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Abstract

Many of practical design specifications are provided by finite frequency properties described by inequal-
ities over restricted finite frequency intervals. In this paper, we consider a characterization of the finite
frequency domain inequalities (FFDIs) for n-dimensional systems from a view point of dissipation theory
using quadratic differential forms (QDFs), which are useful algebraic tools for the dissipation theory based
on the behavioral approach. The QDFs allow us to derive a clear characterization of the FFDIs using some
inequality analogous to dissipation inequality with a compensating rate and an inequality of an integral of
the supply rate with a matrix integral quadratic constraint as a main result. This characterization leads to a
physical interpretation in terms of dissipativity for subbehavior with some rate constraints. We also show
how we resolve a difficulty on the expression of a compensating rate peculiar to n-dimensional systems.
The results of this paper can be regarded as a finite frequency version for the characterizations of frequency

properties over the entire frequency domain due to Pillai and Willems (2002).

1 Introduction

Many of practical design specifications are provided by sets of finite frequency properties which are expressed
as inequalities over restricted finite frequency intervals. The properties play important role for dynamical system
design including control and signal processing. In n-dimensional systems [1][6][10][14] !, the finite frequency
properties appear in many context such as filter design [3][4][15], image processing [2][20], and so on including
Fornasini-Marchesini [7][8] and Roessor [20] (discrete-time) state-space systems.

Dissipativity is one of the most important properties which captures a dynamical system from the view
point of energy and power interactions with its external environment [21][22][23]. It is well-known that the
dissipativity can be equivalently transformed to the matrix inequality over the imaginary axis [21]. Hence, it

may be important to articulate the relationship between finite frequency properties and dissipativity. This claim

'We call a system that depend on n independent variables (n > 2) as an n-dimensional system.



can also be validated by the fact that a stability condition for a feedback system is given in terms of integrals
over entire frequencies, called integral quadratic constraint [16].

A quadratic differential form (QDF) is a useful algebraic tool in dissipation theory based on the behavioral
approach [24][18], because it has a one-to-one correspondence to a two-variable polynomial matrix. The be-
havioral approach is a theoretic framework which does not assume an input-output relationship, a particular
representation and causality in advance. Since an n-dimensional system has an infinite-dimensional state space
and no causality in the space coordinates, we can naturally analyze and design an n-dimensional system based
on the approach. Using QDFs, Willems and Trentelman [25] proved that a dissipativity of a behavior is equiva-
lent to a certain frequency domain inequalities on the entire frequency range. This equivalence is characterized
by the dissipation inequality in terms of QDFs. This characterization was extended to n-dimensional systems
by Pillai and Willems [19]. On the other hand, for a characterization of finite frequency properties, the authors
of this paper clarified that the properties are equivalent to a dissipativity of some rate constrained subbehavior
in time domain based on QDFs for one-dimensional systems [12]. A key point was to prove the existence of
a compensating rate which appears in the inequality corresponding to the dissipation inequality for the finite
frequency case. Since the most of physical systems are described by partial differential-algebraic equations
at the beginning of analysis and synthesis, we have a great interest in how the finite frequency properties can
be expressed from a theoretical viewpoint of dissipativity in n-dimensional systems. However, there has never
been derived a characterization for the n-dimensional case. Hence, we conceived to derive a characterization of
the properties using from this viewpoint in n-dimensional systems.

In this paper, motivated by the observation in the above paragraphs, we will characterize the finite frequency
properties of n-dimensional systems based on QDFs. As a main result, we derive a characterization of the
properties using some inequality and an integral of a supplied rate. We also characterize the properties in
terms of dissipativity of some subbehavior of the original behavior. These characterizations are obtained by
generalizing the idea of [12] for the one-dimensional system to the n-dimensional case. Although a nonnegative
property of a compensating rate played an important role in [12], we find that a straightforward extension of
[12] is not easy in n-dimensional systems, since the expression of a compensating rate satisfying the property
is not clear in this case. Hence, we need a further theoretical consideration for the characterization in the
generalization. We show how this theoretical difficulty can be resolved in n-dimensional systems. The results
of this paper allow us to understand the significance of the properties directly. Figure 1 illustrates a series of
these results comparing with the previous works [25][19][12].

The organization of this paper is as follows. In Section 2, we review some basic definitions and results on the
behavioral system theory and QDFs. We give the problem formulation of finite frequency characterization for
n-dimensional systems in Section 3. In Section 4, we derive a characterization of the finite frequency properties
using QDFs as a main result. A numerical example demonstrates our characterization in Section 5.

We adopt the following notations in this paper.

The set of p x ¢ real and complex matrices are denoted by RP*? and CP*4, respectively. We also denote
S?%9 and H?*7 as the set of ¢ x ¢ real symmetric and Hermitian matrices, respectively. The set of p x ¢ real

coefficient n-variable polynomial matrices are defined by RP*4[¢] 2. The set of p x ¢ complex coefficient - and

*We denote the indeterminates & := (&1, -+ ,&,) and ¢ := (1, ,¢n)s m:= (11, -+ , Mn) When we consider n- and 2n-variable

polynomial matrices, respectively.
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Figure 1: The relationship between our results and the previous works. The notations“1-D” and “n-D” means that one-

dimensional and n-dimensional systems, respectively. Contributions of this paper are illustrated with black arrows.

2n-variable polynomial matrices are denoted by CP*9[¢] and CP*?[(, 1], respectively. We also denote H?*?[(, ]
as the set of Hermitian 2n-variable polynomial matrices, i.e. ®(¢,n) = ®(7, {)* for any & € HI*I[(, 7).
We denote W7 as the set of maps from T to W. Define C*°(R", V) as the set of infinitely differentiable
functions from R" to the vector space V, and denote D°°(R™, V) as the set C*>°(R™, V) with compact support.
Finally, the row dimension of the matrix A is denoted by rowdim(A). We define the rank of polynomial
matrix R(&) and constant matrix R(\) are denoted by rank R and rank R(\), respectively. We denote the matrix

-
[AI Al .- A;{] by col (A, Ag, -+, Ay). We also define He (A) := % (A4 A*).

2 Preliminaries

In this section, we review the basic definitions and results from the behavioral system and dissipation theory for

n-dimensional behaviors from the references [18][19].

2.1 Linear Continuous-time Systems

In the behavioral system theory, a dynamical system is defined as a triple ¥ = (T, W, ), where T is the set
of independent variables, and W is the signal space in which the trajectories take their values on. The behavior
B C WT is the set of all possible trajectories.

In this paper, we consider an n-dimensional linear time-invariant continuous-time system % = (R",C4,8)
with the independent variable x := (x1,--- ,2,) € R™ Such a ¥ is typically represented by the linear partial

differential-algebraic equation expressed as

L1 L, . .
o o'n

33 R D S ) =0 "

=0 in=0 Iy In

where R;, ... ;, € CP*9 (i, =0,1,--- ,Ly;k=1,--- ,n)and Ly > 0. The variable w € C*°(R", C?) is called

the manifest variable.



For a simplicity of the description, we introduce the multi-index notation [19][17] by i := (i1, -+ , i) € Z"
and  := (&1, ,&n), where i, (k = 1,--- ,n) is a nonnegative integer. By using this notation, we define the

n-variable polynomial matrix R € CP*?[¢] by

R =) R&=> > Ri.i&-&r 2)
i=0

11=0 in=0

where ¢% is defined by ¢% := (£, ... &™), For the multi-index i = (i1, ,in) € Z" (ix €Z; k=1,--- ,n),
di
dz
dz‘ 81'1 az‘n

do' T 9zl ol

we define the corresponding partial differential operator

- as

Then, (1) is expressed as

d Lo qi
R(dx>w:;Ridxiw:0 3)

a4 _(9 9
de = \ozy" 0z, /)’

Then, the behavior B C C*°(R", C?) is defined as the kernel of the operator R (%) given by

d
R(dx>w:0}. @)

For this reason, (3) is called the kernel representation of 8. The representation (3) is said to be the minimal

in short hand, where % denotes

B = {w € C®°(R™, CY)

representation of B if rowdimR < rowdimR’ holds for any other R’ € R *9[¢] which induces a kernel
representation of ‘B.
The behavior B C C*°(R"™,CY) is called controllable if for any wy,ws € B and X7, Xy C R" with a

disjoint closure, there exists a w € *B such that
w‘Xl = wl‘Xl and w‘XQ = w2‘X27

where w|y denotes the restriction of the trajectory w € C*°(R'CY) to the domain X C R™. The behavior B is
controllable if and only if rank R()) is constant for all A € C™ [18].
Whenever ‘B is controllable, it can be described by an image representation
d
=M|(—|¢ 5

omat (L) 5

where M € R?7™[¢] and the variable ¢ € C*°(R%, C™) is called the latent variable. Then, B is given by
B={welC®R"CY|ILeC®R",C") st.(5}.

