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Abstract

We show that the unitary factor U, in the polar decomposition of
a nonsingular matrix Z = U, H is the minimizer for both

[Log(Q"Z)|  and  [|sym.(Log(Q"Z))|

over the unitary matrices @ € U(n) for any given invertible matrix
Z € C™*"_for any unitarily invariant norm and any n. We prove that
U, is the unique matrix with this property. As important tools we use a
generalized Bernstein trace inequality and the theory of majorization.

Keywords: unitary polar factor, matrix logarithm, matrix exponential,
Hermitian part, minimization, unitarily invariant norm, polar decomposi-
tion, majorization, optimality
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1 Introduction

Just as every nonzero complex number z = re’? admits a unique polar
representation with r € Ry, ¢ € (—m, 7|, every matrix Z € C"*" can be
decomposed into a product of the unitary polar factor U, € U(n) (where
U(n) denotes the group of n x n unitary matrices) and a positive semidefinite
matrix H [4, Lemma 2, p.124], [23, Ch. 8],[24, p.414]:

Z =U,H.
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This theorem has its roots in some of Cauchy’s work on elasticity [13]. It
was given as an algebraic statement with ideas for a proof by Finger [19,
Eq (25)], and proven by E. and F. Cosserat [15, 6]. Finally, it was given in
matrix notation and extended to complex matrices by Autonne [4], cf. [16
Sect. 43], [41, Sect. 35-37].

The polar decomposition is unique if Z is invertible. We note that the
polar decomposition exists for rectangular matrices Z € C™*"™, but in this
paper we shall restrict ourselves to invertible Z € C"*", in which case U,, H
are unique and H = v/ Z*Z is positive definite, where the matrix square root
is taken to be the principal one [23, Ch. 6].

The unitary polar factor U, plays an important role in geometrically
exact descriptions of solid materials. In this case Ug F = H is called the right
stretch tensor of the deformation gradient F' and serves as a basic measure
of the elastic deformation [10, 33, 37, 32, 31]. For additional applications
and computational issues of the polar decomposition see e.g. [20, Ch. 12]
and [30, 12, 28, 29].

The unitary polar factor also has the property that in terms of any
unitarily invariant matrix norm | - ||, i.e. norms that satisfy || X|| = ||[UXV||
for any unitary U,V it is the nearest unitary matrix [7, Thm. IX.7.2], [18],
[21], [23, p. 197] to Z, that is,

min ||Z - Q| = o IIQ Z-=I=U;z-1|=VzrZ—-1|. (1)
QeU(n)

The presumably first proof - also motivated by elasticity theory - of the
important case of dimension three and the Frobenius norm can be found in
Grioli’s work [21], see [38]. The purpose of the present paper is to show that
the unitary polar factor enjoys this minimization property (made precise in
(10)) also with respect to ||Log...||, an expression that arises when con-
sidering geodesic distances on matrix Lie groups (see [39], [34] and [35] for
further motivation):

min || Log Q" Z|| = |log U3 2| = || log VZ+Z|
QeU(n)

and with respect to the Hermitian part of the logarithm

omin I sym. Log Q" Z|| = || sym.log Uy Z|| = || log V Z*Z]|.
Here Log Z denotes any solution to exp X = Z, while log Z denotes the
principal matrix logarithm (we discuss more details in section 2.3); sym, X =
3(X 4+ X*) is the Hermitian part of X € C"*".
This minimization property is fundamental as it holds for arbitrary n €
N, all unitarily invariant matrix norms, and in fact for the whole family

pl sym, Log(Q" 2)|” + el skew, Log(@2)[, > 0,pc > 0. (2)



By contrast, the respective property does not hold true [36] for
dllsym(Q°Z = D)2 + ol skew (Q“Z — D2, 0<pe<p,  (3)

wherefore the minimization (2) seems even more fundamental than (3). Note
that (3) reduces to (1) by taking u = p. = 1.

This result, which is a generalization of the fact for scalars that for any
complex logarithm and for all z € C\ {0}

min | Loge(e2)|? = |log |2])?, min | Re Loge(e~"2)|? = |log|z||?

de(—m,m] de(—m,m]
has recently been proven for the spectral norm in any dimension n and the
Frobenius norm for n < 3 in [39]. By using majorization techniques (see also
[9]) we now prove this property in any dimension n and for any unitarily
invariant matrix norm.

