MATHEMATICAL ENGINEERING
TECHNICAL REPORTS

Sperner’s Lemma and the Existence of Zero

on the Discrete Simplex and Simplotope

Takuya IIMURA, Kazuo MUROTA, and
Akihisa TAMURA

METR 2010-09 April 2010

DEPARTMENT OF MATHEMATICAL INFORMATICS
GRADUATE SCHOOL OF INFORMATION SCIENCE AND TECHNOLOGY
THE UNIVERSITY OF TOKYO
BUNKYO-KU, TOKYO 113-8656, JAPAN

WWW page: http://www.keisu.t.u-tokyo.ac.jp/research/techrep/index.html



The METR technical reports are published as a means to ensure timely dissemination of
scholarly and technical work on a non-commercial basis. Copyright and all rights therein
are maintained by the authors or by other copyright holders, notwithstanding that they
have offered their works here electronically. It is understood that all persons copying this
information will adhere to the terms and constraints invoked by each author’s copyright.

These works may not be reposted without the explicit permission of the copyright holder.



Sperner’s Lemma and the Existence of Zero on the Discrete

Simplex and Simplotope*

Takuya IMURAST Kazuo MUROTA Akihisa TAMURAS

April 20, 2010

Abstract

In this paper we show a zero point theorem for a certain meaningful class of
correspondences on a discrete simplex, which is equivalent to Sperner’s lemma [Abh.
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1 Introduction

Given a simplex and its triangulation, Sperner’s lemma [8], to be stated as Theorem 2.1,
says that if every vertex of the triangulation is properly labeled then there exists at least
one (actually an odd number of) completely labeled subsimplex. The lemma gives a proof
of Brouwer’s fixed point theorem [2] (see e.g. [1]), which in turn implies the lemma (see
[10]). In this sense we can say that Sperner’s lemma and Brouwer’s fixed point theorem
are equivalent.

In this paper we show a zero point theorem for a certain (meaningful) class of corre-
spondences on the set of vertices of the standard triangulation of unit simplex, which is
equivalent to Sperner’s lemma. Also, we show a zero point theorem for correspondences
on the set of vertices of the standard triangulation of the direct product of unit simplices,
which is derived from a Sperner-like theorem on the simplotope by van der Laan and Tal-
man [7] and Freund [4]. Note that stated in the form of “v = 3” the contraposition of
an existence lemma is also an existential statement. Loosely speaking, the two zero point
theorems on the simplex and simplotope are the contrapositions of Sperner’s lemma on
the simplex and simplotope, respectively. The two discrete zero point theorems are also
closely related to the discrete fixed point theorem for direction preserving correspondences
in [5], with a new, weaker, “simplexwise” version of direction preserving property.

In Section 2, we give some definitions and lemmas concerning simplices and Sperner’s
lemma. In Section 3, we define our correspondence, and establish the zero point theorems
for correspondences on the discrete simplex and simplotope. Section 4 gives applications of

our results to economic and game models, and Section 5 gives some concluding comments.

2 Definitions and lemmas

Let R be the d-dimensional Euclidean space and Z? the set of integer points in R?. The
notation 0 denotes the vectors of all zeros. The notation e’ is the ith unit vector whose
jth component e§ is one if j = i and zero if j # i. For any vectors z and y in R% we
denote by x - y the inner product of z and y. For a set X, we denote by conv X the
convex hull of X. If X is a set of d affinely independent points then conv X is called a
(d — 1)-dimensional simplex. A triangulation 7 of a convex set S is a finite collection of
simplices satisfying (i) S = Upes T (ii) if T" is a face of T € 7 then T” € T, and (iii) for
Ty, T, € T with Ty N Ty # 0, Ty N'Ty is a face of T and Th.

