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Abstract

We present a geometrical method for analyzing sequential estimating procedures.
It is based on the design principle of the second-order efficient sequential estimation
provided in Okamoto, Amari and Takeuchi (1991). By introducing a dual confor-
mal curvature quantity, we clarify the conditions for the covariance minimization
of sequential estimators. These conditions are further elabolated for the multidi-
mensional curved exponential family. The theoretical results are then numerically
examined by using typical statistical models, von Mises-Fisher and hyperboloid
models.

Keywords and phrases: Affine connections, Curved exponential family, Hyperboloid dis-
tribution, Information geometry, Projective transformation, Riemannian metric, Space of
constant curvature, Totally umbilic, von Mises-Fisher distribution.

1 Introduction

Sequential estimation continues observations until the observed sample satisfies a certain
prescribed criterion. Its properties have been shown to be superior on the average to
those of nonsequential estimation in which the number of observations is fixed a priori.
Specifically the developments of higher-order asymptotic theory have suggested that the
information loss due to the exponential curvature of the statistical model might be re-
covered by a sequential estimation procedure which makes use of the ancillary statistic.
Such an estimator is expected to have a uniformly better characteristic on the average
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(see e.g. Sgrensen (1986)). Takeuchi and Akahira (1988) formulated this scheme rigor-
ously and analyzed the higher-order efficiency of sequential estimation procedures in the
scalar parameter case (see also Akahira and Takeuchi (1989)). They showed that in the
sequential case the exponential curvature term in the second-order variance can be elim-
inated by a second-order efficient estimator, and the maximum likelihood estimator with
an appropriate stopping rule gives such a sequential estimator. This also implies that
appropriately designed sequential estimators are superior to nonsequential estimators in
the asymptotic sense.

Following the work of Takeuchi and Akahira (1988, 1989), Okamoto, Amari and
Takeuchi (1991) generalized the results to the multiparameter case by using the geometri-
cal method, and studied characteristics of more general sequential estimation procedures.
In the nonsequential case, a statistical manifold is uniformly enlarged by N times when
we use N observations, keeping the intrinsic features of the manifold unchanged. In a
sequential estimation procedure with a certain stopping rule, the observed sample size N
is a random variable depending on the position of a statistical manifold. This causes a
nonuniform expansion of the statistical manifold. Such an expansion is called the confor-
mal transformation in geometry, since it changes the scale locally and isotropically but
it does not change the shape of a figure (it does not change the orthogonality). The
result of Takeuchi and Akahira can be interpreted such that it is possible to reduce the
exponential curvature of a statistical manifold to zero by a suitable conformal transfor-
mation. The conformal geometry thus is an adequate framework for the analysis of the
sequential inferential procedures if we extend the concept of the conformal transformation
to the statistical manifold which is the Riemannian manifold with a dual couple of affine
connections.

As a sequel to Okamoto, Amari and Takeuchi (1991), this paper investigates the se-
quential estimating procedures from the information geometrical viewpoint. The novelty
of this paper is the introduction of the dual conformal Weyl-Schouten curvature of a
statistical manifold, and this quantity will be proved to play a central role when consider-
ing the problem of covariance minimization under the sequential estimating procedures.
Information geometry was originated with the work of Amari (1985), and it has been
establishing a solid status as a mathematical methodology for a variety of statistical sci-
ences (see e.g. Amari et al (1987), Amari and Nagaoka (2000), Kumon (2009, 2010)). In
line with these developments, the present paper also intends to provide a starting point
for studying the conformal geometry of a statistical manifold itself succeeding to the work
of Lauritzen (1987).

The organization of the paper is as follows. The established known results are cited as
propositions, and the results obtained in this paper are stated as theorems. In the next
section, we prepare some statistical notations and preliminary results which will be rele-
vant in this paper. In Section 3, we formulate a conformal transformation of a statistical
manifold, where a set of dual Weyl-Schouten curvature tensors is introduced. Then we
elucidate their implications in the structures of statistical manifolds. In this connection,
the meaning of conjugate symmetry is also explained, which is the notion first introduced
by Lauritzen (1987). In Section 4, the general result in the previous section is used to



write out the structure of multidimentional exponential family. In Section 5, the general
result is used to delineate the structure of multidimensional curved exponential family,
where the dual Euler-Schouten curvatures are introduced. Then related notions such as
totally exponential umbilic and dual quadric hypersurface are shown to involve key ele-
ments in studying statistical submanifolds. In Section 6, the geometrical results obtained
in the previous sections are applied to the sequential estimation in a multidimensional
curved exponential family, where we give a concrete procedure for the covariance mini-
mization. In Section 7, the results in Section 6 are numerically examined by two typical
curved exponential families called the von Mises-Fisher model and the hyperboloid model.
Section 8 is devoted to some additional discussions and a perspective of future work.

2 Preliminaries

Let us denote by X () = (X1(t),..., Xx(t))" a k-dimentional random process defined on
the probability space [Q, F, P] with values in [E, €], where E = R* and £ is the o-field
of all Borel sets in E. The time parameter t € T runs over all non-negative integers
T = {0,1,2,...} or over all non-negative real numbers 7" = [0,4+00). Moreover, let
Fi,t € T denote the o-field generated by the random vectors X (s), s < t.

We assume that the probability measure P depends on an unknown parameter =
(0',...,0™) € ©, P = Py, where © is homeomorphic to R™, and we shall consider the
case where the following conditions are fullfiled:

(i) X (t) is continuous in probability, has stationary independent increments and
Py(X(0))=0)=1, V0 € ©.

(ii) The probability distributions at any time ¢ are dominated by a o-finite measure p
and have the densities f(x,t,6) with respect to p

dP,
d—e(x,t):f(m,t,(‘)), teE, teT, €O, (1)
L
We say that {F | # € ©} is an m-dimensional full regular minimally represented expo-
nential family (f.r.m. exponential family) when the densities (1) can be written as

fe(w,t,0) = exp{0'z; — ¥ (0)t}, (2)

where 2 = (z1,...,2,) € R™, 6 is the natural parameter, and 7 = 9v(#)/00 is the
expectation parameter with ¢(f) a smooth (infinitely differentiable) convex function of
6. In the right-hand side of (2) and hereafter the Einstein summation convention will be
assumed, so that summation will be automatically taken over indices repeated twice in
the sense e.g. O'a; = ", 0'x;.