In [39] the conditions for applying the new sum of squared logarithms
inequality [11] are obtained from the inequality

Jexp X|| < [[expsym. X[, [7, IX.3.1], (4)

which can be derived from Cohen’s generalization [14] of Bernstein’s trace
inequality [5], which is inequality (4) for the Frobenius norm. In this pa-
per, we exploit the conditions obtained by Cohen [14], inequality 6 below,
directly, apply the logarithm first and then use majorization techniques.

In the next section we provide some basics about compound matrices
and majorization upon which our proof is built. We then discuss properties
of the matrix logarithm, and in section 3 we prove the asserted minimization
property. Finally, we prove the uniqueness of U, as the minimizer.

Notation. 0;(X) = \/Ai(X*X) denotes the i-th largest singular value of
X. The symbol I, denotes the k x k identity matrix, which we simply write
I if the dimension is clear. By | - || we mean any unitarily invariant matrix
norm. U(n) denotes the group of complex unitary matrices. We let sym, X =
2(X* + X) denote the Hermitian part of X and skew, X = (X — X*) the
skew-Hermitian part of X such that X = sym, X +skew, X. exp denotes the
matrix exponential function exp X = Y > %X ™. In general, Log Z with
capital letter denotes any solution to exp X = Z, while log Z denotes the
principal matrix logarithm.

2 Preliminaries

2.1 Compound matrices and the generalized Bernstein in-
equality

The most important ingredient for our proof is inequality (6) below, which
is stated in terms of compound matrices. The k-th compound matrix AK)



of a matrix A is the (}) x (})-matrix consisting of the (lexicographically
ordered) determinants of all k£ x k submatrices of A (the minors). For the
convenience of the reader we recall some properties of compound matrices
(see e.g. [6, p.411]):

(AB)®) = o) p(¥) for any A, B € C™*" (Binet-Cauchy formula).
In particular: if A is invertible, -*) and ~! commute:
(AD) = (a7H®),

Denote by tr¥ A := tr;[A)] the i-th partial trace (sum of the i largest
eigenvalues in modulus) of the k-th compound matrix of A. If A is similar
to B, that is A = SBS™!, then

trf A= tri?C B, (5)

because A®) and B®*) are also similar by the preceding two properties.
For A = diag(z1,...2,), the k-th compound matrix A% is a diagonal
matrix with the different products of k factors x; as entries.

Example 2.1 Let X = diag(xy1,x2,x3,x4), where x1 > xo > x3 > x4 > 0.
Then

XM =x,

xX@ = diag(x1x9, 1273, T124, T2X3, ToT g, T3Ty),
xX@) = diag(x1zows, T1222 4, T1T32 4, T2T3T4),
X(4) = (1‘1.%'2.%'31‘4)

and e.g.

tr X =tr XU = tril) X,

iV X =21, M X =ay 42, 00X =2y +ao+as, X =2 +a9+ 235+ 24,
tr§2) X = x122, trg) X = 2122 + 1123,

trgf) X = m29 + 2173 + max{r24, 1273},

trgg) X = x12913 + X122y,

trgl)X =, tr§2)X = x1T3, trgg)X = X1T913, trg4) = T1X9X3T4.

In general, for diagonal matrices diag(x;) with x1 > w9 > -+ >z, > 0, one

obtains trgk) diag(z;) = 1+ 2.



Cohen [14], generalizing Bernstein’s result [5], proved the inequality

trf (exp(A) exp(A*)) < trf (exp(A + A¥)) (6)
forany Ae C"™" k=1,...,n,i=1,..., (Z) and the matrix-exponential
function: exp(A4) =77, %. Of course (6) is an equality if AA* = A*A.

We will use the case i = 1 of these inequalities for compound matrix
traces to show the majorization of suitable vectors.

2.2 Majorization

Let x,y € R™. Then z is said to be majorized by y, x < vy, if

k k
Zx%ﬁZyi forallk=1,...,n
i=1 i=1

n n
and E Ti = E Yi,s
=1 =1

where z+ denotes the vector 2 with decreasingly rearranged components.
If the latter condition is dropped, we say x is weakly majorized by y,
denoted by = <, y, see [27].

