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Abstract

In a weighted undirected graph, a matching is said to be a-robust if for all p, the total
weight of its heaviest p edges is at least « times the maximum weight of a p-matching in
the graph. Here a p-matching is a matching with at most p edges. In 2002, Hassin and

Rubinstein [5] showed that every graph has a %—robust matching and it can be found by

k-th power algorithm in polynomial time.

In this paper, we show that it can be extended to the matroid intersection problem, i.e.,
there always exists a %—robust matroid intersection, which is polynomially computable. We
also study the time complexity of the robust matching problem. We show that a 1-robust
matching can be computed in polynomial time (if exists), and for any fixed number « with
% < a < 1, the problem to determine whether a given weighted graph has an a-robust
matching is NP-complete. These together with the positive result for o = %
us a sharp border for the complexity for the robust matching problem. Moreover, we show
that the problem is strongly NP-complete when « is a part of the input. Finally, we show

the limitations of k-th power algorithm for robust matchings, i.e., for any € > 0, there exists

in [5] give

a weighted graph such that no k-th power algorithm outputs a (% + e) -approximation for

computing the most robust matching.

1 Introduction

Let G = (V, E) be a graph with a nonnegative weight function w on the edges. A p-matchingis a
matching with at most p edges. A matching M in G is said to be a-robust if for all positive integer
p, it contains min{p, | M|} edges whose total weight is at least « times the maximum weight of
a p-matching in G. The concept of the robustness was introduced in [5], and studied for several
combinatorial optimization problems such as trees and paths [3, 6]. Hassin and Rubinstein [5]
showed that the k-th power algorithm (i.e., the one for computing a maximum matching in
the graph with respect to the k-th power weights wk) provides a min{2(1/k)_1,2_1/k}—robust
matching in polynomial time. In particular, when & = 2, this implies the existence of a %—

robust matching in any graph. They also show that the %—robustness is the best possible for

*A preliminary version appears in Proceedings of the 18th Annual European Symposium on Algorithms (ESA
2010) [2]
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matchings by providing a weighted graph which does not contain a-robust matching for any
o> %

In this paper, we extend this result to the matroid intersection problem. Let M; = (E,Z;)
and My = (F,Z3) be two matroids with independent sets Z; and Zo, respectively, and w be
a nonnegative weight on the ground set E. The matroid intersection problem is to compute a
maximum common independent set I € Z; N Zy of two matroids M; and Ms. The matroid
intersection is a natural generalization of bipartite matching, and one of the most fundamental
problems in combinatorial optimization (see e.g., [8]). We show that the k-th power algorithm
computes a min{Z(l/ k)=1 9-1/ ¥1-robust common independent set in polynomial time, which

implies that the matroid intersection problem admits a %—robust solution, where the %—

robustness is the best possible [5]. In order to obtain the result, we make use of optimal dual
values for the linear programming formulation of the matroid intersection problem.

We next consider the complexity for the robust matching problem. We show that (1) a
1-robust matching can be computed in polynomial time (if exists), and (2) for any fixed number
o with % < a < 1, the problem to determine whether a given weighted graph has an a-
robust matching is NP-complete. These together with the positive result for a = % in [5]
give us a sharp border for the complexity for the robust matching problem, although the NP-
hardness is in the weak sense. We also show that deciding if G has an a-robust matching is
strongly NP-complete when « is a part of the input. We remark that all the negative results
use bipartite graphs, and hence these lead to the hardness for robust bipartite matching and
matroid intersection.

We finally analyze the performance of the k-th power algorithm for the robust matching
problem. Recall that the k-th power algorithm provides a min{2(1/ k)=1 9-1/ k1-robust matching,
and we might expect that for some k, the k-th power algorithm provides a good approximate
solution for the robust matching. However, we show that this is not the case, i.e., % is the
best possible for the approximation of the robustness. More precisely, we show that for any
€ > 0, there exists a weighted graph such that no k-th power algorithm outputs a (% + 6)—

approximation for computing the most robust matching.

The rest of the paper is organized as follows. In the next section, we recall some basic
concepts and introduce notation. Section 3 shows the %—robustness of the matroid intersection
problem, and Section 4 shows the NP-hardness for the robust matching problem. In Section 5,
we analyze the performance of the k-th power algorithm for the robust matching problem, which
includes the polynomial solvability for the 1-robust matching. Finally, in Section 6, we give a
proof for the strongly NP-hardness which is omitted in Section 4.

2 Preliminaries

For a finite set F and a nonempty collection of its subsets Z C 2, the pair (E,Z) is called an
independent system if I satisfies the hereditary condition:

I'cl,leT=1 €1,

where I € 7 of size at most p (i.e., |I| < p) is called p-independent. An independent system
(E,Z) is a matroid if 7 satisfies

VI,JeZ, |I|>|J|=3Jiel\J Ju{i}el

Given an independent system (F,Z) and a nonnegative weight function w : E — R, the
mazimum (p-)independent set problem is to compute a (p-)independent set I € Z that maximizes
the weight w(l) =" ;w(e).



Let w : E — Ry be a weight function on a ground set F, and let J = {e1,e2,...,e4} be a
subset of E with w(e1) > w(eg) > --- > w(ey). Define
T = {e1,ea2,...,ep} ifp<gq,
() — .
J otherwise.

For an independence system (FE,Z), we denote by I®) a maximum p-independent set. An
independent set J is called a-robust if

w(Jip)) > a- wI®) forallp=1,2,...,|E|

Note that any matroid has a 1-robust set, since a greedy algorithm solves the maximum inde-
pendent set problem for matroids. For an original weight function w : E — Z,, the function
wh : B — Zy is defined by w”(e) = {w(e)}*.

Given two matroids My = (E,Z;) and My = (E,Iy), the matroid intersection is the
independent system of form M; N My = (E,Z; NZy), and the matroid intersection problem is
to compute a maximum independent set of the matroid intersection. Let r; : 2 — Z., denote
the rank function of M, which is defined as r;(A) = max{|I| | I C A,I € Z;}. Edmonds [1]
showed that the following linear programming solves the matroid intersection problem:

maximize w-T
subject to z(A) <r (A (VACE (1)
z(A) <ry(A (VACE
ZTe >0 (Ve € E),

where z € RF and z(A) = Y, 4 ze. Consider the dual of the problem:

minimize Z (TI(A)?/,I4+T2(A)QI24)
ACE
subject to Z (v +v3) = wle) (Ve € E)
ec ACE
Ya,ya >0 (VA C E).

For an optimal solution (%!,%?) of this dual, we define weight functions w; and ws as follows:

Z yA? w2 Z (2)

e€ACE e€ACE
Then we have the following result.