Sequential statistical procedures are characterized by a random sample size, where
stopping times are used to stop the observations of the process. We denote by 7 an
arbitrary stopping time, i.e., a random variable 7 defined on  with values in T'U {0}
and possessing the property {w € Q : 7(w) < t} € F;, Vt € T. We consider the case to



which the Sudakov lemma applies, where the stopped process (7, X (7)) has the densities
f(z,t,0), and these can be regarded as the same functions in (1) (cf. e.g. Magiera (1974)).

A typical statistical problem is the unbiased estimation of a given m-dimensional real
vector valued function h(#) = (hy(6), ..., hn(6))" of the parameter # by using observations
on the X (t), t € T. An estimating procedure for h(6) is defined by a pair (7, Z(7, X (7))),
where 7 is a stopping variable and Z(7, X (7)) = (Zi(1, X(7)), ..., Zm(1, X(7)))" is a
R™-valued function defined on 7" x E, which is an unbiased estimator of h(6), i.e.,
Ep[Z(7, X(7))] = h(B).

Let us look at all estimation procedures satisfying the following regularity conditions:
(i) The h(0) gives a smooth one-to-one transformation from © to H = h(O) in the sense

rank Cj,(0) = rank % =m, VO € O.

(i) Eg[r] < 00, |Eg|Za(T, X (7)) Zs(T, X (7))]| <00, VO € O, o, =1,...,m, and the re-
lation Ey[Z (T, X(7))] = h(€) can be differentiated with respect to # under the expectation
sign.

Then we have the so-called Cramér-Rao inequality for the covariance matrix of the
unbiased estimators.

Proposition 2.1. If Z(7, X (7)) is an unbiased estimator of h(0), then the the covariance
matriz of Z(1, X (7)) is bounded below as

t

Eo[(Z(7, X (1)) — M(0))(Z (7, X (1)) = h(B)) ] > G(h(9))~, (3)
where

G(nO)) = [g*" (h(O)], °7(h(0)) = Ep[0°1;0°1;] = C*'C¥g;;(0),

, 06" - - 0 0
C(h) = 5 9u(0) = B0 0l], L =log (X(7), . h(0)), 0% = =, 0=~

and for symmetric matrices A and B, the inequality A > B implies that A — B is positive
semi-definite. The equality in (3) holds if and only if Z (7, X (7)) can be represented almost
everywhere as

Z(r, X (7)) = h(0) + G(h(0))" "X (r), 7, h(B)), O = (%,...,%). (4)

The condition (4) is also written as
0"I(X (7). 7, h(0)) = G(h(0))(Z(r, X (7)) — h(B)),
or in component form

OUX(7), 7, 1(0)) = g7 (M(0)) Zs(7, X (7)) — g7 (1h(0))hs(0) = k*(X (7)., 7, h(0))-



The above is a partial differential equation for I(X(7), 7, h(0)), of which integrability
condition 9°k* = 9°k” is

[07°7 (1(0)) — 0°g™ (W(0))](Z, (1, X (7)) — () = 0,
and hence the requirement for integrability is

9°g*7(h) = 0*g”'(h) < 3p(h) smooth and convex in h such that g**(h) = 0“0°¢(h).

In this case, the log likelihood function I(z,, h(6)) is expressed as

Uz, t,h(0)) = I(2,) + E2a(t) — ¥(E), (5)
ga = ga(h) = 60[&(}07 &(g) = gaha - &(h),

which implies that {f(x,t,6)} must be a f.r.m. exponential family with £ and & the natual
and the expectation parameters, respectively.

Suppose that the original {f(z,t,0)} is not a f.or.m. exponential family, then clearly
{f(x,t,0)} is not a f.r.m. exponential one, either. Hence we can restrict attention to the
case (2), when considering the attainment of the lower bound given by Proposition 1.1.
However we should remark that it is only a necessary condition for the attainment of the
lower bound. In fact even in the f.r.m. exponential family, only some restricted cases can
exactly attain the lower bound due to the problem of the “overshooting” at the efficient
stopping times (see Ghosh (1987)).

3 Conformal transformation of statistical manifold

Let M = {f(x,1,0) | # € ©} be an original family of probability densities of unit time,
where © is homeomorphic to R™. The family M can be regarded as a statistical manifold,
where the m-dimensiomal vector parameter 6 serves as a coordinate system to specify a
point, that is, a density f(z,1,6) € M. The geometry of M is determined by the following
two tensor quantities (cf. Amari (1985), Amari and Nagaoka (2000))

0

gm(g) = Ee[aillajll]a TZ]k(Q) = Eg[aillajllakll], ll = log f(l', 179)7 82 == 697’

The first is the Fisher information metric and the second is called the skewness tensor.
One parameter family of affine connections named the a-connection is defined by

11—«

Fz(ja]z (8) = Eg[&@]ll@kll] + ﬂ]k(e)a

and then the a-Riemann-Christoffel curvature tensor is given by

R, (0) = 1G] — 0,T5) + g (Tre) — TITE),

ikr = jsl Jkr~ isl



The a- and the (—a)-connections are mutually dual

Digk = T + T,

and the +a-RC curvature tensors are in the dual relation
(@) _ ()
Rijqkl - _Rijl? :

Let M = {f(z,t,0) | 6 € ©} be an m-dimensional extended statistical manifold under
a sequential statistical procedure. From the Wald identity the metric and the skewness
tensors of M are given by (see Akahira and Takeuchi (1989))

Gij (9) = VGij, Tijk(‘g) = V[Tijk + 39(ij5k)]7 <6>
v(0) = Ey[t], sip(0) = Orlogv(0), 39Sk = GijSk + gjrSi + GriS;- (7)

These relations show that a sequential statistical procedure induces a conformal trans-
formation M ~ M by the gauge function v(f) > 0. The conformal transformation of a
Riemannian manifold implies that the manifold is expanded or contracted isotropically
but that an expansion rate depends on each point. Our transformation is a statistical
counterpart of this one. A conformal transformation changes the a-connection into

50 = oI + 252 (s + 9v3s0) — iy )
D = T = T 4 220y + ) — — 0 Cgug™, ©
This is obtained by substituting (6) into
Ll =T — 5T,
and by noting that Fl(jz: is the conformal change of the Riemannian connection F” - Then
a conformal transformation changes the a-RC curvature tensor into
Rz(?lzl = V[Rz(]lzl 9z13§k) + g]zSEk) - gjksz([ " gsz( ], (10)
R = Rl g = RE) = olsi) + 635 — giusiy Vg™ + gansy g (11)
Eja) 1_TQ[VEO‘)SJ- 1 ; aSiSj + 1TTOKgij<5’,€slg]kl], Vga)sj = 0;sj — ngo.‘)ksk. (12)

This is obtained by substituting (8) into

i =~ 1)+ (T~ Er)

ikr— jsl gkr= isl

We note that under a conformal transformation the mutual duality of +a-connections is
preserved

Qigin = T\ + T4, (13)

ijk



and also the dual relation of the +a-RC curvature tensors is preserved
pla) _ _ pl-a)
Riju = —Rijue - (14)

These are confirmed by the direct calculations with (6), (8) and (10).