When ‘B is represented by an image representation, ‘B is called observable if w = M (%) ¢ = 0 implies
¢ = 0. The representation (5) is observable if and only if the constant matrix M () is of full column rank for
all A € C™ [18].

As we have mentioned in the above, every controllable behavior admits an image representation. However,
for n-dimensional behaviors, it should be noted that every controllable behavior does not necessarily have an

observable image representation contrary to the one-dimensional case [18].
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2.2 Quadratic Differential Forms

We review the definition and basic results of QDFs [25][19] for n-dimensional behaviors, which play a central
role in this paper.

We consider a 2n-variable polynomial matrix in C?**%2[(, ] and, similarly to Section 2.1, we use the multi-
index notation [19][17] by i := (i1, - ,in) € Z", j == (J1,-+* ,Jn) € Z" and ¢ := (C1,-- ,Cn)s M =

(1, -+ ,mn), where i and ji, (k = 1,--- ,n) are nonnegative integers. We also denote (¢ := (%, (')
and 7' := (7, --- /). We can describe any matrix in C91*%[¢, 7] as
m=, Y By, &y € CHXE, (6)
i€ZN jEIN

where the above sum ranges over all nonnegative multi-indices ¢ € Z™, j € Z", and is assumed to be finite. The

degree of ®({,n) with respect to (;, and g, (k = 1,--- ,n) are defined as

deg,, @ := (If}?éiz ir and deg, ®:= (H;;lé{l_jk,

respectively, where 7 C Z?" is the set defined by
T:={(i,5) €Z°" | ®;; # Ogyxqs} -
For ®((,n) in (6), we define the mapping

0: TG, p] — T[],
0D(E) = B(~.).

We define a bilinear differential form for n-dimensional behaviors in the following [19].
A bilinear differential form (BDF) is induced by the 2n-variable polynomial matrix ®(¢, n) in (6). The BDF

is represented by

Lo :COO(R”,(C‘h) x C(R",C*”) — C*(R™,R),
K1 ;
d*4y d7ly
(b1, 0s) = (w) W (7)
=0 j=0
where K; := (K1, -, Kin) € Z" (i = 1,2), K1, := deg¢, ® and Ky, := deg,, ® (k =1,---,n). The
definition (7) means that ( and 7 correspond to the partial differentiations on £* and ¢, respectively.
We call ®(¢,n) Hermitian if ®(¢,n)* = ®(n, ) holds, which implies ¢; = g2 =: gand K1 = Ky =: K.
Then, ®(¢, n) is expressed as
K K o
=33 @ ¢ (®)
i=0 j=0

In this case, ®(¢, n) in (8) induces a quadratic differential form (QDF) represented by

Qo : C®(R", C?) — C(R", R),

033 (5) e

=0 j5=0



Consider the 2n-variable polynomial matrix

\Pl(gv 77)
U(¢,m) = : € C"*9¢, ],
(¢, m)

where Wy, € H?*?[(,n] (k =1,--- ,n). This induces a vector of QDFs (VQDFs)
Qu : C*°(R™,C?) — C*(R",R"),

Q‘Ill(g)

Qu(f) == :

Qu,, (¢)

The divergence of the VQDF Qg (¢) is defined by

divQe(0) = 5" -2-Qu. (0).

ox
=1 "k

This is also a QDF. Let VU € H9*9[(, n] induce divQy (¢), i.e. divQgy (¢) = Qvw (). Then, it is given by

=3 (G +m)Pk(Cm).-
k=1

2.3 Dissipation Theory

In this section, we review the basic definitions and properties of dissipativity for n-dimensional behaviors using
QDFs [19].

We assume that 28 in (4) is controllable in this section. Then, 28 has an observable image representation (5).
Let ® € H*Y[(,n] in (8) be given.

We give the definition of dissipativity of a behavior.

Definition 1 [19] Let ® € H?*?[(, n] in (8) be given. Then, a behavior B is called dissipative with respect to
the supply rate Qo (w) if the inequality

Qo (w)dx >0 )
Rn

holds for all w € B N D>(R", CY). O

We may think of Qg (w) as the power delivered to the behavior 5. The dissipativity implies that the net
flow of energy into the system is nonnegative. This shows the system dissipates energy. Hence, due to this
dissipation, the rate of increase of the energy stored inside of the system does not exceed the power supplied to
it. This interaction between supply, storage, and dissipation is now formalized in Definition 2 and Proposition 1
below.

We give the definitions of storage function and dissipation rate.

Definition 2 [19] Assume that ®B is controllable. Let & € H?*?[(, n] be given.



(i) The VQDF Qy (¥) induced by

‘Ijl(Can)
\IJ(C777) = € Cnmxm[c’n]’ \Ilk’ € mem[CJﬂ (k = 1> T 7n) (10)

Wn(C,m)
is called a storage function for B with respect to the supply rate Qg (w) if
divQy (¢) < Qa(w) (11
holds for all w € B with the image representation (5). We call (11) the dissipation inequality.
(ii) The QDF QA (¢) induced by A € H™*"™[(, n) is called a dissipation rate for Qg (w) if
Qa(l) >0, YVweDB
and

Qo (w)dz = Qa(0)dz, Y w € B ND>*(R",C?)
R7 R7

hold with the image representation (5).

There is a one-to-one relation between a storage function Qg (w) and a dissipation rate Qa (w) defined by
divQy (w) = Qo (w) — Qa(w). (12)

The equation (12) is called the dissipation equality.
The next proposition gives a characterization of dissipativity in terms of a storage function and a dissipation

rate.
Proposition 1 [19] Let & € H?*?[(, n] be given. The following statements (i), (ii) and (iii) are equivalent.
(i) The behavior *B is dissipative with respect to the supply rate Qg (w).

(ii) There exists a 2n-variable polynomial matrix V€ C™"">"™[(, n] in (10) satisfying the dissipation inequal-
ity (11) for all £ € D>*(R™, R™) with the image representation (5).

(iii) There exist 2n-variable polynomial matrices ¥ € H"™ ™[, n] in (10) and A € H"™*"™[(,n| satisfying
the dissipation equality (12) and QA (¢) > 0 for all £ € D> (R™, R™) with the image representation (5).

Remark 1 As we have remarked in Section 2.1, the observability of (5) does not hold for n-dimensional behav-
iors. This implies that the storage function does not necessarily becomes a function of manifest variable [19].

Hence, the uniqueness of the storage function does not hold, i.e. there will be many possible storage functions.

Remark 2 We give an interpretation of the inequality (24) in terms of flux [19] in this remark. This enables us

to further clarify the above physical interpretation.



Suppose that the independent variable z; = t represents the time variable and the remaining variables

T9,- -+ , Ty are the space variables. Then, the dissipation equality (12) can be rewritten as

10w (0= Qa(w) =3 5 Qu () - Qa(0),

The interpretation of the above equality is described as follows. The change in the stored energy %Q\pl (¢) in
an infinitesimal volume exactly equals to the difference between the supply rate Qg (w) into the infinitesimal
volume, the energy lost Y ;" , %Q\pi (¢) by the volume, which is called flux, and the dissipation Qa (¢) within
the volume. Hence, the rate of change of the stored energy does not exceed the power supplied the system due

to this dissipation and flux.

