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Abstract

We apply the holonomic gradient method (HGM) introduced by [9] to the calcu-
lation of orthant probabilities of multivariate normal distribution. The holonomic
gradient method applied to orthant probabilities is found to be a variant of Plackett’s
recurrence relation ([14]). However a straightforward implementation of the method
yields recurrence relations more suitable for numerical computation than Plackett’s
recurrence relation. We derive some theoretical results on the holonomic system
for the orthant probabilities. These results show that multivariate normal orthant
probabilities possess some remarkable properties from the viewpoint of holonomic
systems. Finally we show that numerical performance of our method is comparable
or superior compared to existing methods.

1 Introduction

The holonomic gradient method (HGM) introduced by Nakayama et al. [9] is a new
method of numerical calculation which utilizes algebraic properties of differential equa-
tions. This method has many applications in statistics. For example, an application to
the evaluation of the exact distribution function of the largest root of a Wishart matrix is
introduced in [5] and an application to the maximum likelihood estimation for the Fisher-
Bingham distribution on the d-dimensional sphere is introduced in [7]. These applications
greatly expand the scope of the field of algebraic statistics.

In this paper, we utilize the holonomic gradient method for an accurate evaluation of
the orthant probability

(X, p) =P(X;1 >20,...,X; >0), (1)

where the d-dimensional random vector X = (X1,...,X,) € R? is normally distributed
with mean p and covariance matrix %, i.e., X ~ N(u, ). Since evaluation of the orthant
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probability has important applications in statistical practice, there are many studies about
it. Genz introduced a method to calculate the orthant probability utilizing the quasi
Monte-Carlo method in [4]. Miwa, Hayter and Kuriki proposed a recursive integration
algorithm to evaluate the orthant probability in [8].

When the mean vector u is equal to zero, the orthant probability can be interpreted
as the area of a d — 1 dimensional spherical simplex (cf. [1]). In [16], Schlafli gave a
classical differential recurrence formula for ®(3,0). Plackett generalized Schléfli’s result
and gave a recurrence formula for ®(3, ) in [14]. He evaluated orthant probabilities
by a recursive integration utilizing his formula. Gassmann implemented the Plackett’s
method in the case of higher dimensions in [3]. Their method is a recursive integration
based on a differential recurrence formula, whereas the holonomic gradient method utilizes
differential equations. Plackett’s recurrence formula is not suitable for the holonomic
gradient method and in this paper we give a new recurrence formula, which is more
natural from the viewpoint of holonomic gradient method.

Let y = ¥ 7'y and 2 = —3X7'. We denote the i-th element of y by y; and the (i, j)
element of z by z;;. By this transformation of the parameters, the orthant probability in
(1) can be written as

_ 1, _
() et exp (= e~ y) o),

where

00 00 d d
g(z,y) = / . / exp (Z xitit; + Zyﬂ%) dt (dt =dty ...dtg). (2)
0 0 i=1

ij=1
In order to evaluate the orthant probability, it is enough to evaluate g(z,y).

To apply the holonomic gradient method, we need an explicit form of a Pfaffian system
associated with g(z,y). The Pfaffian system can be obtained from a holonomic system for
g(x,y) (see [9]). For a given d, we can obtain a holonomic system for ¢g(z,y) by applying
the algorithms introduced in [12] with computer algebra systems. However, for general d,
these algorithms can not be applied and we need theoretical considerations. In this paper,
we give a holonomic system for the function g(z,y) and construct a Pfaffian system from
the holonomic system.

Note that the integral g(z,y) satisfies an incomplete A-hypergeometric system ([10])
when the integration domain is not the orthant but a polytope.

The organization of this paper is as follows. In Section 2, we describe a holonomic
system for an integral

d d
g(z,y) = o f(t)exp (Z Tijtity + Z yiti> dt, (3)
i—1

ij=1
where f(t) is a holonomic function or a holonomic distribution. In Section 3, we construct
a holonomic system for the function in (2) by utilizing the result in Section 2. Then we

construct a Pfaffian system from the holonomic system. Finally in Section 4 we describe
numerical experiments of the holonomic gradient method.



