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Abstract

This article presents a differential geometrical method for analyzing sequential
test procedures. It is based on the primal result on the conformal geometry of statis-
tical manifold developed in Kumon, Takemura and Takeuchi (2011). By introducing
curvature-type random variables, the condition is first clarified for a statistical man-
ifold to be an exponential family under an appropriate sequential test procedure.
This result is further elaborated for investigating the efficient sequential test in a
multidimensional curved exponential family. The theoretical results are numerically
examined by using von Mises-Fisher and hyperboloid models.

Keywords: Curved exponential family; Dual affine connections; Euler-Schouten cur-
vature; Hyperboloid distribution; Information geometry; Riemannian metric; Riemann-
Christoffel curvature; Totally umbilic manifold; von Mises-Fisher distribution.

Subject Classifications: 621.12.

1 INTRODUCTION

Sequential inferential procedure continues observations until the observed sample satisfies
a certain prescribed criterion. Its properties have been shown to be superior on the aver-
age to those of nonsequential inferential procedure in which the number of observations is
fixed a priori. Among others Takeuchi and Akahira (1988), Akahira and Takeuchi (1989)
formulated the higher-order asymptotic theory of sequential estimation procedures rigor-
ously and analyzed the higher-order efficiency of these procedures in the scalar parameter
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case. They showed that the exponential curvature term in the second-order variance can
be eliminated by the sequential maximum likelihood estimator with the best stopping
rule.

Okamoto, Amari and Takeuchi (1991) generalized these works to the multiparameter
case by using geometrical notions, and studied characteristics of more general sequential
estimation procedures. As indicated there, a sequential estimation procedure with an ad-
equate stopping rule causes a nonuniform expansion of a statistical manifold (Riemannian
manifold with a dual couple of affine connections) which is called the conformal transfor-
mation. The result of Takeuchi and Akahira can be interpreted such that it is possible to
reduce the exponential curvature of a statistical manifold to zero by a suitable conformal
transformation. The conformal geometry of statistical manifold thus can be an adequate
framework for the analysis of the sequential inferential procedures.

Kumon, Takemura and Takeuchi (2011) conducted this scheme for investigating the se-
quential estimating procedures from the information geometrical viewpoint. The dual con-
formal Weyl-Schouten curvature quantity of a statistical manifold was introduced there,
and this quantity was proved to play a central role when considering the problem of
covariance minimization under the sequential estimating procedures.

This article continues the scheme for investigating the sequential test procedures. We
focus on the powers of sequential tests, and pursue the possibility of uniformly efficient
(most powerful) sequential test. Different from the previous work, we first introduce the
dual Euler-Schouten curvature random variables, and directly study their transformations
under the sequential test procedures. These enable us to clarify the condition for a statisti-
cal manifold to be an exponential family under an adequate sequential test procedure. We
then elaborate the result for analyzing the structure of the uniformly efficient sequential
test in a multidimensional curved exponential family. The above approach is motivated
by the fact that the exponentiality of a statistical manifold ensures the uniformly efficient
inferential procedures in the nonsequential case as well as in the sequential case. Informa-
tion geometry has been steadily producing mathematical methodologies for a variety of
statistical sciences (see e.g., Amari, 1985; Amari et al., 1987; Amari and Nagaoka, 2000;
Kumon, 2009, 2010). The present article also is situated in these developments.

The organization of the article is as follows. The established known results are cited
as propositions, and the results obtained in this article are stated as theorems. In Section
2, we prepare some statistical notations and preliminary results on the sequential test
procedures which will be relevant in this article. In Section 3, we formulate the conformal
transformation of statistical manifold, where the dual Euler-Schouten curvature tensor
variables are introduced. The related notion of totally exponential umbilic is proved to
give the criterion for determining that a statistical manifold can be an exponential family
under an suitable sequential test procedure. Its relation to the dual conformal flatness is
also explained. In Section 4, we summarize the asymptotics on the nonsequential test in a
multidimensional curved exponential family, which are already developed in Kumon and
Amari (1983), and Amari (1985, Chapter 6). In Section 5, the general result in Section 3
is used to write down the structure of multidimensional curved exponential family under
the sequential test procedures, where the meanings of the dual Euler-Schouten curvatures



of statistical submanifold are clarified. In Section 6, we formulate the asymptotics of the
sequential test in a multidimensional curved exponential family in line with the nonse-
quential case, and give the concrete condition and procedure for the uniformly efficient
sequential test. In Section 7, the results in Section 6 and also in Section 4 are examined
numerically by using two curved exponential families, the von Mises-Fisher model and the
hyperboloid model, both of which admit the uniformly efficient sequential test. Section 8
is devoted to some additional discussions and a perspective of future work.