In the remainder of this section, we explain how the dissipativity can be equivalently described in the fre-
quency domain.
Suppose that (5) is an image representation of 5. Consider the frequency domain inequality (FDI) expressed
as
M(jw)* 0P (jw)M (jw) >0, VweR™ (13)

The FDI (13) is an interpretation of dissipativity of ‘B in entire frequency domain.

Proposition 2 [19] Suppose that B is represented by an image representation (5). Let & € HY*9[(,n] in (8)

be given. Then, the following statements (i) and (ii) are equivalent.
(i) The behavior *B is dissipative with respect to the supply rate Qg (w).
(ii) The FDI (13) holds for all w € R™.

The above proposition shows that (13) is an inequality which interprets dissipativity in the frequency domain.

3 Problem Formulation

We characterize finite frequency properties for a linear time-invariant system ¥ = (R", C%,%8) using QDFs.
We give the problem formulation in this section for this purpose.

We consider the behavior 9B typically represented by the kernel representation (3), where w € C*°(R", C?)
is the manifest variable and R € CP*9[¢] is the polynomial matrix. Then, B is given by (4). We set the following

assumption on 8 throughout this paper.
Assumption 1
(1) The behavior B in (4) is controllable.
(i) The kernel representation (3) is minimal.

(iii) An image representation of ‘B is described by (5), which is possibly unobservable.



Let ® € H9*9[¢, n] in (8) be given. Suppose that this ®({, n) induces the supply rate for B. Let w € R" be
the frequency vector given by w := (w1, -+ ,wy, ). Define the frequency domain 2 C R™ as a product of finite

intervals by

0[] %~ w0, 14
k=1
Q== {wr € R | p(wi, — wp1)(wk — wg2) <0} (K=1,---,n),

where @y, 1, @2 € R, @y 1 < @y 2 are given and 7, € Z is either +1 or —1.
The domain €2 can represent the various type of finite frequency domain by the choice of 7, and @y, 1, @y 2 €

R. Forp, =+1,Vk=1,--- ,n,  becomes the middle frequency domain

n
O, = H Ok, g ={wr eR| w1 <wp <wgo} (k=1,---,n).
k=1

We can also consider the low frequency domain

n
= H D, g = {wr €R| |wp| < i} (k=1,---,n) (15)
k=1
by putting wy, 1 = —wy, and wy 2 = wy fork =1,--- ,n, where w := (w1, - ,wy,) € R™ is a given vector
satisfying
>0, V=1 n. (16)

On the other hand, €2 expresses the high frequency domain
n
Qh = H Qth, Qth = {wk eR ’ wr < Wk,1, Wk,2 < wk} (k‘ =1,--- ,n)
k=1
form, = —1,Vk =1,--- ,n. The domain 2 also becomes the entire real vectors, i.e. 2 = R", by choosing the
parameters wy, | = wy 2 = 0 in addition. Of course, we can represent other frequency domains by choosing the
values of 75, and wy, 1, @y 2, appropriately.

Consider the finite frequency property described by the following finite frequency domain inequality (FFDI)
M*(jw)0®(jw)M (jw) >0, Vw e Q. (17)

Our goal is to find a characterization of the above FFDI using QDFs from the viewpoint of dissipativity in-
troduced in Section 2.3. Especially, we want to give clear answers to the following two questions from the
viewpoint of dissipativity under the restriction of the frequency domain to the product of finite intervals, which

is formulated mathematically in this section.

Question

(1) What power function newly appears in the dissipation inequality (11), or equivalently dissipation equal-
ity (12), for compensating the restriction of the frequency domain? Specifically, what is the different point

comparing with the finite frequency characterization for one-dimensional behaviors [12].

(ii) What additional property of ®B to the dissipativity is equivalent to the FFDI (17)?



An interpretation of the FFDI (17) from the behavioral approach is the following. Consider the QDF Qg (w)
induced by ® € H9*9[(, n] in (8). Fourier transform of Qg (w) is computed as

W(jw) 0P (jw)ib(jw) = £(jw)* M (jw)* 0P (jw) M (jw)l(jw),

where @ € Lo(C",CY) and { € Ly(C" C™) are Fourier transforms of w € B N D®(R™,CY) and { €
D> (R™,C™), respectively. Since ¢ can be taken an arbitrarily trajectory in D>°(C", C™), the inequality

W(jw) 0P (jw)w(jw) > 0, Vw € BND>®(R",C"), w € Q

is equivalent to the FFDI (17). We can regard the above inequality imposes a weighted frequency constraint
on w € ‘B over the restricted frequency domain ). Hence, it expresses the weighted rate limitation on the
trajectories contained in B, although the FFDI (17) is described by using M (£).

Remark 3 Chakrabarti et.al. [3] considered the two-dimensional frequency domain €2 C R? which is a compact
subset of [0, 00) x [0, c0) containing col(0, 0) in the design of a two-dimensional low pass filter. For example,

the set is expressed by a linear combination of w; and ws as
Q:{WGRQ‘ w1 >0, wo ZOandwl—l—wQ:wo},

where w( € R is a nonnegative constant. This set cannot be represented in the form of (14), since the domain is
described by the sum of the frequency variables. It remains as a future work to characterize the finite frequency

properties for such frequency domains.

4 Characterization of Finite Frequency Properties

This section derives a characterization of the finite frequency properties using QDFs for n-dimensional behav-
iors as a main result. We give a finite frequency property characterization in Section 4.1. A physical interpre-
tation of the characterization is provided in Section 4.2. Finally, we give a characterization of the property in

terms of B-canonical polynomial matrices [13] in Section 4.3.

4.1 Main Theorem

In this subsection, we derive a characterization of the FFDI (17) using QDFs as a main result.
We first point out what issues should be solved in this paper before we provide our main result. In order
to generalize the previous characterizations [19][12] to the n-dimensional and finite frequency case, we should

examine the following two points from a theoretical view point, which are also illustrated in Figure 1.

e We cannot originally consider a spectral factorization of the polynomial matrix O®(§) constructed by
® € H?*?[(, n] in (8), which played an important role to construct a dissipation rate in the characterization

of [19] 3.
*In n-dimensional behaviors, there exists a problem that a spectral factor F(¢) does not always becomes a polynomial matrix in the

spectral factorization M (&)~ 9P (§)M (&) = F(§)~F(§), i.e. F(§) can be a rational function matrix. Pillai and Willems [19] have
solved the problem by developing a constructive proof for the existence of a polynomial spectral factor. However, since we avoid a

spectral factorization based on [12] in this paper, we need not to deal with the problem.
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e [t is not clear how a compensating rate can be expressed in the n-dimensional case. In [12], the character-
ization was derived by using a property that a compensating rate is induced by a polynomial matrix which

is nonnegative definite in the (finite) frequency domain.

We can resolve the first point on the spectral factorization by naturally generalizing the idea of [12] to the
n-dimensional case. See the proof of Lemma B.1 (i)=-(ii) for the detail. Thus, it can be the main focus to tackle
the second point on a compensating rate. We explain it in detail after we show the main result (Theorem 1) of
this paper. This relates to an answer to the latter part of Question (i).

For the purpose stated in the above paragraph, we introduce some notions to construct a compensating rate.
Define wy, .,y + € R(k=1,---,n) by

Wk,2 — Wk,1

, W1 + k2
and wy, 4 1= ————=.

2 (18)

W, — = 5

and the set G C H™*"™[(, n] by

= re Hmxm ; k=1 , 19
G 6] for some Yy € H™*™|[(, n] "

(k=1,---,n) such that (21)
1] [ —j 1
Xk (Com) = [ ] [ k12 "w’”] [ ] , (20)

Ck J Tk + -1 U
7Qr, (¢) > 0, V£ € C®(R",C™), (21
where 7, is equal to either +1 or —1 for k = 1,--- ,n. We see that I' € G satisfies the inequality

n

O (jw) = = > 7k (W — @h1) (W — @h2) - ROk (jw)
=1

>0, Vwell (22)

We have seen from Proposition 1 that the FDI (13) is equivalent to the dissipation inequality (11). Since we
consider the case where the FDI (13) is restricted to the domain 2, we can imagine that an analogous inequality
to (11) holds from Proposition 1. This is explained as follows.

