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Abstract

We analyze minimization algorithms for Li-convex functions in dis-
crete convex analysis, and establish exact bounds for the number of
iterations required by the steepest descent algorithm and its variants.
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1 Results

In this paper, we discuss minimization algorithms for discrete convex func-
tions defined on integer lattice points called Li-convex functions. Function
g:Z" — RU{+oo} is said to be Li-conver [14] if for every p,q € dom g and
every nonnegative A € Z., it holds that

g) +9(q) > g((p+ A1) Ag) +g(pV (¢ — A1), (1)

where domg = {p € 2" | g(p) < 40}, 1 = (1,1,...,1), and for p,q € Z"
the vectors p A ¢ and p V g denote, respectively, the vectors of component-
wise minimum and maximum of p and ¢g. The concept of Li-convex function
plays a primary role in the theory of discrete convex analysis [14], and there
exist many examples of Li-convex functions arising from applications in
various research areas such as discrete optimization, iterative auctions, and
computer vision (see Section 2; see also [14]). Some applications of Li-convex
functions in inventory systems can also be found in [11, 19].

We consider minimization of an Lf-convex function g : Z" — R U {+o0}
with argming # (. It is known that this problem can be solved by the
following steepest descent algorithm [15], where an initial vector p° € dom g
is assumed to be given. Let N = {1,2,...,n} and denote by xx € {0,1}"
the characteristic vector of X C N, ie., xx(i) =11if i € X and xx (i) =0
ifie N\ X.

Algorithm STEEPESTDESCENT

Step 0: Set p := p°.

Step 1: Find o € {+1,—1} and X C N that minimize g(p + oxx).
Step 2: If g(p + oxx) = g(p), then output p and stop.

Step 3: Set p:=p+ oxx and go to Step 1.

Theorem 1.1 ([15]). Suppose that dom g is bounded. Then, the algorithm
STEEPESTDESCENT outputs a minimizer of g in O(nK) iterations, where
Koo = max{|lp — q|lc | p,¢q € domg}.

The bound O(nK ) for the number of iterations is later improved to 2K, +1
(13, Th. 2.8].

The main aim of this paper is to give a refined analysis of this algorithm
in terms of the “distance” between the initial vector and a minimizer of g.
For a vector ¢ € Z", denote

lqllZ, = max max(0,¢(i),  [lalloc = max max(0, —q(7)).

Note that
llqlloo = max(llql|Z, llgll>)



holds, and ||q||&, + |lg/l~ serves as a norm of ¢ (satisfying the axioms of
norms). Accordingly, the value ||p* —p||X, + ||p* — p||> represents a distance
between two vectors p* and p. For p € Z™, we define

1(p) = min{||lp* — pllL + [Ip* — pll% | p* € argming},

which measures the distance between the vector p and a minimizer of g.

It is easy to see that u(p) remains the same or decreases by one if p is
updated by adding or subtracting a 0-1 vector. This implies that u(p) + 1
is a lower bound for the number of iterations in STEEPESTDESCENT. This
is also an upper bound as follows.

Theorem 1.2. The algorithm STEEPESTDESCENT terminates exactly in
w(p®) + 1 iterations.

We also consider the following variant of the steepest descent algorithm,
where the vector p is always incremented.

Algorithm STEEPESTDESCENTUP

Step0: Set p := p°, where p°® € Z™ is a lower bound of some p* € arg min g.
Stepl: Find X C N that minimizes g(p + xx)-

Step2: If g(p + xx) = g(p), then output p and stop.

Step3: Set p := p+ xx and go to Step 1.

For the analysis of STEEPESTDESCENTUP, we define

f(p) = min{|[p* — pllo | p* € argming, p* > p} (peZ®).

Theorem 1.3. Suppose that the initial vector p° € domg in the algorithm
STEEPESTDESCENTUP is a lower bound of some minimizer of g. Then,
the algorithm outputs a minimizer of g and terminates exactly in ji(p°) + 1
iterations.