Theorem 2.2 ([27]) If x < y and f: R — R is a convex function, then
(F@1)s. . Fn)) < () F)). (27, 5.4.1]

This theorem can be proved (see [1, eqn. (1.9)]) by using a characteriza-
tion of majorization, given in [22, Thm.8|, via the existence of a doubly
stochastic matrix P such that x = Py. We note that the theorem includes
Karamata’s inequality [26], which states Y ;" | f(z;) < > f(y;) under the
same conditions.

Based on an observation of von Neumann [40] (see also [7, Thm. IV.2.1],
[25, sec. 3.5]) on the relationship between unitarily invariant norms and
symmetric gauge functions (norms that are invariant under change of order
or signs of components) of their singular values and Ky Fan’s theorem on
a conditition for inequalities of symmetric gauge functions [17, Thm.4] (see
also [8]), one has the following important connection between majorization
and unitarily invariant norms :

Theorem 2.3 ([17]) Let X,Y € C™*™ be two matrices. Then
X1 = (Y]]

for all unitarily invariant norms || - || if and only if the vectors o(X),o(Y)
of singular values satisfy
o(X) =y o(Y).



2.3 Matrix logarithm

For every nonsingular Z € GL(n,C) there exists a solution X € C"*" to
exp X = Z, which we call a logarithm X = Log(Z) of Z. By definition,

VX eC™: expLogX =X,
whereas the converse does not have to be true without further assumptions,
Logexp X # X,

because, as in the scalar case, the matrix logarithm is multivalued depending
on the unwinding number [23, p. 270] [3]: a nonsingular real or complex
matrix may have an infinite number of real or complex logarithms.

If we want to work with one special logarithm with certain desirable
properties, we use the principal matrix logarithm log X: Let X € C™"*"™,
and assume that X has no eigenvalues on (—oo,0]. The principal matrix
logarithm of X is the unique logarithm of X (the unique solution Y € C™*"
of expY = X) whose eigenvalues lie in the strip {z € C: —7 < Im(z) < 7}.
If X € R™™ and X has no eigenvalues in (—o0, 0], then the principal matrix
logarithm is real.

The following statements apply strictly only to the principal matrix log-
arithm [23, Ch. 11]:

logexp X = X if and only if |Jm(X\)| < 7 for all A € spec(X), (7)
log(Q*XQ) = Q7 log(X)Q, VQelU(n). (8)

Since sym, X is Hermitian the matrix expsym, X is positive definite, so we
can apply (7) and it follows from (8) that

VX eC™: Qfsym,X]|Q = Q*[logexpsym, X]Q = log[Q" (exp sym, X)Q] .
(9)

3 The minimization

3.1 Preparation

The goal is to find the unitary @ € U(n) that minimizes || Log(Q*Z)|| and
|| sym, Log(Q*Z)|| over all possible logarithms. Due to the non-uniqueness
of the logarithm, we give the following as the statement of the minimization
problem:

min ||Log(Q*Z)|| := min {||X||eR|expX = Q*Z},
Jmin (| Los(@2)] = min {X] € B| exp X = @2}

min | sym,Lo *Z)|| ;= min {||sym,. X|| e R|lexpX =Q*Z}. (10
Qeu(n)lly g(Q*2)|| Qeu(n){\ly | | exp Q*Z}. (10)



We first observe, as shown in [39], that without loss of generality we may
assume that Z € GL(n,C) is real, diagonal and positive definite. To see
this, consider the unique polar decomposition Z = U, H and the eigenvalue
decomposition H = VDV* where D = diag(ds,...,d,) with d; > 0. Then

min ||sym,Log(Q*Z)|| = min {||sym.X||| exp X =Q*Z
i sy, Log(Q"2)] = min {]lsymn. X[ | exp X = @2}

= min {H sym, X|| | exp X = Q*U,VDV*}

Qeu
= ergn {Hsym X|| exp(V*XV) =V*Q*U,V D}
= min {||sym.X||| exp(V*XV)=Q*D} (11)
QEU(n
— min {Hsym (V*XV)|| | exp(V*XV) = Q*D}
Qeu(n)
= min {||sym.(X)| | exp(X) = Q*D}
QeU(n)
= min || sym,LogQ*D|,
Qeu(n)H y g Q"D

where we used the unitary invariance for any unitarily invariant matrix
norm and the fact that X — sym, X and X — exp X are isotropic matrix
functions, ie. f(V*XV) = V*f(X)V for all unitary V. If the minimum
is achieved for @ = I in mingey(y) || sym. Log(Q*D)|| then this corresponds
to Q@ = Up in mingey(y,) || sym.Log @*Z||. Therefore, in the following we
assume that Z = D = diag(dy,...d,) with d; > dy > ... > d, > 0.

