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Abstract

The Lanczos method is well known to compute the extremal eigenvalues of symmet-
ric matrices. For efficiency and robustness a restart strategy is employed in practice,
but this makes the convergence analysis less straightforward. We prove global conver-
gence of the restarted Lanczos method in exact arithmetic by using certain convergence
properties of the Rayleigh-Ritz procedure due to Crouzeix, Philippe and Sadkane. For
the restarted Lanczos, Sorensen’s previous analysis establishes global convergence to
the largest eigenvalues under the technical assumption that the absolute values of the
off-diagonal elements of the Lanczos tridiagonal matrix are larger than a positive con-
stant throughout the iterations. In this paper, we prove global convergence without any
such assumption. The only assumption is that the initial vector is not orthogonal to
the exact eigenvectors. Our analysis covers a dynamic restarting procedure where the
restarting points are dynamically determined. The convergence theorem is extended to
restarted Lanczos for computing both the largest and smallest eigenvalues. Moreover, we
derive certain global convergence theorems of the block Lanczos method and the Jacobi-
Davidson method: for both algorithms, the Ritz values converge to exact eigenvalues,
although not necessarily to the extremal ones.

1 Introduction

Suppose one wants to compute one or more extremal eigenvalues and their corresponding
eigenvectors of a symmetric matrix A. There exist a number of efficient iterative methods
for the task. Among them, the Lanczos method [17] is a classical and powerful technique [3,
9, 11, 13, 22]. The Lanczos method performs the so-called Rayleigh-Ritz procedure on
a Krylov subspace. In order to reduce the computational and memory costs, a restart
strategy [25, 28, 29] should be employed from the practical point of view. In fact, the
restarted Lanczos method is currently implemented in MATLAB’s built-in function eigs.



In this paper, we prove global convergence of the restarted Lanczos method. Key tools
for our proof are certain convergence properties of the Rayleigh-Ritz procedure due to
Crouzeix, Philippe and Sadkane [5, §2]. As well as Lanczos, there are a number of effi-
cient algorithms using the Rayleigh-Ritz procedure, including Davidson’s method [5, 8, 18],
the Jacobi-Davidson method [24] proposed by Sleijpen and van der Vorst, and LOBPCG [15]
proposed by Knyazev. The block Lanczos method [6, 7, 10], which is mathematically equiv-
alent to the band Lanczos [23], is also effective for computing multiple eigenvalues. Among
them, we prove certain global convergence properties of the restarted block Lanczos method
and Jacobi-Davidson method.

Existing studies of the global convergence of the restarted Lanczos method can be sum-
marized as follows. In 1951, Karush derived global convergence for the restarted strategy
to compute one largest eigenvalue [14], and Knyazev and Skorokhodov gave its convergence
proof based on certain properties of the steepest descent method [16]. To the best of the
author’s knowledge, the most general result about the global convergence is Sorensen’s the-
orem of the implicitly restarted Lanczos method for computing the largest more than one
eigenvalues [25]. However, in Sorensen’s theorem there is a technical assumption that the
absolute values of the off-diagonal elements of the Lanczos tridiagonal matrix are larger than
a positive constant throughout the iterations.

In this paper, we prove global convergence without any such assumption. The only
assumption is that the initial vector is not orthogonal to the exact eigenvectors. In addition,
the convergence theorem is extended to restarted Lanczos for computing both the largest
and smallest eigenvalues. As for the restarted block Lanczos method [2, 7], some convergence
property of a restarted strategy to compute the largest eigenvalues has been already proven
by Crouzeix, Philippe and Sadkane [5, Corollary 2.2]. More specifically, the Ritz values
converge to exact eigenvalues, although not necessarily to the largest ones. We extend this
result to the restart strategy in [6] for computing both the largest and smallest eigenvalues.

Regarding the Jacobi-Davidson method, the local asymptotic convergence rate has been
well studied [19, 20, 21, 24]. However, despite many efforts over a decade, the theory for global
convergence remains an open problem. On the other hand, in the Davidson method with
suitable starting vectors, the largest Ritz values always converge to eigenvalues, although
not necessarily to the largest ones. This is proven by Crouzeix, Philippe and Sadkane [5].
In [5], they have proven global convergence of the restarted Rayleigh-Ritz procedure under
some general assumptions [5, Theorem 2.1]. As a corollary, they establish the convergence of
the Davidson method. Actually, by carefully reading [5, Theorem 2.1], we can prove a global
convergence property of the Jacobi-Davidson with one restarting vector. This is a proof by
contradiction. In this paper, we slightly modify the convergence theorem [5, Theorem 2.1] in
order to provide a direct convergence proof for multiple restarting vectors. See Section 4 for
the details. Specifically, we prove that the largest Ritz value of the restarted Jacobi-Davidson
converges to an exact eigenvalue, although not necessarily to the largest one.