Similarly to STEEPESTDESCENTUP, we can consider an algorithm STEEP-
ESTDESCENTDOWN, where the vector is decreased by a vector xx € {0,1}"
that minimizes g(p — xx). We define

A(p) = min{|[p* — p|le | p* € argming, p* <p} (peZ®).

Theorem 1.4. Suppose that the initial vector p°€dom g in the algorithm
STEEPESTDESCENTDOWN is an upper bound of some minimizer of g. Then,
the algorithm outputs a minimizer of g and terminates exactly in fi(p°) + 1
iterations.

Theorems 1.2, 1.3, and 1.4 show that the trajectory of a vector p gener-
ated by the steepest descent algorithms is the “shortest” path between the
initial vector and a minimizer of ¢g. This reveals an additional advantage of
the steepest descent algorithms, which is important in applications such as
iterative auction and computer vision. The proofs of Theorems 1.2 and 1.3
are given in Section 3. The proof of Theorem 1.4 is essentially the same as
that for Theorem 1.3 and omitted.
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Figure 1: Behavior of steepest descent algorithms. The number associated
with each integral lattice point shows the function value of g at that point.
The shaded region shows the set of minimizers of g.

An Example We illustrate the behavior of the algorithms STEEPEST-
DESCENT and STEEPESTDESCENTUP for an Lf-convex function g : Z2 —
R U {+o0} given by

dom g = {(p(1),p(2)) € Z* | 0 < p(i) < 4 (i = 1,2)},
g(p(1),p(2)) = max(0, —p(1) + 2, —p(2) + 1,
—p(1) +p(2) — 1,p(1) — p(2) - 2)
((p(1),p(2)) € domg)

(see Figure 1).

If we apply STEEPESTDESCENT with the initial vector p° = (1,4), then
the trajectory of vector p is one of the three paths depicted by dotted arrows
in Figure 1 and the minimizer found by the algorithm is either (3, 4) or (2, 3).
Note that p(p°®) = 2 with

~ 240 for p* = (3,4)
*_ o+ *_ © g ’ ’
[p* = p°ll +1IP* — p°ll { 1+1 for p* = (2,3).

On the other hand, if we apply STEEPESTDESCENT (or STEEPESTDES-
CENTUP) with the initial vector p° = (0,0), then the vector p follows one of
the three paths depicted by dotted arrows and the minimizer found by the
algorithm is either (2,1) or (2,2). We have pu(p°) = 2 with

lp* = p°ll % + lIp* = p°llc =2+ 0 for p* = (2,1),(2,2),

and
) = 7 = plloe =2 for p* = (2,1, (2,2).



2 Examples of Li-convex Functions and Minimiza-
tion Algorithms

In this section we show some examples of Li-convex functions arising from
applications. We also point out that the minimization algorithms used in
those applications can be regarded as special cases of the steepest descent
algorithms for Li-convex functions.

2.1 Hassin’s Algorithm for Minimum Cost Flow Problem

For a directed graph G = (V, E), nonnegative edge capacity c(e), and edge
cost v(e) € R for e € E, the minimum cost flow problem is formulated as:

Minimize Z ~y(u,v)x(u,v)
(u,v)€E

subject to Z z(u,v) — z(v,u) =0 (uevV),
vi(u,v)EE vi(v,u)ER

0 < z(u,v) <c(u,v) ((u,v) € E).

The dual problem is given as:

S e(u, v) min{0, p(u) — p(o) + ()}
(u,v)EE
subject to  p(v) eR (veV).

Maximize gu(p)

We here assume that edge cost v(u,v) is integer-valued. Then, there exists
an integral optimal solution to the dual problem, and we may assume that
p(v) € Z (v € V) in the dual problem.

It is known that gy is an Li-concave function (—gy is Li-convex) if we
regard gy as a function in integer vectors (see [14]). Since gu(p+1) = gu(p)
(Vp € ZV), for each p° € ZV, there exists an optimal solution p* € ZV
satisfying p* > p°.