One of the concerns about the conformal transformation is whether a given manifold
can be transformed into a desirable space in some sense. The main objective from the
geometrical viewpoint is the flatness or the straightness, and it has been investigated
usually in terms of the Riemannian connection. From the statistical viewpoint, the main
objective is the flatness or the straightness in terms of the mutually dual +1-connections.
Thus we say that a statistical manifold M is conformally mz’:cture ( exponential) flat when
there exists a gauge function () > 0 such that jo_kl =0 (R i = 0) holds. Note that
by (14) M is conformally mixture flat if and only if M is conformally exponential flat.

In view of these observations and also the work of Okamoto (1988), we introduce the
set of (—1)-Weyl-Schouten curvature tensors as follows.

Definition 3.1.

—1) 1 _
wi0) = RG - ——GIRGY - 5iRLY), (15)
_ 1 o o
Wi(0) = —= (VR - VURGY), (16)
wi o) = RGY - RGY, (17)
RV =RV, VIURGY =g RGY —TCVREY VR, (18)

From (11) and (12) we have

Rz(jkz Rijkl - 55 ;kl (5]‘95,:1), s§k1) Vg._l)sk. — 55k
—1) 1 —1
= R;k = R§.k ) _ (m — 1)s§-k )
(-1) L s pen
= s = —— (R = Ry)
O (=1 —1 —1) = (~1 1
= VVij _VVi(jk)7 I/Vi(jk):m(jk)—i_wi(jk)sl? VVZ(] ):Wi(j .

For the case m = 2 we can also directly check V[/ig?)l = 0, and hence I/T/ig.;l) = VV;J;I) Then
we obtain the following result as to the conditions for the conformal mixture (exponential)
flatness.

Theorem 3.1. A statistical manifold M is conformally mixture flat (or equivalently ez-
ponential flat) if and only if

(i) WS =0 when m = dim M > 3.

ijk
(i1) Wi =0 and W/i(j*l) =0 when m =dim M = 2.

ijk



For the sake of simplicity we hereafter express the notion such as conformally mixzture (or
equivalently exponential) flat as conformally m(e)-flat.

Proof. Consider the relation

-1 -1 1 (-1 -1

When R;l) = 0 we note by the integrability condition that

_ 1 _
ds;. such that V§. 1)sk — 88 = ij(‘kl)
s VIIvis, - viIvils = RV,

o i S +I/Vi(j7€1):0.

ijk

We first prove the necessity. Suppose that M is conformally m(e)-flat. Then from

RZ(J;I)Z,ngl) = 0, when m > 3 we have W = VVWI)Z = 0. When m = 2 since
WZ(Jk "' = 0 we have VVZ I/Vig.;l) = 0, and since there exists a log gauge function
s = log v we have W VVi(jA) = 0.

We next prove the sufﬁciency when m > 3. From the Bianchi’s second identity (cf.
Schouten (1954), p.147)

v ”Rfj,j” +VEURGY + VIVRLY =0

1) -1 -1 -1
= Vi VRUV = VIR — vIVRY,

N J

and from W

ij = 0 we have

) e 1 ) e _
Vi = g RE D —(V IR - VYR = (m - 2w =0,

ijk ijk -1 ijk

so that I/Vl-(ﬁgl) = 0. Then as noted before, there exists a covariant vector field s; such that
Vi, — S8k = ﬁRg;l). From the Bianchi’s first identity (cf. Schouten (1954), p.144)

J

R+ Ry

+1)¢ +1 il ,L

kZ] jki

and from the duality of RU il

(1)
Rzykzl + R”kz =R — Rmk ;

we have

R - R + RGY — RV =0,

J



On the other hand, from Wig.;l)l = 0 we have

1 -1 1 1 1
Rgzz)k - Rz(jkl) - m(gﬂRﬁ-k ' gleEk ))
1 1) 1 B . - o
= Rz(l) = Rg'u)kgjk =1 1(91‘1R( b _ REZ ))7 RGD — Rﬁ‘k )gjk'

By combining these two relations we obtain

m—2,_(_ _ _ _
(B Ry =0 5 BV SR =0 5 05— sy =0,
and hence there exists a log gauge function s = log v such that s, = Oys.

Finally we prove the sufficiency when m = 2. From Wi(];l)l =0, W/i(j;l) = 0, as noted
above, there exists a covariant vector field s, such that ngl)sk —5j5 = ﬁ J(.;l). Then
from

WiV =RV —RUY =0 = 95— sy =0,

there exists a log gauge function s = log v such that sy = Jys.
This completes the proof of the theorem. O

We further investigate the implications of Theorem 3.1. Suppose that the (—1)-RC
curvature tensor of a statistical manifold M is expressed as

-1
jokz) = Mgjrga — girgjt), (19)
where )\ is constant on M. In this case we have
(-1 -1 1) -1
Rijkl) = _Rz(jlk) = jokl = Rj('uk)- (2())

A statistical manifold M satisfying (19) is said to be a space of constant mizture (expo-
nential) curvature, and M satisfying (20) is said to be conjugate mizture (exponential)
symmetric. The conjugate m(e)-symmetry is the special notion of the conjugate +a-
symmetry introduced by Lauritzen (1987). By definition we know

M is a space of constant m(e)-curvature = M is conjugate m(e)-symmetric.

The connections among these notions are summarized in the following theorem.

Theorem 3.2. For the conformal m (e )-flatness of a statistical manifold M, the following
relations hold.

(i) M is conjugate m(e)-symmetric and is conformally m(e)-flat if and only
if M is a space of constant m(e)-curvature.
(ii) A f.r.m. exponential family M, is always conformally m(e)-flat.



Proof. We first prove the sufficiency of (i). Suppose that M is a space of constant m(e)-
curvature. From

jo’k? = ANgjxgi — Girgi1),
we have
Rjk szkl g‘ ( - 1))\9jk:-

Then we obtain

(-1) (~r 1) 1 (1) -y _
Wijk:l Wzgk gri = Rijkl o m(gilek - gﬂRik ) =0,
WD =MV g = VS ga) =0 (since V¥ g5 = o),

Wi = (m = 1)Mgij — g51) = 0.

