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Abstract

We investigate asymptotic construction of constant-risk Bayesian predictive densities under the
Kullback—Leibler risk when the distributions of data and target variables are different and have a
common unknown parameter. It is known that the Kullback—Leibler risk is asymptotically equal to a
trace of the product of two matrices: the inverse of the Fisher information matrix for the data, and the
Fisher information matrix for the target variables. We assume that the trace has an unique maximum
point with respect to the parameter. We construct asymptotically constant-risk Bayesian predictive
densities using a prior depending on the sample size. Further, we apply the theory to the subminimax
estimator problem and the prediction based on the binary regression model.

1 Introduction

Let (™) = (z1,---,zy) be independent N data distributed according to a probability density p(z|6)
that belongs to a d-dimensional parametric model {p(z|0) : € O}, where § = (#,--- ,6%) is an unknown
d-dimensional parameter, and © is the parameter space. Let y be a target variable distributed according
to a probability density ¢(y|f) that belongs to a d-dimensional parametric model {q(y|0) : 6 € O} with
the same parameter . Here, we assume that the distributions of the data and the target variables p(x|6)
and ¢(y|0) are different. For simplicity, we assume that the data and the target variables are independent
given by 6.

We construct predictive densities for target variables based on the data. We measure the performance
of the predictive density G(y|z(™) by the Kullback-Leibler divergence D(q(-|6),¢(-|z¥))) from the true
density q(y|@) to the predictive density §(y|z™):

D100tk ™) = [ a(wio) o LU

Then, the risk function R(8, §(y|zN))) of the predictive density G(y|zN)) is given by

R(0,q(yla™)) = /p(w(N)W)D(Q(-W),é(-lw(N)))dﬂr(N)

q(ylo)

a\y 0g ~ Y .

For the construction of predictive densities, we consider the Bayesian predictive density defined by

J ay|0)p(z™)|0)m(6; N)do

el = e N

where 7(0; N) is a prior density for 6 possibly depending on the sample size N. Aitchison (1975) showed
that, for a given prior density 7(6; N), the Bayesian predictive density ¢ (y|z(™)) is a Bayes solution under



the Kullback-Leibler risk. Based on the asymptotics as the sample size goes to infinity, Komaki (1996)
and Hartigan (1998) showed its superiority over any plug-in predictive density ¢(y|0) with any estimator .
However, there remains a problem of prior selection for constructing better Bayesian predictive densities.
Thus, a prior 7(f; N) must be chosen based on an optimality criterion for actual applications.

Among various criteria, we focus on a criterion of constructing minimax predictive densities under the
Kullback—Leibler risk. For simplicity, we refer to the priors generating minimax predictive densities as
minimax priors. Minimax priors have been previously studied in various predictive settings; see Bernardo
(1979), Clarke and Barron (1994), Aslan (2006), and Komaki (2011, 2012). Except for Komaki (2011),
these studies are based on the assumption that the distributions p(z|0) and ¢(y|6) are identical. Let us
consider the prediction based on the logistic regression model where the covariates of the data and the
target variables are not identical. In this predictive setting, the assumption that the distributions p(z|0)
and ¢(y|f) are identical is no longer valid.

We focus on the minimax priors in predictions where the distributions p(x|6) and ¢(y|@) are different
and have a common unknown parameter. Such a predictive setting has traditionally been considered in
the statistical prediction and the experiment design. It has recently been studied in the statistical learning
theory (e.g., Kanamori and Shimodaira, 2003). Predictive densities where the distributions p(z|f) and
q(y|0) are different and have a common unknown parameter are studied by Shimodaira (2000), Fushiki,
Komaki, and Aihara (2004), Suzuki and Komaki (2010), and Komaki (2013).

Let 91')5 (0) be the (i, j)-component of the Fisher information matrix of the distribution p(z|#), and let
95(0) be the (i, j)-component of the Fisher information matrix of the distribution ¢(y|6). Let g*¥ ()
and ¢g¥"¥(#) denote the (4, j)-components of their inverse matrices. We adopt the Einstein’s summation
convention: if the same indices appear twice in any one term, it implies summation over that index from
1 to d. For the asymptotics below, we assume that the prior densities 7(6; N) are smooth.

On the asymptotics as the sample size N goes to infinity, we construct asymptotically constant-risk
priors m(6; N) in the sense that the asymptotic risk

RO ax(ule ™) = R (0,050 ™)) + < Falb.ax(y}a ™) + OV )
is constant up to O(N -3/ 2). Since the proper prior with the constant risk is a minimax prior for any finite
sample size, the asymptotically constant-risk prior relates to the minimax prior; in Section 4, we verify
that the asymptotically constant-risk prior agrees with the exact minimax prior in binomial examples.

It is known that the N~!-order term R;(6, ¢ (y|zN))) of the Kullback Leibler risk is equal to the
trace g4 (6) 93; (0). If the trace does not depend on the parameter 6, the construction of asymptotically
constant-risk priors is parallel to Aslan (2006); see also Komaki (2013).

However, we consider the setting where there exists a unique maximum point of the trace g~ (0) gz; (0);
for example, this setting appears in predictions based on the binary regression model where the covariates
of the data and the target variables are not identical. In this setting, there does not exist asymptotically
constant-risk priors among the priors independent of the sample size N. The reason is as follows: we
consider the proper priors 7(¢). Although the asymptotic Bayes risk [(1/N)g*:¥ (9)92;- (0)w(6)do is
maximized by the discrete priors, the discrete priors violate the smoothness condition of the priors for
the asymptotics.