3.2 Main result: minimizing ||Log Q*D||

Our starting point is the problem of minimizing the Hermitian part

HllIl Hsym (Log(Q@"2))]|-
Qeu

As we will see, a solution of this problem will already imply the other min-
imization properties. Let n € N be arbitrary. For any @) € U(n) the
Hermitian positive definite matrix exp(sym,Log @*D) can be unitarily di-
agonalized with positive, real eigenvalues, i.e., for some Q1 € U(n)

Qi (exp(sym.Log Q" D)) Q1 = diag(a1,....an) = X. (12

Here, we assume that the positive real eigenvalues are ordered as 1 > z9 >
. > x, > 0. Then from

detexp X = "X



which holds true for arbitrary matrices [6, p.712], we have

det X = det(exp(sym,Log Q" D)) = | exp(tr(sym,Log Q" D))|
= exp(Re tr(Log Q*D)) = [exp(tr(Log Q" D))| (13)
= | det exp Log(Q*D)| = | det(Q*D)| = det D,

and therefore
L1 Tp—-1Tn :d1 d2-"dn71 dn. (14)

Due to (12), X? = XX* and exp(sym,Log Q*D) exp(sym, Log Q*D)*
are similar. Furthermore,

exp(sym, Log Q" D) exp(sym, Log Q" D)* = exp(sym.(Log Q* D)) exp((sym.(Log Q" D))")
= exp(2sym,Log Q" D)
= exp((Log Q*D) + (Log(Q*D))").

Hence by equation (5) the matrices X2 and exp((Log Q*D) + (Log(Q*D))*)
have the same partial compound traces trf, and setting ¢ = 1 we obtain
from Cohen’s inequality (6) that

trgk) X2 = trgk) (exp((Log Q*D) + (Log(Q*D))*))
> t1{" (exp(Log Q" D) exp(Log Q" D)) = 11" (Q"DD*Q) = tx{" D?,

i.e. (recall that trgk) is the largest eigenvalue of the k-th compound matrix):

x> d?
z? 25 > d3 d3
(15)
2.2 2 2 12 2
Tywy -2y g 2 didy- - dy g
22 2 2 2 2 2 2
Ty Ty g Ty 2 dydy - dyy oy dyy.

Of course, by (14) the last inequality is in fact an equality. Applying the
logarithm to (14) and to (15) gives

logxz1 > logd;
log z1 + log z9 > log d; + log ds

logzi +logao + -+ +loga,_1 > logdy +logds + - +logd, 1 (16)
logz; +logxzs + - -+ +logx, =logd; +logds + - - - + logd,.



That is, we have the majorization
(log z1,...,logxzy,) = (logdy, ..., logd,), (17)

very much in the spirit of the reformulation of Cohen’s result in [2, Thm.
Cl.

As the modulus is a convex function, from Theorem 2.2 we obtain

(og 1], .-, | 10g al) = (|10g ], . ., |10g dul) . (18)

Note that these vectors contain nothing but the singular values of log X and
log D respectively, and hence

[[log X|| > [[1og Dl (19)

for any unitarily invariant norm, by Theorem 2.3.
According to (9) and (12),

log X = log[Q7 exp(sym,Log Q*D)Q1] = Q] (sym,Log Q*D)Q (20)
and because || - || is unitarily invariant, (19) can be stated as
| sym.Log @*D|| > || log DI (21)

Together with the trivial upper bound for the minimum (let @ = I and
Log = log) we conclude that

min || sym,Log(Q*D)|| = || log D||. 22
Jin sy Log(@* D) = | 10g D) £o

The minimum is realized for () = I, which corresponds to the polar factor
Up in the original formulation.