We next prove the necessity of (i). Suppose that M is conjugate m(e)-symmetric and
is conformally m(e)-flat. When m > 3, we have

- _ p-n_ 1 (1) (-1)
Rjz‘lk _Rz’jkl = m—_(gilek; — gl ),

1
1 1 _ -1
REZ ) = Rj(llk)g m — 1(9iZR( D - Rgl ))
_ RV
= Rz(l 1) - gil
m
(=1
-y_ R
= RG,) = m(ﬂjkgil — gingjt)
B RGED
= ROV = (g0 — gindt = —.
ik p(9k0; — gikd5), P m(m — 1)

By substituting this expression into the Bianchi’s second identity, we have
VR 4+ VIR + vV RE ) =0
= v (gjka — g0%) + V5 p(gandl — g6t + VIV plgiadl — giadt) =0
(since V gjk = —T};x is symmetric in i, j, k)
= (m—1)(m—-2)VYp=(m—1)(m—2)dp=0,

so that p is constant on M. When m = 2 we have

T

1 1) 1 -1 R(_l)
VIR = VIR, R = g
= 0,R Vg = ;R gy, (since V\ Vg = —Tyj)

= 8ZR(_1) = 0,

and again R("Y is constant on M. This completes the proof of (i).

Since M, is a space of zero m(e)-curvature RED , =0, (ii) is obtained from (i). O

ijk

10



Figure 1 illustrates the relations among several notions in Theorem 3.2.

conjugate m(e)-symmetric conformally m(e) - flat

constant m(e) - curvature

Figure 1: Relations among several notions on M

4 Conformal geometry of exponential family

Based on Theorem 3.2 (ii), we seek a concrete conformal transformation M, ~ M, such
that M, is £1-flat. When M, is a f.r.m. exponential family, it is +1-flat, i.e., joik? =0,
in which the natural parameter 6 and the expectation parameter n provide the +1-affine
coordinate systems of M, in the sense (cf. Amari (1985), Amari and Nagaoka (2000))

d
LUL0) = Bl0,0;L,04L) = 0, ;= o
ViR () = B, [(0'0°l + 0'1,0°1,)0"1,] =0, 0 = a%-’

and there exist two potential functions ¥ () and ¢(n) such that

0" =0'¢(n), n=0x0), g50)=030%0), g7(n)=Fs(n), »(O)+on) —0n=0.
By the formula (8) a conformal transformation M, + M, with gauge function v(n) > 0
changes 'Yk (n) into
TCEVik(n) = v[ghs? + gMs'], ¢ = E,[0",0'1], s = & logv.

We consider a coordinate transformation from n to h which will provide a (—1)-affine
coordinate system of M,. The (—1)-connection ['"1%* () transforms to
on; 0
O
Ohg, Ohy,

F(—l)aﬂ’y(h) _ BiozBfB’Zf‘(—l)ijk(n) + gjkB,Z@an, B =

= vB] (BB (¢*'s + gs") + ¢*0° B,

11



and hence

M, is m-flat < DD (p) =0
< dh, v such that B?Bjﬁ(gkisj +g%s") + gjkaaB}@ =0

o  Ohy
& 3h, vsuch that 9'CY — s'CY — $C =0, sV = 9sd — s's! =0, C! = 5
1
where s(71% = 0 is the integrability condition of the first equation on the right-hand side.
We can solve the above two partial differential equations for s(n) = logr(n) and h,(n) as
shown in the following theorem.

Theorem 4.1. When a statistical manifold M, is an m-dimensional f.r.m. exponential
family with (—1)-affine coordinate system n, it is conformally m(e)-flat by the gauge
function v(n) > 0 and the new (—1)-affine coordinate system h given by

1 .
v() = ——— he = v()(da + Dinp), 21
(n) @ T (m)( ) (21)
where °, ¢, dy, DY, (i, =1,...,m) are constants, and rank D! = m.

The new 1-affine coordinate system &, two potential functions ¥(€) and ¢(h) are re-
spectively given as

¢ =0"0(h), ha=0u1(¢), &(h) =v(n)d(n), V(&) +¢(h)—E"ha=0,  (22)
Gas(€) = 0a050(€), §*7(h) = 00" ¢(h). (23)

Proof. We first prove (21). By putting s = —logr we have
s’ —s's' =0 & 0Pr=0 & r=c+cny & v=-=—F——,
r o c+cny

and by putting h, = ey, we have

o - . d, + Din,
0C) —s'C? —s'Cl =0 & 0'FYa=0 & yo=do+D.ni & hy = #.
'+t
We next prove (22), (23). By the direct calculation we can confirm
g (h) = 9°0°¢(h), ~ ¢(h) = v(n)e(n),
and then the others are immediately obtained.
This completes the proof of the theorem. n

We remark that v(n) and h(n) in (21) cover the general solution and these are the
same as those given in Winkler and Franz (1979), which were derived from the statistical
considerations of the efficient sequential estimators attaining the Cramér-Rao bound.

12



5 Conformal geometry of curved exponential family

We first introduce a curved exponential family. A family of probability densities M, =
{fo(x,t,u) | u € U} parameterized by an m-dimensional vector parameter u = (u', ..., u™)
is said to be an (n, m)-curved exponential family when it is smoothly imbedded in an n-
dimensional f.r.m. exponential family M, = {f.(z,¢,0) | 6 € ©} in the sense

felw,t,u) = fe(@,t,0(u)) = exp{0 (u)z; — ¥(0(u))t}, (24)

where U is homeomorphic to R™(m < n) and 6(u) = (6*(u),...,0"(u)) is a smooth
function of u having a full rank Jacobian matrix. We use indices i, j,k and so on to
denote quantities in terms of the coordinate system 6 or n of M., and indices a, b, c and
so on to denote quantities in terms of the coordinate system u of M..

For analyzing the geometrical properties of M. imbedded in M., it is convenient to
introduce a new coordinate system w = (u,v) of M, in the following manner. We attach
to each point u € M, an (n — m)-dimensional smooth submanifold A(u) of M, which
transverses M, at 0(u) or equivalently at n(u). We assume that the family A = {A(u) | u €
M_} fills up at least a neighborhood of M, in M,, that is, A is a foliation of the tubular
neighborhood of M, in M,. Such an A(u) is called an ancillary submanifold rigging u,
and A is called an ancillary family rigging M...

We introduce a coordinate system v = (v™! ... v") to each A(u) such that the origin
v = 0 is at the intersection of A(u) and M,.. Then the combined system

w=(w*)=wW"), a=1,....n,a=1,....m, k=m+1,....n

gives a new local coordinate system of M,. We use indices «, 5,y and so on for quantities
related to the coordinate system w, and indices x, A, 4 and so on for quantities related to
the coordinate system v.