When there exists a unique maximum point of the trace g%+ (6) ggj/- (0), we construct the asymptotically
constant-risk prior 7(#; N) up to O(N~2) by making the prior dependent on the sample size N as

7(0; N) VN
g * O,
where f(0) and h(f) are the scalar functions of § independent of N, and |¢gX ()| denotes the determinant
of the Fisher information matrix g* (6).
The key idea is that, if the specified parameter point has the more undue risk than the other parameter
points, then the more prior weights should be concentrated on that point.
Further, we clarify the subminimax estimator problem based on the mean squared error from the
viewpoint of the prediction where the distributions of data and target variables are different and have



a common unknown parameter. We obtain the improvement achieved by the minimax estimator over
the subminimax estimators up to O(N~2). The subminimax estimator problem (Hodges and Lehmann,
1950; Ghosh, 1964) is the problem that, at first glance, there seems to exist asymptotically dominating
estimators of the minimax estimator. However, any relationship between such subminimax estimator
problems and predictions have not been investigated, and further, in general, the improvement by the
minimax estimator over the subminimax estimators have not been investigated.

2 Information Geometrical Notations

In this section, we prepare the information geometrical notations; see Amari (1985) for details. We
abbreviate 9/06" to 9; where the indices i, j, k, ... run from 1 to d. Similarly, we abbreviate 9%/96°067,
03/00'06706%, and 9*/06°00700%06" to 0ij, Oijk, and Oyji, respectively. We denote the expectations
of the random variables X, Y, and X) by Ex[-], Ey[], and Ey )], respectively. We denote their
probability densities by p(x|6), ¢(y|0), and p(z(N)|6), respectively.

We define the predictive metric proposed by Komaki (2013) as

3i5(0) = g (0)g " (0)g; ().

When the parameter is one-dimensional, ggg(6) denotes Fisher information, and ¢?(6) denotes its inverse.

Let Fka(e) and FWXk(G) be the quantities given by
[7%(0) = Ex[0;logp(x|0)d log p(x|0)]
and
rX(o) = / L 10,p(]6)dp(]0)]da
’ p(z(0)

Using these quantities, the e-connection and m-connection coefficients with respect to the parameter
for the model {p(z|f) : 6 € ©} are given by

eX,k e

Fij 0) = QX’lk(e)Fz’j),(l(e)
and

IR0y = g MO0,
respectively.

The (0, 3)-tensor Té(k(ﬂ) is defined by

Tgk(ﬁ) = Ex[0;log p(x|0)0; log p(x|0)0k log p(x|0)].

The tensor Tz)fk (0) also produces a (0, 1)-tensor

TX(0) = TR0 0).

e m
In the same manner, the information geometrical quantities I’ z]Yk ), I z]Yk (0), and TZ?,C(G) are defined
for the model {q(y|0) : 0 € O}.

Let M{;(G) be a (1, 2)-tensor defined by

M(0) = I, 5(0) = T,;4(0).

For a derivative (01v(#),--- ,0qv(0)) of the scalar function v(#), the e-covariant derivative is given by

Voo;(0) = Byu(0) — I XF(0)0,(0).

)



3 Asymptotically constant-risk priors when the distributions of data
and target variables are different

In this section, we consider the setting where the trace gX¥ (0)93]/- (#) has an unique maximum point.
We construct asymptotically constant-risk priors under the Kullback—Leibler risk in the sense that the
asymptotic risk up to O(N~2) is constant. We find asymptotically constant-risk priors up to O(N~2) in
two steps: first, expand the Kullback—Leibler risk of Bayesian predictive densities. Second, find the prior
having an asymptotically constant risk using this expansion.

From now on, we assume following two conditions for the prior 7(6; N):

(C1) The prior w(6; N) has the form

m(0; N)
g% (6)1/2

where f(0) and h(6) are smooth scalar functions of  independent of N.

o exp{\/ﬁlog f(6) +1logh()},

(C2) The unique maximum point of the scalar function f(#) is equal to the unique maximum point of
the trace gX’”(O)gZ};(G).

Based on conditions (C1) and (C2), we expand the Kullback—Leibler risk of a Bayesian predictive
density up to O(N~2).

Theorem 3.1. The Kullback—Leibler risk of a Bayesian predictive density based on the prior m(0; N)
satisfying condition (C1) is expanded as

R(8, 4x(ylz'™))

iNgi? (O)559(0) + 5307 (0)0: 108 £(0)0; 108 F(0) = <~ T3 0) 7 (0)** (0)0)lox 10
o O 108 10) + 0540 {G,01108.10) 0y 1ow F 012103 0
T O O (0)5™(0)0, 1ok ()01 108 (9)0. 108 £(6)
+Mgﬁ(@ij(G)gX’“(@)gX’j “(0)g™""(0)s 1og f(0); log f(6)d. log f ()
+2N1\/Ngx»“<9>g§<9>gx’“<9>w<e>am log (0) + Njﬁéijww!;(e)ak log £(0)
b O (0)05 108 1(0) + g " (0)g%5 ()5 (0)M],(0)01. 108 1 0)
+N\1/N§@'J'(9)ai log f(0)0;log h(0) + O(N~?). (1)

The proof is given in the Appendix.

Remark 3.1. For the subsequent theorem, it is important that at the point §; maximizing the scalar
function log f(0), R(0y,qx(y|z™)) is given by

R(0f, gx(ylz™))

1 X5 Y
2N sup{g (0 )gij (9)

§7(05)0ijlog f(05) + O(N2). (2)

1
NVN
The N~3/2-order term of this risk is common whenever we use the same scalar function log f(#). This

term is negative because of the definition of the point 6¢. Under condition (C2), 6 is equal to the unique
maximum point O,y of the trace g% (6) gB;(H)



Based on (1) and (2), we construct asymptotically constant-risk priors using the solutions of the partial
differential equations.