It is worth noting that, there are a number of improved versions of the Lanczos and
Jacobi-Davidson combined with other effective restarted strategies [1, 3, 4, 26, 27, 28, 29].
However, in this paper, we investigate global convergence properties of the typical and basic
versions. We also note that our results cover a dynamic restarting procedure [5], where the
restarting points are dynamically determined. Moreover, our results can be extended to the



generalized symmetric eigenvalue problems Ax = ABz, where A is a symmetric matrix and
B is a symmetric positive definite matrix, because the Lanczos and the Jacobi-Davidson for
Az = ABx with the B-orthogonal basis are mathematically equivalent to those for L~' AL~
with the standard orthogonal basis, where L is the Cholesky factor of B [3, 22].

This paper is organized as follows. Section 2 is devoted to a description of the Lanczos
method. In Section 3, Sorensen’s convergence analysis for the restarted Lanczos is briefly
summarized. We present certain global convergence properties of the restarted Rayleigh-
Ritz procedure in Section 4. We use them to prove global convergence of the restarted
Lanczos in Section 5. This result includes Sorensen’s convergence theorem. In addition,
global convergence properties of the restarted block Lanczos and Jacobi-Davidson methods
are shown in Section 6 and Section 7, respectively.

Notation and assumptions. Throughout this paper, A is an N x N symmetric matrix
whose eigenvalues are A\; > --- > Ay with corresponding normalized eigenvectors x1,...,TnN.
However, multiple eigenvalues need some care. See Reark 1 for details. [z1,...,x] denotes
the matrix whose ith column is x;. [ is the identity matrix, and O is the zero matrix. Let
k(= k1 + k2) be the number of desired eigenvalues, where k; denotes the largest ones and ks
denotes the smallest ones.

2 Lanczos method

This section is devoted to a description of the Lanczos method. The Lanczos method starts
with a properly chosen starting vector v and builds up an orthonormal basis V;,, of the Krylov
subspace,

K™(A,v) = spanf{v, Av, A%v,..., A" 1y} = span{V;,}. (1)

Vi is given by the Gram-Schmidt orthogonalization for v, Av, A%v, ..., A" 1v. The Lanczos
method is summarized as follows.

1. Compute the orthonormal basis {v;}i=1, . m of K™(A,v). Let Vp, = [v1,v2,...,vn].
2. Compute T, = V,F AV,,,.

3. Compute the eigenvalues of T, and select the k desired ones 0;,7 = 1,2,...,k, where
k < m (for instance the largest ones).

4. Compute the eigenvectors y;,7 = 1,...,k, of T;, associated with 6;,7 = 1,...,k, and
the corresponding approximate eigenvectors of A, u; = Vy;, i =1,... k.

If the residuals || Au; — 0;u;|| for i = 1,..., k are sufficiently small, approximate eigenpairs
0; and u; for : =1, ...,k are obtained. In the Lanczos method, 0;,7 = 1,2, ...,k are referred
to as the Ritz values and the vectors u;,7 = 1,...,k are the associated Ritz vectors, as the
Lanczos method is the Rayleigh-Ritz procedure on the Krylov subspace [3, 22]. See Section 4
for the Rayleigh-Ritz procedure. Importantly, T;, is a tridiagonal matrix due to a special
feature of the Krylov subspace. The Lanczos method is an effective method but, from the



practical point of view, the restart strategy is needed in order to reduce the computational
costs [3, 25]. In other words, if the residuals ||Au; — 0;u;|| for i = 1,..., k are not sufficiently
small, the Ritz pairs should be computed again by another Krylov subspace that is generated
by some refined starting vector.

There exist a number of restarting strategies. Among them, we focus on the following
restarted Lanczos method for computing the k largest eigenvalues [25]. Let m; > k + 1 be
the maximum iteration numbers of the inner loop for £ =0,1,....

Algorithm 1 The restarted Lanczos method
(0)

Initialization pick a unit vector v;

1: compute the orthonormal basis v = [v§0)7 e ,vﬁﬁg] of ICmO(A,vgo)) by the Lanczos

process
2: for /:=0,1,...,do

T

3:  compute Téfl? = éf} AVT%)

4:  compute eigenvalues of TT(,Q: 99 >0 > Gl(f) > ,uge) R ugﬁl_k

5. compute the QR decomposition: Q) R®) = (TT(,Q - Mgg)l) e (T,(,f[) - ,u,iﬁ)g_kl)

6: compute Vk,(Hl) = [vg), . ,v,(,g]@\,(f), where @,(f) denotes the matrix of the first k
columns of @(Z) (Then Vk(gﬂ) = [uge), - ,u,(f)]Q(Z), where ugg), . ,ug) are the Ritz
vectors corresponding to 9§£) > > Hl(f) and QU is some orthogonal matrix)

7:  compute U,(ffll), e ,v%jﬁl) by the Lanczos process to obtain a new orthonormal basis
V(Z-H) o (e+1) (6+1)

mep1 — [Ul P me+1]
8: end for

Remark 1. Multiple eigenvalues need some care: the Lanczos method is unable to compute
the multiplicity correctly [3]. Hence, let \y > --- > )\, denote all the distinct eigenvalues of
A € RVN*N jn this section. Let x; (i =1,...,n) denote normalized vectors in the eigenspaces
corresponding \; fori=1,...,n. Also in Sections 3 and 5, we use the same notation. M

It is empirically known that

J4 .
T ~ diag(Ar, - -, \k), (2)
J4
VIC()%Xk:[flfl,...,xk] (3)
for sufficiently large £. Therefore, the k largest eigenvalues A1, ..., A; and the corresponding
eigenvectors x1, ...,z are obtained by Algorithm 1.