Hassin’s algorithm in [10] can be seen as an application of algorithm
STEEPESTDESCENTUP to the Li-convex function —gy; see [16] for details.
We also mention that the algorithm by Chung and Tcha [5] for the minimum-
cost submodular flow problem, which is a generalization of Hassin’s algo-
rithm, can also be seen as a special implementation of algorithm STEEPEST-
DEScCENTUP.

2.2 Discrete Optimization Approach in Computer Vision

Given an undirected graph G = (V, E) and univariate convex functions
oy Z = RU{+o0} (v € V) and ¢y : Z — RU {+o0} ((u,v) € E),



consider the following optimization problem:

(P): Minimize gcy(p) = Z ou(p(u)) + Z Yuv(p(v) — p(u))
ueVvV (u,w)EE
subject to p € ZV.

It is known that the objective function gcy of this problem is an Lf-convex
function (see [13, 14]).

The problem (P) arises in many applications in computer vision such as
panoramic image stitching [20], image restoration [4], minimization of total
variation [7], and phase unwrapping in SAR images [2]. In such applications,
the node set V' of the undirected graph G = (V, E) usually corresponds to
the set of pixels in a given image, and variable p(u) is the “label” of pixel
u € V that represents disparity, intensity, etc. Functions ¢, encode unary
data penalty functions, and 1,, are pairwise interaction potentials. The
objective function of (P) is often derived in the context of Markov random
fields [8]; a minimizer of the function gcy corresponds to a maximum a-
posteriori labeling.

There have been proposed many algorithms for (P) in computer vision
(see, e.g., [2, 13]). Among them, the primal algorithm of Kolmogorov and
Shioura [13] can be seen as an application of algorithm STEEPESTDESCENT
to (P), while the algorithm of Bioucas-Dias and Valaddo [2] is an appli-
cation of STEEPESTDESCENTUP to a special case of (P) where the term
> uev Pu(p(u)) in the objective function is missing.

2.3 Iterative Auction in Mathematical Economics

In an auction, we want to find “good” prices for items to be allocated to
bidders. An algorithm for computing such “good” prices, called ascending
auction [1], can be seen as a special implementation of algorithm STEEP-
ESTDESCENTUP.

We consider an auction market with n types of items or goods, denoted
by N ={1,2,...,n}, and m bidders, denoted by M = {1,2,...,m}. Each
bidder j € M has his valuation function f; : 2V — R; the value f;(X) repre-
sents the degree of satisfaction for an item set X C N. We assume that each
fj satisfies the so-called “gross-substitutes” condition, which is a natural as-
sumption for valuation functions (see [1, 9, 12| for a precise definition). We
also assume that each f; is integer-valued function. An allocation of items
is defined as a family of item sets X1, Xo, ..., X, satisfying X; N X, = 0 if
Jj#kand ey Xj=N.

Given a price vector p € R", each bidder j € M wants to have an item set
X which maximizes the value f;(X) — p(X), where p(X) = >, p(i). On
the other hand, the auctioneer wants to find a price vector under which all
items are sold completely. Hence, all of the auctioneer and bidders are happy



if we can find a pair of a price vector p* and an allocation X7, X3,..., X}
satisfying the condition

X; € argmax{f;(X) ~p(X) | XC N} (j € M).

Such a pair is called a Walrasian equilibrium; p* is called a Walrasian equi-
librium price vector (see, e.g., [3, 6]).

In the auction literature an algorithm called the iterative auction (or
dynamic auction, Walrasian tatonnement process, etc.) is often used to
find an equilibrium [3, 6]. An iterative auction finds an equilibrium price
vector by iteratively updating a current price vector p. The most natural
and popular iterative auction is the ascending auction, in which the current
price vector is increased monotonically. The ascending auction is a natural
generalization of the classical English auction for a single item, and known
to have various nice properties (see, e.g., [3, 6]); in particular, it is natural
from the economic point of view, and easy to understand and implement.