2 PRELIMINARIES

We denote by {X(t) = [Xi(t),...,Xx(t)] | t € T} a k-dimensional random sequence
defined on the probability space [, F, P] with values in [E, £], where E = R¥ and €& is
the o-field of all Borel sets in E. The time parameter ¢ € T runs over all positive integers
T ={1,2,...}. Moreover, let F,,,n € T denote the o-field generated by the n-tuple of
random vectors X" = [X(1),..., X (n)].

In this article, we assume that the probability measure P depends on an unknown
parameter § = (6*,...,0™)" € ©, P = P,, where © is homeomorphic to R™, and we shall
consider the case where the following conditions are fulfilled:

(i) The random sequence {X(¢) | t € T} consists of independent and identically dis-
tributed k-dimensional random variables X (1), X(2),....

(ii) The probability distribution of X (1) is dominated by a o-finite measure p and has
the density f(z,0) with respect to p

i_}j(x) = f(z,0), z€E, €06, (2.1)

so that the joint density f(z",n,0) of X" = [X(1),...,X(n)] is written as

n

fl@" n0) =[] f(z(t).0), a"€E" 6eo. (2.2)

t=1

We say that {P | 0 € ©} is an m-dimensional full regular minimally represented expo-
nential family (f.r.m. exponential family) when the density (2.1) can be written as

fe(x,0) = exp{0'z; — v(0)}, (2.3)

where = (21, . .. ,xm)t € R™ is the canonical statistic, # is the natural parameter, and
n = 0Y(0)/00 is the expectation parameter with ¥ (f) a smooth (infinitely differentiable)
convex function of 6. In the right-hand side of (2.3) and hereafter the Einstein summation
convention will be assumed, so that summation will be automatically taken over indices
repeated twice in the sense, for example, 0'z; = > 7" 0'x;.



Sequential inferential procedures are characterized by a random sample size, where
stopping times are used to stop the observations of the process. We denote by 7 an
arbitrary stopping time; that is, a random variable 7 defined on 2 with values in TU{oo}
and possessing the property {w € Q : 7(w) < n} € F,, Vn € T. This article treats the case
to which the Sudakov lemma applies, where the stopped sequence {(X7,7) | 7 € T U oo}
has the density f(z",n,#), and this can be regarded as the same function in (2.2) (cf.
e.g., Magiera, 1974).

As a typical statistical problem suppose that we wish to test a simple null hypothesis

H0:9:90€@ VS H1:97é90.

A sequential test procedure will be based on a test statistic Y,, and a stopping time 7.Anq,
where

7. =min{n > ng : Y, > c}, (2.4)

if 7. < ny, Hy should be rejected, whereas if 7. > n;, Hy should not be rejected. Here
ng denotes a given initial sample size and n; denotes some given maximal sample size.
Specifically we take the stopping time 7. A ny with

Te=min{n >ng: Y, =n-y(X,) > ca(n)}, X,= %ZX(t), (2.5)

where y and a belong to the following classes of functions ) and A, respectively.
Definition 2.1. The function y(n) € Y if y(n) is positive and smooth in n € R¥.

Definition 2.2. The function a(u) € A if a(u) is nondecreasing, concave, smooth in
u > 3A > 0 and regularly varying at infinity with exponent 5 (0 < < 1) (see Gut, 2009,
Appendiz B).

Let v. = v.(n) be the solution of the equation
vey(n) = ca(ve).

In particular, if a(u) = u® for some 8 (0 < 8 < 1), then v. = (c¢/y(n))/1=#. For 8 = 0,
that is, a(u) = 1 and y(n) = | + ¢'n;|, the relation reduces to v, = ¢/|c® + c'n;].

The above class of stopping times 7. is denoted by C. The following is the central limit
theorem for a stopping time 7. € C (see Gut, 2009, Theorem 3.3 in Chapter 6).
Proposition 2.1. If 0;;(0) = Covg[X;(1), X;(1)] < oo and d'y(n) # 0 for any 0" = 9/,
then v.(n) — o0 asc — o0, and we have

7 — ve() _ & N(0,1) as ¢ — oo, (2.6)
Ve ()i (n)stn)

where s.(n) = d"log v.(n).