2 Holonomic system associated with the expectation
under multivariate normal distributions

In this section, we consider the holonomic ideal which annihilates the integral (3), which
is the expectation under multivariate normal distributions (for the definition of the holo-
nomic ideal, see [15]). We develop a general theory, where f(¢) in (3) is a smooth function
or a distribution in the sense of Schwartz ([17]). This theory is a generalization of the re-
sult introduced in [6]. In Section 3 we will specialize f(t) to be the indicator function of the
positive orthant. Note that the results of this section can be applied to various problems
of the multivariate normal distribution theory, other than the orthant probability.

We denote the ring of differential operators in x with polynomial coefficient by D =
C(x1,...,Tp, 0z, ..,0x, ). The operator 0/0x; is denoted by 0,,. We frequently use the
following rings:

nyt C<l'zj>yk>tk7ax”aaykyatk . SZSJ Sd 1§k§d>,
Dy := C(Zij, Yr, On,y Oy, 1 1 <1< 5 < d, 1 <k < d),
D, = C<xij,8xij 1 <i<j<d),
We use the following notation.
1
y=%"tu, x= —52_1, (x,y,t Z Tijtit; + Zyl - (5)

7,7=1

2.1 The case of a smooth function

We first consider the case when f(t) is a smooth function. In this case, the integral (3)
converges if the matrix —z is positive definite and f(¢) is of exponential growth.

To state the main theorem of this section, we show a general lemma. The notation
f,g,z,y in the following lemma is generic and not related to (5).

Lemma 1. Let D, (resp. D, ) be the ring of differential operators with polynomial coeffi-
cient C{x;, 0y, 1 1 <0 <) (resp. C(xi,Yj, 04,0y, : 1 <i<n, 1< j<m)). Suppose that
a holonomic ideal I annihilates a function f(zx, y) on R" x R™ and the function f(x,y) is
rapidly decreasing with respect to the variable y for any x in an open set O C R™. Then
the integration ideal of I with respect to the variable y annihilates

g(@) = [ f(z,y)dy (6)
Rm
defined on the open set O.

Proof. Since the function f(z,y) is rapidly decreasing, the integral of (6) converges. Let
P be in the integration ideal J = (I + Zm Oy, Dy y) ND,, then we have Peg = [ Pe fdy
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by the Lebesgue convergence theorem. Since the differential operator P can be written
as .
P=Py+>» 0,P €D, (Pel, P,€Dyy)
i=1
we have [[Pe fdy =73 [0,,P e fdy. Since P; e f is rapidly decreasing, we have [ 9, F;
fdy = 0. n

We now go back to g(z,y) in (3) and use the notation in (4) and (5). Consider a
C-algebra morphism ¢ from D; to D, defined by

d
@ . Dt — ny (tl — 8%., ati = —Y; — 2 le;ﬁyk> .
k=1
Here, we assume ;; = 2j;, Op,, = Oy, Since [p(0,), 0(0,)] := (0, )p(t;) — o(t;)p(0y,) =
0ij, where 9;; is Kronecker’s delta, ¢ is well-defined as a morphism of C-algebra.
Now we state the main theorem in this section.

Theorem 2. Suppose a function f on R is smooth and of exponential growth. If dif-
ferential operators Py, ..., Ps € Dy annihilate f, then the following differential operators
annihilate the integral g(x,y) in (3).

p(Pr) (1<k<s), (7)
0., = 20,9, (1<i<j<d) (8)

Moreover, the differential operators (7),(8),(9) generate a holonomic ideal in D, if the
differential operators Py, ..., Ps; generate a holonomic ideal in D;.