The ascending auction presented in Ausubel [1] uses a function defined
by

L(p) = Y _max{f;(X) - p(X) | X C N} +p(N) (p€R"),
=1

which is called the Lyapunov function. Under the assumption that each f;
satisfies the gross substitutes condition, p* is an equilibrium price vector if
and only if it is a minimizer of the Lyapunov function and that there exists
an integral minimizer p* € Z" of the Lyapunov function. Based on this
fact, the ascending auction in [1] tries to find a minimizer of the Lyapunov
function.

It can be shown that the Lyapunov function L is an Li-concave function
if it is regarded as a function in integer vectors, which follows from the
conjugacy results in discrete convex analysis and the assumption that each
f; satisfies the gross substitutes condition (see, e.g., [14, 18]). Moreover,
it is observed in [18] that the ascending auction in [1] can be seen as an
application of algorithm STEEPESTDESCENTUP to the function —L.

3 Proofs

In this section, we prove Theorems 1.2 and 1.3. The key fact used in our
proofs is the following property of Li-convex functions. For p € Z", we
denote supp™ (p) = {i € N | p(i) > 0}.

Lemma 3.1 ([14, Th. 7.7)). Let g : Z% — R U {+o0} be an Lf-convex
function. For every p,q € dom g with supp™(p — q) # 0, it holds that

9(p) +9(q9) = 9(p — xx) + 9(¢+ xx),
where X = arg max;en{p(i) — q(7)}.



3.1 Proof of Theorem 1.2

The bound u(p°) + 1 for the number of iterations in algorithm STEEPEST-
DESCENT can be obtained by repeated application of the following lemma.

Lemma 3.2. Let p € Z" be a vector with u(p) > 0. Suppose that o €
{+1,-1} and X C N minimize the value g(p+oxx). Then, u(p+oxx) =

p(p) — 1.

Proof. We consider the case with ¢ = +1 since the other case with o = —1
can be dealt with similarly. For every d € Z"™ and Y C N, we have

ld—xvle > ldl -1, [ld—xvlx > lldl-
Hence, it holds that

pu(p + xx)
= min{llg — (p+ xx)ll + la = (P + xx)ll% | ¢ € argmin g}
> min{llg - pll% + ll¢ — pllx | ¢ € argming} — 1
= plp) — 1.
In the following, we prove that the reverse inequality u(p + xx) < pu(p) — 1

holds.
We denote

S={geargming | |l¢ —p| + [lg — pll= = n(p)}.

Let ¢* be a vector in S with the maximum value of ||¢* — p|| L.

Claim 1: ||¢* — p|%, > 0.
[Proof of Claim 1]  Assume, to the contrary, that ¢* < p. Note that this
assumption implies ||¢* — p||5, > 0 since p(p) > 0.

By Lf-convexity of g in (1), we have

gp+xx) +9(q")
> g(lp+xx —1)Vq)+g((p+xx)A (" +1)). (2)

Let Z = {i € N | ¢*(i) — p(i) = 0}, which may be the empty set. Then, we
have

(P+xx -1 Vg =p—xwmxxuz)y @+xx)A (@ +1) =7 +xnz)ux;
which, together with (2), implies

g(p+xx) +9(q") = 9(p — xn\(xuz)) + 9(¢" + X (W 2)Ux)- (3)



By the choice of 0 = +1 and X, we have g(p + xx) < g(p — XN\(XUZ))-
From this and (3) follows that g(q*) > g(¢* + x(n\z)ux), implying that
q* + x(n\z)ux € argming. We also have

. T N () 1
(" + x(mzyux) — Pl igljggcz{p@) (¢"(@) + 1)}

= |l¢" -l —1,
1@ +xnmzux) — ol < 1 = ll¢—plL +1 (4)

since ||¢* — pllz > 0 and ||¢* — p||Z, = 0. Hence, it follows that
1(¢* + x(v\2)ux) — Pl + 1@ + x(v\z)ux) — Pl
< g =2l + lla" —pllc = w1

By the definition of u(p), this inequality and the inequality (4) must hold
with equality. Hence, we have ¢* + x(n\ z)ux € S and

g + x(nz)0x) = Plle = llg" =PI + 1> llg" = pll%.