This result will be utilized for examining the exponentiality of statistical manifold
under a sequential statistical procedure in the next section.
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3 CONFORMAL TRANSFORMATION OF STATIS-
TICAL MANIFOLD

Let M = {f(x,0) | 6 € O} be an original family of probability densities of X (1), where ©
is homeomorphic to R™. The family M can be regarded as an m-dimensional statistical
manifold, where the m-dimensional vector parameter 6 serves as a coordinate system
to specify a point, that is, a density f(x,6) € M. In order to introduce differential
geometrical notions in M, we associate a linear space Ry with each point § € M as
follows (cf. Amari and Kumon, 1988).

Ry ={r(z) | (r())e =0, (r(x)%)s < oo}, (r(z))e = Ep[r(X)] = / r(@)f (2, 0)du(x).

zeFE

The m-dimensional linear space

A 0
Ty = A{r(x) | r(z) = a'0ili(x,0)}, li(x,0)=log f(z,0), 0;= 50
is a subspace of Ry spanned by m score functions 9;ly(z,0), ¢ = 1,...,m, which is the

tangent space at 6 of M. We have a natural direct sum
Ry=Ty® Ny, Nyp={r(z)|r(z) € Ry, (r(x)s(x))s=0, Vs(z) € Ty},

where Ny is the normal space at 6 of M. The aggregates of Rys, Tys, Nys at all § € ©
and the resulting direct sums are denoted by

Ryu= URy, Tuu= UTy, Nu= UNy, Ruy =Ty ®Nu,
0co 0co 0co

and these are called the Hilbert bundle, tangent bundle, normal bundle over M, respec-
tively.

A function r(z, 0) is called a smooth section of the Hilbert bundle Ry, when r(z, 0) is
smooth in 0 and r(z,0) € Ry, V8 € O. The set of all sections of Ry, is denoted by

S(Ry) = {r(z,0) | r(x,0) € Ry},

which is again a linear space. The S(7Tys) and S(Ny,) are similarly defined, which are the
subspaces of S(Ry). Corresponding to Ry = Ty @ Ny, we also have a natural direct
sum

S(RM> = S(TM) D S(NM).

The m score functions 9;l1(z,0), i = 1,...,m belong to S(7), and their inner products
are denoted by

9i5(0) = (0il10;l1)s, (3.1)



which constitute the Fisher information metric tensor of M.
The one parameter family of a-covariant derivative for r(z, ) € S(Rj;) in the direction
of f'-coordinate is defined by

1+« 1-—

Vga)r =0r — (Oir)o + 5 a'f’aill € S(Rum). (3:2)

Specifically for 0;1,(x,0) € S(Tar), we have the direct sum decomposition

el L+ 1-
Vo5l = 0,00 + Tagij(e) T

M (0)0d (x,0) € S(Tar),  hif (2,6) € S(Na),

1)

Coo;l = TR0l (2, 0) + 1D (2,60), (3.3)

v

where

L (9) = T (0)g™ (),

e o 1—
L0) = (V010 )s = (0010l )o + ——Tiju(0), (3.4)
Tiik(0) = (0;110;110k11 )0, (3.5)

T;;1(0) is called the skewness tensor of M, ngak) (0) is the one parameter family of affine
connections called the a-connection of M, and hg)‘) (x,0) is called the a-Euler-Schouten
curvature tensor variable of M in Ryy.

The a-curvature of the Hilbert bundle R j; is measured by the second-order differential
operator KZ»(ja) = vga)vg.“) - vg.a’v(a) in S(Rys), and by direct calculation we have

)

g, _1-a

)

((ai’l“>98jl1 — <8j7‘>98il1).

Specifically for Oli(z,0) € S(Tu), we define the a-enveloping curvature tensor of M by

1—a?

Kz‘(jalgl(e) = <Ki(f)8kl1azll>e = (gixgi — girgjt)- (3.6)

On the other hand, the intrinsic curvature of M is measured by the the a-Riemann-
Christoffel curvature tensor

RS, O) =0T — 0,0 + g (OTly) — T4 D). (3.7)

ikr = jsl gkr= isl
The a- and the (—a)-connections are mutually dual

Digit = TG0 + T4,

and the +£a-RC curvature tensors are in the dual relation

(@) (=)
Ri;vkl = _Rijll? .