To obtain the solution for the minimization problem mingey(y) || Log(Q* D) ||
from that of the Hermitian part (22), we use the fact that for any unitarily
invariant norm, the norm of the Hermitian part of any matrix is less than
or equal to the norm of the matrix [24, p.454],

(| sym. X || < [ X]].
It follows that

min |[|LogQ*D|| > min ||sym,LogQ*D|| = ||log D]||.
Juin [[Los QD> min ||sym.LogQ"D| = log D)|
The last inequality, together with the minimum’s upper bound for @ = I,
yields

min || Log(Q*D)|| = | log D]||. 23
Juin | Log(@"D)] = |[10g D] 2



Combining the above results, for all x> 0, . > 0 we obtain (2):

iyl sym.Log(Q"2) + | skew. Log(Q* 2)|* = min p]sym.Log(@"2)|”

= | sym. Log(U; Z)|[* = | sym. Log(U; Z) | + e || skew. Log(U; Z) |

=0

— il log U3 Z|I? = ul| log VZ*Z|?.
In summary, we have proved the following;:

Theorem 3.1 Let Z € C™"™ be a nonsingular matriz and let Z = U,H be
its polar decomposition. Then for any unitarily invariant norm || - ||

i L *Z|| = ||logU*Z|| = || log H|,
Qléﬁ?n)” 0g Q" Z|| = ||log U, Z|| = || log H|

Juin [lsym.LogQ*Z] = |l sym.lox U; 2] = [[log H|.
eu

and for any u > 0, pe >0

Juin (] sym. Log(@"2)|* + el skew. Log(Q"2)|*) =l log H]*.

3.3 Uniqueness

The question of uniqueness was considered in [39] for the spectral norm and
for the Frobenius norm when n < 3. The analysis there showed that @ = U,
is the unique minimizer of || Log Q*Z|| for the Frobenius norm for n < 3, but
not for the spectral norm. Moreover, it was conjectured there that Q) = U,
is the only matrix that minimizes || log @*Z|| regardless of the choice of the
unitarily invariant norm. Here we prove this in the affirmative:

Theorem 3.2 Let Z € C™*" be a nonsingular matriz, and suppose @ €
U(n) is such that for every unitarily invariant norm || - || the equality

105Q" 2] = min |Log@"Z]

holds. Then Q = Up, the unitary polar factor of Z.

PROOF. By Theorem 2.3, for a fixed @) to be the minimizer of ||Log Q*Z||
for every unitarily invariant norm, we need equality to hold in (19) for every
Ky Fan k-norm || Z|| ) = Zle 0i(Z) for k =1,2,...,n. That is, we require

llog X[y = |l log Dllgy, &k =1,2,....n. (24)

We re-order the sets logx; and logd; to arrange in decreasing order of
absolute value and denote them by |log@1| > |logZs| > -+ > [log 7| and
| log d1| > |log d2| > > |10gd |. Then (24) is equivalent to

(|logZ1l, ..., [logZu|) = (logdl, ..., |logdnl). (25)

10



Recall that log x; and log d; also satisfy the majorization property (16). We
now claim that (16) and (25) imply z; = d; foralli =1,...,n.
It is worth noting that (25) includes the statement

n n n n
> llog@i| =Y |logdi| & Y |logzi| = |logdi,
=1 =1 =1 =1

that is, Karamata’s inequality holds with equality. Moreover, Karamata’s
inequality is known to become an equality if and only if the two sets are
equal, which in this case means logx; = logd; for all i, provided that the
function f(x) (which here is |z|) is strictly convex. However, since |z| is not
strictly convex over R, this argument is not directly applicable. Below we
shall see that we nonetheless have x; = d;.

First, since log is a monotone function we have either logz; = logz; > 0
or logz; = log z, < 0, and similarly log c?l =logd; > 0 or logcfl =logd, <
0.

By (25) we need |log 71| = |log c/i\1|, so either logZ; = log dy or logz; =
—logd;. Now if 1 = d; then we can remove Z1, d; from the lists Z;, d; with-
out affecting the argument. Hence here we suppose that logz; = —logdy,

and show by contradiction that this assumption cannot hold, thus proving
71 = d;.

Observe that the aSSUI/I\lptiOH logz; = — logél\l forces 71 = x1 and c?l =
d,, (instead of 1 = z, or d; = dy), because if log ¥ = log x,, < 0 and hence
|logZ1| > [log 1], then logd; > 0 and hence |logd;| = logd; > 0, and so

logd; = |logdi| = |logZ1| > |log x|, contradicting the first majorization
property in (16). R R
Hence our assumptions are logz; = —logdy, 1 = 1 and d; = d,,. In

the equality > ;" logz; = Y i, logd; of (16), subtracting logd,, = logd; =
—log x1 from both sides yields