Proof. For a differential operator

P=> copti - 1320, - 0)" € D,

and p;, ¢ € Dyye (1 =1,...,d), we put
P(piigi) = > cappi -0yt - . (10)
a,B

By the assumption, the differential operators
P(t=1,...,5), 0,,(1<i<j<d), 0,(1<i<d)

annihilate f and generate a holonomic ideal in D,,,. By the lemma introduced in [13,
Section 3.3], the differential operators

Ooh Oh Ooh
= <1< < )
o, —)(l=1,...,s), O (1<i<j<d), e — 8%

i 3:1:”

Py(t;; 0y, — (1<i<d)
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annihilate exp(h)f and generate holonomic ideal [ in D,,. As we will show in Lemma
4 below, the differential operators (7), (8), (9) generate the integration ideal J of I with
respect to the variables ¢; (1 = 1,...,d).

Since the function exp (h) f is rapidly decreasing, the integration ideal J annihilates
the integral g(z,y) by Lemma 1. Hence, the differential operators (7), (8), (9) annihilate

9(z,y).
Since the integration ideal of a holonomic ideal is also holonomic (see, e.g., [2, Chap
1]), the ideal J is holonomic when the ideal I is holonomic. O

Now, we show that the integration ideal J is generated by the differential operators
(7),(8), ( ) in the following two lemmas. We denote P = Q when P—Q € 3% | D,,(9,, —
t

i)-
Lemma 3. Let p;, = O, — y; — ZZZ:i Tigt; and q¢; = Oy — y; — QZZ:i zi,0y,. For a
differential operator P € D; and a multi index o € N¢ = {0,1,2...}4, the following
equivalence relations hold.

P(tipi) = P(0y:aq), (11)
t*P(0y,; 4:) 0, P(0y,; ¢i)- (12)

Here, we use the notation in (10).

Proof. By the straightforward calculation, we have the following relations for 1 < 1,7 < d.

[pi, q;] = 0, (13)
[pi, ps] = lai, ¢5] = 0, (14)
[C]ntﬂ = [Qiyayj] = 04 (15)

In order to prove (11), it is sufficient to show
(0t pt = O 00 g (o, B € N). (16)
By the induction on ;, we have a relation
tig)" = ay] (1<i,j<d, Bi€Ny). (17)

When f; = 0, the relation (17) holds clearly. Suppose that the relation (17) holds for ;.
Then we have

g = g = (it~ 0y)a
= (@0, —0)a)" = 000" = Oy,q7" "
By induction, the relation (17) holds for any g;.
By the relations (13) and (17), we have
plp =@ dy (B € No). (18)



Now we prove the relation (16) by induction on the multi index o € N¢. When a = 0,
the relation (16) holds because of (18). Suppose the relation (16) holds for «, then we
have

tlt?l gdplfl. .pgdztiagll...aad Bl...qu

=00 8ad quﬂ Zqz (by (14) and (15))
JF#i

=0, 8"“1 qu] yiqz (by (17))
J#i
= 0,0 - G;ddqfl _ qu (by (14) and (15)).

By induction, the relation (11) holds for any o.
Finally, the relation (12) holds by (14), (15) and (17). O

Lemma 4. The integration ideal J is generated by the differential operators

(7),(8),(9).

Proof. Note that the ideal I is generated by differential operators

d
Pg(tz,ﬁtz—yz—Qszktz) (621,...,8),
k=i

Oy —2tit; (1 <i<j<d),

Opy — 12, 0y, —t; (1 <i<d).

By (11), the ideal I is generated by

Py(,,; 0 2lekayk =1,...,5), (19)

By, — 20,0, (1 g i< j<d), (20)
B, — 02 (1<i<d), (21)
0, —t; (1<i<d). (22)

We denote by J the left ideal generated by (7), (8), (9). Clearly we have J C J. If P

is a differential operator in J, then P can be written as

d d
P=Q+Y 0,Ri+> Si(0,—t) (Q€I RiS;€ Dyy) (23)

by the definition of integration ideal. The differential operator () is written as a linear
combination of the differential operators (19)—(21) with D, coefficients. By the second
term of the right-hand side of (23), we can assume without loss of generality that the
variables 0;, do not appear in these coeflicients. By the relation (12) in Lemma 3, we can
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assume that the coefficient in () is an element in D,,. Since any differential operator in
(19)—(21) is an element of J + Z?:l Oy + Dyyr, we can assume ) € J.
Consider the equation

d d
P—Q=) Si(d, —t:)=> 0,R:
i=1 i=1
We can assume that the variables 0,,, ..., 0;, do not appear in Sy, ..., S;. For example, if

10y, is a term of Sy then we can replace Sy and Ry to So —t,0;, — 1 and Ry —t1(0,, — t2)
respectively. The term ¢,0;, in S5 is removed. In the same way, we can remove all terms
which include 9, .

