MATHEMATICAL ENGINEERING
TECHNICAL REPORTS

Matching Problems with
Delta-Matroid Constraints

Naonori KAKIMURA and Mizuyo TAKAMATSU

METR 2011-41 December 2011

DEPARTMENT OF MATHEMATICAL INFORMATICS
GRADUATE SCHOOL OF INFORMATION SCIENCE AND TECHNOLOGY
THE UNIVERSITY OF TOKYO
BUNKYO-KU, TOKYO 113-8656, JAPAN

WWW page: http://www.keisu.t.u-tokyo.ac.jp/research/techrep/index.html



The METR technical reports are published as a means to ensure timely dissemination of
scholarly and technical work on a non-commercial basis. Copyright and all rights therein
are maintained by the authors or by other copyright holders, notwithstanding that they
have offered their works here electronically. It is understood that all persons copying this
information will adhere to the terms and constraints invoked by each author’s copyright.
These works may not be reposted without the explicit permission of the copyright holder.



Matching Problems with Delta-Matroid Constraints*

Naonori Kakimura' Mizuyo Takamatsu?

December 2011

Abstract

Given an undirected graph G = (V, E) and a delta-matroid (V,F), the delta-matroid
matching problem is to find a maximum cardinality matching M such that the set of the
end vertices of M belongs to F. This problem is a natural generalization of the matroid
matching problem to delta-matroids, and thus it cannot be solved in polynomial time in
general.

This paper introduces a class of the delta-matroid matching problem, where the given
delta-matroid is a projection of a linear delta-matroid. We first show that it can be solved
in polynomial time if the given linear delta-matroid is generic. This result enlarges a
polynomially solvable class of matching problems with precedence constraints on vertices
such as the 2-master/slave matching. In addition, we design a polynomial-time algorithm
when the graph is bipartite and the delta-matroid is defined on one vertex side. This result
is extended to the case where a linear matroid constraint is additionally imposed on the
other vertex side.

Keywords: constrained matching, delta-matroid, polynomial-time algorithm, mixed matrix
theory

1 Introduction

For an undirected graph G = (V| E), a subset M of E is called a matching if no two edges in
M share a common vertex incident to them. The matching problem is a fundamental topic
in combinatorial optimization, and many polynomial-time algorithms have been developed (see
e.g., [25, 34]). When we apply the matching problem to practical problems such as scheduling,
it is often natural to have some additional constraints. In the literature, there are matching
problems with a variety of constraints such as matroids [22], trees [9], precedence constraints [1,
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Theory Symposium) [24].
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20], and knapsack constraints [2]. These constrained matching problems are known to be NP-
hard except for some cases with matroid constraints.

For an undirected graph G = (V, E') and a matroid M on V', the matroid matching problem
is a problem of finding a maximum cardinality matching M such that OM is independent in M,
where OM denotes the set of vertices incident to edges in M. This problem, which is equivalent
to the matroid parity problem [26], has been investigated in combinatorial optimization as a
common generalization of two well-known polynomially solvable problems: the matroid inter-
section problem and the matching problem. Although it is shown to be intractable in the oracle
model [23, 30] and NP-hard for matroids with compact representations [28], Lovéasz provided a
min-max formula [28] for the linear matroid matching problem, and a number of polynomial-
time algorithms for the linear matroid matching have been developed [11, 15, 27, 29, 33]. On
the other hand, when the graph is bipartite and the matroid is defined on each class of the
vertex bipartition, the matroid matching problem can be solved in polynomial time for general
matroids [22], because this is equivalent to the matroid intersection problem. This problem is
also known as the independent matching problem.

A delta-matroid was introduced by Bouchet [5] as a generalization of matroids, where es-
sentially equivalent combinatorial structures are given independently by [10, 12]. We say that
a pair (V, F) of a finite set V' and a nonempty family F of subsets of V' is a delta-matroid if it
satisfies the symmetric exchange axiom:

(DM) For F,F' € F and u € FAF', there exists v € FAF’ such that FA{u,v} € F,

where IAJ denotes the symmetric difference, i.e., IAJ = (I\J)U(J\I). Aset F' € F is called
feasible. A delta-matroid maintains matroidal properties in the sense that a greedy algorithm
is applicable to maximizing linear functions over a delta-matroid [5].

In this paper, we generalize the matroid matching problem in terms of delta-matroids. That
is, for an undirected graph G = (V| F) and a delta-matroid (V, F), the delta-matroid matching
problem is to find a maximum cardinality matching M with M € F. Since this problem
includes the matroid matching problem, the delta-matroid matching problem cannot be solved
in polynomial time in general.

It should be noted that the feasibility problem for the delta-matroid matching, i.e., finding
a matching M such that OM is feasible, already generalizes the matroid matching problem.
The feasibility problem is reduced to the delta-covering problem, posed by Bouchet [7] as a
generalization of the matroid parity problem. For this problem, Geelen et al. [18] provided
a polynomial-time algorithm and a min-max theorem if a given delta-matroid is linear, i.e.,
represented by a skew-symmetric matrix. Thus, for linear delta-matroids, we can find a feasible
delta-matroid matching in polynomial time. However, the complexity of the problem to find a
maximum delta-matroid matching is still unknown for the linear case.

The main purpose of this paper is to investigate polynomial solvability of the delta-matroid
matching problem. We introduce a new class of the delta-matroid matching problem, where
the delta-matroid is given by a projection of a linear delta-matroid with a skew-symmetric
matrix. We call such problem the matching problem with a projected linear delta-matroid.

For this problem, we first show that it can be solved in polynomial time if the given skew-
symmetric matrix K is generic, that is, each entry in K is an independent parameter. This



can be done by reducing it to the maximum weight matching problem. Let us remark that,
although we restrict a delta-matroid to a generic case, our class still includes a variety of
constrained matching problems, as presented in Section 3.2. In particular, our class includes
polynomially solvable classes of the master/slave matching [20] and its variant [1], arising in a
manpower scheduling problem.