Theorem 3.2. Suppose that the scalar functions log f(0) and log h(6) satisfy the following conditions:

(A1) log f'(ﬂ) 1s the solution of the Eikonal equation given by
§9(0)0ilog f(0)0;log f(0) = g™ (Omax)gi; (Omax) — g7 (0) g3 (0), (3)
where Opay is the unique mazimum point of the scalar function g~ (H)QB;(H)
(A2) logh(f) is the solution of the first-order linear partial equation given by
01 1og F(6)0; 105 h(6) = ~57(9)V, 0, log F(6)
- §05(0) {S,00106.7(0) 013 FO)01108 70
+ T5(0)g™ Y (0)g™* (0)d 1og £ (6)
+STHO)0 5 (0)559(0)g (00, 0g F(6)0, 108 [(6)0, 108 7(6)

3
— SO 0)g% 7 0)g50)g" (6)0 los F(6)0 105 ()0, 1og 7 (6)
— 50T O)h(0) N )M (6)0 08 F(6) — §7(0) M (6)0k g (0)
— S0 OTX(0)0110g F(8) — L (6)g} ()™M ()M (0)D 1o F(6)
+ G (Omax)0ij 10g f(Omax)- (4)

Let w(6; N) be the prior that is constructed as

w(0; N)

W o exp{VNlog f(6) + log h(0)}.

Further, suppose that log f(0) satisfies condition (C2).
Then, the Bayesian predictive density based on the prior w(0; N) has the asymptotically smallest con-
stant risk up to O(N~2).

Proof. First, we consider the prior ¢(0; N) constructed as

$(0; N) z
From Theorem 3.1, the Kullback-Leibler risk R(6, g4(y|z"V))) based on the prior ¢(6; N) is given by

R(0,a0(0le ™) = 50 (Bra)gl) Bua) + (N ). o)

This is constant up to o(N1).
Suppose that there exists another prior ¢(6; N) constructed as

©(6; N)

WX O x exp{VNlog f(6)},

and the Bayesian predictive density based on the prior ¢(#; N) has the asymptotically constant risk

RO, 45 (yr ™)) = S+ o(N )



From Theorem 3.1, the prior ¢(6; N) must satisfy the equation

§7(0)d;log [(0)9;10g () = k— g (0)g(6).

The left-hand side of the above equation is non-negative, because the matrix g/ () is positive-definite.

Hence, the infimum of the constant k is equal to gX”'j(QmaX)g};- (Omax). From (5), the N~l-order term

of the risk based on the prior ¢(6; N) achieves the infimum gX’ij(GmaX)ggg (Omax). Thus, the Bayesian

predictive density based on the prior ¢(8; V) has the asymptotically smallest constant risk up to o(N~1).
Second, we consider the prior 7(0; N) constructed as

w(0; N)

O exp{V'N log f(8) + log h(6)}.

The above argument ensures that the prior 7(6; N) has the asymptotically smallest constant risk up
to o(N~1). Thus, we only have to check if the N~%2-order term of the risk is the smallest con-
stant. From (2), the N=3/2-order term of the risk at the point .y is unchanged by the choice of
the scalar function log h(6). In other words, the constant N ~3/2-order term must agree with the quantity
§ij(9max)8ij log f(QmaX). From Theorem 3.1, if we choose the prior 7 (6; N), the N—3/2_order term of the
risk is the smallest constant, and it agrees with the quantity §"(fmax)9;j log f (Omax)- Thus, the prior
7(0; N) has the asymptotically smallest constant risk up to O(N~2). O

Remark 3.2. In particular, we consider the model with a one-dimensional parameter f. From condition
(C2), dglog f(0) is specified as

.&99(0)89 log f(@) = \/QX’%(Hmax)g;/@(amax) - gX,GQ(Q)g;/a(Q) it 0< 9maX7

§%0(0)0plog f(0) = _\/gX’eé)(emax)gg/g(Hmax)_gX’00(9>gg/9(9) if 0> Omax. (6)

Integrating both sides of equation (6), the unique function log f(6) is obtained. By substituting log f(6)
in (4), the unique function log h(6) is obtained.

Remark 3.3. Compare the Kullback—Leibler risk based on the asymptotically constant-risk priors
7m(0; N) with that based on the priors A\(f) independent of the sample size N. From Theorem 3.1 and
Theorem 3.2, the Kullback—Leibler risk based on the asymptotically constant-risk priors 7(6; N) is given
as

1

R(0,gx(yle™)) = 550" (Ormax) 935 (Oma)

1 . _
+mg j(gmax)aij lOg f(amax) + O(N 2)‘ (7)

In contrast, the Kullback—Leibler risk based on the priors A(f) is given as

RE0le™) = Sog ()} (6) + 0N ). (5)

The N~'-order term in (8) is above the N~!-order term in (7); although the N—3/2-order term in (8)
does not exist, the N~3/2-order term in (7) is negative. Thus, the maximum of the risk based on the
asymptotically constant-risk priors 7(6; V) is smaller than that of the risk based on the priors A(6).

4 Subminimax estimator problem based on the mean squared error

In this section, we refer to the subminimax estimator problem based on the mean squared error, from the
viewpoint of the prediction where the distributions of data and target variables are different and have a
common unknown parameter.