Expanding both sides and comparing the coefficients of 0;,, we have

P—Q=) Si(d, —t)

The right-hand side of this equation is an element of the left ideal J' := Z?Zl Dy (0y, —1;).
Let the weight of ¢; be 1 and that of other variables 0, and consider a term order < with
this weight. The set {¢; — 0,,|1 < i < d} is a Grobner basis of .J with the order, so that
the initial term of P — () has to divide some ¢;. Since P — (@ is in D,,,, we have P — () = 0.
Thus P € J. O

2.2 The case of a non-smooth function

Next we consider the case when f(t) is not smooth. In this case we consider f(¢) as a
distribution in the sense of Schwartz ([17]).
Let €2 be a domain defined by

{(z,y)|—x is positive definite}.
For a tempered distribution f on R, we can define a function on €2 as

9(z,y) = (f,exp (h(t,y, 2))). (24)

Since exp (h(t,y, x)) is rapidly decreasing with respect to the variable t when —z is positive
definite, the right-hand side of (24) is finite.
A holonomic system for (24) is given as follows.

Theorem 5. If differential operators Py, ..., P; € Dy annihilate a tempered distribution
[ on RY, then the differential operators (7),(8),(9) annihilate the function g(z,y) in (24).
Moreover, the differential operators (7),(8),(9) generate a holonomic ideal in D, if the
differential operators Py, ..., P, generate a holonomic ideal in D;.

Proof. We only need to prove that the differential operators (7), (8), (9) annihilate g(x,y).
Let P =" capt®d; and P} =3 ca5t?0%. We have

d
pf(ayi; —Y; — 2 Z mzkayk)<f7 €Xp (h(ta Y, .Z'))>

k=i



d
= (f, P(Dyi =y — 2 wady,) exp (h(t, y, )

= (f, Pu(0y,; —0,) exp (h(t,y, x)))

=(/, Pe( . Oy;) exp (h(t,y, 7))
= (f, P/ (=0, t;) exp (h(t, y, 7))
= (Py(ti; 0y,) f, exp (h(t, y, x)))
=0.

O

3 Holonomic system associated with the orthant prob-
ability

In this section we specialize f(t) of the last section to the indicator function of the positive
orthant and we will construct a Pfaffian system associated with the integral (2) for the
orthant probability.

3.1 Generators of the holonomic ideal

At first, we obtain generators of a holonomic ideal which annihilates (2) by Theorem 5.
Let E be the positive orthant in R? defined by

{t=(t,....ta) eERYt; > 0,(i=1,...,d)},

and 1g be the indicator function of £. A holonomic ideal which annihilates 1g is given
as follows.

Lemma 6. The indicator function 1g is annihilated by the following differential operators
as a distribution.

110y, - - -, 140y, (25)
The differential operators (25) generate a holonomic ideal J in the ring D.

Proof. At first, we show that the differential operators ¢;0;, annihilates the function 1.
It suffices to prove for i = 1. Let o(t) be a rapidly decreasing function on R¢. Then, we
have

— /OO 0t1(t1g0(t))dt1 = O

for any ¢; € R, 2 < j < d. Integrating both sides with respect to the variables o, ..., %4,
we have (t10;,1g, ¢) = 0. Therefore, the distribution ¢,0;, 15 is equal to 0.

Next, we show that the left ideal J is holonomic. By the Buchberger’s criterion, we
can show that the set of the differential operators in (25) is a Grébner basis of J with the



weight w = (0, 1). The characteristic variety (see, e.g. [11], [15]) of J is ch(J) = {(¢,¢) €
C¥|t;&; =0, 1 < i < d}. The variety ch(J) can be decomposed as follows,

U {wolti=0,&=0ieJj¢J}.