In addition, we deal with a bipartite case of our problem. That is, we assume that a graph
G is bipartite and that the ground set of a delta-matroid is contained in one class of the vertex
bipartition. This problem generalizes the bipartite 2-master/slave matching [19], which is a
special case of the master/slave matching. In this setting we prove that the matching problem
with a projected linear delta-matroid can be solved in polynomial time. The proof makes
use of mixed matrix theory developed by Murota [32]. We further show that our result can be
extended to the problem where a linear matroid constraint is additionally imposed on the other
vertex side. Note that this problem can be viewed as an intersection problem, i.e., the problem
of finding a maximum cardinality set that is both feasible for a delta-matroid and independent
for a matroid.

The organization of this paper is as follows. In Section 2, we explain delta-matroid theory
and mixed matrix theory. In Section 3 we examine a projection of a linear delta-matroid
and provide a variety of examples representable by such delta-matroids. Section 4 presents
a polynomial-time algorithm for the generic delta-matroid matching problem. In Section 5,
we deal with the bipartite case and its generalization to the problem with additional linear
matroid constraint. Finally, Section 6 discusses related intersection problems on matroids and
delta-matroids.

2 Matrices and delta-matroids

2.1 Graphs and matrices

Let G = (V, E) be a graph with vertex set V and edge set E. For a subset F' of E, we denote
by OF the set of vertices incident to edges in F'. For a subset X of V', the induced subgraph
on X is a graph G[X] = (X, E’), where E' C F is the set of edges whose both end vertices
are included in X. For a bipartite graph G = (V*,V; F) with £ C V* x V~, the induced
subgraph on I C V* and J C V™ is denoted by G|[I,J]. We also define 9t F = dF N V™' and
0~ F =0F NV~ for a subset F of FE.

Throughout this paper, we consider a matrix over the real field R! unless otherwise specified.
For a matrix K = (K;;) with row set R and column set C', K[/, J] denotes the submatrix with
row set I C R and column set J C C'. For a square matrix K, we denote a principal submatrix
with row/column set I by K[I]. A matrix K is called skew-symmetric if K;; = —Kj; for all
(i,7) and all diagonal entries of K are zero. For a skew-symmetric matrix K = (K;;) with
row/column set V' such that |V| = 2n, the Pfaffian of K is defined by

pr:ZkPa
P

In fact, the results of this paper can be applied to a matrix over any ordered field F. That is, the real field
R and the rational field Q which appear in this paper may be replaced by an ordered field F and its subfield K.



where the summation is taken over all partitions P = {{i1,71}, ..., {in, jn}} of V into unordered

1 2 -+ 2n—1 2n\
kp:SgIl<, . . . )HKizjl'
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pairs and

Then it holds that det K = (pf K)2.

A generic matriz is a matrix in which each nonzero entry is an independent parameter.
More precisely, a matrix is gemeric if the set of nonzero entries is algebraically independent
over the rational field Q. A skew-symmetric matrix K is called generic if {K;; | K;j # 0,4 < j}
is algebraically independent over Q.

Let K be a generic skew-symmetric matrix with row/column set V. The support graph
of K is the undirected graph H = (V, Ey) with Ex = {(i,j) | K;; # 0,4 < j}. Note that a
nonzero term kp in the Pfaffian corresponds to a perfect matching in the support graph. Hence
the rank of a generic skew-symmetric matrix K is twice the size of a maximum matching in its
support graph H (see e.g., [31]). By applying this fact to each principal submatrix of K, we
obtain the following lemma.

Lemma 2.1. Let K be a generic skew-symmetric matrix with row/column set V, and H =
(V,Ep) be its support graph. For a subset X C V, K[X] is nonsingular if and only if H[X]
has a perfect matching.

2.2 Delta-matroids and greedy algorithms

We say that a pair (V,Z) of a finite set V' and a family Z of subsets of V' is a matroid if it
satisfies the following:

(I-1) 0 eI,
(I-2) ICJeI=1€e1,
(I-3) I,JeZ,|I| < |J|=TU{v} €T for somewve J\I.

A set I € T is said to be independent, and a maximal independent set is a base.

Recall that a delta-matroid is a pair M = (V, F) of a finite set V' and a nonempty family F
of subsets of V' that satisfies the symmetric exchange axiom (DM). A delta-matroid generalizes
a matroid, since the family of independent sets of a matroid forms a delta-matroid. A delta-
matroid (V, F) is said to be even if |[FF A F'| is even for all F, F’ € F. A simple example of even
delta-matroids is the family of the subsets of even size. The base family of a matroid also forms
an even delta-matroid. Another example is the family of vertex sets X with X = M for some
matching M in a graph G, called the matching delta-matroid [6]. Let K be a skew-symmetric
matrix with row/column set V. We denote the family of column indices corresponding to
nonsingular principal submatrices by

F(K) = {X CV | rank K[X] = |X|}.

Then M(K) = (V, F(K)) forms an even delta-matroid, where the empty set is feasible [4].



The twisting of a delta-matroid M = (V,F) by X C V is a delta-matroid defined by
MAX = (V,FAX), where
FAX = {FAX | F € F).

A delta-matroid M’ is equivalent to M if M’ is a twisting of M by some X C V. A delta-
matroid M is said to be linear if M is equivalent to M(K) for some skew-symmetric matrix
K. Since M(K) is an even delta-matroid, a linear delta-matroid is even. We call a linear
delta-matroid M generic if M is equivalent to M(K) for some generic skew-symmetric matrix
K. For X C V, the projection of a delta-matroid M on X is defined by M|X = (V' \ X, F|X),
where

FIX ={F\X | FeF}.

The projection M| X is also a delta-matroid. Note that projection does not necessarily preserve
evenness. The deletion of X from M is a delta-matroid M\ X = (V' \ X, F \ X) with

F\X={FeF|FCV\X},

where F \ X is assumed to be nonempty. The contraction of M by X is defined as M/X =
(MAX)\ X.