2logxzy +logxzo + -+ logx, =logdy +logds + -+ + logd,_1.
Together with the (n—1)th majorization assumption Z?;ll log z; > Z?;ll log d;
we need

logxy +logas + -+ +logx,_1 > 2logxy + logxo + - - - + log zy,

which is equivalent to logx; + log x, < 0. This contradicts our assumption
|log z1| > | log x| unless |logz1| = |logx,|, but in this case we can remove
both z,, and d,, (with z,, = d,,) from the list without affecting the argument.
Overall we have shown that we have x; = dj, and by repeating the same
argument we conclude that

x; =d; for all <. (26)

11



We next examine the necessary conditions to satisfy || sym,Log(Q*D)| =
| log D|| in (22), and show that we need @ = I. We clearly need

| sym, Log(Q* D)|| = || Log(Q"D)||

for every unitarily invariant norm, which forces Log(Q*D) to be Hermi-
tian. Hence the matrix exp(Log(Q* D)) is positive definite, so we can write
exp(Log(Q*D)) = Q; diag(x1,...,zy)Q1 for some unitary @1 and z; > 0.
Therefore the matrix logarithm is necessarily the principal one, and

Log(Q*D) =log(Q*D) = Q7 diag(log z1, . . ., log ) Q1. (27)

Hence by (27) and (26) we have

log(Q* D) = Q7 diag(log z1, . .., log x,)Q1 = Q7 log(D)Q1,

so taking the exponential of both sides yields
Q"D = Q1DQ1. (28)

Hence D = Q(Q7DQ1). Note that this is the polar decomposition of D,
as Q7DQ1 is Hermitian positive definite. It follows that ) must be equal
to the unique unitary polar factor of D, which is clearly I. Owverall, for
(28) to hold we always need @ = I, which corresponds to the unitary polar
factor U, in the original formulation. Thus @ = U, is the unique minimizer
of || Log(Q*D)|| with minimum | log(U;D)||. Other choices of the matrix
logarithm are easily seen to give larger || Log(Q*D)]||. O

Although we have shown that @ = U, is always a minimizer of || Log Q* 7|,
for a specific unitarily invariant norm it may not be the unique minimizer.
For example, for the spectral norm there can be infinitely many ¢ for which
[log Q*Z|| = |[logU,Z||, as was shown in [39]. In general, Z = U, is
not the unique minimizer when the norm does not involve all the singu-
lar values, such as the spectral norm [|Z|| = 01(Z) and Ky Fan k-norm
1Z]| = 2K, 0i(Z) for k < n.

Below we discuss a general form of the minimizers @ for a Ky Fan k-
norm.

Proposition 3.3 Z = UXV™* be an SVD of a nonsingular Z with ¥ =
diag(o1,09,...,0n). Let S = diag(c1,09,...,0,) where {0;} is a permuta-
tion of {0;} such that |logG1| > --- > |logdy|, and define U,V such that
Z =USV* is an SVD with permuted order of singular values.

Then for any @ € U(n) expressed as @ = Udiag([k, Qgg)‘A/* where Q22 €
U(n — k) such that

|| log Q22 diag(Tpi1, - - -, 0n)|l2 < |log ok, (29)

12



(where || - |2 denotes the spectral norm, that is, the largest singular value),
we have

log Q*Z||(y = min || Log Q*Z|| 4. 30
| log Q" Z || (1) QIGIE?”)H 0g Q" Z|| () (30)

PROOF. Direct calculation shows for such @ that
log Q*Z = log V diag(Iy, Qa2) SV,

so the singular values of log @*Z are the union of logo;, : = 1,...,k and
those of log (Q22 diag(dgr1,-..,0,)). By (29) we have [[logQ*Z||) =
Zle log 7; = ||log U; Z|| (1), and (30) follows from the fact that

logU*Z|liy = min || Log Q*Z
[ log Uy Z|| (1 Qléﬁ?n)” 0g Q" Z|| (1)

as we have seen in Theorem 3.1. O

We note that the set of Qa2 that satisfies (29) includes the choice Q22 =
I,,_. Moreover, the set generally includes more than I,,_, and can be (but
not always) as large as the whole group U(n — k).

3.4 Rectangular 7

The polar decomposition Z = U, H is defined for any Z € C™*" with
m > n, including singular and rectangular matrices [23, Ch. 8]. Also in this
case it solves [23, Thm. 8.4]

1Z = Upll = min{[|Z - Q| : Q°Q = L.}

Therefore a natural question arises of whether U, is still the minimizer of
|| Log Q*Z|| over @ € C™*" such that Q*Q = I,, when m > n.