Algorithm 1 is mathematically equivalent to Sorensen’s implicitly restarted Lanczos
method [25] with the so-called exact shifts. Furthermore, it is also mathematically equiv-
alent to the thick restarted Lanczos method [28] that is a more recently proposed efficient
algorithm. The aim of this paper is a theoretical convergence analysis, and hence we discuss
the convergence behavior of Algorithm 1 in the following sections.



3 Convergence analysis of the restarted Lanczos method by
Sorensen

In this section, we summarize the convergence analysis of the restarted Lanczos method by
Sorensen [25]. Firstly, the following simple property can be stated.

Lemma 1 ([25]). Suppose my; is a fixred m for all £. Then, each {91@ 0=1,2,...} is an
increasing convergent sequence for each i =1,2,... k. |

Lemma 1 is easily extended to the restarted Rayleigh-Ritz procedure. See Lemma 2 in
Section 4 for its proof. Based on Lemma 1, Sorensen proved the next theorem that states
global convergence under a certain assumption.

Theorem 1 ([25]). Let m; be a fized m for all £. Suppose that the initial starting vector

vgo) satisfies azj-Tvgo) #0 for j =1,2,...,k, where x; is the eigenvector of A corresponding

to the eigenvalue \; with the eigenvalues of A listed in descending order. Let ﬁi(g) be the ith

subdiagonal element of Tk(f) and assume that de > 0 s.t. \B§5)| > € for all i, £. Then the
)

sequences Qj(e —0; = Xj as £ — oo. |

The assumption that subdiagonal elements of T,y) are not smaller than € is not restrictive
from the practical point of view because the so-called deflation is applied when a subdiagonal
element becomes smaller than machine epsilon € in practice.

However, as mentioned before, the more specific convergence properties (2) and (3) are
empirically known. The aim of this paper is to prove the convergence properties (2) and (3)

without the assumptions on the subdiagonal elements of TIEZ). Indeed, ﬁi(e) — 0.

4 Convergence property of the restarted Rayleigh-Ritz pro-
cedure

In this section we investigate the convergence behavior of the restarted Rayleigh-Ritz pro-
cedure. The Rayleigh-Ritz procedure is described as follows.

1. Compute an orthonormal basis {v;}i=1, . m. Let V = [v1,v2,...,vpm].
2. Compute B = VTAV.

3. Compute the eigenvalues of B and select the k£ desired ones 6;,7 = 1,2,...,k, where
k < m (for instance the largest ones).

4. Compute the eigenvectors y;,7 =1, ..., k, of B associated with 6;,7 =1,...,k, and the
corresponding approximate eigenvectors of A, u; = Vy;, i =1,..., k.

It is easily seen that the Lanczos method is the Rayleigh-Ritz procedure on the Krylov
subspace. As in the Lanczos method, the restart strategy is incorporated into the Rayleigh-
Ritz procedure. Although Algorithm 1 computes the k largest eigenvalues, the aim of this



paper is not only to prove the convergence of Algorithm 1 but also to discuss the convergence
behavior of the other algorithms for computing other eigenvalues. Hence, we focus on the
following restart strategy to compute both the k; largest eigenvalues and the ks smallest
eigenvalues.

[The restarted Rayleigh-Ritz procedure]

1: compute an orthonormal basis VTEP) = [U§0)7 ... ,vﬁ,?())]

2: for /:=0,1,...,do

T
3. compute B = Vrgﬁ) AVW%
4:  compute eigenvalues of BWO: 9@ > 0> «9,(51) > Mg@)._' > M(f)f > 19(1@ > 0>

9\ (k= ki + ko)

5:  compute the Ritz vectors uge), . ,u,(f) associated with ng) > > Hl(f) > 19§£) > >
99
ko
6:  compute [Uge-i_l), ey U,(fH)] = [ugz), . ,u,(f)]Q(K), where QW is some orthogonal matrix
7:  compute v,(:fll), . ,v%jﬁl) to obtain a new orthonormal basis Véfl}) = [U§Z+l)’ ce %Z}l)]

8: end for

For the convergence analysis, write the matrix B as

4 {4
5O _ ( Bng BQ)
- l L ’
By By
where Bﬁ) is k x k, BE? is k x (my —k), and Béé) is (my — k) x (my — k). Note that Lemma 1
is easily extended to the Rayleigh-Ritz procedure as follows.