Since the Krull dimension of the each component is d, we have dim(ch(J)) = d and the
ideal J is holonomic. ]

The function g(z,y) in (2) can be written as g(x,y) = (1g(t),exp (h(x,y,t))). Thisis a
case of Theorem 5 in which the distribution f is 1g. A holonomic ideal which annihilates
1 is given in Lemma 6. Hence we have the following theorem for g(x,y) in (2).

Theorem 7. Differential operators

d

k=1
Oy — 20,0, (1<i<j<d), (27)
Qo — 0 (1 <i<d) (28)

annshilate the function g(x,y) in (2), and generate a holonomic ideal I in the ring D,,,.

3.2 Differential recurrence formula

Next, we give a Pfaffian system associated with (2). In order to write the Pfaffian system,
we define new notation. For J C [d] = {1,...,d}, we put

hJ(iL‘,y, iL‘) = Z injtitj + Zyktk,

ieJ jeJ keJ

wa) = [ [ e st i,

where dt; = HjeJ dt;. When the set J is empty, we set gy = 1.

Example 8. For d = 2, the functions are written as follows.

gpzy(r,y) = / exp (Bz11 + 2titax1a + t3Tas + Yty + Yota) dirdts
0

= g(z,y),
9{1}(9579) = / eXp<t%$11+ylt1)dt1,
0
92y (z,y) = exp ({5222 + Yala) dts,
0
g9 = 1l



Let J be a subset of [d] and put

_ (w +2Za;jkayk) (G=1,...,d), (29)

k=1

Q;

Qj’J = — (yj + Qijk(?yk> (j € J) (30)

keJ

Lemma 9. The following equation holds.

Q97 = Q595 =gngy (JEJ). (31)

Proof. Since g; is constant with respect to y, (¢ ¢ J), we have Q;g; = @, 79;. We assume
that J = [d] without loss of generality. Applying @; to the integrand of g, we have

— (yj + Qijkayk) exp (h(z,y,1))

k=1

d
= — (yj + QZIjktk> €xp (h((l],y, t))

k=1
= —atj exp (h(xa Y, t)) '

Integrating both sides of the equation from 0 to oo with respect to ¢;, we have

Qj/ exp(h(z, y,t))dt; = exp (hap gy (x,,1)) -
0

Integrating both sides of the equation with respect to the remaining variables, we have
the equation (31). O

Remark. By Lemma 9, we have Q;Q;9 = gjap(ijy for ¢ # j When the vector y is
equal to zero, this equation can be written as

d
(2% + A winOa, +2 Y sz‘kﬁfjeaxkg) 9 = Gld\{ig}-

k=1 1<k£0<d

By the transformation of parameters with ¥ = (o) = —%xil, we have 8%,( (|cr|*1/2g) =
lo| 7/ 2gd)\fij3- 1t can be easily checked that this equation corresponds to the classical

Schlafli’s formula.

For J ={j1,...,7s} C[d], (j1 <ja2 <---<Js), we denote

Ty = (xjkjg)lgk,égsa Yy = (yjp e ,ij)T,
1
Xy o= —5%1:(02}]')7 pr=Sgys = (o p13,).

The following differential recurrence formula holds.

10



Theorem 10. For any J C [d].

J J .
Wigs+ 2jes 090Gy L€ J
ayigj _ {0 J Z]GJ J J\{5} Z ¢ ; (32)
20,,0,,9;5 {i,j} CJ,i<j
On0s = {029 {}Ci=] (3)
0 else.