We can regard (3.3) as the partial differential equation for 0;l;(z, 8), and its integrability
condition

ﬁkaiajll(x, 8) = &&Cajll (.T, 6)
yields the equation of Gauss (cf. Amari, 1985, p.52; Vos, 1989)
R(0) = Ki50(0) + (b hi™ = B RG)o, (38)

jl
which connects three kinds of curvature quantities. Among them, the 1-ES curvature
tensor variable hg)(x, ) plays an important role in the evaluations of various statistical
inferences. In fact we have the following criterion for a statistical manifold M to be an
f.r.m. exponential family M..

Theorem 3.1. A statistical manifold M = {f(x,0) | 0 € ©} is an f.r.m. exponential
family M, = {f.(x,0) | 0 € O} if and only if

i (2,0) = 8:0;1 (2, 0) + gi;(0) — T (0)dkls (2, 0) = 0. (3.9)

Proof. Suppose that M is an f.r.m. exponential family M, with the natural parameter 6.
From (2.3), we have ly(x,0) = log f.(z,0) = 0'z; — (). Then a direct calculation and
(3.4) with v = 1 yield

8:0;l(x,0) = —0:0;0(0) = —gy;(), T

ijk

0 =0 = hl(-;)(x,e) =0.
Conversely suppose that (3.9) holds with a certain parameterization . Then from

the equation of Gauss (3.8) with @ = 1, we have RS.,)d(H) = 0, so that there exists a

coordinate system (£%) such that F(gv(ﬁ) = 0 holds. Since hg)(l’, 6) is the tensor variable,

«

h&lﬁ)(x, ¢) = 0 also holds, and hence

o (2,€) = 020511 (2,€) + gas(§) = 0

050a0l1 (2, &) = =0,9as(§) = —0a9,8(§) = 0a0,05h (7€)
F(€) smooth and convex in & such that g,5(§) = 0,050 (§)
9a0pl1(2,€) + 0051 (€) = 0

= L(z,§) = lo(z) + £%alz) — ¥(8),

which shows that M is an f.r.m. exponential family M, with the natural parameter £. [

o~
™

U

Related to hgjl-)(xﬁ), we define the mean 1-ES curvature variable A (x,0) and the

1-ES umbilic curvature tensor variable k:l(yl ) (x,0) of M in Ry by

WO (2, 0) %hg)(ag, 8)g7(8) € S(Nur), (3.10)
K (2,0) = b)) (2,0) — g5,(0)hV (2, 0) € S(Nay). (3.11)



We say that a statistical manifold M is totally exponential umbilic (totally e-umbilic) in
the Hilbert bundle R, when

K (2,0) = b (2,0) = gi;(0)h ™M (2,0) = 0, (3.12)

and thus nonzero kfjl )(:E, 0) represents the anisotropy of the 1-ES curvature of M in Ry;.
By definition and Theorem 3.1, we know that

M is an fr.m. exponential family M, = M is totally e-umbilic in R ;. (3.13)

The squared scalar quantity of hgjl.)(x, 0) is denoted by A?, which can be decomposed into

A2 = (B (2, 0)hi) (2, 0))0g™ (0)” () = K% + 72, (3.14)
K2 = (k) (2, 0)k (2, 0))0g™ (0)97 (), (3.15)
7? = m(h V(. 0)) (3.16)

In the evaluation of power functions of test procedures, two kinds of nonnegative scalar
1-ES curvatures x? and 42 will be the crucial quantities as is shown in the next section.

We turn to the conformal transformation of the original statistical manifold M. Let
M = {f(z",n,0) | 0 € O} be a family of densities f(z",n,6) under a sequential inferential
procedure. This family M is also an m-dimensional extended statistical manifold with
the coordinate system (#7) specifying f(2",n,6) € M. With each point § € M we again
associate a linear space

Ry = {r(z",n) | (F(z",n))g = 0, (F(z",n)%)s < o0},
(F(z™,n))g = Ep[r(X7,7)] = / F(x",n) f(a™, n, 0)du(x"™,n).
xnefmn
The m-dimensional linear space
Ty = {r(z",n) | 7(z",n) = aiﬁiin(x",ﬁ)}, Zn(x”,ﬁ) = log f(:v",n,@)

is a subspace of Ry spanned by m score functions Oil,(z™,0), i = 1,...,m, which is the
tangent space at € of M. There is a natural direct sum