The answer to this question is in the negative, as can be seen by the
simple example Z = [ 1], for which Z = U, H with U, = %H] and H = v/2.
Defining V = [(1)] we have log Uy Z = % but log V*Z = 0, clearly showing
that Up, is generally not the minimizer of || Log Q*Z||. We conclude that the
minimization property of U, that we have discussed is particular for square
and nonsingular matrices, contrary to the minimization property of U, with
respect to ||Z — @||, which holds for any Z including rectangular ones.

References

[1] T. Ando. Majorizations and inequalities in matrix theory. Linear Algebra Appl., 199,
Supplement 1(0):17 — 67, 1994. Special issue honoring Ingram Olkin.

[2] T. Ando and F. Hiai. Log majorization and complementary Golden-Thompson type
inequalities. Linear Algebra Appl., 197-198(0):113 — 131, 1994.

13



3]

[4]

[9]

(10]

(1]

(12]

(13]

[14]
[15]
[16]
17]
18]

(19]

20]
(21]
(22]

23]

M. Aprahamian and N. J. Higham. The matrix unwinding function, with an appli-
cation to computing the matrix exponential. MIMS EPrint 2013.21, The University
of Manchester, UK, May 2013. To appear in SIAM J. Matrix Anal.

L. Autonne. Sur les groupes linéaires, réels et orthogonaux. Bull. Soc. Math. France,
30:121-134, 1902.

D. S. Bernstein. Inequalities for the trace of matrix exponentials. SIAM J. Matriz
Anal. Appl., 9(2):156-158, 1988.

D. S. Bernstein. Matriz Mathematics. Princeton University Press, New Jersey, 2009.

R. Bhatia. Matriz Analysis, volume 169 of Graduate Texts in Mathematics. Springer,
New-York, 1997.

R. Bhatia and C. Davis. Relations of linking and duality between symmetric gauge
functions. In A. Feintuch and I. Gohberg, editors, Nonselfadjoint Operators and
Related Topics, volume 73 of Operator Theory: Advances and Applications, pages
127-137. Birkhaeuser Basel, 1994.

R. Bhatia and P. Grover. Norm inequalities related to the matrix geometric mean.
Linear Algebra Appl., 437(2):726 — 733, 2012.

M. Birsan and P. Neff. Existence of minimizers in the geometrically non-linear 6-
parameter resultant shell theory with drilling rotations. Mathematics and Mechanics
of Solids, 2013.

M. Birsan, P. Neff, and J. Lankeit. Sum of squared logarithms: An inequality relating
positive definite matrices and their matrix logarithm. Journal of Inequalities and
Applications, 2013(1):168, 2013.

R. Byers and H. Xu. A new scaling for Newton’s iteration for the polar decomposition
and its backward stability. SIAM J. Matriz Anal. Appl., 30:822-843, 2008.

A. L. Cauchy. Mémoire sur les dilatations, les condensations et les rotations produites
par un changement de forme dans un systéme de points matériel. Oeuvres complétes
d’Augustin Cauchy, 1I-XII, pp. 343-377. Gauthier-Villars, Paris, Paris, 1841.

J. E. Cohen. Spectral inequalities for matrix exponentials. Linear Algebra Appl.,
111:25-28, 1988.

E. Cosserat and F. Cosserat. Sur la théorie de I’ élasticité. Ann. Toulouse, 10:1-116,
1896.

J. L. Ericksen. Tensor fields. In S. Fligge, editor, Handbuch der Physik, volume
III/1. Springer, Heidelberg, 1960.

K. Fan. Maximum properties and inequalities for the eigenvalues of completely con-
tinuous operators. Proc. Natl. Acad. Sci. USA., 37(11):760 — 766, 1951.

K. Fan and A. J. Hoffmann. Some metric inequalities in the space of matrices. Proc.
Amer. Math. Soc., 6:111-116, 1955.

J. Finger. Uber die gegenseitigen Beziehungen gewisser in der Mechanik mit Vortheil
anwendbaren Flachen zweiter Ordnung nebst Anwendungen auf Probleme der As-
tatik. Wien Sitzgsber. 2a, 101:1105-1142, 1892.