Assume that there exist 2n-variable polynomial matrix

\Ijl(Ca 77)
‘I’(C;"?) = ) \Ilk’ € mem[C7n] (k = 17 T 7n) (23)
n(¢,m)
and I' € G satisfying the inequality
divQy (¢) < Qa(w) — Qr(0) (24)

for all w € *B with the image representation (5). The above inequality corresponds to the dissipation inequal-
ity (11) in the finite frequency case. This is equivalent to the existence of A € H™*™[(, | satisfying the

2n-variable polynomial matrix equation

V(¢ m) = M(C)*®(¢,n)M(n) —T(¢,n) — A7) (25)

11



and Qa(¢) > 0,V £ € C>*°(R™,C™). Substituting ( = —jw and n = jw into (25), we obtain the FFDI

M(jw)*0®(jw)M (jw) = I (jw) + OA(jw)
>0, YVwe
from (22). The above inequality guarantees that the FFDI (17) holds.
The inequality (24) also gives a necessary condition for the finite frequency property. Thus, we obtain

the following main result which equivalently characterizes the property in terms of QDFs. This theorem gives

answers to Questions (i) and (ii) in Section 3.

Theorem 1 Let B in (4) and ® € HI*Y[(,n] in (8) be given. Suppose that Assumption 1 holds. Define ) by
(14) and G by (19). Then, the following statements (i), (ii) and (iii) are equivalent.

(i) The FFDI (17) holds for all w € ().

(ii) There exist 2n-variable polynomial matrices ¥ € C"™*™[(, n] in (23) and T € G satisfying the inequality
(24) with the image representation (5).

(iii) The inequality

Qo (w)dz >0 (26)
Rn
holds for all w € B with the image representation (5) and ¢ € D> (R™, C™) satisfying
0 0 *
Tk/ He | ( 58 — jopizn ) | ok — jwpaz ) | de <0 (27)
n oxy, ’ oxy, ’
fork=1,--- n, where z;, € D*(R", C{Hrzl(N’“H'l)}m) is defined by
d
2 = IN, 1 2, (28)
_ 5 -
gjm n N 1
Zy, (€)= | =" | e RUILrrrD}mxmg
Nk Iy,
for some multi-index Ny, := (Ny1,--+ , Npn) € Z".
Proof See Appendix B.1 for the proof. g

We describe the answers to Questions in Section 3 corresponding to their statements.

Answer 1

(i) In the inequality (24), the QDF Qr(¥) is called a compensation rate for B with respect to the supply
rate Qg (w) and the frequency domain 2. This QDF is the new function which appears in the dissipation
inequality (11). Since B is not dissipative with respect to the supply rate Qg (w), Qr(¢) guarantees dissipativity

of some rate constrained subbehavior related to 8 and €2. This claim gives an answer to the former part of
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Question (i). See also Answer 2 (i) in Section 4.2 for the further property of this function. It clarifies this point
using a dissipation rate for the subbehavior.

In the following, we give an answer to the latter part of Question (i). The authors [12] proved that a
compensating rate is induced by a polynomial matrix which is nonnegative definite in the frequency domain.
Although we can use the idea due to [12], the straightforward extension of [12] is not clear. For the difficulty, this
paper clarifies that a compensating rate Qr(¢) is induced by a 2n-variable polynomial matrix I'({, 1) expressed
as a summation of 2n-variable polynomial matrices which are nonnegative definite on each frequency domain.
This is described in (19) and (22).

The above resolution is completed by proving that a compensating rate satisfies the inequality

v Ol (jw)v
n
== Z Xk (Jwi)v™ 0Tk (jw)v
k=1
ww* 0 --- 0
0 vv*--- 0
=tr
0 0 - vv*
—0x1(jw1)0T 1 (jw) 0 .. 0
0 —0X2(jw2)0T2(jw) - - 0
0 0 e =0 (jwn) O ()
>0,VweD

for some v # 0 and, if there exists an Y4 (¢, n) which does not satisfy the inequality
—Oxk(jwr)0Tk(jw) >0, Vw € Q,

the nonnegativity of the compensating rate is violated in the frequency domain. We omit the detail description
due to a space limitation. See the proof of Lemma B.1 (i)=-(ii) and (ii)=-(iii) for the detail.

(i) The statement (iii) in Theorem 1 gives an answer to Question (ii)). We see that the matrix inte-
gral quadratic constraint (27) is opposed to the inequality (9) as the additional property. See Answer 2 (ii) in
Section 4.2 for the further description. This point is explained exactly in terms of dissipativity of some rate

constrained subbehavior of 8.

Remark 4 In n-dimensional behaviors, there does not always exist an observable image representation [18].
Hence, the QDFs Qy (¢) and Qr(¢) do not necessarily become the functions of the manifest variable w contrary

to the one-dimensional case [12].

Remark 5 We should remark that x(¢,n) (k= 1,--- ,n) in (20) is a real coefficient polynomial if €2 is sym-
metric about the origin, e.g. the low frequency domain ) in (15). If M (£) and ®({,n) are all real polynomial
matrices, we can restrict ¥(¢, ) and I'(¢, ) in Theorem 1 to real symmetric 2n-variable polynomial matrices

without loss of generality.
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Remark 6 Similarly to Remark 2, if we regard the variable 1 = ¢ and x»,--- ,z, as the time and space
variables, respectively, then the inequality (24) is rewritten as
9

9 0
=Quy (6) < Qa(w) - {%Q%(@ -

Qu, (f)} - Qr(4).

This inequality can be interpreted as follows from the viewpoint of dissipativity. The rate of change of the
stored energy %qul (¢) does not exceed the power Qg (w) supplied the system with energy lost due to flux
Py %Q\pi (¢) and with the compensating power Qr(¢).

4.2 Physical Interpretation

In this subsection, we clarify a physical interpretation of Theorem 1 from the view point of the dissipation
theory.
Define the subbehavior B¢, C B by

B = {w € D= (R"™,CY)

w=M (di) £, }
z . (29)
Ve e D*®(R" C?)s.t. (27)

The trajectories of B vary in the frequency in 2. This implies that B, is the rate constrained subbehavior of

8. Then, we have the following corollary.

Corollary 1 Let B in (4) and & € H?*[(,n] in (8) be given. Suppose that Assumption 1 holds. Define G by
(19) and define Bq, by (29) for ) in (14). Then, the following statements (i), (ii) and (iii) are equivalent.

(i) The FFDI (17) holds for all w € ).

(ii) There exist 2n-variable polynomial matrices ¥ € C"*™[( n] in (23), A € H™™[(,n] and T € G
satisfying

divQy (¢) = Qa(w) — Qatr(4), (30)
Qa+r(6) =20 (3

Sfor all w € Bq.

(iii) The behavior B in (29) is dissipative with respect to the supply rate Qg (w).

Proof See Appendix B.2 for the proof. 0

Corollary 1 provides a physical interpretation of Theorem 1 from the view point of dissipativity. This gives

a clear answer to the latter part of Question (ii) in Section 3.

Answer 2

(i) Answer 1 (i) states that the compensating rate Qp(¥) is the new function which newly appears in the
dissipation inequality (11). We further clarify the role of the function in this answer.

From Corollary 1 (ii), if we concentrate ourselves to the subbehavior B, the QDF Qa . (¢) becomes the

dissipation rate for B¢ with respect to the supply rate Qg (w). This can be verified as follows.
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Since (31) and

Qa+r(0)dz = Qo (w)dz, Vw € Bo N D (R",C9) s.t. (5)
Rn Rn

hold, we observe that the QDF Qar(¢) in (30) and (31) becomes the dissipation rate for Bg with respect
to the supply rate Qg (w). Since the QDF Qr(¢) guarantees the dissipativity, Qr(¢) can be considered as a
compensating power. This shows that the compensating rate Qr(¢) plays a role which guarantees dissipativity
of Bq. This is the reason why we call Qr(¢) as the compensation rate for B with respect to the supply rate
Qo (w). Then, we should also stress that the QDF Qu (¢) becomes the storage function for B¢ with respect to
the supply rate Qg (w).