Let us consider the binomial estimation based on the mean squared error Rysg(6, é) For any finite
sample size N, the Bayes estimator 0, based on the Beta prior m(#; N) o Hﬁ/%l(l - H)W/Q_l is
minimax under the mean squared error. The mean squared error of the minimax Bayes estimator 0 is
given by

. N 1 1

Rysg(0,0,) = m =N NI +O(N7?). 9)

In contrast, the mean squared error of the maximum likelihood estimator éMLE is given by

o(1 — 6)

Ruse (0, 0vrr) = ~

We compare the two estimators é and éMLE In comparison of the N~ !-order terms of the mean
squared errors, it seems that the maximum likelihood estimator QMLE dominates the minimax Bayes
estimator 6. In other words, the N ~!-order term of Rysg(f, GMLE) is not greater than that of Rysg (6, 0 )
for every 6 € ©, and the equality holds when # = 1/2. This seeming paradox is known as the subminimax
estimator problem; see Robbins (1950), Hodges and Lehmann (1950), and Frank and Kiefer (1951) for
details. See also Ghosh (1964) for the conditions that such problems do not occur in estimation.

However, this paradox does not mean the inferiority of the minimax Bayes estimator, because, although
the mean squared error of the minimax Bayes estimator 0. has the negative N3/ 2—order term, the mean
squared error of the maximum likelihood estimator HMLE does not have the N=3/2_order term. Hence,
in comparison of the mean squared errors up to O(N~2), the maximum of the mean squared error
Ryse (0, 9}) is below the maximum of the mean squared error Rysg(6, éMLE)

We consider the prior A(f) independent of the sample size. In the content of the estimation based
on the mean squared error, the mean squared error Rysg(6, 9}) of the Bayes estimator éA based on the
prior A(f) is expanded as

. 1 g 3
Russ(6,00) = ~ £ ¢%(0) + O(N ).
=1
In the content of the prediction when the distributions of data and target variables are different and have
a common unknown parameter, the Kullback Leibler risk R(6, ¢x(y|z™))) of the Bayesian predictive
density ¢x(y|z™)) based on the prior A(6) is expanded as

1y _
RO.ax(yl™)) = 550 (0)g)i(6) + O(N2).
If the target variable y is a d-dimensional Gaussian random variable with the mean vector # and unit
variance, then the Kullback—Leibler risk of the predictive density qA(y|:v(N )) is equivalent to the mean
squared error of the Bayesian estimator based on the prior A(f) up to O(N~2):

1
RO, axle™)) = S Ruse(0,0)) + O(N?).

Based on this equivalence, we consider the estimation based on the mean squared error when Efil gt (0)
has a unique maximum point 6,,.x. By substituting the identity matrix d;; in the expansion of the quantity
g%(Q)EX(m [(0L — 67)(0 — 67)], we obtain the asymptotically constant-risk priors 7(6; N) up to O(N~2);
see Lemma A2.

We compare the mean squared error of the asymptotically constant-risk Bayes estimator 0, with that
of the maximum likelihood estimator Oy . The mean squared error of the maximum likelihood estimator
éMLE is given as

X 1 )
Ruise (8, Ovig) = NZg:LCJX’"(@) +O(N7?).



See Efron (1975) and Amari (1985). The mean squared error of the asymptotically constant-risk Bayes

estimator 6, is given as

R 1 d . 9 . , _
RMSE(07 HW) = N igl gX’u(erna)J + mg‘xﬂk(emax)g}gfl (emax)gXJJ (amax)aij lOg f(‘gmax)
+O(N~?).

Thus, the maximum of the mean squared error of the asymptotically constant-risk Bayes estimator is
smaller than that of estimators by the improvement of order N ~3/2 in proportion to the Hessian of the
scalar function log f(6) at Oyay. In the prediction where the trace g7 () g}; (f) has a unique maximum
point, the same improvement holds (Remark 3.3).

For example, we consider the binomial estimation based on the mean squared error. The geometrical

quantities to be used are given by

B0 = gy o) =1
?aéfe(@) =0, ?9§6(9) =0,
;65(,0(‘9) = —921(1_22)27 1203576(9) =0,
T80 = g The(®) =0

m m
respectively. Since I’ fo’e, I 92,/’9, and Tg;e vanish, the asymptotically constant-risk prior in the estimation

is identical to the asymptotically constant-risk prior in the prediction; compare Theorem 3.1 with the
expansion of g¥'¥ (0)E y v [(0% — 67)(0% — 67)] in Lemma A2.
In this example, equation (3) is given by

01— 0o log f(O) = /001~ 6),

and the solution log f(6) is (1/2)log{#(1 — 6)}. Here, the second-order derivative of the function log f(6)
is given by

1 — 20 + 26?

Do log f(0) = TP — 02

From this, equation (4) is given by

1 -

01 = 0)(1 = 20)9p log h(0) + 02 -0 = -7
and the solution log A(6) is (1/2)log{6(1 — #)}. Hence, the asymptotically constant-risk prior m(6; N) is

a Beta prior with the parameters a = V' N /2 and 8 = v/ N /2. Note that the asymptotically constant-risk
prior coincides with the exact minimax prior. Since ¢%¥% (00x) = 1/2 and g% (rnax) 996 10g f (Ormax) =

A~

—1, the mean squared error of the asymptotically constant-risk Bayes estimator 6, agrees with (9) up to
O(N~72).

5 Application to the prediction of the binary regression model under

the covariate shift

In this section, we construct asymptotically constant-risk priors in the prediction based on the binary
regression model under the covariate shift; see Shimodaira (2000).



We consider that we predict a binary response variable y based on the binary response variables z(V).

We assume that the target variable y and the data (™) follow the logistic regression models with the
same parameter [ given by

I
logl_ai’_[x = a+2zf
and
I
1 Y = a4z
Ogl—Hy a+ zB,

where Il is the success probability of the data, and II, is the success probability of the target variable.
Let o and & denote known constant terms, and let 3 denotes the common unknown parameter. Further,
we assume that the covariates z and Z are different.