Lemma 2. In the restarted Rayleigh-Ritz procedure, 0%6) > 2> 0](:;) > 19&6) > 2 19,(;?

are the eigenvalues of Bﬁﬂ). FEach {01@) : 0 = 1,2,...} is a nondecreasing convergent

sequence for eachi=1,2,...,k1, and each {191@ :0=1,2,...} is a nonincreasing convergent
sequence for each i = 1,2,...,kyo. In other words, ng) > e > 9,(:;) > 19&5) > > 19,(3 are
corresponding to the eigenvalues of Bﬁ) as £ — oo.

Proof. From line 6 of the restarted Rayleigh-Ritz procedure, it is easy to see that the eigen-
values of Bﬁﬂ) = Vk(Hl)TAV,yH) are 956) > e > 0,(5) > ﬁge) > e > 19,(52). Noting the
well-known Courant-Fischer theorem [22] that characterizes the eigenvalues of a symmetric
matrix, we see that the eigenvalues of B satisfy 91(”1) > 01@) fori =1,2,..., k1 and
192(-“1) < 192(-6) for i = 1,2,...,ko. Since the Ritz values are confined to an interval, namely,
[Ans A1), {6’1@) :£=1,2,...} is a nondecreasing convergent sequence and {195@ 0=1,2,...}
is a nonincreasing convergent sequence. O

Another crucial convergence property is limy_, B%) = O as the next lemma.



Lemma 3. In the restarted Rayleigh-Ritz procedure, write BY) as

14 14

5O _ BY) BYf)
—\ g0t pw )

12 22

(0) ()

where B%) is a k X k symmetric matriz, Byy is a k x (my — k) matriz, and B,y is an
(mg — k) x (my — k) symmetric matriz. Then

im BY —
Zlimo B12 =0
holds.

Proof. Let Eﬁ) denote the leading principal (k + 1) x (k 4+ 1) submatrix of B®) and ﬁgn) >
- > ,ZI,(:QI denote the eigenvalues of E%?. As the proof of Lemma 2, the well-known Courant-

Fischer theorem [22] ensures that

0 <a? <o (i=1,... k) (4)
l— ~(¢ l .

195 Y > /"L](gl)JrlJrfL' > 91 ) (Z = 17 cee k2)7 (5)
where 9%671) > > 9,(5171) > 195671) > 0> 19](5271) are the eigenvalues of Bi?. Here we
define ¢ as the first column of Bg) and d as the upper left element of By). In other
words, Eﬁ) is divided into

~ ©) ©)
po—| Pu e
0T \ d®
Firstly, we prove limy .o, ||c¥)|| = 0 as follows. The square of the Frobenius norm of Eﬁ) is
k+1 k1 9 ko 9 9
S a2 =3T3 0T 1 a7 o)),
i=1 i=1 i=1
It then follows that
k1
A0 = 3@ - o + o)
i=1
- ¢ ¢ ¢ ¢
+Z('ul(c1)+l+i — 0@ + oY)
i=1
~(¢ ~(¢
7y — AV @ +d). (6)

Noting that the trace of Eﬁ) is

o 4 l ey {4 b 4 e /-1
~ PN ~ -1 —
Yol 30 m) =300 e 3 Y,
i=1 i=k1+2 i=1 i=1



we see

k1
~(¢ ~(¢ K 1 ~(¢ /-1
'u7(€1)+1 o d(f) = Z(ME ) ) Z ](61)+1+i - 195 ))

=1 =1

in the right-hand side of (6). Hence, we have

k1
2@ = Y@ -0 @ + oY — ), —d®)

) ki1+1
=1
2, (1) ~(0) (-1 ~(0)
+Z('uk1+1+i —v; )(Nk1+1+z' +9; ~ Higy41 T dt ))
al Z l— 4
~ 1 -1
< 44> A" — >\+ka1+m 9,
=1 =1

k1
YA Z E Z
< 441> 18" o 1!+Z|e9> ),
=1

where the first inequality is due to [vT Av| < ||A]| for any unit vector v, the second inequality
is due to (4) and (5). Therefore, by Lemma 2, we obtain limy_, ||c()|| = 0, where ¢ is the
first column of Bg?. By permuting the column of B%), we can see limy_, B%) =0. O

Finally, we review a closely related convergence analysis by Crouzeix, Philippe and Sad-
kane [5]. In fact, for the restart strategy for computing the k largest eigenvalues, namely
k = ki, we can see Lemmas 2 and 3 by [5, §2]. In this section, we have proven Lemmas 2
and 3 for the general ki, ko along with [5, §2]. In addition, we should note [5, Theorem
2.1], which shows that under some assumptions the k largest Ritz values always converge to
eigenvalues of A as follows.