The basic tensors of M, are written as

i i i i i 06"’
9op(w) = gi;(0) By Bj,  Tapy(w) = Tijn(0) B, BBy, B, =

 ow®’

and the a-connection is given by

o o i j 7 j l -« j
T (w) = T30)(0) BLBLBY + i;(0) Bids B = 5 Tos + (05B]) By
a)ij 07 14+« .
= D% (0) Byi By Box + 97 () B0 By = ———Tass + (95B55) B3,

o j
5= gy — 9B

in the w-coordinate system. When we evaluate a quantity ¢(u,v) on M., i.e., at v = 0,
we often denote it by ¢(u) instead of by ¢(u, 0) for brevity’s sake. The metric tensors of
M, and A(u) are given by

9ap(w) = BLBlgi; = BaiByjg”, gur(u) = B.Blgi; = BriBrjg”,
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and then indices can be lowered or uppered by using these metric tensors or their inverses
g% (u), g**(u). The £1-connections of M, are given by
F(l)

abc

(u) = (0uB])Bey, T (w) = (9.By;) Bl

abc

We call A = {A(u) | u € U} an orthogonal ancillary family when g,.(u) = 0, Yu € U,
and we assume this property in the following. The mixed parts Fgﬁl )(u) play central roles

in the evaluation of statistical inferences, which are defined as follows.

Definition 5.1.

Je

abk

(w) =T (u) = (0.B])Buj,  HGY () = TG (w) = (9.By) BL,

abk abk abk

and we call Hélil) the +1-Fuler-Schouten curvature tensors of M..

The £1-RC curvature tensors and the +-ES curvature tensors of M, are connected by
the equations of Gauss (cf. Schouten (1954), p.266)

Ry (u) = Ry BLBIBEBy + (Hy) B — HygDHI) g™

] adk acA
1 +1 1 +1 K
= (Héjn)HISCA ) - HIE;ZFH )Ho(w)\ ))g )\' (25>

Suppose that the £1-ES curvature tensors of M, are related as

HGD (w) = eHS) (u), (26)

abk

where € (# 0) is a constant. In this case we have

—1 1 1 1 1 1 %
Rébcd?(“) = Rgb)cd(u) = E(H( )ngc))\ - Hzgd)ch(w)A)g )‘7

adk

so that M, is conjugate m(e)-symmetric. Thus we say that M, satisfying (26) is ES
conjugate m(e)-symmetric. Suppose further that the 1-ES curvature tensor of M, is
written as

1
Hyp(w) = HO ga(w),  HO(u) = —Hy g, Vu € M,, (27)

where H{" is called the mean 1-ES curvature of M., and M, satisfying (27) is said to be
totally exponential umbilic (e-umbilic).
The implications of these notions are summarized in the following manner.

Theorem 5.1. For an (n,m)-curved exponential family M., the following relation holds.

Letm > 3 orn = m+1, and suppose that M. is ES conjugate m (e )-symmetric
and totally e-umbilic. Then M, is a space of constant m (e )-curvature.

14



Proof. Suppose that M, is ES conjugate m(e)-symmetric and totally e-umbilic. Then
from (26) and (27) we have

sz;cg (u) = R((z%)zzd(u) = E}[(1)2(gadgbc - gacgbd)a H(l)Q(U) = Hfgl)HS)gm'

When m > 3, as noted in the proof of Theorem 3.2, eHM? is constant on M,. When
n =m + 1, from the equation of Codazzi (cf. Schouten (1954), p.266)

_ )
O - Rijk
= (VWHD g, — «(VVHD) g, =0 (since VIV gye = Tope)

= e(m—1)VYHD* = ¢(m — 1)0,HV" =0 (since HY* is a scalar on M., k = m + 1),

'BiB)BEB; = VI H" = ViVHD",  Bf = 919" By

a ac ?

and without loss of generality we can set g..(u) = 1, so that eHW? = eHMrHWrg s
again constant on M.. 0

We further deal with the case of n = m + 1. Suppose that M, satisfies the equations
B, (u) = ko(0'(u) = 05), Bui(u) = lo(mi(u) = 17),  geu(u) =1, k=m+1,  (28)

where ko, [y are non-zero constants and 6,7 are constant vectors. In this case M, is
expressed as

(0" (w) = 65)(m:(u) —n7') = T

and we call M, satisfying (28) a dual quadric hypersurface. In Section 7 it will be shown
that the von Mises-Fisher model and the hyperboloid model are the examples of the dual
quadric hypersurface. The meaning of this hypersurface is described in the following
theorem.

Theorem 5.2. For an (m + 1, m)-curved exponential family M., the following two con-
ditions are equivalent.

(i) M. is a dual quadric hypersurface.
(i) M. is ES congugate m(e)-symmetric and totally e-umbilic with constant
m(e)-curvature kolg, and Tyxe(u) =0 on M.

Proof. We first prove (i) = (i7). By the definition (28) we have
0.B (u) =TWBy, + TWrR o — ko Bl (1),  0gBni(u) = T VB, + TUVRB, = 1By (v)
= TW (W) = kogar(v), TW (u)=0, TUV(w)=1logap(u), TCD(u)=0.

akb aKkk akb aKk
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On the other hand

+ri Y

brka

CONY

bka abk

0= abgan(u) = H(il) +T

abk
and hence

_ k
oy, (1) = ~kogan(u) = T Hyp(u), - Hyp(u) = ~logan(),  Tows(w) = TL0 =T =0
0

= Rz(zfcg (U) = kol()(gadgbc - gacgbd)-

We next prove (i7) = (i). By the definitions (26) and (27) we have

Ré:l‘i:cg (U) = E[—[(1)2(gadgbc - gacgbd)
= eHW? = eHOHW gF — koly, g™ (u) =1

= HY) (u) = HOgap(u) = —/Tkolo/e|gap (),  HS (w) = =/ ekolo]gas (1)
On the ther hand

08D (w) = —HGY (w), TV (u) = —HS) (),

abk brka

0 = 0uGrr(u) = r (u) + F(’l)(u), Torr (1)

ark arkK

reb_p —

ark ark

and hence

L (w) =0, T D(u) =0

= 0,B,,(u) = T3 By(u) + L) By (u) = \/|ekolo| By (u)
0uByi(u) = TV By (u) + TUVRB (1) = /|kolo /€| Bai(u)

= 0u(By.(w) = V/lekolo|0"(u)) = 0,  da(Byi(u) — /Ikolo/e[mi(u)) = 0

= By (u) = /|ekolo|(0"(u) = 65),  Bui(u) = v/|kolo/e|(m:(w) — 1)

This completes the proof of the theorem. O

Figure 2 illustrates the relations among several notions in Theorems 5.1 and 5.2.
From Theorems 3.2 and 5.2, the dual quadric hypersurface is conformally m(e)-flat,
and we obtain the following result as to its dual structure.