Given a delta-matroid M = (V, F) and a weight function ¢ : V' — R, consider the problem
to find F' € F which maximizes ¢(F) = > .pc(v). For this problem, Bouchet [5] designed a
greedy-type algorithm, and Shioura and Tanaka [35] extended the algorithm to one for jump
systems [8], which is a generalization of delta-matroids to integral lattice. Their results imply
that the greedy algorithm finds an optimal solution in polynomial time under the assumption
that a membership oracle for M, which checks whether or not a given set F' is in F, is available.

2.3 Mixed skew-symmetric matrices and delta-covering

Mixed matrix theory, developed by Murota [32], is one of the most significant applications of
delta-matroid theory. In this section, we explain the concept of mixed skew-symmetric matrices,
which will be used to analyze the bipartite delta-matroid matching problem in Section 5.

Let F be a field and K be a subfield of F. A typical example is K = Q and F = R. A
skew-symmetric matrix A is called a mized skew-symmetric matriz if A is given by A =Q+1T,
where

(MS-Q) @ = (Qij) is a skew-symmetric matrix over K (i.e., Q;; € K), and

(MS-T) T = (Tj;) is a skew-symmetric matrix over F (i.e., T;; € F) such that the set {T}; |
Ti; # 0,1 < j} of its nonzero entries in the upper-triangle part is algebraically independent
over K.

The problem of computing the rank of a mixed skew-symmetric matrix is discussed in
[17, 18]. The rank is expressed by using delta-matroids.

Theorem 2.2 ([32, Theorem 7.3.22]). For a mixed skew-symmetric matrix A = @ + T with
row/column set V, it holds that

rank A = max{rank Q[I| + rank T[V \ I] | I C V'}
= max{|FQAFr| | Fo € F(Q), Fr € F(T)},



where M(Q) = (V, F(Q)) and M(T) = (V, F(T)).

For a pair of delta-matroids (V, F1) and (V, F2), the delta-covering problem is the problem to
find Fy € F; and F, € F» maximizing |F} AF;|. This problem is a generalization of the matroid
parity problem, and contains the delta-matroid intersection problem and the delta-matroid
partition problem as special cases (see [32]). Since Geelen et al. [18] gave a polynomial-time
algorithm for the delta-covering problem for linear delta-matroids, it follows from Theorem 2.2
that the rank of a mixed skew-symmetric matrix A = @) + 7T can be computed in polynomial
time. This is rewritten as follows.

Corollary 2.3. Let A = @ + T be a mixed skew-symmetric matrix with row/column set V.
Then we can find in polynomial time a maximum cardinality set X C V such that A[X] is
nonsingular. Moreover, we can obtain in polynomial time a set I C X such that both Q[I] and
T[X \ I] are nonsingular.

We can also compute in polynomial time the weighted version of finding a nonsingular
principal submatrix of A. More generally, we have the following.

Lemma 2.4. Let A = Q + T be a mixed skew-symmetric matrix with row/column set V.
For a weight function ¢ : V — R and U C V, we can find a set X C V which maximizes
c(X) = > ,cx c(v) subject to U € X and rank A[X] = | X| in polynomial time, if exists.

Proof. Since A is skew-symmetric, (V,F(A)) is a delta-matroid. We define a weight function
¢:V —-Rby
- {N (vel)
é(v) =

cw) (weVv\U)’

where N is an integer larger than cpax|V| with cpax = maxy,ey ¢(v). Let X be a maximum
weight feasible set with respect to the delta-matroid (V, F(A)) with weight ¢, which can be
obtained by the greedy algorithm. Then if ¢(X) < N|U| there exists no set Y € F(A) with
UCY. If ¢(X) > N|U| then X maximizes ¢(X) subject to U C X and rank A[X]| = | X].

In the greedy algorithm, it is necessary to determine whether a given set Y C V is in F(A)
or not. This is equivalent to computing the rank of A[Y], which can be done in polynomial
time by solving the linear delta-covering problem. Thus a membership oracle for (V,F(A))
is available, which implies that we can find a maximum weight feasible set X in polynomial
time. 0

3 Matching problem with projected linear delta-matroids

Let K be a skew-symmetric matrix with row/column set Vg, and V' be a subset of Vi . For a
subset S of V, the pair (Vi , F(K)AS) is a linear delta-matroid. We define

i = (F(K)AS)IR, (1)

where R = Vi \ V. Then (V, Fg) is a delta-matroid, which we call a projected linear delta-
matroid.
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Figure 1: A skew-symmetric matrix Lg and a diagonal matrix Lq.

We then discuss weighted non-bipartite matching problem with (V, Fg). That is, given a
graph G = (V, E) with edge weight w : E — R4, we aim at finding a matching M C F in G
which maximizes w(M) = Y _c,; w(e) subject to OM € Fr.

We first show in Section 3.1 that the family of nonsingular principal submatrices of a
skew-symmetric matrix with nonnegative diagonals can be represented as a projected linear
delta-matroid (1). This representation brings a variety of constrained matching problems into
our framework, which are provided in Section 3.2.

3.1 Skew-symmetric matrices with nonnegative diagonals

Let L be a skew-symmetric matriz with nonnegative diagonals, that is, L = Lg+ Lq with a skew-
symmetric matrix Lg and a nonnegative diagonal matrix Lq. We denote the row/column set of
L by V, and the row/column set of Lq corresponding to positive diagonals by W. A matrix L
over R is called generic if {L;; | L;j # 0,7 < j} is algebraically independent over Q. For a skew-
symmetric matrix L with nonnegative diagonals, define F(L) = {X C V | rank L[ X]| = |X|}.

The main purpose of this section is to prove that (V, F(L)AS) for S C V forms a projection
of a linear delta-matroid. We first show the following lemma.

Lemma 3.1. Let L = Ly + Lq be a skew-symmetric matrix with nonnegative diagonals, and
V be the row/column set of L. Then L is nonsingular if and only if there exists X C W such
that Ls[V \ X] is nonsingular.