Theorem 2 ([5]). In the restarted Rayleigh-Ritz procedure for the k largest eigenvalues, each
{0, © . 0= 1,2,...}isa nondecreasz’ng convergent sequence for eachi=1,2,..., k. Moreover,
let a set of matrices {C’ } satisfy the following assumption: there exist K1, K2 > 0 such that
K| < ’UTC( )v < K2Hv|| for any vector v € span{V( )}L, where V( ) = =[v ie), 5)7 e ,vj(é)]

with j > 1. Suppose that the vector (I—V( )Vj(lf) )C’l(? (A—g(g)l) ( ) belongs to span{V(g.éJ)rl)k},

where é\(f; > 2> ég; are the k largest Ritz values ofV o1 AV](k), and u A(e) .,ﬂ;f% are the

corresponding Ritz vectors. Then, as { — oo, @(? (1t =1,...,k) converge to etgenvalues of
A and ﬁfej) (i=1,...,k) converge to the corresponding eigenvectors. [ |
It is easy to see that the block Lanczos method with k starting vectors U( ) ...,v,go)

corresponds to the situation where C, ) is the identity matrix, and hence the k largest Ritz
values converge to some eigenvalues of A [5, Corollary 2.2]. In contrast, we would like to
prove that the Ritz values converge to the k largest eigenvalues for the restarted Lanczos

(0)

method with one starting vector v}’ in the next section. This proof is not readily accessible



from Theorem 2. Moreover, in order to extend the proof to the restart strategy to compute
both the largest and smallest eigenvalues, we use Lemmas 2 and 3 in the following sections.

Regarding the Jacobi-Davidson method with one restarting vector vg) (¢ =0,1,...),
the situation corresponds to CZ-(? = (A - (9}?1)*2, i =1 (see Section 7, [12, §2] and [24]).
Therefore, we can prove a global convergence property based on Theorem 2. This is a proof

(o) )
1,j

eigenvalue of A. Let dmax be maxj<ij<n \95?) — \i| and dpin be minj<;j<n ]6%?) — Ai|l. Then

by contradiction. Noting that the Ritz value 6; 7 is convergent, we assume 0&0 is not an

we have dyay 2 < vT(A— 5%0;).7)_271 < dypin 2 for any unit vector v. In other words, for all

sufficiently large ¢, Cf? =(A- 5%).] )~2 satisfy the conditions in Theorem 2. Hence, the Ritz

value 9% should converge to an exact eigenvalue of A. Thus Theorem 2 ensures this global

convergence property of the restarted Jacobi-Davidson. In contrast, we provide a direct
(0)

convergence proof for multiple restarting vectors v, ’, ... ,v%) (¢=0,1,...) in Section 7. To
this end, we use Lemmas 2 and 3 in the following sections.

5 Global convergence of the restarted Lanczos method

In this section, we prove global convergence of the restarted Lanczos method. More specifi-
cally, (2), (3) are guaranteed for all sufficiently large ¢ in the following theorem.

Theorem 3. In Algorithm 1, suppose the initial starting vector satisfies x;rfugo) #0(j =
1,...,k). Then we have

lim T = diag(M1, . .., M), (7)
{—o0
lim VY = X;. (8)
l—o0

Proof. In view of Lemma 3, the (k+1, k) element of Tr(rfg converges to 0. Therefore, || Augé) —

9§-£)u§-€)H —0(j=1,...,k) as £ — oo [9, Theorem 7.2|, where 93(2) (j =1,...,k) are the
O]

Ritz values and u; (j = 1,...,k) are the corresponding Ritz vectors. From Lemma 2,
the Ritz values 0]@ (j =1,...,k) converge to some eigenvalues, and hence the Ritz vectors
ug»[) (j =1,...,k) also converge to the corresponding eigenvectors.

= )\j, u(oo)

Next, we prove 9l>) j

J
vgz) forall £=0,1,... satisfy

=xz; (j = 1,...,k). Importantly, the starting vector

l+1 ¢ {4 ¢
W™ = (A= 1) (A=) Dol (9)
l+1 {41 /41
o T = wf ), (10)
where ,ugg), ey u%)ﬁk are unwanted eigenvalues of 7, £f2 in line 4 of Algorithm 1. In other
words, the starting vector UEEH) is given by multiplying a filter polynomial to v](f). See [25]



(0)

for details. The starting vector vy~ is expressed by the eigenvectors as

v§°) =c1x1 + caxa + - + CpTn, (11)
and hence
’ n —1 Mgfk
{U\g )= ch H (A — ME ))mj (12)
Jj=1 j—g =1
l ~(£ ~(£
of) =@y /|81 (13)
by the equations (9), (10). Here we define
y l— lmg k
()—%IIII'X—MZ G=1,...,n). (14)
g o =1

We have already proven that 9§OO) (j =1,...,k) are eigenvalues of A and u(oo) (j=1,...,k)
are the corresponding eigenvectors. Suppose that Gl(fo) = A ul({ ) — =3 (k > k). We show

k = k as follows. Since vgoo) € span{ugoo),...,u,(:o)} and ugoo) #Faxj (1 =1,...k j=
k+1,. ,n), we see
lim ¢/ =0 (j=k+1,...,n). (15)
l—o0 k

Furthermore, with the aid of line 4 of Algorithm 1,

N> 0 > U G=1, me— k) (16)
for all £. Therefore, the expansion coefficients cgé), ey (g) satisfy
Jim cj+1/c =0 (j=1,....k—1) (17)

from (14), (16). Thus we see

lim /e =0 (i=k+1,...,n, j=1,... k). (18)