Theorem 5.3. When M, is an m-dimensional dual quadric hypersurface, it is conformally
m(e)-flat by the log gauge function s(u) =logv(u) and the (—1)-affine coordinate system

u®, a=1,...,m, satisfying
Ousy = Uiy "se = sasy = kologas, 0" = () D" (mi(u) — ), (29)
where Y, D% (a=1,...,m, i=1,...,m+ 1) are constants and rank D = m.

16



ES conjugate m(e)-symmetric totally e -umbilic

dual quadric hypersurface constant m(e) - curvature

Figure 2: Relations among several notions on M,

The 1-affine coordinate system Ug, two potential functions ¥(0) and ¢(u) of M. are
respectively given as

Proof. We first prove (29). As noted in the proof of Theorem 3.1, the partial differential
equation for s(u) = logv(u) is

1
o, e ¢ — SaSp = —— _RWY.
sp—Lap s SaSh m—1

When M, is an m-dimensional dual quadric hypersurface, from
(+ £1) a
Rabcd kolo(GaaGse — GacGoa) = Rb D= wai}g 4= Kolo(m — 1)gpe,

we have the first relation of (29).
The partial differential equation for @ = w(u) is given as

P( 1)( ) BaBbBCF( )( )_,_g B§8a3£’=0

abc c™ abc

& BIBIBTOY 4+ 00,8 =0, TUY =001 + guesy + goesal
= =(=1)c ~a a é)_a c c

& 9,07 —TCVeca—o, o =20 POV plle e 4 ges,.

é)u“’ ba

When M. is a dual quadric hypersurface, we can directly show that the above is satisfied
by the second relation of (29).

17



We next prove (30), (31). By the direct calculation we can confirm

4as(@) = Bu0y(@).  p(a) = 2

Tl
and then the others are immediately obtained.
This completes the proof of the theorem. n

We next consider a conformal transformation M, ~ M, by the gauge function v(w) >
0. As shown by (8), the a-connection in terms of the w-coordinate system is changed into

(o [} -« 1 + «
F(B'y)é = V[Fih)a + T(géﬁsv + g645p) — 5

Then we can express the change of quantities related to M., that is, the (—1)-connection
of M., the 1-ES curvature of M. and the (—1)-ES curvature of A(u) are respectively
changed into

e = I/[F(_l) + GeaSb + GebSal, I:IC(LII)L = V[HCEII)L — GabSk), a5h =vaY. (32)

abc abc KA\a KAa

9p56)-

It is also seen that

K(l) — l/K(l) K(l)

abk abk> abk

(w) = H) — g HY, (33)

and we call Kéill the conformal 1-ES curvature tensor.

Note that the change of the (—1)-connection
I_‘(;)l)” = I‘((l_ﬁm + 0355 + 0354

«Q

induces the projective transformation at the same time, which implies that the mixture
geodesic is preserved under the transformation (cf. Schouten (1954), p.287). The effect of
constant m(e)-curvature is given in the following theorem.

Theorem 5.4. Suppose that a curved exponential family M. is a space of constant m(e)-
curvature. Then there exists a conformal transformation M. — M. and a coordinate
system u = (), a=1,...,m, of M. such that the followings hold.

(i) TCV(@) =0, vae M. ) )

(i) If M. is totally e-umbilic, then Hé%l(ﬂ) =0, Yue M.

Proof. We first prove (i). When M., is a space of constant m(e)-curvature, from Theorem
3.2, M, is conformally m(e)-flat, so that we have

ROV =0 < Jw(u) >0, &= (a") such that TV (@) = 0, Va € M,.

abc
We next prove (ii). Let us take s,(u) = H,gl)(u) (see Okamoto, Amari and Takeuchi
(1991)). Then for the totally e-umbilic M., from (27), (32) and (33) we have

) () = K4 (u) = vK) (u) = 0, Yu e M, = H (@) =0, Ya € M..

abk abk abk
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6 Sequential estimation in curved exponential family

We consider sequential estimations in an (n, m)-curved exponential family M.. Let K > 0
be a parameter cotrolling the average sample size, and let v(n) > 0 (v(w) > 0) be a smooth
gauge function defined on M, in the n-(w-)coordinate system.

We denote by X; = X (t)/t the sample mean up to time t. It has the same value in
the n-coordinate system, and its value in the w-coordinate system is denoted by w;, =
(i, ;) = n~*(X;). The random stopping time 7 is assumed to satisfy (see Okamoto,
Amari and Takeuchi (1991))

7= Kv(w,) +c(i,) +&, clu) = —%(8,1% - Fi}l)'ysv — 5453)9°",
e=0,(1), Ee] =0(1), E,7] = Kv(u), V,[r] = O(K).

The term ¢ is due to the bias of w, from the true w = (u,0), which is obtained by the
requirement £, [7] = Kv(u). The term ¢ includes a rounding error and the “overshooting”
at the stopping time 7.

We cite the established results concerning the asymptotics of sequential estimators of
u from Okamoto, Amari and Takeuchi (1991).

Proposition 6.1. For a consistent sequential estimator 4 of u, the following relations
hold.

(i) The estimator 4 is first-order efficient, that is, vV Kv(i—u) — N(0, g?*(u)) as K — oo,
if and only if A = {A(u)} is an orthogonal ancillary family.

(ii) The bias-corrected estimator G* of 4 is given by

va _ na L m(-Da ap m(-Da _ n(-Da | 5a a
Wt =1 —1—% Log g® (@), Tog™ =Tz + 0585+ 5sa (34)

(iii) The asymptotic covariance of u* is given by

1

| . / 1
E[Ky(ﬁ*a B ua)(,&*b B ’U,b)] _ gab + _{_(FSMCI))Zab + (H](Vllz)mb +

U 4 0,
(39

Kv |2

where

(TG = (T4 )20%¢", (TG0, =T Y 4 Geast + GebSas

C

"rr(1)N2a ! ac 'rr(1 ! cd K 'rr(1 1
(Hu)™ = ()29 e™,  (H)o = "HE, Hidg™e™,  Hi. = H): — gase,

ack

(H ) = (H g™, (HT V) = HO H g™ ™.