Ry =Ty ® Ny, Ny={r(a",n) | 7(z",n) € Ry, (F(x",n)5(z",n))g =0, V5(z",n) € Tp},

where Ny is the normal space at § of M. The aggregates of Rjs, Tjs, Njs at all § € ©
and the resulting direct sums are denoted by

7_: D 7_: T 7_: N 7_:7_ 7_
Rir = Y Ro, Ta= UTy, Nig= UNo, Ry=Ty®Ny,

and these are the Hilbert bundle, tangent bundle, normal bundle over M, respectively.



The set of all sections of the Hilbert bundle R ;; is denoted by
S(Ryp) = {7(2",n,0) | 7(z",n,0) € Ry},

which is again a linear space. The S(Ty;) and S(Ny;) are similarly defined, which are the
subspaces of S(Rj;). Corresponding to Ry = Ty © Ny, there is also a natural direct
sum

S(Ry) = S(Tir) & S(Nyp).

The m score functions 9,1, (2", 0), i = 1,...,m belong to 5:(77']\-4), and their inner products
constitute the Fisher information metric tensor g;;(#) of M. From the Wald identity this
is expressed as (see Akahira and Takeuchi, 1989)

9i§(0) = (9iln0jln)o = v(0)gi;(0),  v(0) = (n)e = Epl7]. (3.17)

The one parameter family of a-covariant derivative for #(z",n,0) € S(Ry) in the
direction of #*-coordinate is defined by

1+«

_ 1-—
Vga)f = 8277 — (3 7">9 +

7“3[ € S(Rur)- (3.18)

Specifically for d;l,(z",0) € S(Ty;), we have the direct sum decomposition

V00,0, = 00,0 + - %,0) + =2 00,0,1, = TOH0)00 (", 0) + B (2", n,6),
(3.19)
DM 0)0l (2", 0) € S(Tir), B (2",n,0) € S(Nyp),
where
5 (0) = T5)(0)7™%(0),
D(0) = (V0T 0kT)o = (OD5Tudhlbo + - S T(6), (3.20)
Tii(0) = (0i,0;1,0kln)s, (3.21)

a)

T;;x(0) is the skewness tensor of M, ngk(e) is the a-connection of M, and BE?) (x™,n,0)
is the a-ES curvature tensor variable of M in Ry;. Also from the Wald identity, T;;1(6)
and ka(e) are expressed as

Tijk(0) = v[Tijr + 3gaisw)s 39655k = 9ijSk + GinSi + GriS;, (3.22)
« o 11— 1 + «
Fz(jk):(e) =V Pz(jlg + T(gkzsj + grjsi) — 5 Yisk| sk(0) = Ok logv(0).  (3.23)

The relations (3.17) and (3.22) show that a sequential inferential procedure induces a
conformal transformation of statistical manifold M — M by the gauge function v(6) > 0.
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The a-curvature of the Hilbert bundle R ;; is measured by the second-order differential
operator I_(Z-(ja) = ?§a)?§“) - ?ga’@@ in S(Ry7), and by direct calculation we have

1—a?

K% = =2 ((07)00,1, — (0;7)001,).

Specifically for dil,(z",0) € S(Tj;), the a-enveloping curvature tensor of M is given by

- (a (o 7 7 1- 012 [ JE—
Ki(jk)l(ﬁ) = <Ki(j ) 0uln Ol g = 1 (9jkGit — GirGju)- (3.24)

The intrinsic curvature of M is measured by the the a-RC curvature tensor

REH(0) = 0T — ;T + g7 (TRITS) — T, (3.25)

ikr= jsl gkr= sl
and from (3.7), (3.23) this is expressed as

ngk)z = V[Rz(;'lk)l - guSﬁ-Z‘) + gjlsz(g) - gjksz(;a) + 9ik5§';a)]> (3.26)
1— 1 .
asisj + %gijskslgkl , VZ( )sj =0;s; =T

« 11— «
s = v, -

a)k
i 5 | Vi s . (3.27)

ij

We note that under a conformal transformation the mutual duality of +a-connections is
preserved

0igjr = fiﬁ? + Fglzja)a
and also the dual relation of the +a-RC curvature tensors is preserved

pl@) _ _ pl=a)
Rijr = — L -

These can be confirmed by direct calculations with (3.17), (3.23), and (3.26).