Theorem 2.1 (Edmonds [1]). Let J be an optimal solution of the matroid intersection problem.
Then it is a mazimum independent set of M; with respect to w;, i = 1,2.

By definition of wy and ws, we have w;(e) + wa(e) > w(e) for any e € E, and the comple-
mentary slackness implies that

Te >0 = wi(e) +wae) =w(e) (VeeE),
Yy >0 = z(A)=r(A) (VACE,i=12).



3 Robust Matroid Intersection

In this section, we prove the following theorem.

Theorem 3.1. Let My = (E,Z;) and My = (E,Zs) be two matroids. For any weight function

w:E — Ry and k > 1, let J be a maximum common independent set of My and My with

k

respect to w", i.e.,

wh(J) = max{w®(I) | I € T, N T,}.
Then J is a min{2(1/F) =1 2=k} robust independent set for the matroid intersection (E,TiNT).
Since the matroid intersection problem is polynomially solvable, as a corollary (k = 2), we
have the following result.
Corollary 3.2. The matroid intersection problem admits a %-mbust solution, and further-
more, it can be computed in polynomial time.

Let J be a maximum common independent set of M7 and My with respect to w”*. Forp > 1,
we show that w(Jy,)) > 20/M=L. w(1®) if |J] < [IP)], and w(Jy,)) > min{2/K)-1 2=1/k} .
w(IP)), otherwise.

3.1 The case when |J| < [I?)|

Let ¢ = [I?P)] —|J| > 0. To make the discussion clear, let us modify the problem instance by
adding ¢ new elements F' = {fi,..., f;} to E:

E:=EUF,

I = {IUF, ‘ IGIZ',FIQF},

w(f;) =0 (=1,...,q),

J:=JUF.
We furthermore truncate the two matroids by |I()|:

L= {I €L | |I| < 1"}

It is not difficult to see that after this transformation, M1 and My are still matroids, J and
I®) are common bases (i.e., maximal independent sets for both M; and My). Hence it suffices

to show w(J,y) = w(J) > 2(1/F)=1 . 4y(I)). We show this by proving

w(J\ 1Py > 2/B)=1 (1) ).

For a common base B and a common independent set L of M7 and Ms, let us construct a
bipartite graph G(B,L) = (V, A = A; U A3) as follows.

V= (B\L)U(L\B), 5
Ai={@y) |2 € B\L ye L\B, (B\{a) ufy} €T} (i=12).

For a vertex x € V and for X C V, we define
di(z) ={v eV | (z,v) € 4},
6(X)=J dil@) (=12

zeX



Lemma 3.3. For any X C L\ B, (B\61(X))UX €T, and (B\ 62(X))UX € Iy.

Proof. Assume a contrary that (B \ 61(X)) U X ¢ 7, that is, there exists an M;-circuit
C1 C (B\ (X)) UX. Then we have C; N X # (), since B is independent. Furthermore,
|Cy N X| > 2 holds by the definition of §;(X). For e € C; N X, let Cy be the unique circuit
included in B U {e}. Since e € C1 N Cy and C; # Cy, by the circuit axiom of matroids, there
exists an Mj-circuit C] C (CyUCy) \ {e}. This C] satisfies |C] N X| < |C1 N X|. By repeatedly
applying the above argument to C], we can obtain an M;-circuit C C (B \ 01(X)) U X with
|CNX| < 1, which contradicts the definition of 41 (X). Hence (B\d1(X))UX is M;-independent.

Similarly, it can be shown that (B \ d2(X)) U X is Mao-independent. O

The following lemma follows from Lemma 3.3 and Hall’s theorem.
Lemma 3.4. Bipartite graph G(B, L) has two matchings M; C A; (i = 1,2) which cover L\ B.

Proof. Recall Hall’s theorem for bipartite matchings, i.e., an undirected bipartite graph G =
(V1 U Va, E) has a a matching which covers V; if and only if [§(X)| > | X| holds for all X C V;,
where §(X) denotes the set of neighbors of X.

Note that B is a common base, and Lemma 3.3 shows that

which together with Hall’s theorem proves the lemma. O

Let us now consider the bipartite graph G(J, I (p)). Since J and I?) are common bases,
Lemma 3.4 implies that G(J,I(p)) contains two perfect matchings M7 C Ay and My C As.
Therefore, each connected component of M U My forms an alternating cycle with Ay and As.
Consider one of these cycles with vertices ey, f1, ..., eq, f4, e1 such that e; € J\I®), f; € TP\ J,
(ej, ;) € Ai (j=1,...,d), (fj,ej41) € Aa (j =1,...,d—1), and (f4,e1) € Aa. For every such
cycle, we shall show

D5 w(es) - > (wi(eg) + wale;) !/ o o1k
S w(fy) T S (wilf) +wa(f)) VR T ’

where w1 and wo are weight functions constructed by an optimal dual solution for LP formulation
(1) of the matroid intersection problem with respect to the weight w* (see (2)). This completes
the proof for the case in which |.J| < |IP)].

Note that the first inequality in (4) holds by wi(e) + wz(e) > w¥(e) for every e € E and
the complementary slackness (i.e., wy(e) + wa(e) = w*(e) for every e € J). To show the second
inequality in (4), we introduce 4d variables xo, ..., Z2q—1, Y1, .., Y2d, Where x9;_1, T2j_2, Y2j—1
and y2; (j = 1,...,d) correspond to wi(e;), wa(e;), wi(f;) and wa(f;), respectively. Since
(e, f;) € Ai, by Theorem 2.1, we have wi(e;) > wi(fj) (j = 1,...,d). Similarly, we have
walejr1) > wa(fj) (7 =1,...,d—1), and wa(e1) > wa(fq). Therefore, we consider the following
optimization problem to prove (4).

(4)

(l‘o + xl)l/k + (:Uz + :Eg)l/k +---+ (:Egd_g + l‘zd_l)l/k

minimize 7 =
(y1 +y2)V*F + (3 + ya) /% + - 4 (y2a—1 + yoa) /¥
subject to zj >y >0 (j=1,...,2d—-1)
xog > Yy2a = 0

the denominator of Z is positive.



Since Z is clearly minimized when z; = y; (1 < j < 2d — 1) and zg = yaq, it is consequently
enough to prove

(20 +x1)YF 4+ (xg +23)VF 4+ -+ + (v20-2 + 29a_1) /"
(.Z'l + wg)l/k + (xg + $4>1/k + -+ (x2d71 + xo)l/k
subject to zj >0 (j=0,...,2d—-1) (5)

the denominator of Z(x) is positive

minimize Z(x) =

is at least 201/F)~1  Let us consider the following operation REDUCE(j) which transforms a
nonnegative x without increasing Z(x).