Proof. Since Lq is a diagonal matrix, we have

det L= det L[V \ X] - det Lq[X]
XCV
= ) det L[V \ X] - det Lq[X] (2)
XCW

by the definition of W. Figure 1 shows submatrices L[V \ X| and L4[X]. Since Lg[V \ X] is
skew-symmetric, det Ls[V \ X] > 0 holds. Moreover, we have det L4[X]| > 0 for X C W. Hence
each term of (2) is nonnegative. Thus, L is nonsingular if and only if there exists X C W such
that Ls[V \ X] is nonsingular. O

The copy of W is denoted by W.. For X C W, X, denotes a copy of X included in W,.



We define a skew-symmetric matrix K in the form of

W, W V\W
O |Lgw] O

K =| —La[W] I (3)
O S

The matrices L and K are related as follows.
Lemma 3.2. The following (i) and (ii) hold.
(i) For any X C W, UV such that K[X] is nonsingular, L[X \ W] is nonsingular.

(ii) For any Y C V such that L[Y] is nonsingular, there exists a subset Z C W, such that
K[Z UY] is nonsingular.

Proof. We first prove (i). Let us denote X NW, by Z. and its copy by Z C W. By the definition
of K, it holds that

det K[X] = det K[Ze, Z] - det K[Z, Z] - det K[X \ (Z U Z)). (4)

Since Lq[W] is a diagonal matrix with positive entries, both det K[Z., Z] and det K[Z, Z.] are
nonzero. By det K[X] # 0, it holds that det K[X \ (Z U Z;)] = det Ls[(X \ W,) \ Z] # 0. Since
Z C X NW, this implies by Lemma 3.1 that L[X \ W] is nonsingular.

We next prove (ii). Since L[Y] is nonsingular, Lemma 3.1 implies that there exists a subset
Z C W NY such that Lg[Y \ Z] is nonsingular. Letting X = Z. UY, we know that K[X] is
nonsingular from (4), which proves (ii). O

Let us define Fg(K) = F(K)A(S UW,). Since K is a skew-symmetric matrix, (W, U
V., Fs(K)) is a linear delta-matroid. Lemma 3.2 leads to the following theorem.

Theorem 3.3. Let L be a skew-symmetric matrix with nonnegative diagonals, V' be the
row/column set of L, and K be a skew-symmetric matrix defined by (3). For a subset S of
V, the pair (V, F(L)AS) is a projection of the linear delta-matroid (W, UV, Fs(K)) on We.
Moreover, if L is generic, then (W, UV, Fs(K)) is a generic linear delta-matroid.

Proof. The projection of Fg(K) on W, is equal to

Fs(K)|We ={F\W, | F € Fs(K)}
= [(XA(SUW,)) \ W | rank K[X] = | X|, X C W, UV}
= {(X \ Wo)AS | rank K[X] = |X|, X € W, UV}

If X C W,UV satisfies rank K[X] = |X|, then L[X \ W] is nonsingular by (i) in Lemma 3.2.
This implies Fs(K)|W. C F(L)AS. Conversely, if Y C V satisfies rank L[Y] = |Y], it follows
from (ii) in Lemma 3.2 that there exists a subset Z C W, such that K[Z U Y] is nonsingular.
Hence YAS = ((ZUY)\ W.)AS € Fs(K)|W.. Thus we obtain F(L)AS C Fg(K)|W-.

If L is generic, K defined by (3) is a generic skew-symmetric matrix, which implies that
(W UV, Fs(K)) is a generic linear delta-matroid. O



The following corollary immediately follows from Theorem 3.3, because a projection of a
delta-matroid is also a delta-matroid. Note that the resulting delta-matroid is not necessarily
linear.

Corollary 3.4. Let L be a skew-symmetric matrix with nonnegative diagonals, and V' be the
row/column set of L. For a subset S C V, the pair (V, F(L)AS) is a delta-matroid.

3.2 Constrained matching problems with delta-matroids

In this section, we provide a variety of constrained matching problems that are included in the
matching problem with a projected linear delta-matroid. We first remark that the identity ma-
trix is a skew-symmetric matrix with nonnegative diagonals, which represents free constraints,
and hence the standard matching problem is contained in our problem by Theorem 3.3.

Example 3.1. (2-master/slave-constraint) The master/slave matching problem, intro-
duced by Hefner and Kleinschmidt [20], arises in manpower scheduling problem in printing
plants. Let G = (V, E) be an undirected graph and D = (V, A) be a directed graph with the
same vertex set as G. For (ug,uy) € A, we say that ug is a slave of uy, and uy, is a master of
us. A master/slave matching (MS-matching for short) is a matching M in G which satisfies
the following master/slave constraint (MS-constraint):

(ug, Um) € A,ug € OM = uy, € OM. (5)

The MS-matching problem (MSMP) is to find an MS-matching of maximum cardinality. Given
a weight function w : E — Ry, the weighted MSMP is defined similarly. Hefner and Klein-
schmidt [20] proved that it is NP-hard in general, while it can be solved in O(|V|?) time
under the assumption that k(D) < 2, where k(D) denotes the maximum size of a connected
component of D. Such MSMP is called the 2-MSMP.

Let D = (V, A) be a directed graph with k(D) < 2. Then D consists of the following three
kinds of components:

() o () ec—o (o) ocro

MS-constraints (5) arising from (a), (b), and (c) correspond to F(L?), F(LP), and F(L°),

respectively, where
d k 0 k
a __ b _ c _
L-(d), L _<k: O)’ and L_<k: 0)

with constants d > 0 and k # 0. Here, L?, L, and L¢ are generic skew-symmetric matrices
with nonnegative diagonals. Thus the 2-MSMP is included in the matching problem with
projected linear delta-matroids. It should be noted that MS-constraints with k(D) > 3 are not
necessarily contained in our framework. O