From a statistical viewpoint, the flatness in terms of the +£1-RC curvature tensors is
also important (cf. Kumon et al., 2011). Thus we say that a statistical manifold M is
conformally mixture (exponential) flat when there exists a gauge function v(6) > 0 such
that jo_k? =0 (Rl(jl)d = 0) holds. Note that by (3.31) M is conformally mixture flat if and
only if M is conformally exponential flat. For the sake of simplicity we hereafter express
this notion as conformally m(e)-flat.

We can regard (3.19) as the partial differential equation for 9,l,(z",6), and its inte-
grability condition

akazajl_n(x”, 0) = 828k8]l_n(x”, 0)
again yields the equation of Gauss

REGL0) = K500) + (BGRG — hGPRS ). (3.28)
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The exponentiality of a statistical manifold is the key notion also in the sequential
inferential procedure (cf. Proposition 2.1 in Kumon et al., 2011). In view of this fact,
we call M = {f(z n,0) | 8 € ©} an f.r.m. conformal ea:ponentml family denoted by
M? ={f.(z,0) | § € ©} when the density functions f(z",n,#) are rewritten as

f(a",n,0) = fu(2,0) = exp{0®2, — (0)}, (3.29)

where z = z(z™,n) = (21,...,2m) € R serves as the canonical statistic, = (9*,...,0™) €
O serves as the natural parameter with © homeomorphic to R™, and 77 = 9 (f)/ 86 serves
as the expectation parameter with () a smooth convex functlon of f. For this notion
we have the following criterion as in Theorem 3.1.

Theorem 3.2. An estended statistical manifold M = {f(z",n,0) | 0 € ©} is an fr.m.
conformal exponential family M = {f.(z,0) | 0 € ©} if and only if

R (@0, 0) = 0,0;1, (", 0) + gy (0) — fg)’“(e)akz‘n(xn, 6) = 0. (3.30)

Proof. Suppose that M is an fr.m. conformal exponential family M * with the natural
parameter 0. From (3.29), we have l.(z,0) = log f.(z,0) = 0“2, — ¥(). Then a direct
calculation and (3.20) with a = 1 yield

5agﬁl_e(zv 9_) = —5045&(;(5) = _gaﬁ(e_)7 504 = a/ae‘a’ 7a,6’7<§) =0 = }_LS@)’(Z7 é) = O,

and since BSB)(Z, 0) is the tensor variable, BS)(.%'”, n,0) = 0 also holds.
Conversely suppose that (3.30) holds with a certain parameterization 6. Then from
the equation of Gauss (3.28) with a = 1, we have RE;,ZZ(H) = 0, so that there exists a

coordinate system (6%) such that f‘(l)v(é) = 0. Since BS; (z",n,0) = 0 also holds, we have

)"0, 0) = 0a050n (2", 0) + Gas(0) = 0

-5 LBl 0) ~ sy = g ®) = BB
= () smooth and convex in § such that g.s(0) = 0as1(0)
= 0a0ln(2",0) + 0405 (0) =

= L,(2",0) = lo(z",n) + 0%z, (2", n) — (0),

which shows that M is an fr.m. conformal exponential family M* with the natural pa-
rameter 6. L

The 1-ES curvature tensor variable ﬁgjl-)(a:”, n,6) under a conformal transformation is
decomposed into

BE;)($n7n7 0) = hg;)(x", n,0) — gij(O)n (2", 0), (3.31)
) (2", n,0) = 0051, +ngi; — T 0, = > hi (x(t),0) € S(Ny), (3.32)
nM (", 0) =n—v—s0l, € SNy), s =s;9" (3.33)



Under a conformal transformation, the mean 1-ES curvature variable () (2", n, 0) is ex-
pressed as

A0 (27 0, g) = %hg)(xn,n,e)gij(e) _ %W (2", n,0) —nO (", 0)] € S(N),  (3.34)
A (2™ n, ) = %hij(x”,nﬂ)g”(e) = ih(l)(x(t),e) € S(Nw), (3.35)

and the 1-ES umbilic curvature tensor variable l;:l(; )(x”, n, ) is expressed as

K (2" n,0) = B (27, n,6) — g,,(0)hY (2", n, 0)
= hg)(x”, n,0) — gi;(0)h 1)(x”, n,0)
= k(2" n,0) = >k (x(1),0) € S(Wiy). (3.36)