L—00 J

It then follows that the Ritz vectors u( ) (=1,...,k) converge to the eigenvectors z; (j =

1,...,k) corresponding to c( ) (j=1,...,k), namely k=k. Therefore, we obtain

lim 6\ = M,mn@@:% (G=1,....k). (19)

{— 00 {—00

The final task is to show (7) and (8). From (17) with k = k, we have

{4 .
lim CJ+1/C() GJ=1,...,k—1). (20)

{—00

This implies vjoo =x; (j=1,...,k). Therefore, we obtain (7), (8). O

10



Note that the proof above is similar to Sorensen’s proof of Theorem 1. See [25] for
details. However, in Theorem 3, the assumption about the off-diagonal elements of T(g)
not needed. In other words, Theorem 3 is regarded as an extension of Theorem 1.

Recall Section 4, which is devoted to showing the convergence properties of the Rayleigh-
Ritz procedure. Lemmas 2 and 3 are applied to the shift strategy to compute both the k;
largest eigenvalues and the ko smallest eigenvalues. Hence, let us consider the convergence

behavior of the following restarted Lanczos method.

Algorithm 2 The restarted Lanczos method for the k; largest eigenvalues and the ko small-
est eigenvalues

(0)

Initialization pick a unit vector v;
1: compute the orthonormal basis Vn(@%) = [vg)), v,(m))] of K™0(A, (O)) by the Lanczos
process
2: for /:=0,1,...,do
T
3:  compute T,(,Q = Vn(ﬁ) AVW(LZZ)
4:  compute eigenvalues of T},Q: Hgé) > e > 9,(;? > ugé)--- > u%)ﬁ > 195@ > e 2z
9 (k= ki + ko)

5. compute the QR decomposition: Q¥ R(®) = (T}fg — ,uge)l) e (T,(,fe) “%)e wl)

6:  compute Vk(eﬂ) = [vgg), e ,v%l]@,(f), where @,(f) denotes the matrix of the first k
columns of QO (Then Vk(ZH) = [ugg), . ,ugf)]Q(e), where ugg), .. ug) are the Ritz
vectors corresponding to ng) > 0 > 0,(:;) > ﬁge) > 0 > 191&2) and Q(é) is some
orthogonal matrix)

7:  compute U}iﬁl)’ e ,v%jﬁl) by the Lanczos process to obtain a new orthonormal basis
VD — D )

8: end for

Similarly to Theorem 3, we prove global convergence of Algorithm 2, which states the
convergence of the Ritz values and the corresponding Ritz vectors. The next theorem is
regarded as another extension of Theorem 1.

Theorem 4. In Algorithm 2, suppose the initial starting vector satisfies x-Tv§ 0( =

k1) and xF j+1v50) #0(j=1,...,ke). Then we have limy_,, o) — Aj, im0 19§ ) =

J
)\n —j+1, the Ritz vectors u( ) ...,ugf) converge to the corresponding eigenvectors.

Proof. Similarly to the proof of Theorem 3, it is easy to see that the Ritz values GJ(-K) (j =
., k1) and 1926) (j =1,...,ke) converge to eigenvalues of A from Lemmas 2 and 3. We
prove 9;90) =X (j=1,...,k) and 05-00) = A—jt1 (J =1,..., k) as follows.

The following discussion is almost the same as the proof of Theorem 3. Firstly, we have

w§e+1) (A— M(Z)I)--'(A—M(@ I)v§£)7 (21)

my—k

o = D /Y (22)

11



(0)

from [25]. The initial starting vector v, is expressed by the eigenvectors as

vgo) =121 + oo + -+ Cpn, (23)

and hence

n EIMgk;

ZCJH H (Aj _/% (24)

—o =1
~(¢ ~(¢)
0y = w& >/Hw§ H (25)
by the equations (21), (22). Here we define
¢ {— lmg k
g)—cJHH )\—MZ (j=1,...,n). (26)
—g =1
Suppose that 0°) = n, W™ = 2 (E > kp) and 9 = A - Wl =
k1 k1’ k1 k1 1z 1) an 1 n—ko+17 k 41
Ty ot (ke > 1{:2) Since v% =) ¢ spatn{u1 ,...,u,goo)} and ugoo) #ax; (i=1,...,k j=
ki +1,...,n—ky), we see
O 0 /.0 _ T 7
hmc /cA =0, hmcj /c =0 (j=k+1,...,n—ko). (27)
—k2+1
Furthermore, with the aid of line 4 of Algorithm 2,
l l {4 .
)\§1>0,(€1)>u§)>19§)>)\n_g2+1 (Gj=1,...,m¢—k) (28)
for all £. Therefore, the expansion coefficients satisfy
lim ), /el =0 (j=1,....k 1) (29)
{—00
E]i)rgocj /cj+1:0 (j=n—ka+1,...,n) (30)

from (26), (28). Thus we see

lim c“)/cf):o (i=k+1,....n—ky, j=1,...;ki,n—ke+1,...,n).