Example 3.2. (multi-master/single-slave constraint) Amanuma and Shigeno [1] intro-
duced the following variant of the MSMP, motivated by the observation of staff scheduling
with new staffs. Given an undirected graph G = (V, E) and a directed graph D = (V, A),



we say that a multi-master single-slave matching (MMSS-matching) is a matching M in G
satisfying
u€OM, NT(u)#0= N"(u)noM 0,

where NT(u) = {v € V | (u,v) € A}. Note that if k(D) < 2, then the family of MMSS-
matchings coincides with that of MS-matchings. Amanuma and Shigeno showed that this
problem can be solved in polynomial time if each connected component of D has (i) exactly
one slave vertex us, or (ii) exactly two slave vertices ul, u? with (ul,u?), (u2,ul) € A. MMSS-

constraints arising from (i) and (ii) correspond to F(L!) and F(L") determined by

| n ug o uf Uy UL Uy
Us Uy m
0 kv k{ 07 kj
0 k1 kn T T T
L'= . and L" = -k O ,
'k D 0 —k3 D
oo ky —ky4
where D is a diagonal matrix with positive entries and k; = (k{ e k:%].)T is a vector of size

n; with constants k:{, ce k:%j for j = 1,...,4. Indeed, if a feasible set I’ of F(L!) contains us,

F contains at least one u’,. Next, consider the case of F(L!). If a feasible set F of F (L)
1

contains both u} and u2, then F can contain any subset of UL U U2 UU.2. This is because u.
is a master of u2 and vice versa. If F contains u! and not u2, then F has to contain at least
one element of U}, U U2, which is a master of ul. Here, L' and L' are generic skew-symmetric

matrices with nonnegative diagonals. O

Example 3.3. (matching constraint) Let G = (V, E) be an undirected graph and (V, Fp)
be the matching delta-matroid of an undirected graph H = (V, Eg), i.e., F € Fpy if H has a
matching M with OM = F. Since (V, Fp) is represented by a generic skew-symmetric matrix
whose support graph coincides with H, the matching problem with (V, Fg) is contained in our
framework with no projection.

This constraint arises in the maximum cycle subgraph problem in a 2-edge-colored multi-
graph [3]. A 2-edge-colored multigraph is a graph which has red edges and blue edges. A
cycle subgraph is a union of disjoint cycles whose successive edges differ in color. It is known
that a maximum cycle subgraph can be found in polynomial time by the maximum match-
ing problem. Let G, and G}, be the subgraphs consisting of all the red edges and all the
blue edges, respectively. We know that the maximum cycle subgraph problem is equivalent to
finding a maximum cardinality matching M in G, subject to M is feasible for the matching
delta-matroid of Gy,. ]

Example 3.4. (upper/lower size constraint) Let G = (V, E) be an undirected graph.
Define Vi, ..., V,, to be a partition of V and r1,...,7, to be positive integers. In this setting
we aim at finding a maximum cardinality matching M with |[OM NV;| < r; for any 3.

This problem can be viewed as the matching problem with a projection of a generic even
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delta-matroid. Indeed, define a bipartite graph H = (V, W; Ep) as follows:

W:UWi, where W; = {w},...,w’} (i=1,...,m),

s W,
i=1

m
Ey = UEi’ where E; = {(v,w) |[ve Vi,weW;} (i=1,...,m).
i=1

Thus H is the disjoint union of complete bipartite graphs with vertex sets V; and W; for all i.
Consider the matching matroid of H, denoted by F. Then the size constraint is represented
by using (V, Fg|W).

Note that X € FgAV|W if and only if | X NV;| > |V;| — r; for any i. Hence by using the
delta-matroid (V, FgAV|W), we can also deal with finding a maximum cardinality matching
M with |OM NV;| > r} for any i, where r} = |Vi| — ;. O

Example 3.5. (linear matroid constraint) Let G = (V, E) be an undirected graph and
(V,Z) be a linear matroid. Then we discuss finding a maximum cardinality matching M with
OM e€T.

We denote a representation of (V,Z) by a matrix A with row set W and column set V.
Define a skew-symmetric matrix K to be

O A
K- (_AT O).

The column set of K is denoted by W U V. Then it is not difficult to see that F(K)|W = Z.
Thus the matching problem with linear matroid constraint can be reduced to one with projected
linear delta-matroids. O

We conclude this section with a relation between our delta-matroid and a simultaneous
delta-matroid. A pair (V,F) is called a simultaneous delta-matroid if it satisfies the following
simultaneous exchange property:

(SDM) For F, F' € F and u € FAF’, there exists v € FAF’ such that FA{u,v} € F and
F'N{u,v} e F.

It is shown in [13, 37] that an even delta-matroid satisfies (SDM). In fact, a delta-matroid is
simultaneous if and only if it is a projection of some even delta-matroid on a singleton [13].
Simultaneous delta-matroids are also discussed in Takazawa [36], where he showed that delta-
matroids arising from branchings and matching forests both satisfy (SDM). We prove that our
delta-matroid is a simultaneous delta-matroid as follows.

Theorem 3.5. A delta-matroid (V, Fx) given by (1) is a simultaneous delta-matroid.

Proof. We denote F(K)AS by F. Then (Vi,F) is an even delta-matroid. We prove that
Fx = F|R satisfies the simultaneous exchange axiom (SDM). Let F, F' € Fi and u € FAF'.
Then there exist Y, Y’ C R such that FUY, F' UY’ € F. Since F satisfies the simultaneous
exchange axiom (SDM), there exists v € (FUY)A(F'UY') = (FAF')U (YAY') such that

(FUY)A{u,2} € F and (F'UY'")A{u,9} € F. (6)
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If 5 € FAF', (6) is rewritten as (FA{u,})UY € F and (F'A{u,5})UY’ € F. Hence we
have FA{u,v} € Fi and F'A{u,v} € Fg. Thus (SDM) with v = o holds. If v € YAY”, it
follows from (6) that FA{u} € Fx and F'A{u} € Fk. This implies that (SDM) with v = u
holds. O

4 Generic delta-matroid matching

In this section, we discuss weighted non-bipartite matching problem with a projected linear
delta-matroid, and show that it can be solved in polynomial time if a given skew-symmetric
matrix K is generic. Note that all the delta-matroids given in Examples 3.1-3.4 are generic.
Thus weighted matching problems with these constraints can be solved in polynomial time.

Let G = (V, Eg) be a graph, w : Eg — Ry be an edge weight, and K be a skew-symmetric
matrix with row/column set Vi O V. We denote Vi \ V by R. For a subset S of V, let Fx be
given by (1). The main theorem of this section is the following.