For the nonnegative scalar curvatures, we have

N = (W (2" n, 0)Ry) (2", 1, 0))eg ™ (0)57 (0) = 7> + 77, (3.37)
B2 = (KD (2" 0, O)RD (27 0, 0))eg ™ (0)g"(8) = %ﬁ, (3.38)
7 = m(hW (2" n,0)%e = m((RY (2", n,0) — nM (2", 0)))s. (3.39)

Note that we can always make 42 = 0 by setting
A (2", n,0) = nV (2", 0), (3.40)

which is realized by the stopping rule (cf. Okamoto et al., 1991)

~

__a 8 l ( mle n)gij(émle,n) = V(emle,n)a (341)

where émle’n denotes the maximum likelihood estimator of # at the stopping time 7 = n,
that iS, 8kl_n(l’n, émle,n) = 0.

Then we obtain the following result as to the possibility that M would be an f.r.m.
conformal exponential family M*.

Theorem 3.3. An extended statistical manifold M = {f(z",n,0) | 6 € ©} can be an

f.r.m. conformal exponential family M* = {f.(z,0) | & € O} if and only if M is totally
exponential umbilic in Ry, that s,

kz'(;)@» 0) = hgjl')(xa 0) — gij(Q)h(l)(a:, 0) = 0. (3.42)
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Proof. From Theorem 3.2, (3.37), (3.38), (3.39), (3.40), we have

s =0 & k:g)(x,é’)EO.

This completes the proof of the theorem. O

As noted by (3.13), an f.r.m. exponential family M. is totally e-umbilic in Ry, so that
from Theorem 3.3, the transformed M, can be an f.r.m. conformal exponential family M.
Concretely we obtain the following result.

Corollary 3.1. An f.r.m. exponential family M, is preserved under the conformal trans-
formation satisfying

nW(z",0) =n—v—s'0l, =0, that is, n — v € S(Ti). (3.43)

For a stopping time 7. € C introduced in Section 2, the above is asymptotically satisfied
in the sense

(nM (2", 0)%)g = o(ve(n)) as ¢ — oo, (3.44)
nt (2™, 0) = n, — v(c,0) — s'(c,n)dl,(x",0),
v(c,0) = < >9’ Si(cv n) = Sj (c, Q)Qﬁ(ﬁ)y Sj (c,0) = 8j log v(c, 0).

Proof. We first prove the former part. When M, is an f.r.m. exponential family, from
Theorem 3.1 and (3.32), we have

hY (@, 0) Zh =0.

Hence from Theorem 3.2 and (3.31), it follows for A, that

n(l)(q:”, 0)=n—v—s0l,=0
& ﬁg;)(x”,n, 0) = hg;)(x", n,0) — gij(H)n(l)(:c", 0)=0

& M, is an f.r.m. conformal exponential family M,

which proves the former part.

We next prove the latter part. When M, is an f.r.m. exponential family with the natu-
ral parameter 6 and the expectation parameter n = 9 (0) /00, by the direct decomposition
n (3.33)

ne — v(c,0) = s'(c,n)0il, (2", 0) + ngl)(x”,ﬁ), s'(c, )0l (x™,0) € S(Tyr), ng)(x”,ﬁ) € S(N

13



we have

Vary(r.) = ((ne — v(c,0))*)o = (s'(c, 1)’ (¢, n)0ilu (2", )05l (2", 0))g + (") (2", 6)%)s
= v(c,0)g55(0)s'(c, )’ (¢, n) + (nD (x,0)%)s.

From Proposition 2.1 with ;;(#) = g;;(#), it follows that

v(c,0) o Vary(7.) | L v(c, G)gij(e)si(c,n)sf(c, n) s e o oo
ve(n) " ve(n)gi (0)si(n)si(n) C o we(m)gy(0)si(n)st(n)
N Vary(7.) 1

v(c,0)gi;(0)s'(c,m)s? (¢, n)
M (@",0)%)g = o(Varg(re)) = o(ve(n)),

= (ng
which proves the latter part. O

_ The relation (3.43) implies that the stopping time variable n and the m score functions
Oily, = 0°> 7 xi(t) —ndyp (1 = 1,...,m) must be affinely dependent, in other words,
there exist constants ¢ (i = 0,1,...,m), d such that

n+d Y mi(t)=d, 3¢ #£0,i€{0,1,...,m}, d#0, (3.45)

We note that the property (3.45) is the same as that given in Winkler and Franz (1979),
which was derived from the statistical considerations of the efficient sequential estimators
attaining the Cramér-Rao bound.