The set conv{el,---,e?} is called the (d — 1)-dimensional unit simplex, where we



assume d > 1 to avoid trivialities. Given any positive integer m, it admits a standard
triangulation such that the components of its vertices are nonnegative integer multiples of
1/m that sum to one (Kuhn’s regular triangulation [6]). To obtain the integrality of the
triangulation, we consider its m multiple. Fix m to some positive integer, and let S =
conv{mel,--- ,me?}. For brevity, let S = S9!, Then S admits an integral triangulation
T, any of whose (d — 1)-dimensional element (subsimplex) T' = conv{z!,--- , 2%} is such
that 2! € Z¢ and o+ = ot et —¢eit ¢ Z¢ t =1,--. ,d—1, where (i [t =1,--- ,d—1)
is a permutation of (1,---,d —1). Then T° = T N Z? is the set of vertices of T and
SO = SN Z?is the set of vertices of 7. We call this integral triangulation 7 the standard
triangulation of the simpler S. Let A: S® — {1,---  d} be a function. We call A a labeling
of S°.

Definition 2.1. A vertex z € SY is properly labeled by X if x; = 0 implies A(x) # i. A
subsimplex T"in 7 is completely labeled by X\ if the set of labels of the vertices is {1, - - ,d},
ie., if \(T?) = {1,--- ,d}, where \(T°) = {A\(z) | z € T°}.

Theorem 2.1 (Sperner’s lemma [8]). Let S° be the set of vertices of the standard tri-
angulation T of the simplex S. If every vertex in SO is properly labeled by A, then there
exists a subsimplex in T completely labeled by A.

The direct product of simplices is called a simplotope. Let S = S4—1 x ... x §dn—1
where S%-1 = conv{miei’l,--- ,mie"’di} C Rdi, in which d; and m; are some given
positive integers (d; > 1) and €% is the jth unit vector in R%, j =1,--- ,d;, i =1,--- ,n.
The simplotope S C R Fdn has []1"_, d; vertices and dimension Y"1  (d;—1). Let d be
the number of the vertices of Y ", (d; —1)-dimensional simplex, i.e.,d = (3., (d;—1))+1.

Let % be a unit vector in R4 14 given by a concatenation of i — 1 zero vectors

in R% (k = 1,---,i — 1), the jth unit vector e/ in R%, and n — i zero vectors in
R (k=144 1,---,n), in this order. We regard any vector =z € R%1++dn a5 such a
concatenation of n vectors in R%, i = 1,--- ,n, and denote the jth component of the ith

subvector of x by z; ;. In this notation é"J is a vector such that é;; = 1 with all other
components being zeros.

Let SO = §n Z&+ -+ The simplotope S admits an integral triangulation 7°
similar to those of component simplices, any of whose (d — 1)-dimensional subsimplex
T = conv{z!,--- 2%} is such that x' € SY and 2! = ! 4 &ieittl — gitde ¢ SO ¢ =
1,---,d—1, where ((it,j:) |t =1,--- ,d—1) is a permutation of ((1,1),(1,2),---,(1,d; —
1);(2,1),(2,2),---,(2,da —1);--+ ;(n,1),(n,2), -+, (n,d, — 1)) (see [3]). We call this in-



tegral triangulation 7 the standard triangulation of the simplotope S. Let X: SY —
{(i,1),---,(i,d;)} be a function, i = 1,--- ,n. We also call \* a labeling of S°.

Definition 2.2. Let i € {1, -+ ,n}. A vertex z € S is properly labeled by A\* if x; ; = 0
implies A'(x) # (i,5). A subsimplex T in T is completely labeled by X' if \(T?) =
{(,1), (i, di)}, where N(T®) = {Xi(z) | € T°).

In [7] and [4], a Sperner-like theorem (Theorem 2.2 below) is proved using a slightly
different labeling function L: S® — " ,{(i,1), -, (i,d;)}. Recall that z; ) denotes the

kth component of the ith subvector of = € SY.

Theorem 2.2 (van der Laan and Talman [7], Freund [4, Theorem 3]). Let L: S° —
UL {(, 1), -+, (i,di)}. If every x in S is properly labeled by L in the sense that x;j = 0
implies L(x) # (i,k), k=1,--- ,d;, i = 1,--- ,n, then there exists a subsimplex T in T
such that L(T%) = {(j, 1), , (j,d;)} for some j € {1,--- ,n}.