REDUCE())

If Toj—2 + X251 > Toj + X2j+1, then Toj—1 1= T2j—1 + X2j and Toj 1= 0.
Otherwise, Toj 1= XT2j—1 + X2 and Toj—1 = 0.

Here we define xo4 = x9 and x9441 = x1. Note that for any nonnegative a, b and ¢ with
a > b > c, we have
at’F 4 bVE > (a4 )VF 4 (b — )tk

by the concavity of function f(z) = z'/* for k > 1. Thus REDUCE(}) creates a new feasible
solution x to (5) without increasing Z(x). By repeatedly applying REDUCE(j), j =1,...,d,
we obtain x with at least one 0 for each pair of (z1,x2), (z3,24),...,(x24-1,20). Then, by
removing variables of value 0, Z(x) can be represented as

k 1/k 1/k
> jen (w2 + woj41) Yk + dieds T+ D jets Tl

1k . 1/k 1/k 1/k
>jen (ij + 372j+1) + D jes Lo T e Taji1
(w25 + ZL‘2j+1)1/k 1}

> min {min
= e 1k . 1/k
A Ty +$2j+1

Z(x) =

(atb)/* (a+b)'/k _ o(1/k)—1
al/F+bl/E = ((a+b)/2)/*+((a+b)/2)1/*
for any positive a and b, we can conclude that Z(z) > 201/k-1,

for some sets Jp, J2, J3 C {1,...,d}. Since we have

3.2 The case when |J| > [

Let J be a maximum common independent set of M; and My with respect to w*. we shall
show that w(J(,)) > min{2(1/F) =1 2= 1/kY Ly (1)) if ]| > |1P)).
Let us construct a set K C .J such that |K| = [I?)] and

w(i \ 1)) > min{20/H=1 2=k} (1) ), (6)

which completes the proof.
Similarly to the case in which |.J| < [I??)|, we truncate matroids M; (i = 1,2) by |J|:

I, ={IeT;| |1 < |J|}.

Note that J becomes a common base by this transformation. Consider a bipartite graph
G(J,IP) = (V, A; U Ay) defined as (3). By Lemma 3.4, G(J, 1)) has two matchings M; C A;
and My C A, that both cover 1(®) \ J. M U My consists of alternating cycles and paths, where
each path starts and ends with vertices in J \ I ®). Let Vi,..., Vy denote the vertex set of
connected components of M; U My. Note that |J, V, contains I (®) \ J. For each component,



define K; by K, =V, N J if it forms a cycle; otherwise, K, = V; N (J \ {e}), where e denotes a
vertex in VN J with the minimum w(e). We then define K = (I®) n.J)U|J, K;. We note that
K C J and |[K| = |I?)|. In order to prove (6), we show

w(Ky) > min{2/O=L o= V/kY (V) \ Ky)  for all £. (7)

If the connected component forms a cycle, then (7) holds by a similar argument to the case
where |J| > [I?®)|. On the other hand, if it forms a path ey, f1, ..., eq, fa, €ds1, where e; € J\I(P)
and f; € I\ J, then (7) can be restated as

> wes) — ming<jcap wiey)
Z?:l w(f)

Let wy and we denote weight functions constructed by an optimal dual solution for LP formu-
lation (1) of the matroid intersection problem with respect to the weight w”* (see (2)). Then
the left-hand-side of (8) is at least

> min{2(1/K) =1 o~1/ky, (8)

ST (wi(eg) + wale;)F — ming<jcap (wi(e) + wales))

ST (wilfy) + wa(f7)/k

which follows from the dual feasibility and complementary slackness. By Theorem 2.1, we have
wi(ej) > wi(f;) > 0 and wa(ejr1) > wa(fj) >0 for all j (1 < j < d) and wi(eqy1), wa(er) > 0.
Thus it is sufficient to consider the case in which wi(egzy1) = wa(e1) = 0, and wy(ej) = wi(f;)
and wa(ej11) = wa(fj) for j = 1,...,d. Namely we consider the following optimization problem:

Y

1/k Uk 1/k
o)+ (@2 )P o (gt waa) ) — sl

(xl + xz)l/k + (.733 + $4)1/k +---+ (xgd_1 + ajgd)l/k
subject to z; >0 (j=1,...,2d) (9)

the denominator of Z(x) is positive,

minimize Z(z) =

where syin = min{zy, xo+x3, ..., Tog—2+%24—1, T24} and xoj_1 and x5, respectively, correspond
to wi(e;) = wi(f;) and wa(ejr1) = wa(fj). We prove by induction on d that the optimal value
of problem (9) is at least min{2(1/#)=1 2-1/k}

If d = 1, then the claim is true, since

max{Ti,x 1/k 1\ V/k
2(0) = R > (3)

2

for any z1,z2 € Ry with 1 + 22 > 0.
Supposing that the claim is true for any d’ < d — 1, we consider the claim for d > 1. Define
5 1<j<k+4+1)bysj=xz1if j =1, z9j_0+x95—1 if 2<j < d, and x4 if j = d+ 1. Then,
we have d+1 1k 1/k
+
Zla) = % Smin
> (w1 + way) Vk

We first show the following case.

Lemma 3.5. If syin = s; for some j with2 < j < d, then we have Z(x) > min{2(1/k)*1, 2*1/1“}.



Proof. Let sp, = smin (2 < h < d). Then we have

Zh:1 sl/k 1/1@_{_Zd+]1Z 1/k }1l/k
Z(l’) — — J J J ]

>icy (a1 + @)k + Zj:h(a?2j—1 + o)L/

d+1 1/k  1/k
Z] nS; =Sy

h—1 . N/k _
If 23:1 (w2j—1 +x2;5)" /" = 0, then Z(z) = S0 (a1 tway)
implies the claim. Similarly, we can prove the claim if Z;l:h(Mj—l + $2j)1/k = 0. On the other
hand, if Z?;ll(:Ezjfl + I'Qj)l/k, Z?:h(l?j*l + l’Qj)l/k # 0, we obtain

h 1/k 1/l~c d+1 1/k l/k
Z] 1Sj Sh Z] hsj Sh }

S (waj o1 4 wa) YR Y0 (a1 + o) VE

By the inductive hypothesis, this

Z(x) > min {

By the inductive hypothesis, this again implies the claim. O

By the lemma, we assume without loss of generality that s; = smin, and separately consider
two cases: (1) sj—1 > s; < sj41 for some j, and (2) sy <--- <s; > -+ > 5441 for some j.