L—o0

It then follows that the Ritz vectors u( ) (j=1,...,k) converge to the eigenvectors z; (j =
. ki,m — ke +1,...,n) corresponding to c( ) (
El = kq, 7<:\2 = ky. Therefore, the theorem is estabhshed. O

j=1,....k;,n—ks+1,...,n), namely

12



6 Global convergence of the restarted block Lanczos method

From the practical point of view, there are situations where the use of a block of k starting
vectors, instead of a single starting vector, is preferable. One such case is that of matrices
with multiple or closely clustered eigenvalues. To obtain basis vectors for the eigenspace
corresponding to such a cluster of k eigenvalues, block Krylov subspaces induced by A and
a block of k starting vectors need to be used.

For an N x k matrix V = [v1,...,v;] with orthonormal columns, the block Krylov
subspace is defined as

K™(A, V) = span{vy,...,vp, Avy, ..., Avg, ..., A" oy, o0, Ay ) (31)

The block Lanczos method is the Rayleigh-Ritz procedure based on the block Krylov sub-
space, which is mathematically equivalent to the band Lanczos method. Similarly to the
Krylov subspace, the orthonormal basis {v;}i=1,. gm of K™(A, V) is computed. Let V3, =

[v1,...,Vkm]. Then Thpm = Vi ' AV, is a km x km symmetric block tridiagonal matrix of
the form
Thva Tip
T2t Ty
Tkm = ’ . ’ ) (32)
Tm—l,m

T
Tmfl,m Tm,m

with £ x k symmetric diagonal blocks 11 1,. .., Tinm-

There exist a number of the restart strategy depending on the desired eigenvalues. The
most typical restart block Lanczos method for the k; largest eigenvalues and the ko smallest
eigenvalues is described as follows [6].

Algorithm 3 The restarted block Lanczos method for the ki largest eigenvalues and the ko
smallest eigenvalues [6]

Initialization pick an N x k matrix Vl(o) with orthonormal columns
1: compute the orthonormal basis Végl)o of K™o(A, Vl(o))
2: for /:=0,1,...,do
T
3:  compute T,Efr)w v a4y

kmz kmz
4:  compute the ki largest eigenvalues and the ko smallest eigenvalues of T,EQ: Hg) > >
0 (k= k1 + ky)

5:  compute the Ritz vectors ug), e ,ug) associated with Hgg) > > Gl(f)
l+1 l l

6: Vl( )::[ug),...,ué)}

7. compute the orthonormal basis Vk(fnti)l of KMe+1(A, Vl(ul))

8: end for

Here we show a global convergence theorem of Algorithm 3.

13



Theorem 5. In Algorithm 3, the Ritz values Gg), e >91(f) converge to eigenvalues of A and
(0) (0)

the Ritz vectors uy’,...,u,’~ converge to the corresponding eigenvectors.

Proof. From (32), 7"

ke is a kmy X kmy symmetric block tridiagonal matrix of the form
l 4

Ty Ty
oT

Tiy Ty

0 _
T, = - - ) ’
: : T my—1,my
¢ 4
’I’E’lz*l,mg Téll?:mf
with k£ x k symmetric diagonal blocks Tl(’él) e T,ng ,m,- From Lemma 3, we have lim,_, o, Tl(é) =
O. By noting that the Ritz values 0@, e ,9,(5) are the eigenvalues of T1(,£1+ Y from Lemma 2,
we obtain the theorem. O
Although Theorem 5 states a global convergence, it is not shown that ng)’ e ,9,&6) con-

verge to the ki largest eigenvalues and the ko smallest eigenvalues of A. This property is
differ from Theorem 4.

7 Global convergence of the restarted Jacobi-Davidson method

In this section, we show global convergence of the restarted Jacobi-Davidson method pro-
posed by Sleijpen and van der Vorst [3, 24].

Firstly, we briefly summarize the Jacobi-Davidson method. See [24] for details. The
Jacobi-Davidson method is also based on the Rayleigh-Ritz procedure. For the orthonormal
basis Vj = [v1,...,v;], the new basis vj;1 is obtained as follows.

The strategy for computing the largest eigenvalue is shown here. Let 6714 denote the
largest Ritz value, namely, the largest eigenvalue of V;.TAV]-, and u; denote the corresponding

Ritz vector. Moreover, let r; = Au; — gl,juj. Then we find ¢;; that satisfies the equations
(I — ’LL]u;F)(A — 9173‘])(1 - Uju;r)tjurl == —Tj, u;-I‘thrl = 0. (33)

The new basis vector vj41 is obtained by orthogonalizing ¢;1 to V. In other words, v; 41 is
given by

Wiyl = tjp1 — Vj(vatj—H)
Vi1 = Wi/ |l wjal]-

In this section, we focus on the fact that the process above is regarded as one iteration
of the Rayleigh quotient iterations method as is shown below (see also [12, §2] and [24]).
If (33) is solved exactly, we have

(A=, ;D)tj = —rj + cu; (34)