(ii) It is not difficult to see that B is not necessarily dissipative with respect to the supply rate Qg (w)
from Proposition 1. However, Corollary 1 (iii) states that, if we concentrate ourselves to the subbehavior B,
then B, becomes dissipative with respect to the supply rate Qg (w). This corresponds to an answer to the latter

part of Question (ii).

4.3 Characterization Using ‘5-canonical Polynomial Matrices

In Theorem 1, the degree of ¥((,n) and I'(¢,n) in the statement (ii) are not specified explicitly. However,
thanks to B-canonical polynomial matrices [13], we can determine the bounds by the degree of the polynomial
matrix which induces a kernel representation of ‘8. See Appendix A and the reference [13] for the definition
and basic properties of B-canonical polynomial matrices.

We set some assumptions to characterize the upper bound of the degree of W((,n) and I'({, ).
Assumption 2
(i) The polynomial matrix R € CP*9[¢] in (2) is row reduced [11][13].
(ii) The 2n-variable polynomial matrix ® € H?*?[(, n] in (8) is B-canonical.
(iii)) The behavior B in (4) is represented by an observable image representation (5).

Assumption 2 (i) does not lose any generality, because there always exists a unimodular polynomial matrix

U e CP*P[¢] satisfying Ryeqa(§) = U(€)R(E), where Ryeq € CP*9[€] is row reduced. It should be noted that

Ricq(&) may be obtained by using the package Singular [9]. Assumption 2 (ii) implies that the following degree
constraint holds.

dege, R > deg,, ®—1=deg, -1, Vk=1,---,n (32)

This assumption does not lose the generality. If (32) does not hold, i.e. deg R, < deg, ® —1 = deg,, ®— for
some k € {1,---,n}, we can reduce it to (32) by taking R; = 0, for all multi-indices ¢ € Z™ which have at
least one element greater than deg,, R . Hence, it is sufficient to prove under the assumption (32). Finally, we
should remark that the discussions in Section 4.3 does not hold without Assumption 2 (iii), i.e. the observability

assumption.
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In order to derive a characterization for the B-canonical case, we redefine G C H"™*"™[(, 1] in (19) under
Assumption 2 (iii). Define the set G’ C H?*9[(, ] by

n

F/ ’ = 9 T/ 9
G = emay [T ©T ;Xk(é ) T5(C,m) | )

for some Y} € H?[(,n] (k =1,--- ,n) such that (34)
TkQT;c (U)) > 0, Ywe %, (34)

where 7, is equal to either +1 or —1 and y; € C[(, n] is defined by (20). From Theorem 1 and Lemma A.3, we

obtain a characterization for the finite frequency property using 8-canonical polynomial matrices.

Proposition 3 Let B in (4) and let & € HI*[(,n] in (8) be given. Suppose that Assumptions 1 and 2 hold.
Define Q) by (14) and G' by (33). Then, the following statements (i), (ii) and (iii) are equivalent.

(i) The FEDI (17) holds for all w € ).

(ii) There exist unique 2n-variable polynomial matrices

¥y (¢,m)
v'(¢,n) = : € H"*9[¢, 7]
7,(¢,m)

and I € G" with B-canonical V., ) € H*[(,n| (k =1,--- ,n) satisfying
diVQ\Iﬂ(’U)) S Q@(w) — Ql'v (w) (35)
(iii) The inequality (26) holds for all w € ‘B satisfying
oz ) oz ) *
Th /n He |:<al‘l; —jwk7lz,;) (@ml; —jwk722’]/9> ] dz <0 (36)

fork=1,--- n, where z;. € D*®(R", C{Hrzl(N’;JH)}q) is defined by

d
2, = Zn: (d:c) w

for some multi-index Ny, := (N y, -+, Ny ) € Z", N} ; < dege, R—1(l=1,---,n).

Proof See Appendix B.3 for the proof. O

Proposition 3 shows that the upper bounds of the degree of ¥ (¢, n) and I'(¢, n) are determined by that of
R(&).
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5 A Numerical Example

In this section, we apply Theorem 1 and Corollary 1 to a numerical example.

Consider a two-dimensional behavior B C C*°(R?, R?) whose kernel representation is described by

d
R4 )w=0r©=[1 arg].

where w := col (w1, wy) is the manifest variable. Define the frequency domain and the symmetric matrix by

0 1
1 1|’

respectively. The domain (2 is restricted to the low frequency with respect to wo, however it represents an entire

Q:i={weR® |w €R, |wp| <1} and & :=

interval with respect to wy.

Since B is controllable, B can be represented by the image representation

d

B |a+&g+1
w-M((ix)E, M(§) :=

1

)

which is an observable image representation. Then, we have
M*(QO®(CmM(n) = G+ G +m +n3 +3
From the above equation, we obtain
M (jw)0®(jw) M (jw) = 3 — 2w3,

which implies that the FFDI (17) holds for all w € €. We observe that M*({)®(¢,n)M (n) can be decomposed

to

MY Q@M = [+ G+ 1] W(Cm) +T(Cm) + A ),

where ¥ € R?*1[¢, 7], T € R[¢,n] and A € R[(, 5] are given by

Hem = [C2 + 12

] ; T(¢m) == 2(1 — Ganz) and A((,n) := 1,
respectively. Then, we have the inequality

divQu (4) = Qa(w) — Qr(¢) — Qa(¥)
< Qo(w) — Qr(¢), V{eC™(R*R?), (37)

which satisfies Theorem 1 (ii). The inequality (37) shows that 8 dissipates a power with the compensating

power Qr(w).
From Corollary 1, (37) is equivalently rewritten by the dissipation inequality

divQyu(¢) < Qa(w), Yw € Bq,
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where B C D> (R?, R?) is the subbehavior of B defined by

w=M () }

— D> (R?, R?
Ba {w € (R%,R%) V¢ € D>®(R?,R?) s.t. (38) and (39)

or or’
———dz >0 38
/Rz 0x1 0z r=0 (38)
T l
/ —az —az — 2z Jdz <0, z:= . (39)
R2 8%2 8$2 8%41
This shows that B, is dissipative with respect to the supply rate Q¢ (w). 0

6 Conclusions

In this paper, we have characterized the finite frequency properties using some inequality with the compensating
rate and an inequality of an integral of the supply rate with a matrix integral quadratic constraint based on QDFs
as a main result. We have resolved a problem of an expression of a compensating rate in n-dimensional behav-
iors. The characterization has led to a physical interpretation in terms of the dissipation inequality, equivalently
dissipativity, for the subbehavior with some rate constraints. These results can be regarded as a generalization of
the previous one-dimensional results [12] to the n-dimensional behaviors. Such an interpretation has not been
clarified by the previous studies of finite frequency properties. The aforementioned characterization also yields
a characterization in terms of B-canonical polynomial matrices.

As a future direction, an LMI characterization should be derived, which is a tractable condition for a nu-
merical checking of the finite frequency properties. For this problem, Yang et.al. [26] derived the generalized
KYP lemma to the two-dimensional discrete-time Roessor state-space system as a sufficient characterization. It
is desired to derive a necessary and sufficient characterization which should be tackled in our future work.

This work was supported by Grant-in-Aids for Young Scientists (Start-up) 20860025 and Young Scientists
(B) 22760313, 25820177 of Japan Society for the Promotion of Science.

Appendix A Background Materials

In this appendix, we collect the background materials which are used in the proofs.

A.1 Coefficient Matrices

We define the coefficient matrix of a polynomial matrix. For this purpose, we first introduce an ordering on the
multi-index i = (i1, - - ,iy) using the multi-index notation [19]. Of course, many orderings are possible. We

choose the ordering based on anti-lexicographic ordering [5].

The ordering is defined as follows. For given multi-indices i := (i1, ,in), j = (j1," - ,jn) € Z"
(i > 0;k =1,--- ,n), we define the ordering ¢ < j if and only if the rightmost nonzero entry of (i1 — ji,i2 —
J2 -+ yin — Jn) is negative.