Lemma 3.6. If there exists some j (2 < j < d) with sj—1 > s; < sjy1, then we have Z(x) >
min{2(1/k)=1 o-1/k}

Proof. Let us modify z as follows.

If woj_9 > x1, then x9;_3 1= T2 3 + w2j_2 — 21, Toj_2 := @1,
T9j 1= T2j_1 + T25, and wgj_1 := 0.
Otherwise, Toj ‘= X2j—2 + T2j—1 + T2 — X1 and Tgj—1 = T1 — T25-2.

After this operation, we have s; = s; = spin without increasing Z(z). By Lemma 3.5, we have
Z(x) > min{2(1/F)~1 o=1/k} O

For case (2), we further separate it to the following three cases.

(2a) j >3 (i.e., s1 < 52 < s3),

(2b) j=2and d >3 (ie., 51 < s3> 583>+ > 5441),

(2(3) d=2 (i.e., s1 < 53 < 82).

Case (2a): we consider the following modification of z without increasing Z(z).

If zo > xq, then z4 := 23 + 4 and z3 := 0.
Otherwise, x4 := 2o + 3 + 4 — 21 and z3 := 1 — Ta.

If x9 < 21, we have sy = s1 = Spin. It follows from Lemma 3.5 that Z(x) > min{Q(I/k)_l, 2_1/k}.
Otherwise (i.e. x9 > x1), we have x5 = 0 and $1 = Syin. Since x3 = 0, it holds that

1 k 1/k
Z(x) = / - Z;H; J/
(1 + :vz)l/’“ + 35y (a1 + way)V/E

If (a:l + xg)l/k # 0 and Z?:2(x2j—1 + aigj)l/k # 0, then

1/k
x;/k Z;li?l, 5]'/
(z1+ ‘T2)1/k’ Z] 2(372] 1+ x2j)l/k

Z(z) > min {

which is at least min{2(1/®)=1 2-1/k} by 29 > 2; and the inductive hypothesis. Similarly, we
can deal with the case when (z; + mg)l/k =0or 2?22(332]-_1 + $2j)1/k =0.

8



Case (2b): In this case, transform x by
Tod—1 1= Tad—1 + Toqg — x1 and xaq 1= x1.

By this transformation, we have sg41 = $1 = Smin and sq > Sqy+1. Thus, if sq_1 > s4 holds,
then by symmetry to Case (2a), we can obtain the claim. Otherwise (i.e., s4—1 < sq), if d = 3,
we have s1 < so < s3, which implies the claim by Case (2a). On the other hand, if d > 4, we
have sq_o > sq—1 < sq, which again implies the claim by Lemma 3.6.

Case (2c): We prove the claim by a direct calculation. In this case,
(x2 + xg)l/k + xi/k
(1‘1 + $2)1/k + ({E3 + 1'4)1/1‘3.

If we fix the values of s9 = x9 + z3 and x4, then Z(z) is minimized when x; = x4 and z9 = x3,
because of 0 < z; < x4 and the concavity of f(x) = k. Thus, it suffices to consider the
minimum value of

(2x2)1/'€ + xi/k

2(1’2 + x4)1/k

under the condition 2z5 > x4 > 0. By setting x := x4/x2, this is equal to the minimal value of
)= —-—r
9@ = S5 ik

under the condition 2 > x > 0. Since

1 - - p—
§(2) = 5 (14 2) 710/ /1 g1k,

(1/k)—1

¢ is minimized either when x = 0 or x = 2. In the former case, g = 2 , and in the latter

case, g = (2/3)/*(> 27V/*), which completes the proof of Case (2c).

4 Complexity of a-Robust Matching

In this section, we study the time complexity of the following problem.

a-ROBUST-MATCHING
Instance: A graph G = (V, E) and a weight w(e) € Z, for each e € E.

Question: Is there an a-robust matching in G 7

Theorem 4.1. «-ROBUST-MATCHING is NP-complete when % < a <1, and it is polyno-
1

73 oraw=1.

mially solvable when o <

Note that the polynomial result for a < % is given in [5]. This theorem gives us a sharp
border for the complexity of a-ROBUST-MATCHING. The proof of Theorem 4.1 consists of
the following three parts. In Sections 4.1 and 4.2, we deal with the cases when % <a<l

and % < a < 2+4\/§, respectively. A polynomial-time algorithm for o = 1 is presented in
Section 5.1 (see Theorem 5.1).



We also show that when « is a part of the input, detecting an a-robust matching is NP-
complete in the strong sense. For a precise description, we introduce the following problem.

/ROBUST-MATCHING )

Instance: A graph G = (V, E), a weight w(e) € Z, for each e € E, and positive integers
a1 and Q9.

Question: Is there an g—;—robust matching in G 7

N /)

Theorem 4.2. ROBUST-MATCHING is NP-complete in the strong sense, that is, it is NP-
complete even if the size of the input is O(|V| + |E| + w(E) + a1 + a2).

The proof of Theorem 4.2 is given in Section 6.

4.1 NP-hardness for a-Robust Matching when %ﬁ <a<l

In this subsection, we deal with the case when 2‘*'4—‘/5 < a < 1. For a concise description, we

first discuss the case when o = %, and then show how to modify the reduction for a general «
with 2+T\ﬁ <a<l.

Our proof of Theorem 4.1 is based on the NP-completeness of PARTITION. For a finite
set S and a function f : .S — R4, PARTITION is the problem to find a partition (A4, B) of S
with f(A) = f(B), and it is one of Karp’s NP-complete problems [7]. By NP-completeness of
PARTITION, we can see that the following problem is also NP-complete.

PARTITION’
Instance: A finite set S and a non-negative number f(e) for each e € S.

Question: Is there a partition (A, B) of S such that |A| = |B| and f(4) = f(B) ?

Proposition 4.3. PARTITION’ is NP-complete.

Proof. PARTITION’ is obviously in NP. Given an instance S of PARTITION, construct an
instance of PARTITION’ by adding |S| new elements e with f(e) = 0 to S. Then it is not difficult
to see that S has a solution if and only if so does the corresponding instance of PARTITION,
which implies that PARTITION’ is NP-hard. O

In what follows, we show that there exists a polynomial-reduction from PARTITION’ to
Z-ROBUST-MATCHING.