Proof. For i ¢ J, we have 0,,9; = 0 since the g; is constant with respect to y;. For i € J
Lemma 9 implies

wlas+Y ohangy = wler=) o (y}] +2) x&']k@yk) 97

jeJ jeJ keJ
_ J J.J J.J
= <Mz‘ - E 0Y; -2 E Uij%’k@%) 47
jeJ kjeJ

J

i

by the relation i/ = X7y’ and we also have

—2 Z Oéxjkayk - Z 6lkayk - aym

kjed keJ

We have Zjej a;-]jyf =1

since —2%7z7 is the identity matrix of size |.J|. Hence, the right-hand side of (32) equals

82/7;9]'
For {i,j} ¢ J, 04,95 = 0 since the g; is constant with respect to ;. For {i,j} C J

Oy, , exp (hy(z,y,t)) = (2 — 0i5)0,,0,, exp (hy(z,y,1)).
Integrating both sides we have the relation (33). O
Remark. The set of the singular points of the Pfaffian (32), (33) is

{(z,y)|—x is positive definite }

3.3 Pfaffian system and the holonomic rank

In this section, we give the holonomic rank of the ideal I generated by (26)—(28), and
show that the differential recurrence formula (32) and (33) in the subsection 3.2 give a
Pfaffian system associated with (2).

In this subsection, we denote the ring of differential operators in the variables x,y by
R. The holonomic rank of I is the dimension of R/RI as a vector space over the field of
rational functions C(z,y) (see, e.g., [9]).

At first, we give a lower bound of the holonomic rank. We can obtain a lower bound
of the holonomic rank by constructing linearly independent functions annihilated by I.

11



Lemma 11. The holonomic rank of the ideal I in Theorem 7 is not less than 2%, i.e.,
rank [ > 29,

Proof. For a vector € = (1, ...,24) € {£1}%, let E. be an orthant
{t="(t1,....ta) ERYeit; >0 (i=1,...,d)}.
It is enough to show that the following 2¢ functions are linearly independent and annihi-
lated by I;
0. = [ explhlr.y.0)dr

By an analogous way as in the proof of Lemma 6, we can show that the indicator
function of E. is annihilated by the differential operators in (25) for any ¢ € {+1}%.
Analogously to the proof of Theorem 5, we can show that the differential operators (26)—
(28) annihilate g.(x,y).

Let ¢. be a real number for ¢ € {£1}%, and suppose Y __c.g. = 0. Multiplying both
sides of the equation by (27)~%?(det X)n /2 exp(—1p'E "), we have

> «P(E|u, %) =0.
ee{£1}d

Here, P(E.|u, X) is the probability of the event E. under the multivariate normal dis-
tribution N(u,X). Substituting p = te, (¢ € {£1}?) and taking a limit ¢ — +oo, we
have

c.=0

Hence, the functions g.(x,y) are linearly independent. O

In order to obtain an upper bound of the holonomic rank of I, we construct bases of
R/RI as a linear space over C(z,y). The bases correspond to the functions g;.
For J C [d], we put a differential operator

PJ - H Qj/, (34>

J'eld\J

where @); is the differential operator in (29). Note that the differential operators @),
commute with each other. By Lemma 9, we have

Prg=g,. (35)
Equation (35) means that the differential operator P; corresponds to the function g;.

Example 12. When d =2 and J = 0, the equation (35) is written as follows.

(1 + 22110y, + 2120,,) (Y2 + 22210y, + 20220,,) gf12y = 1.

12



Since the differential operator @; commutes with 9,,, —209,,0,, (1 < i < j < d) and
Oy, — 0. (1 < i < d), we have the following lemma.

Lemma 13. The following formulas hold in R/RI.

Op,, Py =20,,0,P; (1<i<j<d,JcCld]), (36)
0o, Py=0.P; (1<i<d, JcCl[d]). (37)

Proof. For 1 <i< j<dand 1<k <d, wehave

(=1

d
arij Qk‘ = _axij <ykz +2 Z xk’ﬂayg> = Qk‘axw - 25ik:8yj - 25]]683/17

(=1

d
28%.8%. QL = —28yi8yj (yk + 2 Z xkg8y4> = Qk28yi8yj — 251»;98%. — 25jk8yi.

Forl1 <i:<dand 1<k <d, we have
d
=1

d
a;@k = —3;. (yk +2 kaeaw) = Qka; — 20410y,

/=1

Therefore, the differential operator ); commutes with 0,,, —209,,0,, (1 <i < j < d) and
Op,, — 02 (1 < i < d). Then we have

(amij - 28yiayj)PJ - PJ(axij - Qayiayj> =0
in R/RI. Similarly we have (0,,, — 9;.)P; = 0. O
The following lemma corresponds to Lemma 9.

