Jim [ i (16 = 00203108 — Cuf ). (12)

The proof is given in A. Then we obtain the following proposition.
Proposition 2 Under Setting A and Assumption 1 and 2, we have
gij — 017['(9)81‘]‘ — 0,

with hy — 0. Moreover, if Nhyt — oo, the first and second moment of [i — [i are given
by

Bonl(i-m1=0 (5 ). (13

and

Epn|[(f— p)'(p— p)] = B7T(08)Z;\U1N£ +o <]V;Ng> ; (14)

02
where B = ?é Moreover

Br(0)Nhn* (1 — i) ~ N(0,s71). (15)
Proof
By (11) we have

Sij = —Eq[Kny (|10 = 01)9:0; log p(X|1)]

13



= [ =1 = o)) ( [ 80108 pXlp)aw (X)) Ve
— Cum(0) [ ~0.0;logp(X|an(X)X.
Also by (12) we have
h'0ij = Eq[hn"Kny (10" = 611)*0; 1og p(X |71)9; 1og p(X |2)]
= /hNeKhN(HQ/ — 0’ (6" </ 0; log p(X |11)9; IOgP(X!M)qe'(X)dX> V/131d6’
— Cym(6) [ 0108 p(X |10 log p(X i)an (X)X
where we used i — 1 in the last line. Since it is easy to prove s;; — [ —0;0; log p(X|1)ge(X)d X,

we obtain the first assertion.
By definition, gg(X) = p(X|u). This gives the relation

/ 3,0, log p(X|j1)as(X)dX = / 3 10 p(X|10); log p(X | 1) s (X)dX

so that we obtain

ik, i
S OkIS 03 l
= +o(1/Nh
N NhC (1/Nhy")
SijC;g ¢
=—F>+———+0(1/Nhyn"). 16
Nhn'C2r(0) (1/Nh") (16)
Here noticing that (10) gives
N
N 5 - A2
(=)' =75 D Ky (10n = 01)0; log p(wnl ) + Op (Il — A1), (17)
n=1
(16) yields
Epwl(h— B)i(a— Y] = —0 4 (5i7)
N — — = — — .
b BNhy'r(0) Nhy'
Hence (14) is shown. Also taking the expectation of (17), we have the assertion (13)
because .
Epn|lii—gl> =0 :
o= al? =0 ()
Finally (15) is proven by the central limit theorem and Slutsky’s lemma. g

Proposition 2 indicates that

FPov (= ) (= sy = s+ o(N () )
d

= NG o(N(hn)™h),
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with N (hy) = NBhy*n(6). This gives (6).

We remark that the substantial sample size BN hNéW(O) of local aggregated data is
proportional to 7(#). This implies that for § with small 7(6), the substantial sample size
around @ is small. This is intuitively appealing because the number of samples observed
around 6 is approximately proportional to m(#).

Finally we show two examples which satisfy Assumption 1.

Example 1 K (|| — 0]|) = exp(—||0' — 0]]?).
The first relation (11) of Lemma 3 holds with Cy = vV'xwt. The second relation (12) of
Lemma 3 is given by C3 = /(7 /2)t because

4 ¢
1 16']]2 1 h2 1 ™
/the‘”“p(‘2 )= (V) T2
Example 2 K(||¢/ —0|) =1{||¢' — 0| < 1}.

In this example, Lemma 3 holds with C; = C3 = Leb({#' € RY| ||¢'|| < 1}), where Leb
is the Lebesgue measure.

5 Conclusion and discussion

We investigated the maximum weighted log-likelihood estimator on locally aggregated
data. Asymptotic properties including its asymptotic risk were shown. We observed there
appears the bias-variance trade off induced by the window width. In particular, it was seen
that the bias term is characterized by a geometric quantity, weighted Laplacian, which
gives an intuitive explanation that the bias v is determined by the “parallel” component
of @ (the difference between locally averaged distribution and the true one) to the model.
Optimal window width that minimizes the asymptotic risk of the estimator was also given.

As stated in the introduction, the maximum weighted log-likelihood estimator of our
settings is a simple “pointwise” estimator for p(6) while Eguchi et al. (2003) locally mod-
eled the regression function p(#) in a exponential family. The (local) modelling of the
regression function exploits some smoothness property of the regression function so that
faster convergence of the generalization performance will be expected under a regression
function with enough smoothness. That direction of extension of our analysis might be in-
teresting. However the geometric interpretation would be lost in higher order convergence
analysis.