Suppose a set S with |S| = n and a function f: S — R, are an instance of PARTITION'.
We construct an instance of %—ROBUST—MATCHING as follows. Let G = (V, E) be a graph
defined by

V = {’Um’ | 7= 1,2,3,4, j S S},
E = {ei,j | €ij = (Ui}j,vi+17j), 1=1,2,3, 5 € S}

Let L be a large enough integer relative to f(5) (for example, L = 7f(S) + 1) and define the
weights of edges as

w(er;) = T7(L+ f(4)),
w(eq;) = 12(L + f(4)),
w(es ;) = 9(L+ f(4))

10



for j € S.
For a maximal matching M C E, we define a partition (A, B) of S by
A:{j\jGS, el,jEM, eg,jGM}, (10)
B:{j|j€S, 627]'6M}. (11)
Conversely, a partition (A, B) of S defines a maximal matching M in G in a similar way. We

say that such a maximal matching M corresponds to a partition (A, B) of S. Recall that M,

is a set of heaviest min{p, | M|} edges of M and M) is a maximum p-matching.
Lemma 4.4. If a maximal matching M in G is %—robust, then its corresponding partition (A, B)
of S satisfies that |A| = |B| = § and f(A) = f(B).

Proof of Lemma 4.4. Suppose that M is a %—robust matching of G. Since
w(M,y) = 9|A[L +9f(A) + 12|B|L + 12f(B),
w(M™) = 12nL + 12f(S),

it holds that

7

WM~ 1) =3 (IBIL + J(B) - gni = 57(5) ) 2 (12)

On the other hand, since
w(May,)) = 16|A[L + 16 f(A) + 12|B|L + 12f(B),
w(M®) = 16nL + 16£(9),

it holds that
w(May) — Sw(MC) = —4 <|B|L +1(B) — gnl - ;f(5)> > 0. (13)

By (12) and (13), we have |B|L + f(B) — snL — 1 f(S) = 0. Since L is large enough, this
means that |B| = $n and f(B) = 5f(S), which shows the present lemma. O

For aset T = {ji, o, .-, jir|} C S with f(j1) > f(j2) > --- > f(jry) and for 0 < p < [T,
define T{;,) by

Ty = {j1, 42, -+ Jn}- (14)

Lemma 4.5. If a partition (A, B) of S satisfies that |A| = |B| and f(A) = f(B), then its
corresponding maximal matching M in G is %—mbust.

Proof of Lemma 4.5. Suppose that |A| = |B| = § and f(A) = f(B). It suffices to show that
w(Mp)) > %w(M(p)) for any 1 < p < 2n. We consider the following cases:

Case 1: When p =n or p > 2n, by the same calculation as the proof of Lemma 4.4, we have
w(M(p)) = %w(M(p))

Case 2: When 1 < p < 5, we have w(M(p))—%w(M(p)) = 12pL+12f(B(p))—%pL—%f(S(p)),
which is at least S3pL — 21 f(S(,)) > 0.

11



Case 3: When 5 +1 < p < n — 1, it holds that w(M)) — %w(M(p)) = w(Mp)) — 9(n —
PIL — 9f(A\ Ay — I (w(M(”)) —12(n — p)L — 12£(S\ s(p,%))), which is at least
50 —p)L = 9f(A\ Ag-z)) > 0.
Case 4: When n + 1 < p < 3n, it holds that w(My)) — fw(M(p)) = w(Mp)) + 7(p —
n)L +T7f(Ap_n)) — % (w (M™) + 4(p — n)L +4f(S(p—n))), Which is at least fp—n)L -
5/ (Sp-m) > 0.

Case 5: When 3n+1 < p < 2n—1, we have w(My) —%w(M(p)) > w(M(Qn))—%w(M(Q”)) = 0.

7

Therefore, w(Myy) > gw(M (1)) for any p, which shows the lemma. O

Since it suffices to deal with maximal matchings in %—ROBUST—MATCHING, Lemmata 4.4
and 4.5 imply that there exists a partition (A, B) of S such that |A| = |B| and f(A) = f(B) if

and only if G has a %—robust matching with respect to the weight function w. This shows that

PARTITION’ can be reduced to %—ROBUST—MATCHING, and hence %—ROBUST—MATCHING
is NP-hard.

In order to show the NP-hardness of a-ROBUST-MATCHING for a general number o with
% < a < 1, define the weight of the edges of G as

w(erj) = a(L + f(5)),
w(ea;) = b(L + f(7)),
w(es;) = c(L+ f(5)),

where 0 <a<c<b<a+ec,
a+b+c b+c
= = O[7
2(a+ c) 2b
and L is a large enough integer relative to f(S). For example, a = 4a(1 — a), b = 2o — 1, and
(2a — 1)? satisfy the above conditions if 2+\f

we obtain the NP-hardness for a- ROBUST MATCHING when M <a<l.

< a < 1. By the same argument as the case

CM—S,

4.2 NP-hardness for a-Robust Matching when <a< #ﬁ

1
V2
In this subsection, we modify the proof in the previous subsection to apply the case when
A < 22
V2 - 4

As with the previous subsection, we reduce an instance of PARTITION’ to the problem.
Let a set S with |S| = n and f : S — Ry be an instance of PARTITION’. We construct an
instance of a-ROBUST-MATCHING as follows.

Let G = (V, E) be a graph defined by

V = {Ui,j ‘ 1= 17273747 ] S S} U {u17u27u37u47u5}7
E = {61'7]' ’ €ij = (vi,j,viﬂyj), 7= 1,2,3, j € S}
U {(u1,u2), (u2, u3), (us, ua), (w4, us)}.

Define the weight of the edges of G as

w(er;) = a(l + f(5)),
w(ezj) = b(L + f(5)),
w(esj) = (L + f(5)),
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for j € S, and
w(uy,ug) = w(ug,us) = N(nL+ f(S5)),
w(uz,uz) = (- + N (L + £(5)),
w(us, us) = (V3 — N (nL + f(5)),

where 0 < € < /2 — é, 0<a<c<b<a+c, N>0, wlug,us) > w(e;;) for every i,j, L is
large enough relative to f(5), and

V2N +(a+b+c)/2 V2N +(b+c)/2
2N + (a+c¢) B 2N +b B
\/5—1/01’ and N = 21-220

2 4a—24/2
if n is large enough. Then we can show that S has a desired partition if and only if G has an

a-robust matching.
If a matching M does not contain (ug,us), then

w(Mpy) < N(nL+ f(9)) < aw(ug, u3) = aw(MW),

For example, a = 2a, b =10, c = 11 — 2, € = satisfy the conditions

and hence M is not a-robust. Thus, when we detect an a-robust matching, we only consider
matchings containing (uz,us). Furthermore, we may assume that the matchings contain (ug4, us).

In the same way as the previous subsection, we define by (10) and (11) the correspondence
between a maximal matching M containing both (ug,us) and (u4,us) in G and a partition
(A,B) of S. In order to show the equivalence of the instance of PARTITION’ and that of
a-ROBUST MATCHING, we use the following proposition.