We give the definition of the coefficient matrix of the 2n-variable polynomial matrices based on the ordering

of the multi-index defined in the above paragraph. With every ® € H9*9[(, n] in (8), we define its coefficient
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matrix ® € ]H[{Hln:l(Kl“)}qx{nle(KzH)}q by

Qoo Qo1 - Pox
~ Q19 P11 -0 Pk
P .= ] ] ) , (A.1)
|Pxo Pr1 o PRK|
where the (i, j)th block matrix ®;; (i,j = 0,1,---, K) are aligned based on the ordering of multi-indices

and K = (Ky,--- ,K,). See pp. 1116-1118 of [17] for the more detailed construction of ®. Then, ®((,7) is
expressed as ®(C,n) = Zx(O)T®Zk (n).
The nonnegativity of a QDF is characterized by the nonnegativity of its coefficient matrix as seen in the

following lemma.

Lemma A.1 [17] Let & € HI*?[(,n] in (8) be given. Define & e Hlm (KD fod{ T, (Kit 1) b by (A.1).
Then, we have Qg (¢) > 0 for all ¢ € C*°(R™,CY) if and only if ® > 0 holds.

A.2 *B-canonical Polynomial Matrices

We introduce B-canonicity of polynomial matrices in this appendix, which are taken from the refer-
ences [11][13].
We assume that R € CP*?[¢] in (3) is row reduced [11][13] in this section. The assumption does not lose

the generality as we have explained in Section 4.1.

Definition A.1 [13] Let B be represented by a kernel representation (3) for R € CP*4[¢]. Assume that R(&)
is row reduced. Let D € CP*9[¢] be given. Let r; € C1*9[¢] and d; € CY*9[¢] (i = 1,--- ,p) denote the ith
rows of R(&) and D(§), respectively. A polynomial matrix D() is called B-canonical if degd; < degr; — 1,
Vi=1,---,pholds.

The next lemma ensures the uniqueness of an R-canonical polynomial matrix up to B-equivalence.

Lemma A.2 [13] Let B be represented by a kernel representation (3) for R € CP*4[¢]. Assume that R(§) is
row reduced. For any D € CP*1[¢], there exists a unique B-canonical D' € CP*1[¢] satisfying D (%) w =
D’ (%)w, YVw e B

For ® € H*4[¢, 7] in (8), there exist F' € crank®x{TT} (Ki+1) }q satisfying ® = F*Y¢F, where S €
Srank®xrank® F is of full row rank, and det 3¢ # 0. In this case, we get rankXg = rank®. With such a

factorization of ®, we obtain a canonical factorization of ®((,n) as
(¢, n) = F(¢) ZaF(n), (A2)
where F' € Crnk®x4[¢] s defined by F(€) := F Z (€).

Definition A.2 [13] Let B be represented by a kernel representation (3) for R € CP*1[¢]. Assume that R() is
row reduced. Let ® € HI*9[(, 1] be given by (8). Let F' € C™**%®*X4[¢] be defined by the canonical factorization
(A.2). Then, ®((,n) is called B-canonical if F'(§) is B-canonical.
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The following result is an immediate consequence of the uniqueness of the canonical factorization of ®((, )

and of Lemma A.2.

Lemma A.3 [13] Let B be represented by a kernel representation (3) for R € CP*4[¢]. Assume that R(§) is
row reduced. Let & € HY*4[(,n| be given by (8). Then, for any ®((,n), there exists a unique B-canonical
®' € HI*[¢, n] satisfying Qe (w) = Qo (w), Vw € B.

Appendix B Proofs

In this appendix, we summarize the proofs of the results obtained in this paper.

Appendix B.1 Proof of Theorem 1

We give the proof of Theorem 1 in this subsection. The proof consists of three parts. We first show a character-
ization for the low frequency property in Appendix B.1.1. We generalize the discussion in Appendix B.1.1 to
the case where the frequency domain is given as a combination of low and high frequency domains in Appendix
B.1.2. Finally, we conclude the proof in Appendix B.1.3 for the general frequency property. The most part of

the proof is devoted to the low frequency case in Appendix B.1.1.

Appendix B.1.1 Low Frequency Case

In this subsection, we restrict our attention to the low frequency property and derive a characterization of the
property as preliminary lemma.

Define the low frequency domain 2; C R" in the rectangular domain by (15). Then, G in (19) and x; €
HI[¢, n] in (20) become

r = T f
6= dr ey | TG kZ:lx;g(C,n) x(¢,m) for some .

Y € H™™[¢,n] (k=1,---,n) such that (21)

and

Xk(¢,m) = @} — Cen,

respectively. We see that

n

Il (jw) = Z (wz — wz) Yk (jw)
k=1

>0, Vwe . (B.2)

holds for any I' € G.
We obtain a necessary and sufficient condition which is equivalent to the low frequency property using
QDFs.

Lemma B.1 Let B in (4) and ® € H?*4[(, n] in (8) be given. Suppose the Assumption 1 holds. Define §j by
(15) and Gy by (B.1). Then, the following statements (i), (ii) and (iii) are equivalent.
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(i) The FFDI (17) holds for all w € €.

(ii) There exist 2n-variable polynomial matrices WV € C"*™[( n] in (23) and T' € G satisfying (24) with

the image representation (5).

(iii) The inequality (26) holds for all w € B with the image representation (5) and ¢ € D*°(R"™, C™) satisfying

0z, 07 .
/ <(9xk 838111 — wizkzk) de<0(k=1,---,n), (B.3)

where z, € DOO(R",(C{H?ﬂ(N’“ZH)}m) is defined by (28) for some multi-index N =
(Nk,17' T 7Nk,n) S Zn

Proof (ii)=-(iii) By integrating (24) from z, = —cotox, = +oofork = 1,--- , n, we obtain the inequality
Qo (w)dx > Qr(¢)dx
R” R”

It follows from the definition of I'((, n) that the inequality

ov
Q<I> )da > Z/ {kam —Qr, (8%) } da (B.4)

holds. Since Qv, (¢) is expressed as Qv (¢) = zZTkzk where T}, € ATy (N 1) b { Ty (N 1) b g
the coefficient matrix of Y4 (¢, ) and 2, € C°(R™, CULT=1 (V1) }my s defined by (28) for Ny = degy, T

(I=1,---,n). In the right hand side of (B.4), the inner term of the integral can be rewritten by
ol ~ 0z} ~ 0Oz
Q) = Qr, (- ) = i - G g™
Oz, 0z
=tr [Tk (wkzkzk o2y 83:12)} .

Substituting the above equality to (B.4) yields
n
~ 0z, 0z}
w)dx > tr [T 2wy — — k) | da
Qo) —;/ [ g (wk Rk axkaxk>]

- =~ 0z, 0z
= tr | Y / <w2z 2r — k) dm]
kzzl [ b R k<k<k zm oxy,

Y, -~ 0 Ay - 0
o I N R
0 --- Tl 10 - A4,
where Aj, € AT (N 1) prox{ Ty (N 1) pm (k=1,---,n) is the constant matrix defined by

. Oz 0z}
Ap = /n <w,%zkzk — 83:283:];) dz

Since Tj > 0,V k = 1,- -+, n holds from the definition of T ((,n) and Lemma A.1, the inequality (26) holds
for all ¢ € D>(R™, C™) satisfying (B.3). This concludes the claim.
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(iii)=-(i)  We give the proof of the claim by showing the contraposition.

Suppose that there exists a frequency vector w’ := (w}, - ,w),) € Qysuchthatw, >0(k=1,---,n)and
0P (jw') # 0. We can assume wj, > 0 because it can be proved the case where wj, = 0 by replacing wj, with
wy, + ¢ (¢ > 0) and taking the limitation ¢ — 0. We can also assume wj, # @y, by the similar reason.

Let v € C™ be the eigenvector corresponding to the minimum eigenvalue of 9P (jw’). Since the eigenvalue
is negative, we observe

Qo <M <(i:> ej(zz=1“’§c$’“)v> = v*M (jw')*0®(jw' )M (jw')v < 0.