Using the parameter 6 = II,, we convert this predictive setting to binomial prediction where the data
x and the target variable y are distributed according to

0 if x =1,
p(”f‘e)::{ 1§ ifz=0

and

( ’9) ed—ézflaeézfl/ {(1 _ 9)22'*1 + ed—ézflaeézfl} if y = 1’

q\y\v) = - - o
(1 _ e)zz 1/ {(1 _ e)zz 1 4 0%z 1a9zz 1} if Y= O,

respectively. We obtain two Fisher informations for = and y as

9(52(9) = 0(11_9)

and

N\ 2 5o—1_o9,5,—1_
(Z) e—d—i—éz*la (1 _ e)zz 20zz 2

; {922*1 + efdJrZz*la(l _ Q)ZZ*I }27

respectively.
For simplicity, we consider the setting where z = 1, Z = 2, and o = & = 0. The geometrical quantities
to be used are given by
1 4
X Y
0) = ) =
990(0) o(1—0) 990(0) {(1—0)2+ 622’
m m 1—26)(1 + 20 — 262)
Tyxo(0) = Y, 6) = 42t
60,0(0) = 0, 00,0(0) 01— 0{(1—02 + 671’
e 1—26 e 1-20
Io(0) = —————, T, ,0) =—4
09,9( ) 92(1 — 0)27 99,0( ) 9(1 _ 9){(1 _ 9)2 + 92}2’
1—20 1—20
X () = — =7 d TY,(0) =
w00 =g T ®) =S g g ey

respectively. Using these quantities, equation (3) is given by

6%(1 — 6)? N o(1 — )
{62 + (1 —6)2)? (Oplog f(8))" =4 4{92 +(1-6)2)*

By noting that the maximum point of g%%(0) g}, (6) is 1/2, the solution log f(6) of this equation is given
by

log f(8) = 2V1—0+62+1log{(1—0)}
—log(2—0+2v1—0+6%) —log(1+6+2v1—6+62).
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Figure 1: Asymptotically constant-risk prior in the prediction where the data are distributed according
to the binomial distribution Bin(N,#) and the target variable is distributed according to the binomial
distribution Bin(1,62/(62 + (1 — 6)?))
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Figure 2: Bayes risk based on the asymptotically constant-risk prior in the prediction where the data
are distributed according to the binomial distribution Bin(V,#) and the target variable is distributed
according to the binomial distribution Bin(1,62/(6% + (1 — 6)?))

Using this solution, we obtain the solution of equation (4) given by
~ 1 1 1
logh(0) = & |-7—5— 5 12001-0)- 12v3y/1 — 0 + 62
+(3 = 6v3){logf +log(1 — 0)} — 3log(1 — 0 + 6%) +101log{(1 — 0) + 67}
—61og(V3 + 21 — 0+ 62) + 6vV3log{l + (1 — 0) +2v/1 — 0 + 62}
+6v/3log{1+ 0+ 2¢/1 — 9+92}} .
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Figure 3: Comparison of the Kullback—Leibler risk calculated using the Monte Carlo simulations and
the asymptotic risk 2/N — (4v/3)/(NvN) in the prediction where the data are distributed according
to the binomial distribution Bin(N,#) and the target variable is distributed according to the binomial
distribution Bin(1,62/(62 + (1 — 6)?))

The asymptotically constant-risk priors for the different sample sizes are shown in Fig.1. The prior weight
is found to be more concentrated to 1/2 as the sample size N grows.

In this example, we obtain the Kullback—Leibler risk of the Bayesian predictive density based on the
asymptotically constant-risk prior 7(6; N) as

2 43
N NVN

We compare this value with the Bayes risk calculated using the Monte Carlo simulation; see Fig.2. As
the sample size N grows, the difference appears negligible. Further, we compare this value with the risk
itself calculated by the Monte Carlo simulation; see Fig.3. As the sample size N grows, the risk becomes
more constant.

R0, qx(yla™)) = +O(N7?).

6 Discussion

We have considered the setting where the quantity ¢~ () gB; (0) — the trace of the product of the inverse
Fisher information matrix g% (6) and the Fisher information matrix 95(9)7 has a unique maximum
point, and we have investigated asymptotically constant-risk priors in the sense that the asymptotic risk
is constant up to O(N~2).

In Section 3, we have considered the prior depending on the sample size N and constructed the
asymptotically constant-risk prior using the partial differential equations (3) and (4). In Section 4, we
have clarified the relationship between the subminimax estimator problem based on the mean squared
error and the prediction where the distributions of data and target variables are different. In Section 5,
we have constructed asymptotically constant-risk priors in the prediction based on the logistic regression
model under the covariate shift.

We have assumed that the trace g% (9)93; (0) is finite. However, the trace may diverge in the non-
compact parameter space; for example, it diverges under the predictive setting where the distribution
q(y|0) of the target variable is the Poisson distribution and the data distribution p(z|@) is the exponential
distribution with © equivalent to R. Therefore, for our future work, in such a setting, we should adopt
the criteria other than minimaxity.
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Appendix

We prove Theorem 3.1. First, we introduce some lemmas for the proof. For the expansion, we follow the
following six steps (the first five steps are arranged in the form of lemmas): the first is to expand the
MAP estimator, the second is to calculate their bias and mean squared error, the third is to expand the
Kullback—Leibler risk using éﬂ—plugin predictive density q(y|9}), the fourth is to expand the Bayesian
predictive density based on the prior 7(0; N), the fifth is to expand the Bayesian estimator minimizing
the Bayes risk, and the last is to prove Theorem 3.1 using these lemmas.