Theorem 4.1. If a skew-symmetric matrix K is generic, the weighted delta-matroid matching
problem with (V, Fx) can be solved in O(|V|?) time.

By the definition, we have
Fr ={(X\R)AS |rank K[X] = | X|, X CRUV},

because S and R are disjoint. Let H = (RUV, Ex) be the support graph of K. Since K is
generic, we obtain
Fr ={(0Mg \ R)AS | My: matching in H}

by Lemma 2.1. Then, the given problem is rewritten as a problem to find a matching Mg in
G which maximizes w(M¢) such that there exists a matching My in H with (OMy \ R)AS =
OMg.

The above problem is reduced to the maximum weight matching problem as follows. Let
Vi and Vi be copies of V', and Vg be a copy of S C V. The copies of ¢ € V are denoted by
ic € Vg, ig € Vi, and ig € Vg, respectively. We set U = Vg U Vg U Vg for convenience. For
G = (Vg,Eg) and H = (RU Vg, Eg), we construct a graph I' = (UU R, Eg¢ U Eg U E) with

E={(ig,in) |1 € V\ S} U{(ig,is), (is,in) | i € S}.

The weight ~(e) of an edge e € Eg U Ey U E is defined to be

w(e) (e € Egq)
V(e) = -
0 (e€ EgUE)
Then the following lemma holds.
Lemma 4.2. The following (i) and (ii) hold.
(i) For a matching M in I with U C OM, the set Mg = M N E¢ is a matching in G with
OM¢q € Fg and w(Mg) = v(M).
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(ii) For a matching M¢ in G with Mg € Fk, there exists a matching M in I" with U C OM
and y(M) = w(Mg).

Proof. Define My = M N Ey. Since U C OM, it holds that i € Mg if and only if iy € OMp
for any i € V'\ S, and i¢ € OM¢ if and only if iy ¢ OMy for any i € S. Hence (0Mpy \ R)AS
corresponds to dM¢. This means that Mg is a matching satisfying OMqg € Fx and w(Mg) =
V(M).

We next prove (ii). By the definition of Fx where K is generic, there exists a matching
My in H with (OMyg \ R)AS = 0M¢g. We define

M = MgUMpgU{(is,ig) | i € SNOM¢g}
U{(ig,is) ’iE SﬂaMH}U{(ig,iH) ‘ 7 ¢8MgU8MH)}.

Then M is a matching in I satisfying U C OM and (M) = w(Mg). O

By Lemma 4.2, a matching M in I' has a corresponding matching Mg in G, and vice
versa. Thus, we reduce our problem to maximum weight matching problem in I'; and solve this
problem in O(|V'|?) time [16, 26]. This completes the proof of Theorem 4.1. O

5 Bipartite delta-matroid matching

Let G = (VT,V7;E) be a bipartite graph, and (V~,F~) be a delta-matroid on V~. The
bipartite delta-matroid matching is to find a maximum cardinality matching M in G satisfying
0~ M € F~. Although Section 4 assumes that a matrix K is generic, this section deals with K
over the rational field Q. This problem is a special case of the delta-matroid matching problem,
where G is restricted to be bipartite and the delta-matroid is defined on V~. The general case
is discussed in Section 6.
Let K be an n x n skew-symmetric matrix with row/column set Vi with V'~ C V. Define
a delta-matroid (V~, Fy) to be
Fr = F(K)|R (7)

with R = Vi \ V™. In this section, we mainly focus on the bipartite delta-matroid matching
with (V 7, F;). We remark that K is not assumed to be generic, which is different from
Section 4, and instead, we assume that Fg is not twisted in this section.

In Section 5.1, we describe a polynomial-time algorithm for this problem, which is based
on mixed matrix theory described in Section 2.3. For that purpose, we first define operations
induced by a bipartite graph for a delta-matroid, and show that this operation preserves linear
delta-matroidness. We further impose linear matroid constraints on V' in Section 5.2.

5.1 Algorithm via mixed skew-symmetric matrices

Let G = (VT,V~; E) be a bipartite graph. For a delta-matroid (V~,F~) on the one vertex
side of G, we define

Ft={J" CVT|G[J*,J ] has a perfect matching for some J~ € F~}.
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Then it is known that (V, F1) forms a delta-matroid [5], called the delta-matroid induced by
G. We will further show that for a delta-matroid (V~, F;) given by (7), the delta-matroid
(V+, .7-";5) induced by G is also represented by a skew-symmetric matrix.

Define T(G) = (T;;) to be a generic matrix with row set V* and column set V'~ provided
that T;; # 0 if (4,j) € E and T;; = 0 otherwise. Note that for vertex sets J* C VT and
J= CV~, G[J",J7] has a perfect matching if and only if T(G)[J", J~] is nonsingular. We
denote by K’ a mixed skew-symmetric matrix in the form of

1788 V. V'R
o) TG)|o o

-T T
- K
0] 0]

where D = (d;;) denotes a generic diagonal matrix all of whose diagonal entries are nonzero.
We identify each element of V'~ with that of V.~ in correspondence with D. Let V' be the
whole column set of K" and U' =V, UV ™.

Lemma 5.1. Let G = (V1,V7;E) be a bipartite graph and (V~, Fx) be a delta-matroid
given by (7). Then the delta-matroid (V*, F}t) induced by G is equal to F(K')/U’|R, where
K' is defined by (8). In particular, if R = () then (V, F}) is a linear delta-matroid.

Proof. Let J* C VT be a feasible set in F(K’)/U’|R. Then there exists Y C R such that
K'[JTUU’UY] is nonsingular. This submatrix is skew-symmetric, and its Pfaffian is equal to

pf K'[JTUU'UY]= ) +detT(G)[J", Xe]- [] di-pfK[XUY] (9)
XCv- iEV\X

Since the left-hand side is nonzero, there exists X C V'~ such that both of T(G)[J", X.] and
K[X UY] are nonsingular. This implies that X € F5 and hence J™ € Fi.