3 The main results

3.1 A zero point theorem on the discrete simplex

Let S = conv{me!,--- ,me?} c RY, SY = SNZ? and T the standard triangulation of the
simplex S. Forany T € 7, TY = TNZ% is the set of vertices of T. We are concerned with a
correspondence (set-valued function) A: SO —— {ef —el € Z4|i,j =1,--- ,d} (possibly
i = j), which is “pointwise one-directional” and “simplexwise direction preserving” in the

following sense.

Definition 3.1. A correspondence A: S® —— {e/ —¢! € Z¢ | i,j = 1,--- ,d} is (nega-
tively) pointwise one-directional if, for each = € S° such that A(z)\ {0} # 0, there exists
one and only one i, € {1,---,d} such that §;, < 0 for all § € A(z)\ {0} (i.e. §d =€ —e'=
for some j if 6 € A(z) and § # 0); it is simplezwise direction preserving on 7T if, for
each (d — 1)-dimensional subsimplex T in 7, there exists a family Dr of §(z) € A(x)
indexed by z € T?, i.e., Dy = (6(z) € A(z) | x € T°), such that §;(x)d;(z') > 0 for all
i€ {l,---,d} for any x and z’ in T°.

Remark 3.1. In the definition of simplexwise direction preservingness we may choose
different 6(z) € A(x) for Dy for different T' > z. As a special case of singleton-valued A
(i.e. if A is a function), the condition reduces to the “simplicial local direction preserving”
condition of [9]. Also we remark that §(x) - 6(z’) > 0 is equivalent to 6;(z)d;(z") > 0 for
all i =1,---,d by the form of §(z) and §(z’) (somewhat similarly to [5]).



Now, let us denote {x}+ A(z) by x+ A(z), for short. We claim that the next theorem

holds, and is equivalent to Sperner’s lemma (Theorem 2.1).

Theorem 3.1. Let S° be the set of vertices of the standard triangulation T of the sim-
plex S. If A: 8% —— {eJ —¢ € Z? | i,j = 1,---,d} is pointwise one-directional and
simplezwise direction preserving on T, then there exists an x € S° such that 0 € A(z) or

v+ A(z) € S°. (Hence 0 € A(x) if A points inward at the boundary of S.)

Proof of [Sperner’s lemma = Theorem 3.1]. Given the correspondence A of the theo-
rem, define a function Ay : S° — {1,--+ ,d,0} by Aa(x) = 0if 0 € A(z), and A (x) = i if
0 ¢ A(z) and 6;, < 0 for all § € A(x), for each x € SY. If Aa(z) = 0 for some z € S° then
0 € A(x) and we are done. So assume in the following that Aa(x) # 0 for every x € SU.
Then Aa(T°) # {1,--- ,d} for every T € T. To see this, suppose Aa(7°) = {1,--- ,d}
for some T € 7, and let 2' € T? be such that Aa(z?) =4, i = 1,---,d. Then every §
in A(z?) is written as § = ¢/ — ¢’ for some j € {1,---,d} \ {i}. In particular, for each
§=¢ —el € A(zh), -0 < 0 for all § in A(x?) since ¢’ is written as &' = e — ¢/
(h € {1,---,d} \ {j}). This contradicts the simplexwise direction preservingness of A.
Hence AA(T°) # {1,--- ,d} for every T € T. Since Aa is a labeling of SY and every T in
7T is incompletely labeled by Aa, the contraposition of Sperner’s lemma then says that
there is an x in S° improperly labeled by A, i.e., x € S° such that 2; = 0 and Aa(z) =i
for some i. Then we have x + A(x) € S°. O