KAa ,ul/b

(1) Fifb)gcegdfa F( 1) _ — F(

cda abc abc

Based on Theorem 5.4 we obtain the following result for the possibility of covariance
minimization.
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Theorem 6.1. Suppose that a curved exponential family M. is a space of constant m (e 2-
curvature and is totally e-umblic. Then there exists a conformal transformation M, — M,
and a coordinate system w = (u®), a =1,...,m, of M. such that the following holds for

the mazimum likelihood estimator ., of u® without bias-correction:

BIE (il — @) (il — @) = g + O(K ). (36)
When M, itself is a f.or.m. exponential family, (36) holds by (21) given in Theorem 4.1.
When M, is a dual quadric hypersurface, (36) holds by (29) given in Theorem 5.3.

Proof. Since H ,i;i) = 0 holds for the maximum likelihood estimator (m.l.e.), from (34)
and Theorem 5.4, we have for the bias of the m.l.e.

b?z

mle

/ 71&& 4 71(71_6 . 71&,{ £ 71(71_6 71&&
_ Féﬂ)gﬁz_rz%a )gb - F,(QA)Q/\:—FI%E )gb _H,iA)g/\IOa
and the expression (36) is derived.

When M, itself is a f.r.m. exponential family with expectation parameter u, the partial

differential equations for s(u) = logv(u) and for u = u(u) are

_ ~ B T
duss — sus =0, 05— 08— s,0f =0, O = 00
uCL

as noted in Theorem 4.1. When M, is a dual quadric hypersurface, the partial differential
equations for s(u) = logv(u) and for u = u(u) are

Basy — DU Vs, — susy = kologap,  0,C% — (DS D% 4 685, + 0554)C% = 0,

as noted in Theorem 5.3.
This completes the proof of the theorem. O

7 Examples

7.1 von Mises-Fisher model

This is an (m+1, m)-curved exponential family, of which density functions with respect to
the invariant measure on the m-dimensional unit sphere under rotational transformations
are given by (cf. Barndorff-Nielsen et al (1989), p.76)

folz,1,u) = exp{O(u) -z — (@)}, 0 -x=~02 +60Pry+--+0" 2,

O =r&=(re"), € Sm"={EcR™ |- ¢=1}, 2= (x;) €™,

P(0) = —logan(r), 1/an(r)= (27r)(m“)/zr(l_m)m[(m,l)/g(7"), r >0,

where I(;,—1)/2(r) is the modified Bessel function of the first kind and of order (m —1)/2.
We assume that the concentration parameter r is assumed to be a given positive constant.
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The parametric representations 6 = 6(u) and n = n(u) are given by

1 1

0'(u) = rcosu m(u) = rfcosu
0?(u) = rsinu! cos u? no(u) = risinut cos u?

03(u) = rsinu' sin u? cos u? n3(u) = 7T sin u' sin u? cos u®

2osinu™ tsinu™ gy (u) = risinul sinw? - - - sinu™ " sinu™,

where 0 < u!',...,u™ ' <, 0 <u™ < 2randrf = —dloga,(r)/dr = Lmi1)/2(7)/Lm-1)2(1).
Note that E[z] = rT¢, and r' is a strictly increasing function of r which maps (0, c0) onto
(0,1).

From these representations the tangent vectors B! (u) and B,;(u) can be calculated,

and then the unit normal vectors B’ (u) and By;(u) (k = m + 1) are derived from the
relations B! (u)B,i(u) = 0 and B,;(u)B:(u) = 0 as follows.

™ (u) = rsinul sinu

Bl(u) = cosu! Byi(u) = cosu!
B2(u) = sinu' cos u? By (u) = sinu! cos u?
B3(u) = sin u' sin u? cos u? By3(u) = sinu! sin u? cos u?

B (u) = sinu' sinu? - - -sinu™ tsinu™ By pyp1(u) = sinu! sinw? - - - sinu™ ! sinu™.
The above expressions show that

Bi(uw) = 10(u), Bulw) = mi(u),

and so this model is a dual quadric hypersurface. From Theorem 5.2 we also see that this
model is ES conjugate m(e)-symmetric and totally e-umblic with constant m(e)-curvature
1/(rr™) > 0. The related geometrical quantities are given below.

a
Gap(w) = Saprr’ H sin?u!,  sin?u’ =1,

c=1
1 1 ~1 1 TT 1
Hop(u) = = —gan(w),  Hop () = =~ gap(u) = —Hypy (w),
(1) 1 (1) m—1
R pa (U) = mgaa(u)gbb(u)7 a#b, R, (U) = ot gab(u).

From Theorem 3.2 (i) this M, is conformally m(e)-flat, so that there exist a gauge
function v(u) > 0 and a (—1)-affine coordinate system u = (u) such that fég;)(ﬂ) =
0, Ya € M,.. As given by (29), the partial differential equation for s(u) = logv(u) is

e 1
R B —Yab;
rr

of which one solution is

and then @® = v(u)D%n;(u).

21



7.2 Hyperboloid model

This is an (m 4 1, m)-curved exponential family, of which density functions with respect
to the invariant measure on the m-dimensional unit hyperboloid under hyperbolic trans-
formations are given by (cf. Barndorff-Nielsen et al. (1989), p.104)

folx,1,u) = exp{f(u) -z —P(0(u)}, 0 '=—re', 0 =r i=2... . m+1,
E=(EYeH"={¢eR™ |¢xe=1, € >0}, z=(z)cH™,

ExE= ()2 — (&)= — ()

() = —logan(r), 1/an(r)= 2(27r)(m_l)/zr(l_m)/zK(m,l)/g(r), r >0,

where K(,,—1)/2(r) is the modified Bessel function of the third kind and of order (m—1)/2.
We assume that the concentration parameter r is assumed to be a given positive constant.
The parametric representations 6 = 6(u) and n = n(u) are given by

0'(u) = —r coshu! m(u) = rfcoshu?
6?(u) = rsinh u! cos u? no(u) = 7T sinh u! cos u?

63(u) = rsinh u! sin u? cos u? n3(u) = 7T sinh u' sin u? cos u?

2 2 1

O+ (u) = rsinhulsinu?- - -sinu™ tsinu™  Nyy1(u) = risinhulsiny?- - - sinu™ ! sin u™,

where w! € R, 0 < u?,...,um ! < 7, 0 < u™ < 27 and r' = dloga,(r)/dr =
Kmi1)/2(1)/K(m-1),2(r). Note that E[z] = ¢, and 1 is a strictly decreasing function of
r which maps (0, c0) onto (1, 00).