14



for a constant ¢ such that U]'thﬂ = 0. It follows that
Lo = —u; + (A= 0150w (35)

in view of r; = Au; — 517juj. From the orthogonality ujthH = 0, we see ¢ = (uJT(A -
9“ I)7lu;)71. Since the Ritz vector u; satisfies u; € span{vl,.. ,Vj}, vj41 is given by
orthogonalizing (A — 6 ;1) 'u; to V;. Note that (A — 01] I)7'u; is given by the Rayleigh
quotient iteration for u;. Thus we see that v;4; satisfies
Wi = (A— 91]I) g V(V (A - 91]1) u;) (36)
Vi1 = Wit /|| Wj41]]- (37)
As the discussion before, the restart strategy is incorporated to the Jacobi-Davidson
method. The algorithm reads as follows.

Algorithm 4 The restarted Jacobi-Davidson method for the largest eigenvalue [24]
(0) (0) (0)

Initialization pick an N x m matrix V2" := [v; ", ..., v ] with orthonormal columns
1: for /:=0,1,..., do
2: forj:=m,...,my—1do

T
compute the largest eigenvalue gyj) of Vj(o) AVj(O)
(0)

4: compute the corresponding Ritz vector w;

5: compute the residual vector r](-z) = Auy) é\(? 5 )

6: compute a new vector t(ll such that (I — ugé)ugz)T)(A — 9112[)([ — u(g)u(e) )t§‘+)1 =
L0, 070

7: compute w](?1 = t§Q1 - V(E)(Vj(f)Tthl)

8: compute UJ(QI = wj+1/]]wj+1\|

9: Vj(_?l = [vy), o ,vj(-Ql]

10: end for

11:  compute B%l = Vn%)TAVnﬁ)

12:  compute the Ritz vectors ug@, . ,u%) corresponding to the m largest eigenvalues of
BY)

13: ,(\Hl) = [uge), ceey ug;)}

14: end for

It is empirically known that, in Algorithm 4, the largest Ritz value Gy) for Vn(u,) AV(Q
usually converges to the largest eigenvalue. In this section, we prove that the Ritz value
converges to eigenvalue, although not necessarily to the largest one.

Theorem 6. In Algorithm 4, if breakdown does not occur, the largest Ritz value 0&3)

()

verges to an eigenvalue of A. When the Ritz value 0,

A1, the Ritz vector ugg)

con-
converges to the largest eigenvalue

converges to the corresponding eigenvector xy.

15



Proof. Similarly to Lemma 3, write Bﬁnz

4 L
o (B B
me =\ g T opo |

myg,12 myg,22

(0

where B(e) 11 1s m X m, B( ) g2

my,1

B(Z) 11 = dlag(egz), .. .,95??) in view of line 13 of Algorithm 4. Since limy_ s Bﬁfl’m =0

o is m x (my —m), and B,/ 5 is (my —m) x (my —m). Then

T
sq = 0 holds, where v%z) Avgll is the (1,m + 1) element
of Bﬁni,lQ' Similarly to (36) and (37), let

from Lemma 3, limy_, U;ﬁ) Ay

~(¢ 4 — Y4 4 l Y4
@ = (A= 07 —vOWD (4- g 1), (38)
Then we have
4
vihy = By /185 (39)
by (36), (37). Thus we see
¢ ~(¢)
Jim o0 420, 12,1 =0 (40)

T
Firstly, we prove 09" AGY =1 as follows. For the equation (38), we see
1 m+1

T T T
o AVO W (A -8 DY) = 00 (A - 8L D

1,m

(¢-1) (¢-1)

) [u (Z_l), e ,ug_l)], where u; 7,...,u> ' are the Ritz vectors, which

in view of Vﬁ1 =

satisfy u( nt Aug Y~ 0fori = j. It follows that
T
0T 40

T
O = 0T A 50 1) — 900" (4~ 0, 1) 10

oT ? 0
= o (-0 -0 D

= 1 (41)
Thus we have
Jim ol 400, = tim o 400, /120, = lim 1712, ) = 0. (42)
Noting
|@%) 1 < llA - 8% n~ e

from (38), we have
lim 1/](A -840 1)~ =0,
{—o0 )
(c0) _ plo0) 5

which means that A—g(oi)l is a singular matrix. In other words, 9 e
(f)

is an eigenvalue

of A. When 0% ) converges to the largest eigenvalue, the Ritz vector u;’ converges to the
corresponding eigenvector, which is the property of the Rayleigh-Ritz procedure. O
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Finally, we would like to mention that a similar result is established for the Jacobi-
Davidson method with Harmonic Ritz values in [24] for computing the eigenvalue with the
smallest absolute value. This algorithm is mathematically equivalent to Algorithm 4 for A=,
If A is nonsingular, then the largest eigenvalue of B% converges to an eigenvalue of A~! by
Theorem 6. When the convergent value is the largest eigenvalue of A~!, the corresponding
Harmonic Ritz vector converges to the corresponding eigenvector, which is the property of

the Rayleigh-Ritz procedure.
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