Proof of [Theorem 3.1 = Sperner’s lemmaj. Assume that every (d — 1)-dimensional
subsimplex T of 7 is incompletely labeled by A\: SY — {1,--- ,d}, and define A,: S* ——
{el —eteZd|i,j=1,---,d} by Ax(z) ={e/ —e*®) | j £ Nz) (j=1,---,d)}, for each
x € SO (the cardinality of Ay(x) is d — 1). Then A, is clearly pointwise one-directional.
It is also simplexwise direction preserving, since, for u(T) € {1,--- ,d} \ A\(T°) (a missing
label of T), we can take Dy = (6(x) = ™) — A®) | 2 € TO) to let &;(x)d;(2') > 0 hold
for alli € {1,--- ,d} for any x and 2’ in T°. Hence there is an x such that x+ A, (z) € S°
by Theorem 3.1. Since x + Ay(x) € S° if and only if 2; = 0 and A\(z) = i for some i,
we can conclude that there exists an = in SY improperly labeled by \, which proves the

lemma. O

Given a pointwise one-directional A: SO —— {e/ —e! € Z9 | 4,5 =1,--- ,d} (possibly



i = j), define a function Aa: S° — {1,---,d,0} by

0 if0e A(x), and
Aa(x) = (1)
iy if 0 ¢ A(x) and 0;, <0 for all 6 € A(x).
Also, given a A\: SY — {1,--- ,d,0}, define a pointwise one-directional Ay: S¥ —— {e/ —
eeZli,j=1,---,d} by
{0} if A(z) =0, and
Ax(z) =9 (2)
{el —eM®) | j £ Nz) (j=1,---,d)} otherwise.
Then the set of Aa and the set of Ay are one-to-one each other. If we classify x € S°
such that Aa(z) = 0 also as “improperly labeled” by Aa, and continue to call (d — 1)-
dimensional T' € 7 such that Aa(T°) # {1,---,d} “incompletely labeled” by Aa, then
the equivalence established above may be summarized as in Figure 1. Theorem 3.1 is

then of the form of the contraposition of Sperner’s lemma.

Sperner’s lemma
V vertices (properly labeled) =  J subsimplex (completely labeled)
(contraposition of Sperner’s lemma,)
Jz[improperly labeled by Aa] = VT [incompletely labeled by Aa]
| Theorem 3.1 K
3z[0 € Ax(z) | 7+ Ax(z) £ S°] <= A, pointwise 1-d & simplexwise dp

Figure 1: The relationship between Sperner’s lemma and Theorem 3.1

3.2 A zero point theorem on the discrete simplotope

Let S%~1 = conv{m;eb!, - miet®} ¢ R%, i =1,---,n, § = Sh~1 x ... x §—1
SO = SNZMI+Fdn and let T be the standard triangulation of the simplotope S. For any
T T, T =TnNZ%+ "+ is the set of vertices of T. Let A: SO —— {ebF —ebd € Z% |
Jyk=1,---,d;} (possibly j = k), i = 1,--- ,n. The pointwise one-directional property
and the simplexwise direction preserving property of A? are similarly defined as follows.

Let d = (0 (d; — 1)) + 1.

Definition 3.2. A correspondence A?: SO —— {et* —ebd € Z% | j k = 1,--- ,d;} is
(negatively) pointwise one-directional if, for each € S° such that Af(z)\ {0} # 0,
there exists one and only one j, € {1,---,d;} such that 5;-96 < 0 for all §' € Ai(x) \ {0}

6



(ie. 0" = ek — ebde for some k if 0" € Al(z) and &' # 0); it is simplezwise direction
preserving on T if, for each (d — 1)-dimensional subsimplex 7" in 7, there exists a family
Di. of §'(z) € A¥(z) indexed by z € TV, i.e., Dt = (§'(z) € Al(z) | z € TP), such that
6;(@5;(:5’) >0 forall j € {1,---,d;} for any = and 2’ in T°.

We claim that the next theorem is derived from the Sperner-like theorem (Theorem

2.2).

Theorem 3.2. Let S° be the set of vertices of the standard triangulation T of the sim-
plotope S. If A': SO —— {ebk —ebd | j k =1,---,d;} is pointwise one-directional and
simplezwise direction preserving on T for alli = 1,---  n, then, for A: SO —— Zd++dn
defined by A(x) = {(6%,---,0") | 6" € A¥x), i =1,--- ,n}, there exists an x € S° such
that 0 € A(x) or x + A(x) € S°. (Hence 0 € A(x) if A points inward at the boundary of
S.)