Proposition 4.6. Let M be a maximal matching in G containing (u2,us) and (u4,us), and
(A, B) be a partition of S corresponding to M. Then, M is a-robust if and only if |A| = |B| = §
and f(A) = f(B).
Proof. We only show the “only if” part of the proposition. The “if” part is obtained from a
simple case analysis in the same way as the proof of Lemma 4.5.

Suppose that M is an a-robust matching of GG. Since

w(M42)) = V2N (nL + f(5)) + c|A|L + cf (A) + b|B|L + bf(B),
w(M®2) = 2aN(nL + £(S)) + bnL + bf(S),

it holds that
1

WMiasz) ~ () = (- 0) (1B + £(8) - 5

1
nL — 2f(S)> > 0. (15)
On the other hand, since
w(Man12)) = V2N (nL + f(5)) + (a + 0)|A|L + (a + ¢) f(A) + b|B|L + bf(B),
w(MP) = 2N(nL + f(S)) + (a + e)nL + (a +¢) f(S),
it holds that
1 1
w(Mignyay) = a0 = ~(a-+-c =) (IBIL + (8) = 3oL = 3(8)) 0. (19
By (15) and (16), we have |B|L 4+ f(B) — 3nL — 3 f(S) = 0. Since L is large enough, this
means that |B| = in and f(B) = 1 f(S), which shows the “only if” part of the proposition. [
By this proposition, PARTITION’ can be reduced to a-ROBUST-MATCHING, which shows
Theorem 4.1 when % <a< %.
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5 k-th power algorithm

As shown in the previous section, a-ROBUST-MATCHING is NP-complete when % <a<l.

However, it is known [5] that every graph has a %—robust matching which can be computed by
the k-th power algorithm.

k-th power algorithm
Step 1. For a weight function w : E — Z,, define w* : E — Z by w*(e) = {w(e)}*.

Step 2. Find a matching (or an independent set) M maximizing w” (M), and output M.

In this section, we analyze the performance of the k-th power algorithm.

5.1 1-robust matching

When k = 1 and k& = 2, the k-th power algorithm finds an ordinary maximum matching and
a %—robust matching, respectively. In this section, we show that when k£ is large enough, the
k-th power algorithm finds a 1-robust matching, if one exists.

Theorem 5.1. Let (E,Z) be an independent system. Suppose that k is large enough to satisfy
wh(e) > |E|lwk(e) if w(e) > w(e'). If (E,I) has a 1-robust independent set, then it can be
found by the k-th power algorithm.

Proof. Let F' = {f1, fa,..., fs} be a 1-robust independent set for (E,Z), and G = {g1,92,...,9:}
be output by the k-th power algorithm, where w(f1) > w(f2) > -+ > w(fs) and w(g1) >
w(ga) > -+ > w(g). Note that w(IP) = w(F{y)) holds for any p by the definition of the
1-robustness, where I?) denotes a maximum p-independent set. Assume that w(I?~1) =
w(Gp—1)) and w(I®)) > w(G(py) for some p (> 1). Then we have

Wt (IP) —wh(Gp)) = b (f,) — w'(gy)
> (IB| = 1)w"(gp)

> Y wh(gy),

j>p+1

which implies w®(I®)) > w*(G). This contradicts the maximality of w*(G). Thus, w*(I®)) =
w*(G,)) holds for every p. O

As a corollary of Theorem 5.1, for sufficiently large k, the k-power algorithm compute in
polynomial time a 1-robust matching and a 1-robust common independent set of two matroids,
for example.

We remark that, instead of using the k-th power of the original weight, we can use any weight
function w’ that satisfies w’(e1) > |E|-w’(ez) for all pairs of edges e; and e; with w(ey) > w(ez).

For example, when we have t different weights w1 < wg < -++ < wy, let f(w;) = (|E| + 1)*
and w'(e) = f(w(e)). Then w'(e) satisfies this condition. We can find a 1-robust independent
set (if exists) by finding a maximum independent set with respect to the weight function w’.

5.2 Negative results

We have already seen that the k-th power algorithm outputs a meaningful solution when k =
1,2, +00, and so it might be expected that by choosing an appropriate parameter k£ depending on
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an instance, the k-th power algorithm outputs a good approximate solution for the robustness.
However, in this subsection, we give a result against this expectation.
We consider the following optimization problem corresponding to a-ROBUST-MATCHING.

MAX-ROBUST-MATCHING
Instance: A graph G = (V, E) and a weight w(e) € Z, for each e € E.

Find: The maximum « such that G has an a-robust matching.

Since this problem is NP-hard by Theorem 4.1, we consider approximation algorithms for
the problem. For an instance of MAX-ROBUST-MATCHING whose maximum value is o™ and
for 0 < 8 < 1, a matching M in G is S-approzimately robust if M is (a*3)-robust. Obviously,
for any instance of the problem, the k-th power algorithm finds a %—approximately robust

matching when k = 2. The following theorem shows that % is the best approximation ratio of
the k-th power algorithm.

Theorem 5.2. For any € > 0, there exists an instance of MAX-ROBUST-MATCHING such
that the k-th power algorithm does not output (% + e) -approzimately robust matching for any
k.

Proof. Tt suffices to show that for any small ¢ > 0, there exists an instance of MAX-ROBUST-
MATCHING satisfying the following conditions:

(A) There exists a (1 — €’)-robust matching,.

(B) For any k, the output of the k-th power algorithm is not <% + ¢ ) -robust.

We consider the following instance of the problem. Define v = % for a concise description,

and let L be an integer such that L > 3 Let So,S1,...,Sr be finite sets with |Sy| = L and
18| = [(V2)!] for t =1,2,...,L% Let G = (V, E) be a graph defined by

Vb:{vi,j ’2:1727 jESO}a

Vi={vij|i=1,234 jeS} fort=12... L%
L2

V= U‘/t U{Ul,UQ,Ug,U;;},
t=0

Eo = {(v1,,v2;) | 7 € So},
Er={eij|eij = (vij,vis1), i=1,2,3, j €S} fort=1,2..., L%
L2

E={JE | u{(ur, ug), (uz, us), (us, us)}.
t=0

Define a weight function w : £ — R, by

V2 —¢€ if e = (ug,u3),

w(e) _ 1 if€EEoU{(ul,UQ),(U3,U4)},
7t if e=egj for j €Sy,
’yt+1 if e= €1, Or e =es for j € S,
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fort=1,2,..., L2
Then, (A) and (B) hold in this instance by Lemmata 5.3 and 5.5 below, which yields Theo-
rem 5.2. O

Lemma 5.3. There exists a (1 — €)-robust matching in G.