Conversely, let J© C VT be a feasible set in F;:. Then there exists J~ C V'~ such that
T(G)[Jt,J] is nonsingular and J~ € Fp. It follows from J~ € Fy that there exists Y C R
such that K[J~ UY] is nonsingular. Consider the principal submatrix K'[JTUU' UY] of K.
Its Pfaffian is equal to (9). The right-hand side has at least one nonzero term when X = J~.
Since each nonzero term has distinct d;;’s, we conclude that pf K'[JTUU'UY] # 0 by genericity
of di;’s. Thus JTUU'UY is feasible for F(K’), and hence J© € F(K')/U'|R.

Therefore, the first part of the statement holds. Note that, since K’'[U’] is nonsingular,
F(K')/U" can be represented by some skew-symmetric matrix by pivoting operation. Hence if
R =0 then (V*, F}}) is a linear delta-matroid. O

We prove the following theorem using Lemma 5.1.

Theorem 5.2. The bipartite delta-matroid matching with (V —, F5 ) given by (7) can be solved
in polynomial time.

Proof. We show that this problem can be solved by a greedy algorithm for a delta-matroid.
By the definition of 7, for a set X C V', there exists a matching M in G with X = 9t M
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and 0~ M € F if and only if X € ]-"?;. Hence the maximum size of delta-matroid matchings
is equal to the maximum size of feasible sets in .7-";5. Since (V' T, .7-";5) is a delta-matroid, we can
find a maximum feasible set in .7-"['2 by a greedy algorithm. In fact, for a delta-matroid F(K’),
define a weight function ¢ : V' — R, as follows:

o(v) = 1 (veV™)
o wevh’

Then, by Lemma 5.1, finding a maximum feasible set in ]-";g is equivalent to finding a feasible
set X in F(K') with U’ C X that maximizes ¢(X). Such X can be found in polynomial time
by Lemma 2.4. Note that a maximum matching corresponding to X can also be computed by
Corollary 2.3. O

5.2 Bipartite delta-matroid matching with linear matroid constraints

In this section, we deal with the bipartite delta-matroid matching with linear matroid con-
straints on the other vertex side. That is, for the bipartite delta-matroid matching with
(V—,Fg) given by (7), we are additionally given a linear matroid (V*,Z), and our task is
to find a maximum cardinality matching M in G subject to 9t M € 7 and 0~ M € Fp.

Let A be an m x n matrix representing (V,Z). The column set corresponds to V* and
the row set is denoted by W. We now construct a mixed skew-symmetric matrix

WV VrVoVOR

O A |O O O O
-AT O |D O O O
Y
F=l o o ,
Kl
o O
o O

where K’ is defined in (8) and D’ = (d};) is a generic diagonal matrix all of whose diagonal
entries are nonzero. Let V' be the whole column set of K and U = VP UVYUV- UV~ We
consider a delta-matroid (W, F(K)/U|R). Then we can prove the following lemma in a similar
way to Section 5.1.

Lemma 5.3. Let X C W. Then there exists a matching M in G such that A[X,0TM] is
nonsingular and 9~ M € F if and only if X € F(K)/U|R.

Proof Assume that X is a feasible set in F(K)/U|R. Then there exists Y C R such that
K[X UU UY] is nonsingular. The Pfaffian of this submatrix is equal to

pf KXUUUY]= Y +detA[X, J]- [] ;- pfK'[JUV- UV UY]  (10)
JCv+ ieVH\J

Since the left-hand side is nonzero, there exists J C VT such that both of A[X, J.] and K'[J U
V.- UV~ UY] are nonsingular. Moreover, the nonsingularity of the latter matrix implies that
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J e .7-";5 by Lemma 5.1, which means that there exists a matching M in G with 07 M = J and
0~ M € Fj. Thus the sufficiency of the statement holds.

Conversely, let M be a matching in G such that A[X, 9" M] is nonsingular and 9~ M € Fp..
We set J© = 9tM and J~ = 0~ M. Then J* € F;t follows from the definition of F;-. By
Lemma 5.1, there exists Y C R such that K'[JT UV,” UV~ UY] is nonsingular. Consider the
principal submatrix K[X UU UY] of K. Its Pfaffian is equal to (10), whose right-hand side
has at least one nonzero term when J = J*. Since each nonzero term has distinct dj,’s, we
conclude that pf K[X UU U Y] # 0 by genericity of d,,’s. Thus X € F(K)/U|R holds, and

hence we obtain the necessity of the statement. O

Therefore, in order to find a maximum matching M satisfying given delta-matroid con-
straints, it suffices to find a maximum feasible set X C W in F(K)/U|R. Such X can be
found in polynomial time by applying Lemma 2.4 to a linear delta-matroid (V, F(K')), a set
U required to be contained, and a weight function ¢ : V — R, defined by

{1 (ve W)

W0 wew)

We can construct from X a desired matching M by Corollary 2.3.
Thus we obtain the following theorem.

Theorem 5.4. For a delta-matroid (V~, Fy) given by (7), the bipartite delta-matroid match-
ing with linear matroid constraints on V' can be solved in polynomial time.

Remark 5.5. Hefner and Kleinschmidt [21] extended the 2-MSMP to one with capacity con-
straints. That is, given a bipartite graph G = (V*,V~; E), a directed graph D = (VTUV~, A)
with k(D) < 2, a partition (V;*,...,V,5) of V*, and positive integers 71,..., 7, we aim at
finding a maximum cardinality MS-matching M in G subject to [OM NV | < r; for 1 <i < m.
They showed that this problem is NP-hard in general.

Theorem 5.4 indicates that if 2-MS-constraints are imposed only on V'~ the 2-MSMP with
capacity constraints can be solved in polynomial time, because the capacity constraints on V'
can be represented by a linear matroid.