We use some additional notations for the expansion. Let 6, be the maximum point of the scalar
function log p(z™)|0) +log{m(8; N)/|g* (8)|*/?}. Let 1(8]zN)) denote the log likelihood of the data (™).
Let 1;;(0]z™)), zz-jk(eyxm), and 1;;51(0]z™Y)) be the derivatives of order 2, 3, and 4 of the log likelihood
10)2™M). Let H;;(0]z™)) denote the quantity 1i; (0]xN)) + Ngf]{(é?). Let 1;(0)z(™) and H;;(0)z(™)
denote (1/v/N)1;(0|2™)) and (1/v/N)H;;(0]zN)), respectively. In addition, the brackets () denotes the

symmetrization: for any two tensors a;; and b, a;(jb); denotes a;;jbyy = (aijbr + airbj) /2.

Lemma Al. Let O, be the mazimum point of log p(zN)|6) + log{m(8; N)/|g% (8)|*/%}. Then, the i-th
component of this estimator 0, is expanded as follows:

= 0 g )02 Y) + g ()0, 108 0)
28 ) By 01200 (0)] 612)
s O, (0557 0)55 (0)], 01V ) 0]™)
8 0) Fian (012 )9 (0)0) log £ 0)
0 OLE,, 00 (00 (0)], (61210, log £(0)
5 O LK, (00 (0)g 7 (0)0, og £(0)2, o £ (0
28 0)g 7 (0) 0 Tog £(0)Ty (012
g 0)g 9 (0) 0k log £(6)0, log £(0)
+;f Xk (0)0), log h(0) + Op(N~3/2). (10)

Proof. By the definition of 0, we get the equation given by
A O;N)
9 log p(z™M)6.) + ;1o W(* =
HoB P10 Orloe e

From our assumption that prior 7(6; N) has the form given by
7(0; N)

W o exp{VNlog f(#) +log h(6)},

we rewrite this equation as
dilog p(x™)0,) + VN8, log f(0) + dilogh(0z) = 0.
By applying Taylor expansion around 6 to this new equation, we derive the following expansion:
9 log p(x™N))0) + {8;51og p(z ™)) }(62 — 67)
500 g (o 16)} (8] 1) = 64) + VN, log 10
+VN{djlog f(0)}(0) — 67) + 8;1og h(B) + op(1) = 0.

12



From the law of large numbers and the central limit theorem, we rewrite the above expansion as

Ngis (0)(0 —0/) = dilogp(z'™|0) + VN0, log f(0) + Hij(0]z'™))(0] — ¢7)

2 Ligp(0)(0 — )0 — 0°) + VN log F(0) ] — )
+0; log h(0) + op(1). (11)

By substituting the deviation 8, — 6 recursively into expansion (11), we obtain expansion (10).
O

Lemma A2. Let 0, be the mazimum point of log p(x™)|0) + log{m(6; N)/|g% (0)|'/?}. Then, the i-th
component of the bias of the estimator 0, is given by

.. , 1 .
Exml0y] = 0"+ ﬁgx’lkak log f(0)

1 m

o X0 4 S O)g 5 (0)0 ()L, (0)0, Yog £(6)0 Tog 1(6)

48 (09 (0) D 08 (6)D, 08 f(0)

g (0)0log h(6) + O(N ). (12)

The (i, j)-component of the mean squared error of O is given by

Exw (0L — 67)(61 — 67))]
= 5 0) + 05 (0)g%9 ()01 log £(0)011og £(0)
le/ﬁgx”““(f))ln’l X.3)(0)8y, log f(6) + N\Q/NQX”““(G)gX’j”(H)% log f(0)
+Njﬁgx”f(i(e)akgm%waz log £(0)
+N\l/NgX’W(e)ngfﬂ(e)ng(9)9X7Pt(9)Lf§t(e)ak log £(0)d, log f(6)d,log f(0)
2
+

N O 6)g™ " (9)3 log £(6)0; log f(8)x log £ (6)
+N3N9X”“<@'<e>gxﬂ'>’<9>ak log £(6)1 log h(6)

+O(N7?), (13)
where gX’k(i(H)?X’j)(H) denotes (1/2){gX’ki(0)]n3X’j(¢9) +gX’ki(9)FX’j(0)} and g *(0)0,gN(0) de-

notes (1/2){gX’ki(9)8ng’jl(9) + g% (0)0pg® " (0)}. The (i, ], k)-component of the mean of the third
power of the deviation 0, — 0 is given by

Exon [(02 — 07)(0% — 67) (0% — 0%)]
_ N\l/NngiS(e)ngﬁ(e)ngk“w)as log £(6), log f(8)d. log ()

+Njﬁgx’<"f<e>ngkﬂ<e>al log £(6) + O(N2). (14)
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Proof. First, using Lemma Al, we determine the i-th component of the bias of O given by
E ) [0 — 0]

L xik

= ——=g""" 0 log f(0

N9 Oklog f(9)

1 m

. 1 ,
s LX) g (0) g (0)g X (0) L3, ()0, Tog £(6)0s log £(6)

0 (0)g 5 (6) D 08 £(6)0y o F(0)

+le Yk (0) Ok log h(0) + O(N /).