Proof. We show that a matching M = {(u2,u3)} U Eg U {e1j,e3;|j€ S1USU---US2}is
(1 — €')-robust. It is obvious that w (M) = w(M®) forp=1,2,...,L+1.
For p > L + 2, we use the following claim.

Claim 5.4. Let p and t be integers withp > L+2 and 1 <t < L?> — 3. If there exist t' >t + 3
and j € Sy such that ey is contained in a mazimum p-matching M®) | then eaj & M®) for
any j € St.

Proof of Claim 5.4. Assume that e j,,e2j, € M®) for j; € S; and jo € Sy. Then,
w(eg ) + wlezs,) < wlery) +wlesy),
because 1+ 4% < 2v. This contradicts the maximality of w(M ®)), O
By this claim, it holds that

MW\ M C {(ur,uz), (us, ua)} U{w(ez) | j € Sy U Sie1 U Spaa}
for some ¢, and hence

w(M®\ M) < 2+~ (V2)! + 4T (V2)1 4 4112(y/2)142 < 5.
Since w(M®) > L for p > L + 2, we have

w(M®P)) —w(My)) <5< dwMP),

and hence, M is (1 — €')-robust. O

Lemma 5.5. For any k, the output of the k-th power algorithm in G is not (% + 6’) -robust.

Proof. Suppose that a matching M does not contain (ug,us3). Then, (% + 6’)M(1) > 12> My,

which means that M is not (% +¢é )-robust. Thus, it suffices to consider the case when the

algorithm outputs a matching containing (uz,us).
By the definition of the k-th power algorithm, if the output of the algorithm contains (ug, us3),
then it coincides with M* = {(ug,u3)} U Ey U {ez; | j € S1US2U...Sr2}. Then, we have

12
w(Mg)y) = w(uz,us) + w(Ep) + Zw(M* N Ey)
t=1

L2
<L+V2+) A'(V2)f <L’ +L+2
t=1

On the other hand,
w(MUED) = w(uy, ug) + w(us, us) +w(Eo)

—I-ZZ{w(el,j) +w(es;)|jeS1USU---USL2}
L2
>L+2+ ) 29"((V2)—1) > V2L? + L -2
t=1
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Hence,
1 .
(\/5 + e’> w(MUV) > L2 4+ € L% > w(M{ ),

which means that M™ is not (% + € )—robust. O

6 Proof of Theorem 4.2

In this section, we give a proof of Theorem 4.2.

Theorem 4.2. ROBUST-MATCHING is NP-complete in the strong sense, that is, it is NP-
complete even if the size of the input is O(|V| + |E| + w(E) + a1 + ag).

ROBUST-MATCHING is obviously in NP. In order to show the NP-hardness in the strong
sense, we consider the following problem.

[3—PARTITION h

Instance: A set S with |S| = 3m, a bound B € Z., a size f(j) € Z4 for each j € S such
that f(S) =mB.

Question: Can S partitioned into m disjoint sets Si,Sa, ..., Sy such that |Sp| = 3 and
f(Sp) =Bforeach1 <p<m?

J
3-PARTITION is known to be NP-complete in the strong sense [4], that is, 3-PARTITION is
NP-complete even if the size of the input is O(|S| + f(.9)).

In what follows in this section, we show that 3-PARTITION can be reduced to ROBUST-
MATCHING.

6.1 Reduction to ROBUST-MATCHING

Given an instance of 3-PARTITION with m > 6, we construct an instance of ROBUST-
MATCHING as follows.

As shown in Fig. 1, let G = (V, E) be a graph given by V = ;¢ V; and E = J;c5 Ej,
where

m
Vi = ULsigo tigowig,vigy Uir} (5 €9),
=1
m
Ej = [J{(rj, s19), (sig tig)s (tigowig), (i vig)} - (5 € S),
=1
Fori=1,...,m, let k; be an integer defined by
4
km =m? and k; = {<1+> k;iHJ (i=1,....,m—1).
m

Define the weight of the edges by

w(rj, sij) = (m* = 5)ki(L + f(5)),
w(sij tij) = (m* +2m = Nki(L + f(j)),
w(tij,uiz) = (m? +3m — 4)ki(L + f(j)),
w(uij, vij) = (m? + 3m = 5)ki(L + f(5)),
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Figure 1: Construction of V; and Ej.

where L = 2m3k; f(S) which is a large enough integer. Note that w(e) is an integer for every
e € E. Define a1 and ag as a; = m? +4m — 1 and ay = m? + 4m, and let a(m) = g—;
Then we can see the following proposition.

Proposition 6.1. The input size of the instance of ROBUST-MATCHING defined above is a
polynomial of m and f(.5).

Proof. Since
4 m—i
ki < (1 + ) ky < €*m?
m

for i =1,...,m, there exists a polynomial of m, L, and f(S) which is greater than w(F). Since
L is a polynomial of m and f(.S), the result follows. O

Now we show that the instance of ROBUST-MATCHING defined as above is equivalent to
the original instance of 3-PARTITION.

6.2 Correctness

In this section, we show the equivalence of the instance of ROBUST-MATCHING defined in
Section 6.1 and the original instance of 3-PARTITION when m > 6.
First, we observe the following.

Lemma 6.2. Let m > 6 be an integer. For j € S and fori=1,...,m —1, w(tiy1,j, Uit+1,j) <
w(rjs 8ij)-

Proof. Tt suffices to show that (m? + 3m — 4)k;41 < (m? — 5)k; for i = 1,...,m — 1. Since
m?+3m—3< (1+ %) (m?—5) for m > 6, we have that

(m? = 5)k; = (m* = 5) Kl + 2) kHlJ > (m? 4 3m — ki1,

which completes the proof. ]

When we detect an «(m)-robust matching it suffices to deal with maximal matchings. Fur-
thermore, we may assume that
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(C) a maximal matching M contains one of {(¢;;,u;;)} and {(s;;,ti;), (uij,vi;)} for i =
1,...,m and for j € S,

because w(rj, s; ;) < w(s;j,t ;). For a maximal matching M C F, define a set S; C S by
Si={iljes (tij u,) €M}

for i = 1,...,m. In this case, we say that M corresponds to the subsets Si,...,S,, of S.
Conversely, if subsets Si,..., S, of S are mutually disjoint, then S1,...,.S,, define a maximal
matching M in G satisfying (C) uniquely, that is, M contains {(¢; ;j,u;;), (rj,si;)} for every
j € S; and M contains {(s; j,ti;), (wij,vi;)} for every j € S;, where S; = S\ S; fori=1,...,m.