G. H. Golub and C. F. Van Loan. Matriz Computations. The Johns Hopkins Uni-
versity Press, 1996.

G. Grioli. Una proprieta di minimo nella cinematica delle deformazioni finite. Boll.
Un. Math. Ital., 2:252-255, 1940.

G.H. Hardy, J.E. Littlewood, and G. Pdlya. Some simple inequalities satiesfied by
convex functions. Messenger of Mathematics, 58:145 — 152, 1929.

N. J. Higham. Functions of Matrices: Theory and Computation. STAM, Philadelphia,
PA, USA, 2008.

14



[24]
[25]
126]
[27]
28]
[29]

(30]

(31]
32]

(33]

34]

(35]

(36]

37]

(38]

(39]

(40]

41]

R. A. Horn and C. R. Johnson. Matriz Analysis. Cambridge University Press, New
York, 1985.

R. A. Horn and C. R. Johnson. Topics in Matriz Analysis. Cambridge University
Press, New York, 1991.

J. Karamata. Sur une inégalité relative aux fonctions convexes. Publ. Math. Univ.
Belgrad, 1:145-148, 1932.

A. W. Marshall, I. Olkin, and B. C. Arnold. Inequalities: Theory of Majorization
and Its Applications. Springer Series in Statistics. Springer, 2011.

Y. Nakatsukasa, Z. Bai, and F. Gygi. Optimizing Halley’s iteration for computing the
matrix polar decomposition. STAM J. Matriz Anal. Appl., 31(5):2700-2720, 2010.

Y. Nakatsukasa and N. J. Higham. Backward stability of iterations for computing
the polar decomposition. SIAM J. Matriz Anal. Appl., 33(2):460-479, 2012.

Y. Nakatsukasa and N. J. Higham. Stable and efficient spectral divide and conquer
algorithms for the symmetric eigenvalue decomposition and the SVD. SIAM J. Sci.
Comp, 35(3):A1325-A1349, 2013.

P. Neff. Local existence and uniqueness for quasistatic finite plasticity with grain
boundary relaxation. Quart. Appl. Math., 63:88-116, 2005.

P. Neff. Existence of minimizers for a finite-strain micromorphic elastic solid. Proc.
Roy. Soc. Edinb. A, 136:997-1012, 2006.

P. Neff and K. Chelminski. A geometrically exact Cosserat shell-model for defec-
tive elastic crystals. Justification via I'-convergence. Interfaces and Free Boundaries,
9:455-492, 2007.

P. Neff, B. Eidel, F. Osterbrink, and R. Martin. A Riemannian approach to strain
measures in nonlinear elasticity. ArXiv e-prints, May 2013.

P. Neff, B. Eidel, F. Osterbrink, and R. Martin. The isotropic Hencky strain energy
measures the geodesic distance of the deformation gradient F € GL™(n) to SO(n)
in the unique left invariant Riemannian metric on GL(n) which is also right O(n)-
invariant. submaitted, 2013.

P. Neff, A. Fischle, and I. Miinch. Symmetric Cauchy-stresses do not imply symmetric
Biot-strains in weak formulations of isotropic hyperelasticity with rotational degrees
of freedom. Acta Mechanica, 197:19-30, 2008.

P. Neff and S. Forest. A geometrically exact micromorphic model for elastic metal-
lic foams accounting for affine microstructure. Modelling, existence of minimizers,
identification of moduli and computational results. J. FElasticity, 87:239-276, 2007.

P. Neff, J. Lankeit, and A. Madeo. On Grioli’s minimum property and its
relation to Cauchy’s polar decomposition.  ArXiv e-prints, September 2013.
http://arxiv.org/abs/1310.7826.

P. Neff, Y. Nakatsukasa, and A. Fischle. The unitary polar factor Q@ = U,
minimizes ||Log(Q*Z)|* and ||sym. Log(Q*Z)|*> in the spectral norm in any di-
mension and the Frobenius matrix norm in three dimensions. preprint, 2013.
http://arxiv.org/abs/1302.3235.

J. V. Neumann. Some matrix-inequalities and metrization of matric-space. Tomsk
University Review, 1:286 — 300, 1937. reprinted in A.H. Taub (Ed.), John Von Neu-
mann collected works, Vol. 4 Pergamon, New York (1962).

C. Truesdell and R. Toupin. The classical field theories. In S. Fliigge, editor, Hand-
buch der Physik, volume I11/1. Springer, Heidelberg, 1960.

15