Second, consider the following relationship:

1

E ) Hé;; — 0 — \/%ng”f(e)ik(amN)) - ﬁgxﬂ'k(e)ak log f(a)}

. A 1 L 1 .
x 07 — 07 — ——g®IO)(0)2™) — —=g%T(0)0)] 9}]
{0 -0 — 0 01%) g™ O)0r108 10
. o A 1 .. 1
= By (0 — (8 — )] + 0™ (0) + ™ (0)g 7 (6)k 105 ()01 1os £(9)
T U
e H O [0 = 09012
1 Nt 7
—ﬁgx’k”(@Exm [0 — 6"k (0]2™))]
g M OB o [(B )0 log F(0)]
vN
1 i
_ﬁgx k](Q)EX(M [(0% — 0")0x log f(0)] (15)
By differentiating the j-th component of the bias E y(x) [é% — 67], we obtain the equation given by
1 1
8kEX(N) 07 —67) = —No% T \/NEX(N) (67 — 67)I1(62™)], (16)

where 5;- denotes the delta function: if the upper and the lower indices agree then the value of this
function is 1 and otherwise 0. Equation (16) has been used by Efron (1975), Amari (1985), and Komaki
(1996). By substituting equations (16) and (12) into relationship (15), we obtain the (i, j)-component of
the mean squared error of O given by

Eyon (05 — 0°)(67 — 67)]
= Lg% (0) + — g (0)g X (0)0 og f(8)0 log £(6)

N N
———=gF(O)T X9 (0)0) log £(0) + ——==g"*(0) g™ (6) O log £(6)

NVN
T
s
+N\2/N9Xﬁk<i<e>g)<ﬂ>l<0> X ()0 log (0)0) log £(6)0y log £(6)

2 Xk X
+NhNg (0)g ()0 log f(6)0r log h(0)

+O(N72).

2
NN
Xk (9) 0,657 (0)0y log f(6)

RE0) g™ (0)g™ " (8)g™ P () Liy ()0 Log £ (6)Dn log f(8)D log £(6)
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Finally, by taking the expectation of the third power of the deviation é; — 6%, we obtain the following

expansion:
Ex [(0 — 07)(05 — 67) (0} — 0™)]

_ N\l/NgX:iS(a)ngﬁ(e)gX’kU(e)as log £(6); log f(8)d. log f(6)

+Njﬁng<”<e>gx”“”<9>@ log £(8) + O(N2).
0

Lemma A3. Let 0, be the mazimum point of logp(x(N 10) + log{m(0; N)/|g (0)|'/2}. The Kullback-
Leibler risk of the plug-in predictive density q( |9 ) with the estimator O is expanded as follows:

R(8,4(yl0x))

ﬁgg ()97 (6) + 51247 (6)1Tog £(9)d; 1o ()

§9(0 >{aw log £(8) — I (6)0% 1ogf<e>}

NW

§9(0)g 4 (0) {aik log £(6) — I X730, log fw)} 9, 10g, £(6)0, log £(6)

+N\/N
‘ij’;k(mgx’”w) *H (G)1og £(0)
_:’)Jvl\FTffk(e)gx”'s(G)QX’jt((?)gX”““(H)as log f(8)0; log f (6)u log f(9)

Y () {r Yl — Fin’l(H)} g5 (0) g7 (0) g R (00, log f(0)0y log f(8)D, log f(6)

2N\/7’gkl

n X3 (0) g (0)4H (0) {FY ™(g) ﬁj‘mw)} O log 1(0)

mg
§9(9) {F YR ) - ﬁf’k(G)} Oy, log f(9)

N\F
+
N\/ﬁ
Proof. By applying the Taylor expansion, the Kullback—Leibler risk R(6, q(yléﬁ)) is expanded as
E,[D(q(-16), (-|6x))]
S| N L A
~Exen | [ a0l6) { -6l ~ S1,0)@ ~ 662 - )

§(0)0; log f(0)0;log h(9) + O(N™?). (17)

Ll Ol0) 8 — 08— 07) (6 —ek>+op<N2>}dy}

= 0l (OB oo (85— 0) (6 — 07)] — <L (OB (0] — 67)(85 — (8% — 6] + O(N )
SIS OB (0], — 67)(82 — 07)
L3R 00~ 300 b Exonl(65 - 0] - 0118 - 9] + O 2)
= S0l OB o (6L — 60— 07)] — ST (OB o (G — 67) (65 — ) (8% — 6"
+s g,ziw)z”if’(e)—g;i(eﬂ“ifl(e)}Emw — 0)(0, — 0)(07 — 0")]
ol O T OB (0L~ (02 - )3 — 6]+ O(N ) (15)
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e e
where F(Y ) denotes (1/3){ ik Fj};l + 1))

By the definition of the predictive metric §Z] (0) = gix(0)g kl(@)gl);(e), by expansions (13) and (14),
and by the relationship ngf.k(e) = —Fifk(é) ij’z(e) r f(](e) - Tz-)j(k(ﬁ), the last two terms of the above

expansion (18) are expanded as

1gz);(@)Exm[(@ —6%)(6] — )] + gkz(ﬂ)fng HOEx (0 — 07)(02 — 67) (05 — 07)]

2
_ % gz/j(e)gx,m(gHLN 7(0)9;1og f(6)d; log £ (6)

o0 { 05108 £0) - FXH0)01 102 16) |

+~ méij(é’)gX’kl(H) {aik log £(0) — I8, log f<0>} 9 log £(0)0;log f(0)

+N\1/N§ij(9)3i log f(6)9;log h(6) + O(N~?). (19)

By substituting expansion (19) into expansion (18), expansion (17) is obtained.
O

Note that expansion (17) is invariant up to O(N~2) under the reparametrization so that each term of
this expansion is a scalar function of 6.