Proof. Given the correspondences A’ of the theorem, define A% : S° — {(i,1),---, (i,d;), (4,0)}
by Ay(z) = (i,0) if 0 € A¥x), and Ny(z) = (i,7,) if 0 ¢ A¥(x) and 5§x < 0 for
all 8" € Al(z), for each z € S° for every i = 1,---,n. If Ny(z) = (4,0) for all
i=1,---,n for some x € S then 0 € A(z) and we are done. So assume in the fol-
lowing that Ay (z) # (i,0) for some i € {1,---,n} for all z € S°. Then Xy (T°) #
{(2,1),---,(i,d;)} for every T € T due to the simplexwise direction preservingness of
A, for every i = 1,---,n (the proof is similar to a part of Proof of [Sperner’s lemma
= Theorem 3.1]). Define La: S° — U {(i,1), -+, (i,d;)} by La(z) = Xy(z) for
each z € S° with some i € {1,---,n} such that Ay (z) # (4,0). Then La is a la-
beling function of S® that appears in the Sperner-like theorem (Theorem 2.2), and
LA(T®) # {(i,1),---,(i,d;)} for all i = 1,---,n for every T € T, since otherwise
MN(TY) = {(i,1),---,(i,d;)} for some i € {1,--- ,n} and T € T (here TV is the set
vertices of T and La(T°) = {La(z) | * € T°}). The contraposition of the Sperner-like
theorem then says that there is an 2 in S° improperly labeled by La, i.e., z € S° such
that z;; = 0 and Ay (x) = (4,5) for some i € {1,---,n} and j € {1,---,d;}. Then we
have x + A(x) € S°. O

Observe that the Sperner-like theorem is summarized as
Vz[Ji[z is properly labeled by \{]] = 3T[3i[T is completely labeled by \]],

using a set of labelings A\*: SY — {(i,1),---,(i,d;)} (i = 1,--- ,n) satisfying L(z) = \(x)
for every x € S° with some i € {1,--- ,n} such that \’(z) # (i,0), instead of L: S¥ —



Ui {(%,1),---,(i,d;)}. Figure 2 shows the relationship between the Sperner-like theorem
and Theorem 3.2. Note that z with A\ (z) = (i,0) is classified as “improperly labeled”

therein.

Sperner-like theorem
Vz[Ji[x is properly labeled by \%]] = 3T[Fi[T is completely labeled by ]
(contraposition of Sperner-like theorem,)
Jz[Vi[x is improperly labeled by Ay]] <= VT|Vi[T is incompletely labeled by A4 ]]
[} Theorem 3.2 T
3z[0 € A(z) |  + A(x) € 59 <= Vi[A? pointwise 1-d & simplexwise dp]

Figure 2: The relationship between Theorem 2.2 (Sperner-like theorem) and Theorem 3.2

4 Applications

In this section we give the applications of our results, which are the simple adaptations

of Theorems 3.1 and 3.2 in some specific context, respectively.

(1) Walrasian equilibrium in integer prices

Let Zi be the nonnegative orthant of Z? and (: Z‘i \ {0} —— Z% a nonempty-valued
correspondence satisfying (i) ((tp) = ((p) if p,tp € Z< \ {0} (homogeneous of degree
zero), (i) p-z < 0 for all z € {(p) and all p € Z4 \ {0} (weak Walras’s law), and (iii)
zi > 0if z € ((p) and p; = 0 (boundary condition). We call ¢ an (aggregate) excess
demand correspondence that assigns for each nonnegative nonzero integer price vector
p € Z1 \ {0} a nonempty set ((p) of integer excess demand vectors z € Z?. By the
zero-homogeneity, the set S = SN Z¢ with S = conv{me!,--- ,me?} is a natural subset
of integer price vectors, for which we consider the existence of a Walrasian equilibrium
price vector p* € S¥ such that 0 € ((p*).