Lemma 14. With the same notations as in Lemma 9,
QiPy=QjsP;r=Pngy (j€J,JCld]). (38)
holds in R/RI.

Proof. By definition of Py, it is clear that Q;P; = Py ;. Since 0,,Q¢ € I, 9,P; is in I if
¢ ¢ J. Hence we have

d
Q;P; = — (yj + 2ijk8yk> H Qr=Q;sP;
Leld\J

k=1

in R/RI. Note that ); and 0,, commute if j # k. O]

13



Theorem 15. The following relations hold in R/RI for any J C [d].

Ip oI P i
0, P; = pi s+ ZJEJ O3 I\ {5} Z €J (39)
0 i
20,0, Py {i,jy CJ,i<j
O i = OpPs {iycJi=j (40)
0 else.

Proof. For i € J, we can show the equation (39) by Lemma 14 and an analogous calcu-
lation as in the proof of (32). For i ¢ J, the equation (39) is shown as in the proof of
Lemma 14. By Lemma 13, we have the equation (40). O

Corollary 16. The set of the differential operators Py (J C [d]) in (34) spans the quotient
space R/RI as a vector space over C(z,y).

This corollary together with Lemma 11 establishes the following theorem.

Theorem 17.
rank [ = 2¢

4 Numerical experiments

In this section we present numerical experiments of our holonomic gradient method for
orthant probabilities. Our experiments show that the holonomic gradient method is very
accurate and fast compared to existing methods.

The updating step of the holonomic gradient method was implemented using the
relations (32), (33) for a general dimension. When y = 0 and z is diagonal, the integral

gs(x,y) can be written as
™
QJ($,?J) - H <—Zl'jj>
jeJ

N

(41)

We use the value (41) for initial values.

The accuracy of the holonomic gradient method can be checked by looking at the
summation Y . ya P(X € E;) = 1. Table 1 shows errors |1 — 3" /., P(X € E.)] for
sample data.

For a correlation matrix R = {p;;} with p;; = p,i # j, the orthant probability
can be written as a one-dimensional integral. Table 2 shows the values of the orthant
probability calculated by the one-dimensional integral and HGM for certain values of p.
The differences of the result of HGM and the one-dimensional integral are less than 107%.

Table 3 shows averages of computational times of holonomic gradient method and

Miwa’s method for 100 sample data. The mean vectors of the sample data are all zero,
and the covariance matrices are randomly generated. Table 3 shows that our holonomic

14



Table 1: Errors

error

1.760124e-08

5.473549e-08

3.373671e-08

2.265284e-09

1.120033e-08

7.330036e-09

8.705609e-09

2.288549¢-09

No. | dim
1 2
2 3
3 4
4 5
5 6
6 7
7 8
8 9
9 10

5.024879e-10

Table 2: Comparing of one-dimensional integral

rho

Dunnett

HGM

error

0.0

0.00097656249807343551

0.000976562500000

1.926564e-12

0.1

0.0065864743711607976

0.006586475124405

7.532442e-10

0.25

0.026603192349344017

0.026603192572268

2.229240e-10

0.5

0.090909089922689604

0.090909086078297

3.844393e-09

gradient method evaluates orthant probabilities faster than Miwa’s method, as the di-

mension becomes larger.

However, it should be noted that the holonomic gradient method can be very slow
when the mean vector is far away from zero. When the mean vector is far away from zero
and some eigenvalue of the covariance matrix is very small, the value of the integral (2)
becomes very large since the parameter y becomes large. In such a case, the Runge-Kutta

method takes a long time.

Table 3: Averages of computational times

dim | Miwa | HGM | dim | Miwa | HGM
5 10.002 | 0.016 9 6.078 | 1.050
6 | 0.011 | 0.056 || 10 | 60.171 | 2.371
7 | 0.080 | 0.154 || 11 | 671.370 | 5.411
8 10.664 | 0.390 | 12 - 13.48
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