Lemma A4. Let O, be the mazimum point of log p(z)|0) + log{=(0; N)/|gX (0)|"/2}. The Bayesian
predictive density based on the prior w(0; N) is expanded as

elle™) = alolfe) + 50, {010 g 0.1k - FXHG) | o)

6
1 i7 ~ A~ N
+ﬁgx’](97r) {@jqu ) — FX'“ 0) 01 (y|0x }
+0p(N73/%). (20)

Proof. Let 0, denote éﬁ — 0. First, using a Taylor expansion twice, we expand the posterior density
7(0]z(N)) as

w(0le™) = |g% (0x)| %“Z’T)'lp(x(fvneﬂ)exp [—2{—zij<ew|x<N>>}9;e;]
2
. 1 [ 9yl9% (612
1 U - J i nJ 3/2
{0;log g™ 97r)2}97r+2{ IR 0702 + Op( )

D>

(1+ ~{VNj;log f( W)}é;ég;—%{zijk(ém ))}6%67 6"

+= {log h(6)16167

1 ~ o~y o~
— AV RO Tog S (B)ILB0 + -1 (B )01 650
+3 [2{\@@” log f(0,)}0.67 — glijk(0ﬂ|$N) 007,05

X B{\/ﬁ&j log f(0r)}0,6] — élijk(éﬂx(N))Zr ji jcr] n Op(N3/2)>
-1
0; N) 1
{/ o
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~ A~ ~

We denote the ]\[_%—order, N~1order, and N—3/2order terms by (N~Y2)ag(0x;0,), (N"V)a1(0x;0),
and (N73/%)ay(0y; 0,), respectively. Then, this expansion is rewritten as

70z = [g%(00)]2

2 T(0;N) | x 1 )
x{/p< 0oy 1O de}

To make the expansion easier to see, the following notations are used. Let ¢(n; —li;(6]z™)) be the
probability density function of d-dimensional normal distribution with the precision matrix whose (i, j)-
component is —1;;(0|z(N)). Let n = (n',--- ,n%) be a d-dimensional random vector distributed according
to the normal density ¢(17; —lij(8.]x™))) The notations (8, ), @1(0x), a2(fx), and &¥(,) denote the
expectations of ag(n; éﬂ), ay(n; éﬁ), as(n; HAW), and n'n?, respectively.

Using the above notations, we get the following posterior expansion:

x |1+ 1N{a0(é7r; 0) — ao(05)}
#4103 0) = 0102} — 000 {a0(Fri 0x) — a0(6)}
o (02l 0) = ()} = () (B 0) — 1 01)
e e ol 6) a0}
o0 (@00 — 010} + opuv—?)} . (21)

Second, using (21), the Bayesian predictive density ¢ (y|z(™)) based on the prior 7(6; N) is expanded
as

gx (ylz™)

= /Q(y’éw) [1 —{0;log q(y[éw)}é; + EW

2 q(yl0x)
— [ alulfn) [1-+ (Biloglg™ (6:)1#) (0 o a(s16:)) 5

1 A . A

+6{aijk log p(z™|0) + VN9, log f(0)}{0 log q(y|0r) }0%.676% 0L

2 Qual0%) g1y 1 op (1) | 68 1y (B ™))
2 q(yl6x)

~ T A1 ~ 1 ik /A N AdLsA o ~
= Q(ylew) +w ](071){82 IOg ’gX(aw)’2 }8]q<y‘07r) + 5“} k(eﬂ)wﬂ(ew)lijk(9W|$N)8IQ(?J’9W)

0.6 + oP(N_l)] m(0)2™V)de

1 .. . .
+507 (07)di5a(yl6x) + Op(N~%/?). (22)

Here, the following two equations hold:

—1ij(0x12™) = Ng¥(0x) — VNH;;(0|z") + Op(1), (23)
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Lji(O|2™)) = —2NTX (0r) — NI (02) + VN Hji(0]27). (24)

By combining equation (23) with the Sherman—Morrison—-Woodbury formula, the following expansion
is obtained:

iiiA 1 xiia 1 . oo . B
W (0r) = NQX’J(%Hmg){"“(HW)QX’]Z(Gw)sz(Gw\w(N))+OP(N ?). (25)

By substituting equations (23), (24), and (25) into expansion (22), expansion (20) is obtained. O

Note that the integration of expansion (20) is 1 up to Op(N~2). Further, expansion (20) is similar
to the expansion in Komaki (1996). However, the estimator that is a center of the expansion is different
because of the dependence of the prior on the sample size.

Lemma A5. The Bayesian estimator éopt minimizing the Bayes risk
J R(0,q(y|0))dn(0; N) among plug-in predictive densities is given by

Ai Ai 1 G eh 5
Hopt - 97r + ﬁg)g ](QW)TJX(HW)

L xjkp Py
’ I

<
S
—~
D>
3
N—
|
!
=
S
—
D>
3
S~—
—
_l_
)
jav]
=
|
w
~
V)
S—

Proof. The Bayes risk [ R(6, q(y]0))dm(0; N) is decomposed as

[ ro.atipaz@:n) = [xe:3) [0 [ q(yrenogq“y'@) dydz™do

(yla™)

(0 +V) op WD) )
# [ 7o) [e10) [ atwioyion P D ayaaan

The first term of this decomposition is not dependent on 0. From Fubini’s theorem and Lemma A4, the

proof is completed.
O

Using these lemmas, we prove Theogem 3.1. First, we find that the Kullback—Leibler risk of the plug-in
predictive density with the estimator 6, defined in Lemma A5 is given by

1
2NVN
X0 (0)g3;(0)g™ M ()

R(0,q(yl0opt)) = R(9,q(ylbx)) + §7(0)T;X(6)0;1og f(6)

1
2N\/Ng

x {Fklyﬂ'w) _ kaﬁ(e)} Oy log £(0). (27)

+

Using the expansion (27) and Lemma A3, we expand the Kullback-Leibler risk R(6, ¢ (ylz™))). Here,
the risk R(0, gr(y|z™)) is equal to the risk R(6,q(y|fopt)) up to O(N~2), because we expand the risk
R(0, g (y]z ™)) as

R(0,qx(ylz™)) = R(8,q(ylfopt)) + O(N72). (28)

Thus, we obtain expansion (1).
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