Another interesting (and even challenging) future work is to construct a window width
selection protocol to select the optimal window width A};. Ideally AIC-type information
criterion is preferable. However a problem is that the primary term of the asymptotic risk
contains g*/ 7i; which might be hard to be known beforehand. In practice, cross validation
or bootstrap might be helpful for the determination of hy, and they would achieve the
optimal window width asymptotically.
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A  Proof of Lemmas

Proof of Lemma 1
By Theorem 1 and definitions following the theorem, gy is expressed by

_ hy?
QO:pu‘i‘TQ‘f‘T

where T = o(hy?) and [ T'dz = 0. Since

hy? Qhn® T  hn'Q? 4
log<p —i—Q—i—T):logp + +— - +o(hn"),
1 2 12 2pu p/L SPZ ( )

we observe

h 2 h 2 T h 4 12
D(qo||pg) =/<p#+N Q+T> <logpu+N Q+— -2 Q —logpﬁ> dz + o(hn?)
2 2p yum 8p

2
/pu log dx—i— [/ de—i—/Qlog “dw] /MTd:L‘

Q2 Q2 Py
—— | —dx + — dx + [ Tlog ““dx + o(hn?). (18)
8 Pp Pp

Now noticing that

/pu log dx = /pu [logpu — <logpu + vi@- logp,, +

vvj
2

i)

"o, 1ogpu)} de + O(|[v]*)

—9ii + O(lvlP),

/de—(), /Tdm—O,

and

tyd _ _
[ @uostear= [Q(vidrtonn, - U 00, 06p, ) s + Ol

the terms with orders not higher than hy? is expressed as

/pulog—l- [/de%—/@logp“dm}

tyd ) _ o _
vy ' [ Qdrtogpd - I [ @010 p,da + (o]

==t

i [ hN? _ : . hn? - ,
_Ji <vZ — g/Q@k logpudxgkz) (U] — g/Q@k logpydxgkj>

2
hN4 ij 3 3 hN2 i, 3.3 3
-6 [ Qaitog s [ Q0o pde — "0 [ Q00,10 pdda +O(ol),
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Thus v* which minimizes the above equation is
i_ hN2 ik 5 2
V=g QO logpydx + o(hn”).

This gives [ T'log z—;dx = o(hn?). Therefore returning to (18), we obtain

_ hN4 ij 3 3 hN4 Q2 4
D(qollpp) = g9 /Q@i logpud:E/Q(?j log p,da + 3 /pd:v+0(hN ).
n

Proof of Lemma 2
By Theorem 1 we have the following expansion:

_ h*Q Q- "5 T
D(m\m)z/(%— N2 —T> log ( dw
Pi
hn? _ hNQ T ha'Q? 4
Gy ——-Q—T) (logdy — =~ — — — —.=— —logp | dz + o(hn")

/qg <10gqg e g - m—? - IOgPﬂ) da
2q9 o 8q;

h? B2 _
—/N Q (log gy — N,Q —log py dx—/Tlogqedx—I—o(hN4)
2 QQG Pi
h 412 h 2 h 4 9
= Dlanllpp) — [ e~ [ H2Q oga — logppas+ 7Y [ Las
83y 2 4 o

- /Tlog 9 4o + o(hyt). (19)
Pi

Now D(gp||ps) is expanded as

D(qsl|pp)

/q910g< )dx—i—/qglog< >d$
Pu P

_ 0— o) (i — ) -
= Dlallon) ~ [ @ |3~ g Bitowps + F= I 55,1050 o o, P,

Here [ Gp0;log ppda = 0 because fi is the minimizer of D(gsl|p,) over p/ € M. Therefore
we have

D(@llpa) = Dlallpa) + 5 — i)'~ )55 + 0,1 — ).

This and (19) yields the assertion. O

Proof of Lemma 3

Let Bg(0,€) be a ball around € of radius € in © with respect to the geodesic distance.
Since © is compact, it is not self-approaching. Thus for all € > 0 there exists 6 > 0 such
that V0’ € © \ Bg (6, €) satisfies ||§’ — || > 6. We decompose the integral of (11) to

[ Kt —ons@aar= [ o[ g4l
9\39(976) B@(G,E)
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The first term decays exponentially because of Assumption 1. The second term is evaluated
as

Jo(0. Knx (16" = 01)£(0)v/[51a6" K (16" = 01)y/I3ld6"
K 9/ 0 \/>d9/ hN H H ’g
fB@ 96 hN || || |g B@(G, )

Since f(#') is continuous, taking e small enough the term
fB@ 0,€) KhN( ‘9, 0” 9, \/ ’g d@l
JBo 0.0 Ky (16" = 01))/Ig]de"

becomes arbitrary close to f(f) because the above display is an average of f(#') taken over
e-neighborhood of #. Since g is induced by Euclidean metric and K has an exponential
tail decay, then we obtain

[ Kl - oDV — [ K(ulPdy s by —0).
B@(@,E) RY

This concludes the proof of (11). (12) is also proven in a similar way. O
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