In order to show the claim, we choose a special latent variable £, € C*°(R"™, C™), h € Z. This is constructed

as follows. Define 45, , € C*°(R,C) (k =1,--- ,n) by

ol ] < 27
Yk
~ 2mh 2mh
Chp(wg) o= q Ok | T + — Tk <—— ),
Y Yk
~ 2mh 2mh
O | 2 — 7 T > 7
Wk “E
where ¢, € D®(R,C) (k = 1,--- ,n) is chosen as a function which does not depend on h and be such that

?j, is a smooth function for h. Then, the variable ¢;, € D>*(R",C™), h € Z is constructed as a product of

ek,l) e 7£k,n by

ln(x) = (H Eh,k(xw) v. (B.5)
k=1

We now proceed to show the claim. For ¢}, in (B.5), define the variable

dx

Compute the value of the following integral

Ozp.n 0% 1y .
/Rn ( 0z, Oy —w,%zk,hzhh dx. (B.6)

Zkh = LNy (d) 0, € D*(R™, C{H?:l(NkJ“)}m),

Note that this integral is finite, since ¢;, has a compact support. The integral in (B.6) is rewritten by

27h

* *
Oz O%kh o T (0mn O%kn o,
— W2k, | AT = — Wi2kh 2k | Aok o dsg
R™ 8$k 3xk Rn—1 _27h 8$k 3:Ck

“

%
oo L Oz Oz, 9 .
+ - — WiZkhZk dxi p dsg
Rn—l +@ axk 8.’1:k
“k
_ 2mh

ol Oz 0%y, .
+ /R ) {/ k < ax;ﬁ ax;: — wl%Zk’th,h dl‘k dsk
n— —00

where s, := (21, -+, Tp_1, Thy1, - ,Tn) € R*L. Finally, we can compute the integral in (B.6) as

/ Oz azz’h — @2z pzt, | da
Rn Ooxp Oxy k“kh %k, h
Ah)"™ (W2 — w? , ,
= ( )H,S kw’ ) Zn, (jw)vv* Zn, (jw)* +h" 1B,y +--- + hB; + By,
k=1 Yk
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where By, B1,--- ,B,,_1 € HATT (Nt 1) Jrox{ T2 (N 1) 17 e Hermitian matrices which do not depend

on h. Since wy, > wy and wi # 0 holds for all K = 1, --- , n, we have the inequality
Dz 921 1 9
) ) _ * d < 0
fo (Gt gt - honacis ) ao <

for sufficiently large h.

Next, we compute the value of the integral

oo (e () )

for ¢}, () defined by (B.5). This integral can be decomposed to

d 2 d

(o ()L () )

n x rn-1 | J_2zh dx

“k

400 d
+ Qo | M { — | € | dxy p dsy,

Ro—1 | J42zh dx

“k

+/ {/W;C Qq> <M <d> gh) da:k} dSk.
Rn—1 — 00 dx

The above integral can be computed as

foon (v (&) )

Axh)"
- I%U*M(jw’)*aq)(jw')M(jw')v LR, 4+ -+ WOy + Co,
k=1L

where Co,Cq,--- ,Cph_1 € R are the constants which do not depend on h. Since

V*M (jw')*0P(jw' )M (jw')v < 0 holds, if we take h as sufficiently large in the above equality, we

[ as (M @) £h> dz < 0.

This leads to a contradiction which completes the proof.

have

(i)=-(ii) Assume that the statement (ii) does not hold. This is the case if and only if there does not

simultaneously exist a pair of ¥ € C"*™[( 7] in (23) and T" € G satisfying
divQy (¢) — Qa(w) + Qr(¢) < e||¢|*, V£eC®(R",C™)
for some € > 0. The above inequality is equivalent to the following 2n-variable polynomial matrix equation

V(¢ n) = M¥(Q)R(C,m)M(n) +T(¢,n) + A, n) = elm (B.7)

for some A € H™*™[(, n] such that Qa(¢) > 0,V £ € C>®°(R"™,C™). More exactly, from the definitions of
U(¢,n) and I'(¢, n), the statement (ii) does not hold if and only if there exists an ¢ > 0 such that the 2n-variable

polynomial matrix equation

n

D (G m) Tr($om) = MO, MM () + > (w7 — Gemw) Tr(Com) + ACn) = el
pt

k=1
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does not have a solution Wy ({,n) and Y ((,n) satisfying (21). This implies that there exists an € > 0 such that
the frequency domain equality

—M (jw)* 0P (jw)M (jw) + (wj — w?) Ok (jw) + OA(jw) = el
k=1

does not have a solution Y (¢, n) satisfying (21). This is the case if and only if the FFDI
M (jw)* 0P (jw)M (jw) >Z wk 0T (jw), Vwe

does not have a solution Y (¢, n) satisfying (21). Pre- and post-multiplying the above inequality by v* and v
(v e R™, v # 0), respectively, we get

M (jw) 0% (jw)M (jw)v

> (@i — wp) v* O (jw)v
1

i

vv* (w} — w}) 071 (jw)
v (@} — wd) T (jw)

vo* (@2 —w2) 0T, (jw)
n
= Z tr {vv* (@} — wpp) OTk(jw)} .
k=1
We easily see that vv* > 0 holds. Hence, if there exists a k such that (w,% — w,%) 0Tk (jw) > 0, Y w € Q) does
not hold, we do not have v M (jw)*0P(jw)M (jw)v > 0, ¥V w € . This implies that
M(jw)*0®(jw)M (jw) %0

holds for some w € €2;. Hence, the statement (i) does not hold, which proves the claim. [l

Appendix B.1.2 Combinatorial Frequency Case

In this subsection, we generalize the discussion in the last subsection to the case where frequency domain is
given as a combination of low and high frequency domains for each frequency variable.

Define the frequency domain 2. C R"™ as a combination of low and high frequency domains by
n
Qe =[] Qe Qo i={w €R™ | 7% (wi — @p) (Wi + @) <O} (k=1,--+,n), (B.8)
where @ := (wy, - ,w,) € R™ is a given vector satisfying (16). Then, G in (19) becomes

F(C? 77) = Z Xk’(C? n)Tk(Ca 77) for some
k=1

Y, € H™™[¢ 5] (k = 1,--- ,n) such that (21)

Ge:=< T e H™™[(, 7] (B.9)
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Then, we also have

n
Il'(jw) = ZTk (wz - w,%) 10T (Jw)
k=1
>0, VweQ
holds for any I' € G.. We have the following lemma.

Lemma B.2 Let B in (4) and ® € HI*[(,n] in (8) be given. Suppose that Assumption 1 holds. Define Q). by
(B.8) and G. by (B.9). Then, the following statements (i), (ii) and (iii) are equivalent.

(i) The FEDI (17) holds for all w € €)..

(ii) There exist 2n-variable polynomial matrices ¥ € C"*"™[(,n] in (23) and T € G, satisfying (24) with

the image representation (5).

(iii) The inequality (26) holds for all w € B with the image representation (5) and { € D*°(R"™, C™) satisfying

Oz, 0z] i
Tk/Rn (al‘kal‘]kc —wl%Zka> dx < O(k: 1,--- 7n)7

where z, € D“(R”,C{H?:l(N’”H)}m) is defined by (28) for some multi-index N :=
(Ng1, s Ngn) € Z

Proof The proof is straightforward because it can be proved in a similar way to Lemma B.1. U

Appendix B.1.3 Proof of Theorem 1

As we have completed the proof of Lemma B.2, we conclude the proof of Theorem 1.

Consider the following transformations of the frequency variables
Wg = (Wg,1," "+ ,Wgn), Wak i= Wk + Wk 4, W :=wk— (k=1,---,n).

Then, we have w, € €1 if and only if w € €. holds from Lemma B.2. This complete the proof of Theorem 1.

Appendix B.2 Proof of Corollary 1

(i)=-(iii) We assume that the statement (i) holds. From Theorem 1, there exist 2n-variable polynomial
matrices ¥ € H"*™[(, 9] in (23) and I € G satisfying the inequality (24) for all w € %B. This is the case if
and only if (30) holds for some A € H?*4[(, ] such that Qa (¢) > 0,V w € B with the image representation (5).

Hence, we get the inequality
Qasr(w) = Qa(w) + Qr(w) >0, VYw e Bg.