From these representations the tangent vectors B! (u) and B,;(u) can be calculated,
and then the unit normal vectors B’ (u) and B,;(u) (k = m + 1) are derived from the

relations B (u)B,i(u) = 0 and B,;(u)B:(u) = 0 as follows.

Bl(u) = coshu! Byi(u) = cosh u'
B2(u) = —sinh u! cos u? By (u) = sinh u! cos u?
B3(u) = — sinh u! sin u? cos u? B,3(u) = sinh u' sin u? cos u?
K K3
B™(y) = —sinhu'sinw? - - -sinu™ tsinu™ By py1(uw) = sinhu! sinw? - - - sinu™ ! sinu™.

The above expressions show that

Biw) = —=0'),  Bulw) = ~oi(u).

and again this model is a dual quadric hypersurface. From Theorem 5.2 we also see that
this model is ES conjugate m(e)-symmetric and totally e-umblic with constant m(e)-
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curvature —1/(rrT) < 0. The related geometrical quantities are given below.

g11(u) = rrf, Gap(u) = Soprr! sinh? ! H sinfu!, sinul=1, a=2,...,m,
c=2
1 _ 1 rf
1 1 1
() = =—gap(w), oy () = ~gap(u) = ——Hypy (u),

1 m—1
ngbg (U) = _mgaa(“)gbb(u): a#b, Rt(jl)(u) = _Wgab(u)~

From Theorem 3.2 (i) this M. is conformally m(e)-flat, so that there exist a gauge
function v(u) > 0 and a (—1)-affine coordinate system u = (%) such that f‘égal)(ﬂ) =

0, Yu € M,.. As given by (29), the partial differential equation for s(u) = logv(u) is

1
—1
Ousp — Fflb 5, — Sasp = — g ab;

of which one solution is

and then @ = v(u)D%n;(u).

7.3 Numerical results

We examine our theoretical results numerically by using the von Mises-Fisher and the
hyperboloid models. We take 10 kinds of number N (nonsequential case) and K (se-

quential case) of observations, and for each N or K, we generate 500 random simulated

~%b b

data. Then the empirical means of covariances Eepy (e, —ug) (T, —ug)] (nonsequential

mle mle

~a ~b

case) and FEepp|(Uy,. — @) (U, . — 44)] (sequential case) of the m.l.e. over this 500 sample
size are used for evaluation, where u¢ and 42 denote the true values of u* and @®. The

stopping times 7 for the sequential estimations are determined by (see Okamoto, Amari
and Takeuchi (1991))

1

7 = inf {t | - _aaabl<x7tv ﬁmle)gab(amle) Z KV(IALmle) + C}7
m

1 1

c= _—<ﬂ — —) : von Mises-Fisher c¢= —=

1( m 1
2 2

- — - —) : hyperboloid.

rrt rf2 rrf 2

As for the von Mises-Fisher model, numerical results are based on the following set of
values

m=2, r=025 (u},u)=(7/6,7/3),
v(wm(u), @ =v(wnp), v(u)=1/(|snu||sine?]),
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and for the hyperboloid model, numerical results are based on the following set of values

m:2, r=0.1, (ug,ud)=(0.1,7/3),
D% = §% /100, i.e., u' = v(u)n(u)/100, @* = v(u)ny(u)/100, v(u) = 1/(|sinhu'||sinu?|).

Figures 3-8 show the von Mises-Fisher model, and Figures 9-14 show the hyperboloid
model. The notations in the figures indicate the following quantities.

- nonsequential case
OCOVab = N Epp[ (it — ug) (U — ug)], a,b=1,2
OCRBab = g™ (uy),

(1,
OALBab = ¢™(uo) + —{-<rgg><uo>>2ab + (Hﬁi(uf}))m}

- sequential case
COOV&B = EemP(T)Eemp[(azmle - ﬂg)(ﬁfnle a(B))]’ dvl_) = 1’ 2
CCRBab = ¢™(uy),
MST = E.pp(7) : empirical mean of 7

SDST = \/Vemp(T) : empirical standard deviation of 7.

We see that in the nonsequential case OCOVab approach to the asymptotic lower
bound OALBab exhibiting the differential geometrical loss OALBab — OC RBab, and in
the sequential case CCOVab nearly attain the Cramér-Rao lower bound CCRBab as if
the model were a f.r.m. exponential family. Figures 8, 14 confirm that the assumptions
MST = O(K),SDST = O(VK) are satisfied in each model.
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8 Discussion

We have analyzed sequential estimation procedures in terms of the conformal geometry
of statistical manifolds. We have also constructed a concrete procedure for the covariance
mininization in a multidimensional curved exponential family M,.. The method is divided
into two separate stages: one is to choose a stopping rule which is effective for reducing the
1-ES curvature H](\}Z and the other is to choose a gauge function v(u) on M, effective for

reducing the (—1)-connection Fg\;cl). Another typical choice of v(u) is the one effective for
the covariance stabilization, as suggested in Okamoto, Amari and Takeuchi (1991). These
choices contradict each other in general multidimensional cases, and this fact reflects the
difference between the ordinary Riemannian geometry and the mutually dual geometry
as exhibited in several geometrical notions introduced in this paper.

The present method is also applicable to investigating sequential testing procedures.
The geometrical theory of higher-order asymptotics of testing hypothesis in nonsequential
case was developed by Kumon and Amari (1983) and Amari (1985). The main results are
summarized as follows.

The power function Pr(t) of a test T' is expanded as

Pr(t) = Pri(t) + PT2(t)/\/N + Prs(t)/N + O(N73/2),

where N denotes the number of observations, and ¢/v/N indicates the geodesic distance
between the null hypothesis and the point in the alternative hypothesis.

(i) The first-order power function Pri(t) and the second-order power function Pro(t) are
maximized uniformly in ¢ if and only if the ancillary family (boundaries of the critical
region) associated with a test T' is asymptotically an orthogonal family.

(ii) The third-order power loss function APps(t) = supy Prs(t) — Prs(t) is expressed as
the weighted sum of two kinds of the square of the 1-ES curvatures H](\Z, the square of the

(—1)-ES mixture curvature H:(p_l) of the associated ancillary family, and also the square

of the (—1)-mixture connection FE\Z) (when there are unknown nuisance parameters).
Based on these nonsequential results, we can utilize the conformal geometry to the
analysis and the construction of most powerful sequential tests. Specifically when a statis-
tical manifold is a f.r.m. exponential family or a dual quadric hypersurface, it is expected
that one can design sequential tests without any power loss. This is a subject which will

be treated in a future work.
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