This, however, is a contradiction to the choice of ¢*.
[End of Proof of Claim 1]

In the following, we further assume that ¢* is a minimal vector in the
set S with ||¢* — p||X, = &, where

¢ =max{|¢ —pllL | ¢ € S}

Note that £ > 0 by Claim 1.
We denote

A =argmax{g’({) —p(i)}, B =argmin{g" (i) - p(i)}.

Claim 2: We have A C X.

[Proof of Claim 2]  Assume, to the contrary, that A\ X # () holds. We
claim that ¢* — x4\x € argming. Since [¢* — p||L, = £ > 0, we have
A C supp™(¢* — p), from which follows that

supp (¢ — (p+ xx)) 2 A\ X #0.

We also have
argmax{q" (i) — (p + xx)(0)} = A\ X.

Hence, Lemma 3.1 implies that

9(@") +9lp+xx) > 9@ —xax)+9{@+xx +Xxax)
= 9(¢" — xa\x) +9(p + xxua)- (5)



By the choice of X, we have g(p+xx) < g(p+ Xxxua), which, together with

(5), implies that g(¢*) > g(¢* — xa\x) i-e., ¢* — X\ x € argming.
Since A\ X C supp™(¢* — p), we have

(" —xax) —pll% < ld* —plZ, (6)
(@ —xax) Pl = g —pll

from which follows that

1" — xavx) —pllE + 11" = xax) —pll < llg* —pll% +1lg* —pll = u(p).

By the definition of u(p), this inequality and the inequality (6) must hold
with equality. Hence, the vector ¢* —x 4\ x belongs to S with [|(¢" — x4\ x) —
pllL = &, a contradiction to the minimality of ¢*. [End of Proof of Claim 2]

To show the inequality p(p + xx) < p(p) — 1, we first consider the case
with min;e y{q*(¢) — p(¢)} > 0. Then, we have

lg" — (p+xx)l =0=l¢" —pllx

since ¢* > p + xx. Claim 2 implies that

lg* — (0 + xx) % = ll¢" —pllL — 1.
Therefore, it follows that
pp+xx) < = @+xx)lL+ 1 — @+ xx)l=
= (I —pl%—1) +ll¢" —plx = nlp) -1

We next consider the case with min;en{q*(7) —p(¢)} < 0. We claim that
q¢*+xBnx € argmin g holds. If BNX = (), then ¢* + xBnx = ¢* € arg min g.
Hence, we assume BN X # (). Since

supp” ((p+xx) —¢") # 0, argmax{(p+xx)()) = ¢"(i)} = BN X,
it follows from Lemma 3.1 that

9lp+xx)+9(@) = gp+xx —xBnx)+9(¢" + xBnx)
= g9p+xx\B) +9(¢" + xBnx)- (7)
By the choice of X, we have g(p+ xx) < g(p+ xx\5), which, together with
(7), implies that g(¢*) > g(¢* + xBnx), i-€., ¢ + xBnx is also a minimizer
of g.
Since min;e n{q* (1) —p(i) } < 0 < max;en{q*(¢) —p(i)}, we have ANB =
(), which, together with Claim 2, implies A C X \ B. Hence, it holds that

(¢ + xBnx) — @+ xx)I% = l¢* —p— xx\8ll% = l¢* —pll& — 1.

10



We also have

(" +xBrx) — P+ xx) | = lg" =P — xx\Bll = [l¢" — Pl

where the second equality follows from the definition of B. Hence, it holds
that

p(p+ xx)
< (g* + xBrx) — @+ xx)|l% + 1(@" + xBnx) — (P + XX)|l
= (I —plL —1) +ll¢" —plx = nlp) —1.