For p € SO such that p; > 0 for all k = 1,--- ,d, the weak Walras’s law implies that
z; < 0 for at least one i if z € ((p) and z # 0, so assign i, € {1,--- ,d} such that z;, <0
for some z € ((p) if 0 & ((p); assign 0 if 0 € ((p). For p € S° such that py = 0 for some
k, the boundary condition implies that p; > 0 if z; < 0, so assign i, € {1,---,d} such
that z;, < 0 for some z € ((p) if 0 & ((p); assign 0 if 0 € ((p). The assigned integer i,

represents a good whose price is to be lowered at p. Let 7 be the standard triangulation



of the simplex S.

Proposition 4.1. Suppose that, for every (d — 1)-dimensional T € T, the goods whose
prices are to be lowered at the vertices of T are not completely different. Then there exists

a Walrasian equilibrium price vector.

Proof. Let A\: S° — {1,--- ,d, 0} be the assignment rule. Then \(T) # {1,--- ,d} by the
assumption, where 70 = T'NZ9, the set of vertices of T. Let u(T) € {1,--- ,d} \N(T?) for
each T € 7. Then A: S® —— {e/ —¢' |i,j=1,--- ,d} defined by A(p) = {eT) — AP |
T? contains p} if A\(p) # 0 and A(p) = {0} otherwise is a price adjustment correspondence
that is pointwise one-directional and simplexwise direction preserving. Also A points
inward at p € S° on the boundary of S due to the boundary condition of ¢. Hence there
exists a p* € S% such that 0 € A(p*) by Theorem 3.1, which is a Walrasian equilibrium
price vector since 0 € A(p*) <= A(p*) =0 < 0 € ((p*). O

(2) Nash equilibrium in rational mixed strategies

It is known that every finite n-person game has a Nash equilibrium point in mixed strate-
gies. It is not known, however, when it is obtained as an m-tuple of rational mixed
strategies. We address this issue here.

Let d; > 1 be the number of pure strategies of player ¢, ¢ = 1,--- ;n. We identify
the kth unit vector e“* in R% with the kth pure strategy of player i. Then the set of

(mixed) strategies of player i is conv{e®!,--. b4}, the (d; — 1)-dimensional unit sim-

n,kn)

plex. Given the payoff m;(elF1, ... e € R of player i for each pure strategy profile

(elF1, ... emkn) the payoff P;(s) of player i for each strategy profile s = (s',--- ,s"), s/ €

Conv{e.j717 e ’ejyd]} for each] — 1’ e 7n’ iS Pz(s) = Zzi:l . e Ei::l s]];:l e S”];;LnTr’L(e]-,kl? “ e

We denote by P;i(s\ t') the payoff of player i when the strategy ¢’ is used by player i in
the profile s.
Let S%~! = conv{m;eb!,--- m;et%} with some positive integer m;, i = 1,--- ,n,

and § = SU1 x ... x 8071 We call S = SN Z4ttdn the discretized strategy

profile space. We identify x = (z!,---,2") € S° with the n-tuple of rational vectors
of strategy s = (x!/mq,---,2"/m,), for which we put s = x/m, for brevity. Then
Pi(w/m) = Y- S (b, fm) - (2, fma)mi(ethr, o ). Lot 5 §0 s

S%i=1'NZ9% be the best reply correspondence of player i such that y* € 3%(z) if and only
if P;((z/m)\ (v'/mi)) > Pi((x/m)\ (z/m;)) for all 2* € S%~1 N Z%. Then conv 3 (z) is

a nonempty face of S%~! due to the multilinear form of payoff function. We say that a

pure strategy e** is acceptable for player i at x if m;e* is a vertex of conv 3(x). Define

n,kn).



B: 8% —— SOby B(z) = B(z) x---x f"(x) for each z € SO. A discretized strategy profile
r* € SY is a Nash equilibrium point if 2* € 3(z*). Let 7 be the standard triangulation
of the simplotope S, whose dimension is d — 1 with d = (3 ;(d; — 1)) + 1.

Proposition 4.2. Suppose that, for every (d — 1)-dimensional T € T, there is at least
one pure strateqy for each player acceptable for him at all the vertices of T'. Then there

exists a Nash equilibrium point in the discretized strategy profile space.