Lemma 6.3. If a mazimal matching M in G satisfying (C) is a(m)-robust, then its correspond-
ing subsets S1,...,Sm of S satisfy that |S;| =3 and f(S;) =B fori=1,...,m and S1,...,Sn
are mutually disjoint.

Proof. Suppose that M is an «(m)-robust matching. Since
w(Mzm)) = ki {(m* +3m —5)(IS|L + f(S)) + [S1|L + f(S1)},
w(MB™)) = ky(m? + 3m — 4)(|S|L + f(S)),

it holds that

% —[SIL = f(S) +m(S1|L + (1))} = w(Mgm)) — a(m)w(M™) > 0. (17)

On the other hand, since

w(Mgmy) < ki {(2m?* + 5m = 12)(IS|L + f(S)) = (2m = 3)(|S1|L + f(S1))}
w(MO™) = ky (2m? + 5m — 12)(|S|L + f(S)),

by Lemma 6.2, it holds that

BT Z3) {S1L 4 £(8) — mlISuE + F(S)} > w(Mign) — almpw(M) > 0. (1)

By (17) and (18), we have |S|L + f(S) —m(|Si|L + f(S1)) =0, and (rj,s1,;) € M for every
j € Si. Since L is large enough, this means that [S1| = L|S| = 3 and f(S1) = Lf(S) = B.
Note that it also holds that

W(Mgmy) — a(m)w(M ™) = 0.

Now we show that

(rj,si;) € M for every j € S;, and (21)
w(Mgimy) — a(m)w(M ™) =0 (22)
for i =1,2,...,m by induction on i. The above arguments show that these conditions hold for

1= 1.
Assume that (22) holds for ¢ — 1, that is,

w(M(g(i—1ym)) — a(m)w(MEE=Dm)) = o,

19



Then, by a similar calculation as the case ¢ = 1, we have

{ |S|L — £(S) +m(|Si|L + f(Si))}
= W(M(g(i—1)ymr3m)) — a(m)w(MEEImEm)y > o (23)
—— AUSIL + £(S) = m(|Si|L + f(Si)}
w(Mgimy) — c(m)w(ME™) > 0. (24)

By (23) and (24), we have |S|L + f(S) — m(|Si|L + f(S;)) = 0 and (r;,s;;) € M for
every j € S;. Hence, we also have |S;| = L|S| =3, f(S;) = Lf(S) = B, and w(Mgim)) —
a(m)w(MEm)) = 0.

Therefore, (19), (20), (21), and (22) hold for ¢ = 1,2,...,m by induction on 7. Since (21)
implies that S1,...,.S,, are mutually disjoint, we complete the proof. O

Lemma 6.4. If mutually disjoint subsets Si, ..., Sy, of S satisfy that |S;| = 3 and f(S;) = B for
i =1,...,m, then its corresponding mazimal matching M in G satisfying (C) is a(m)-robust.

Proof. Suppose that |S;| = 3 and f(S;) = B for i = 1,...,m. Recall that for a set T'C S,
Ty is a subset of T' defined as (14). It suffices to show that w(M,) > a(m)w(M®)) for any
1 < p < 6m2. We consider the following cases:

Case 1: When p =6(q—1)m + 3m 01" p = 6gm for ¢ = 1,...,m, by the proof of Lemma 6.3,
we have w(M,)) = a(m)w(M ().

Case 2: Suppose that p=6(¢ — 1)m +p' with 1 <p’ <3 and 1 < ¢ < m. Since

(Mg(q—1ym)) + (m?* + 3m — 4)kq(p'L + f((Sq) 1))
(M@ 4 (m? + 3m — kg ('L + £(S)),

it holds that

/

w(Mg)) — a(m)w(MP) > (m* + 3m — 4)k, {ML—a(m)f(S(p/))}>O.

Case 3: Suppose that p=6(¢ — 1)m +p' with 4 <p’ <3m —1 and 1 < ¢ < m. Since

w(My)) = w(Mg(g-1)ym+3m)) — (m* +3m — 5k ((3m — p") L + f(Sq \ (Sg) —3)))s
w(MP)) = w(ME@DmEm)y (2 4 3m — 4)ke((3m — p')L + £(S\ Si))),

it holds that
w(M)) — a(m)w(M®)
> kq {;(3171 — /)L — (m® +3m = 5)f(S, \ (Sq)(p,_g))}
> 0.
Case 4: Suppose that p=6(¢ — 1)m +p’ with 3m +1 <p' <6m —3 and 1 < ¢ < m. Since
w(Mp)) = w(Mg(g-1ym+3m)) + (m* +2m — Tkg((p' = 3m) L + F((Sq) (r—3m))):
w

3
w(MWP) = w(MO@ D) 4 (m? 4 2m — 8)ky((p' = 3m)L + f (S —sm)));
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it holds that
w(My)) — a(m)w(MP))
> kg {2mm— 2 (p —3m)L — (m?* 4+ 2m — 8)a(m)f(5’(pz_3m))}

> 0.

Case 5: Suppose that p = 6(q — 1)m +p’ with 6m —2 < p’ <6m —1 and 1 < ¢ < m. Since

w(Mp)) = w(Mggm)) — (m® = 5)kg((6m — p')L + f(Sg \ () —6m+3)))
w(MP)) = w(MOET™) — (m? + 2m — 8)ky((6m — p')L + F(S\ Sty —6m+3)));

it holds that

w(My) — a(m)uw(MP)

m2 — 4m
> by { 2 G )L — o = 5) (50 (Su)i-ome)

> 0.

Therefore w(M)) > a(m)w(M®)) for any 1 < p < 6m?, which completes the proof. O

Lemmata 6.3 and 6.4 imply that there exists a partition (Sp, S1,...,Sm) of S such that
|Si| = 3 and f(S;) = B for i = 1,...,m if and only if G has an a(m)-robust matching with
respect to the weight function w. This shows that the instance of ROBUST-MATCHING
defined in Section 6.1 is equivalent to the original instance of 3-PARTITION.

Combining this result and Proposition 6.1, we obtain Theorem 4.2. O

7 Concluding Remarks

In the present paper, we show that for any o with % < a < 1, a-ROBUST-MATCHING is
NP-complete (Theorem 4.1) and that detecting an a-robust matching is NP-complete in the
strong sense when « is a part of the input (Theorem 4.2). It is still open whether detecting an
a-robust matching is NP-complete in the strong sense when « is fixed.

We also investigate the performance of the k-th power algorithm. In particular, we give an
algorithm to find a 1-robust matching, and show the hardness to find a S-approximately robust

matching when - < # < 1. Tt is open whether other algorithms can find a S-approximately

V2
robust matching for some % < B <1 in polynomial time.
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