6 Related intersection-type problem

Let &1 and 83 be two families of subsets in a finite set V. The intersection problem with respect
to 81 and S, is the problem of finding a maximum cardinality set in S; N Sy. A well-known
example of this kind of problem is the case where both &1 and Sy are matroids, called the
matroid intersection problem, which can be solved in polynomial time (see e.g., [34]). In this
section, we summarize our results from the viewpoint of the intersection problem with respect
to a matroid and a delta-matroid. For a matroid (V,Z) and a delta-matroid (V, F), we classify
related intersection problems with respect to Z and F as Table 1. Note that an untwisted linear
delta-matroid in Table 1 means a delta-matroid F(K) for some skew-symmetric matrix K.
Let us first discuss the case where (V,Z) is a transversal matroid, that is, given a bipartite
graph G = (U,V; E), I € 7 holds if and only if G has a matching covering I. Hence the in-
tersection problem with a transversal matroid (V,Z) coincides with the bipartite delta-matroid
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Table 1: Intersection problems with a matroid and a delta-matroid

delta-matroid (V, F)
matching untwisted linear general

delta-matroid delta-matroid delta-matroid

transversal poly. time poly. time exp. time
matroid (Theorem 4.1) (Theorem 5.2) | (Theorem 6.1)

matroid linear poly. time [28] poly. time exp. time

(V,I) matroid | (linear matroid matching) | (Theorem 5.4)
general exp. time [23] exp. time exp. time
matroid (matroid matching)

matching. Therefore, it follows from Theorems 4.1 and 5.2 that we can solve the intersection
problems in polynomial time if (V,F) is a matching delta-matroid and an untwisted linear
delta-matroid, respectively. However, it turns out to be intractable if (V| F) is not linear.

Theorem 6.1. The bipartite delta-matroid matching problem, i.e., the intersection problem
with respect to a transversal matroid and a delta-matroid, cannot be solved in polynomial time
in the oracle model.

Proof. Let G = (V,E) be a graph with |V| = n and (V,Z) be a matroid with rank r. We
consider to find a matching M¢ of size r with OMg € Z, which is known to require exponential
time in the oracle model [34, §43.9].

We define two delta-matroids (V, F,) and (V, Fg) to be the base family of the given matroid
and the matching delta-matroid of G, respectively. We denote by V; and V5 the copies of V', and
by v; € V; (i = 1,2) the copies of v € V. Construct a bipartite graph H = (V, V) U Va; E) with
E={(v,v)|veV,i=1,2} Let (V1 UVs, F) be a delta-matroid defined by the direct sum of
(V1,Fp) and (Va, FGAVa). Then H has a matching My of size n with 9My N (Vi NV;,) € Fif
and only if G has a matching Mg of size r with Mg € Z. Indeed, if such Mg exists, by letting
Ji be the copies of 0M¢ in V; (i = 1,2), we know that J; € Fy, and JoAV, = Vo \ Jo € FaAVs,
and hence H has the matching My covering J; U (V5 \ Jz2), which satisfies the constraints.
The converse also holds by the same argument. Therefore, we can reduce finding a matching
Mg of size r with OMg € T to the bipartite delta-matroid matching, and thus the statement
holds. O

Let us remark that the master/slave matching problem in Example 3.1 is shown to be NP-hard
even if the graph G is bipartite and k(D) = 31, 20]. Since the MS-constraint with k(D) = 3
can be represented by a (non-linear) delta-matroid, except for the case where the directed graph
is complete, this fact implies that the bipartite delta-matroid matching is NP-hard even when
an explicit representation of the delta-matroid is given.

Next assume that (V,F) is a matching delta-matroid of a graph H. Then (V,F) is rep-
resented by a generic slew-symmetric matrix whose support graph coincides with H. This
means that the intersection problem with a matching delta-matroid (V, F) is equivalent to the
matroid matching. Therefore, if (V,Z) is linear then it can be solved in polynomial time, while
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Table 2: Intersection problems with two delta-matroids

delta-matroid (V, F2)
matching linear general
delta- matching | poly. time open exp. time
matroid (matching) | (linear delta-matroid matching) | (matroid matching)
(V,F1) linear open exp. time
(linear delta-matroid matching)

it requires exponential time if (V,Z) is general. Hence, for general (V,Z), the intersection prob-
lem requires exponential time, because a matching delta-matroid is a special case of (linear)
delta-matroids.

The remaining case is that for a linear matroid and an untwisted delta-matroid. This
problem can be solved in polynomial time by Theorem 5.4. Indeed, for a linear matroid (V,Z)
and an untwisted linear delta-matroid (V, F), construct a bipartite graph G = (V,V’; E), where
V' is a copy of V and E consists only of edges connecting a vertex in V and its copy. Then the
intersection problem with respect to Z and F is equivalent to finding a maximum matching M
in G with "M € Z and 9~ M € F.

It should be noted that Fleiner et al. [14] deal with the intersection problem with respect
to a matroid and the 2-MS-constraint in Example 3.1, which is a special case of a matching
delta-matroid. They showed that this problem can be solved in polynomial time with the aid
of the matroid intersection.

We conclude this section with remarks on the intersection problems with respect to two
delta-matroids M; = (V, F;) (i = 1,2), which is summarized in Table 2. If M; is a matching
delta-matroid of a graph H, the problem is equivalent to the delta-matroid matching. This
implies that if My is also a matching delta-matroid then we can solve it in polynomial time
by Theorem 4.1, and if My is general then it requires exponential time. Assume that My is
linear in addition. This case, which is equivalent to the matching problem with linear delta-
matroids, is an important broader class of the delta-matroid matching, because it includes the
linear matroid matching and the linear delta-covering as a special case. Let us remark that
this problem is equivalent to that with two linear delta-matroids.

Theorem 6.2. The intersection problem with respect to two linear delta-matroids is reduced
to the linear delta-matroid matching, i.e., the intersection problem with respect to a matching
delta-matroid and a linear delta-matroid.

Proof. Let (V,F;) (i = 1,2) be two linear delta-matroids. Then construct a bipartite graph
G = (V,V'; E), where V' is a copy of V and E consists only of parallel edges connecting a
vertex in V and its copy. Then the intersection problem with respect to JFi, Fs is reduced
to the bipartite delta-matroid matching with (V U V', F), where F is a direct sum of F; and
Fa. O
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