Proof. For each (d—1)-dimensional T' € T and playeri = 1,--- ,n, let u*(T) € {(i,1), -+, (i,d;)}
be the index of an acceptable pure strategy for player i at T', which always exists due to

the assumption. For each x = (z!,--- ,2") € S” and player i = 1,--- , n, let X(z) = (4, k)

if there is e"* not acceptable for i at x and % > 0, and \(z) = (i,0) otherwise (i.e. if all
the pure strategies are acceptable or every unacceptable one is already “dropped” in that
zt = 0; \'(z) signifies a pure strategy to be dropped, if any). Note that A’(z) = (7, 0) if and
only if #* € B'(x). Now, define A?: SO —— {ebk — ¢l | j k=1,--- ,d;} (possibly j = k)
for each player i = 1,--- ,n by Af(z) = {0} if Xi(z) = (i,0), and Aé(z) = {e#' (D) — X' (@) |
TO contains x} otherwise (79 = T'N Z%+Fdn is the set of vertices of T'). Then every A’
is pointwise one-directional, simplexwise direction preserving, and A: S® —— S° defined
by A(z) = Al(x) x -+ x A"(x) for each x € S° satisfies # + A(z) C SY. Hence there
exists an z* € SO such that 0 € A(z*) by Theorem 3.2, which is a Nash equilibrium point

since 0 € A(z*) <= N(z*) = (i,0) (Vi=1,---,n) <= z* € B(z*). O

5 Concluding comments

Let SO be the set of vertices of the standard triangulation 7 of the simplex S. The
zero point theorem on the simplex (Theorem 3.1) gives a discrete fized point theorem for
functions f: S — S° such that f(z) = x + €/ — €', with the condition that (fi(x) —
zi)(fi(z') —a}) > 0 for all i = 1,--- ,d (or equivalently (f(z) —z)- (f(z') —2') > 0in
this case) for any x and 2’ in the same subsimplex of 7. The proof of the existence of
an r € SY such that = f(z) is immediate from Theorem 3.1 if we define A: S ——
{e/ —¢e'|i,j=1,---,d} by A(xz) = {f(x) —2}. We note that this is a special case of the
theorem in [5].

Theorem 3.1 also gives a proof of continuous fixed point theorem by Brouwer. If
S c R? is the unit simplex and f: S — S is continuous, the proof is direct and goes as
follows (this is a slightly modified, typical proof of “Sperner — Brouwer”; see e.g. [1]

for this type of proof of Brouwer’s theorem). For each positive integer m, let 7y, be the
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standard triangulation of S such that S9, = SN (%Zd) is the set of vertices of 7,,,. Define
A S —— el — kel i, =1, ,d} by A™(2) = {hel —el | j# i (j=1,--- ,d)}
with an i € {k | 7x > fr(2)} if z # f(x), and A™(z) = {0} if x = f(=), for each z € SY,.
Then, for each m, A™ is pointwise one-directional and = + A™(x) C S9 for all x € SY..
If A™ is also simplexwise direction preserving then 0 € A™(x) for some z € SY,. If not,
there exists a completely labeled subsimplex, since A™ is simplexwise direction preserving
if and only if all the subsimplices of 7,,, are incompletely labeled. Hence we have either
a finite m such that 0 € A™(x) for some x = f(z) € S, or a sequence of completely
labeled subsimplices converging to some x = f(z) € S.

In this paper we started from a unit simplex {z € R? | 1-2 = 1, > 0} (where 1
is the vector of all ones), and used the “negative” one-directional condition “J;, < 0 for
all 9 € A(z) \ {0} for some i,”. A similar argument is possible, starting from a non-unit
simplex {x € R | 1 -2 =0, 2 < 1} ([6]) using a “positive” one-directional condition
“0;, > 0 for all 6 € A(x) \ {0} for some i,”. The convention of sign is determined so
as to obtain x + A(x) C SY at the extreme points of the simplex S at hand. The same

comment also applies to the theorem on the simplotope.
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