Thus, the first part of (iii) follows.

25



In addition, by integrating (30) from 2, = —oo to x, = +oo (k = 1,--- ,n) along B N D> (R", C?), we
obtain

Qria(0)dz = [ Qo(w)dz, Yw e BynDP(R",CY). (B.10)
Rn R”

This shows that Qa1 (w) becomes a dissipation rate for Bg with respect to the supply rate Qg (w) from
Definition 2 (ii). This completes the proof of (i)=-(iii).

(iii)=-(iv)  Integrating (30) from z;, = —oo to z;, = +00 (k = 1,--- ,n) along B N D>*(R"™, C?) yields
(B.10). Since Qar(w) satisfies Qatr(w) > 0,V w € B, we get

Qo (w)dz = Qria(@)dz >0, VYVwe BgnDTR" CI).
R7 R7

Hence, the statement (iv) holds.
(iv)=(@{) Since the statement (iv) is equivalent to the statement (iii) of Theorem 1, the proof follows
immediately from Proposition 1.

(ii)<(iii) The proof is straightforward from Proposition 1.

Appendix B.3 Proof of Proposition 3

(i)=(ii)  Assume that the statement (i) holds. Then, there exist ¥/ € C"4*4[(,n] and I € G satisfying
(35). We can choose these matrices as B-canonical 2n-variable polynomial matrices from Lemma A.3. This
concludes the claim.

(ii)=-(iii) Assume that the statement (ii) holds. Since Y. (¢,n) (k = 1,---,n) is B-canonical, Qy; (w)

is expressed as

Qry (w) = (2,) Tz, Tp € HATS (VDo AT (VD e Zny (jt> “

for N, = (Ng,1,+ -+, Ngn)s Ny < degg, R—1 (I =1,---,n). Then, we obtain

n . / / *
- Qg (w)dz > Z/n tr [—TZ {He (g;’; —jwk,12§g> (g;]; - jwmz;g) H dz
k=1

n

~ 02! ) oz ) *
= tr |76 Y% Z (— k) /" He [(8:1:/: —jwmz;) (850]; —jWk722’;€> ] d:c]

k=1
nT - 0 nDy - 0
=tr f : f : ;
Lo - BT 0 - 7D,
where Dy, € ATl (Ve 1) b T (N 1) b (k=1,--- ,n) is the constant matrix defined by

oz ) oz ) *
Dy = — /n He [(836]; — ]’(Dk712;€) <ax]; —jwk,ngﬁ) ] dzx.

Since Tk:fj,c >0,Vk=1,---,nholds from (34) and Lemma A.1, we have (26) for all w € ‘B satisfying (36).
This concludes the claim.

(iii)=-(i) The proof is straightforward from Theorem 1.

26



References

[1] J.A. Ball, G. Groenewald, and T. Malakorn. Structured Noncommutative Multidimensional Linear Sys-
tems. SIAM Journal on Control and Optimization, Vol. 44, No. 4, pp. 1474-1528, 2005.

[2] L.T. Bruton and N.R. Bartley. Three-Dimensional Image Processing Using the Concept of Network Res-
onance. [EEE Transactions on Circuits and Systems, Vol. CAS-32, No. 7, pp. 664-672, 1985.

[3] S. Chakrabarti, B.B. Bhattacharyya, and M.N.S. Swamy. Approximation of Two-Variable Filter Specifi-
cations in Analog Domain. IEEE Transactions on Circuits and Systems, Vol. CAS-24, No. 7, pp. 378-388,
1977.

[4] H. Chang and J.K. Aggarwal. Design of Two-Dimensional Recursive Filters by Interpolation. [EEE
Transactions on Circuits and Systems, Vol. CAS-24, No. 6, pp. 281-291, 1977.

[5] D. Cox, J. Little, and D. O’Shea. Ideal, Varieties, and Algorithms. Springer-Verlag, 2nd edition, 1997.

[6] R.F. Curtain and H. Zwart. An Introduction to Infinite-Dimensional Linear Systems Theory. Springer-
Verlag, New York, 1995.

[7] E. Fornasini and G. Marchesini. State-space Realization Theory of Two-Dimensional Filters. IEEE Trans-
actions on Circuits and Systems I: Fundamental Theory and Applications, Vol. 21, No. 4, pp. 484491,
1976.

[8] E. Fornasini and G. Marchesini. Doubly-Indexed Dynamical Systems: State-Space Models and Structural
Properties. Mathematical Systems Theory, Vol. 12, No. 1, pp. 59-72, 1978.

[9] GM. Greuel, G. Pfister, and H. Schonemann.  Singular 3.1.4., A Computer Algebra System
for Polynomial Computations. Center for Computer Algebra, University of Kaiserslautern, 2001.

(http://www.singular.uni-k1l.de/).
[10] T. Kaczorek. Two-Dimensional Linear Systems. Springer-Verlag, 1985.
[11] T. Kailath. Linear Systems. Prentice-Hall, 1980.

[12] C. Kojima, Y. Kaizuka, and S. Hara. Characterization of Finite Frequency Properties Using Quadratic
Differential Forms. SICE Journal of Control, Measurement, and System Integration, Vol. 3, No. 6, pp.
466-475, 2010.

[13] C. Kojima, P. Rapisarda, and K. Takaba. Canonical Forms for Polynomial and Quadratic Differential
Operators. Systems and Control Letters, Vol. 56, No. 11-12, pp. 678-684, 2007.

[14] M. Krstic and A. Smyshlyaev. Boundary Control of PDEs: A Course on Backstepping Designs. SIAM,
2008.

[15] Q. Liu and L.T. Bruton. Design of 3-D Planar and Beam Recursive Digital Filters Using Spectral Trans-
formations. IEEE Transactions on Circuits and Systems, Vol. 36, pp. 365-374, 1989.

27



[16] A. Megretski and A. Rantzer. System Analysis via Integral Quadratic Constraints. /EEE Transactions on
Automatic Control, Vol. 42, No. 6, pp. 819-830, 1997.

[17] D. Napp and H.L. Trentelman. Algorithms for Multidimensional Spectral Factorization and Sum of
Squares. Linear Algebra and its Applications, Vol. 429, pp. 1114-1134, 2008.

[18] H.K. Pillai and S. Shankar. A Behavioral Approach to Control of Distributed Systems. SIAM Journal on
Control and Optimization, Vol. 37, No. 2, pp. 388—408, 1998.

[19] H.K. Pillai and J.C. Willems. Lossless and Dissipative and Distributed Systems. SIAM Journal on Control
and Optimization, Vol. 40, No. 5, pp. 1406-1430, 2002.

[20] R.P.Roesser. A Discrete State Space Model for Linear Image Processing. IEEE Transactions on Automatic
Control, Vol. AC-20, No. 2, pp. 1-10, 1975.

[21] J.C. Willems. Least Squares Stationary Optimal Control and the Algebraic Riccati Equation. /IEEE Trans-
actions on Automatic Control, Vol. AC-16, No. 6, pp. 621-634, 1971.

[22] J.C. Willems. Dissipative Dynamical Systems-Part I: General Theory. Archive for Rational Mechanics
and Analysis, Vol. 45, pp. 321-351, 1972.

[23] J.C. Willems. Dissipative Dynamical Systems-Part II: Linear Systems with Quadratic Supply Rates.
Archive for Rational Mechanics and Analysis, Vol. 45, pp. 351-393, 1972.

[24] J.C. Willems. Paradigms and Puzzles in the Theory of Dynamical Systems. IEEE Transactions on Auto-
matic Control, Vol. AC-36, No. 11, pp. 259-294, 1991.

[25] J.C. Willems and H.L. Trentelman. On Quadratic Differential Forms. SIAM Journal on Control and
Optimization, Vol. 36, No. 5, pp. 1703-1749, 1998.

[26] R. Yang, L. Xie, and C. Zhang. Generalized Two-Dimensional Kalman-Yakubovich-Popov Lemma for
Discrete Roesser Model. IEEE Transactions on Circuits and Systems-1: Regular Papers, Vol. 55, No. 10,
pp- 3223-3233, 2008.

28