3.2 Proof of Theorem 1.3

The proof of Theorem 1.3 is quite similar to and simpler than that of The-
orem 1.2. Theorem 1.3 can be proved by using the following property re-
peatedly.

Lemma 3.3. Let p € Z™ be a vector with i(p) > 0, and X C N be a set
that minimizes the value of g(p + xx). Then, i(p+ xx) = f(p) — 1.

Proof. The inequality fi(p + xx) > fi(p) — 1 can be shown as follows. By
the triangle inequality, we have ||g — (p + xx)|looc > l|¢ — Plloc — 1 for every

q € Z"™. Taking the minimum over all ¢ € argming with ¢ > p + xx, we
obtain

alp+ xx)
> min{||/¢ — p|l | ¢ € argming, ¢ > p+xx}—1
> min{|l¢ — pll« | ¢ €argming, ¢ >p} -1 = [(p) — 1.

In the following, we show that the reverse inequality fi(p + xx) < fi(p) — 1
holds.

Let p* be a vector such that p* € argmin g, p* > p, and ||p*—pl|c = (p),
and assume that p* is minimal among such vectors. We denote

A = argmax{p(i) — p(i)}.

We have p* # p since ||p* — plloo = f1(p) > 0.

Claim 1: We have A C X.
[Proof of Claim 1]  Assume, to the contrary, that A\ X # () holds. Since
A C supp™ (p* — p), we have

suppt (" — (p+ xx)) 2 A\ X #0.

11



We also have
arg max{p"(i) — (p + xx)(9)} = A\ X.

Hence, Lemma 3.1 implies that

g(p") +9lp+xx) = 9" —xax)+9@+xx +xa\%)
= 9" —xax) + 9P+ xxua). (8)
Since p* > p* — x4\ x > p, we have g(p*) < g(p* — x4\ x) by the choice of p*.
This inequality, together with (8), implies that g(p + xx) > g(p + xxuAa), &

contradiction to the choice of X. Hence, we have A C X. [End of Proof of
Claim 1]

Suppose first that the condition p* > p + xx holds. Then, we have

A+ xx) <P — @+ xx)|loe = IP" = plloo — 1 = f1(p) — 1,

where the first equality is by Claim 1.
We next consider the case where the condition p* > p 4 xx fails. Then,
BNX #0for B={ie N|p*(i) =p(i)}. Since p* > p, we have

pr(i)=p@) (VieB), p'(i)>p@i) (VieN\B), (9)

from which p* 4+ xpnx > p + xx follows.
We now show that p* + xpnx € argming holds. The condition (9)
implies

supp” ((p + xx) — ) = argmax{(p + xx)(@) - p"(i)} = BN X.
Hence, it follows from Lemma 3.1 that

glp+xx)+9®") = glp+xx — xBnx)+ 9" + xBnx)
= g(p+xx\B) + 9" + XxBnxX)- (10)

By the choice of X, we have g(p+ xx) < g(p+ xx\B), which, together with
(10), implies that g(p*) > g(p* + xBnX), i-e., p* + XBnx is also a minimizer
of g.

Since A C X \ B by Claim 1 and the definitions of A and B, it holds
that

pp+xx) < (" +xBnx) — @+ xx)llo
1P —p — xx\Bllw
= [Ip* = pllo —1 = f(p) - 1.

12



4 Conclusion

The concept of Li-convexity is generalized to polyhedral convex functions.
A steepest descent algorithm similar to STEEPESTDESCENT works for the
minimization of a polyhedral Li-convex function, and has a similar property
as STEEPESTDESCENT; in particular, the trajectory of a vector p generated
by the algorithm is the “shortest” path between the initial vector and a
minimizer (see [17] for details).

Part of the results in this paper is presented (without proofs) in the
extended abstract [18] in Proceedings of 24th International Symposium on
Algorithms and Computation (ISAAC 2013). This research is supported
by KAKENHI (21360045, 21740060, 24500002) and the Aihara Project, the
FIRST program from JSPS.
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