By definitions, the equation of Gauss (3.28) with o« = 1, Theorems 3.2 and 3.3, we
also know the following implications.

M is an f.r.m. exponential family M,

= M is totally e-umbilic in R,

& M can be an f.r.m. conformal exponential family M*

= M is conformally m(e)-flat. (3.46)

4 SUMMARY OF ASYMPTOTICS ON NONSEQUEN-
TIAL TEST

In this section, we summarize preliminary results on the nonsequential test in a multidi-
mensional curved exponential family which will be necessary for analyzing the sequential
test.
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4.1 Curved exponential family

We first introduce a curved exponential family. A family of probability densities M, =
{f.(z,u) | u € U} parameterized by an m-dimensional vector parameter u = (u',...,u™)"
is said to be an (n, m)-curved exponential family when it is smoothly imbedded in an n-
dimensional f.r.m. exponential family M, = {f.(z,0) | 0 € ©} in the sense

fC(I,U> = fe[x7 Q(UH = exp{@i(u)mi - ¢[Q(U)]}7 (41>

where U is homeomorphic to R™ (m < n) and the parametric representations 6(u) =
[0 (), ..., 6" (w)]", n(uw) = 0v(8)(u) = [ni(u),...,n.(u)]" are smooth functions of u having
full-rank Jacobian matrices. We use indices 7, j, k and so on to denote quantities in terms
of the coordinate system 6 (upper indices) or n (lower indices) of M., and indices a, b,
and so on to denote quantities in terms of the coordinate system u of M..

4.2 Asymptotic powers of tests

In an (n, m)-curved exponential family M, we consider an unbiased test of the simple null
hypothesis

Hy:u=wuy vs Hy:uFup.

Let zq,...,xx be N independent observations from a distribution in M.. The hypothesis
H, is tested based on the sufficient statistic z = Ziil x(t)/N. Let R be the critical region
of a test 7. Then the power of T at u is written as

Pr(u) = /R £ (@ u)dp(2),

where f(Z,u) denotes the density function of z when the true parameter is wu.
In an asymptotic theory, we are treating a test sequence Ty, N = 1,2,..., and to
appropriately evaluate the power of {7y}, we define a set of alternatives Uy(s) by

Un(s) = {use = uo + se/\/ﬁ €M, s>0, ga(ug)ee® =1},

where [gq] denotes the Riemannian metric on M, given by the Fisher information matrix,
and e = (e) denotes the m-dimensional unit tangent vector of M, at uy. The set Uy (s)
consists of the points of M, which are separated from ug by the geodesic distance s/ VN
(Figure 1).

We compare tests based on the average power Pr(s) defined by

Pr(s) = (Pr(w). = [ Pr(u)du/Sy(s),
ueUn(s)
where ( ). means the average over all directions of e, so that Sy(s) denotes the area of
UN(S).

15



Uy(s)

Figure 1: The set of alternatives Uy(s) associated with an unbiased test of u = wuy.

Tests are required to satisfy the level and the unbiasedness conditions. We say a test
T is of i-th order level o, when

Pr(0) = a+O(N™"?),

and we note that the unbiasedness condition

d

—Pr(s =0

ds 7(5) s=0
is automatically satisfied, since the power Pr(s) is obtained by taking the average in all
directions.

By expanding Py (s) in the power series of N~1/2

, we have
P =P P N2 p N1+ O(N3/2
7(s) = Pri(s) + Pra(s) + Prs3(s) + O( ),

and call Pr;(s) the i-th order power of a test 7 at s. When discussing the i-th order
power, the tests are assumed to satisfy the level condition up to the same i-th order.

A test T is said to be first-order uniformly efficient or said simply to be efficient in
short when

Pri(s) > Pri(s), Vs>0, VT

It can be shown that an efficient test is automatically second-order uniformly efficient,
and that there does not in general exist a third-order uniformly efficient test. Thus we
say that an efficient test 7 is third-order sg-efficient when

Pr3(sg) > Pri3(sg), Vefficient T7.
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In order to evaluate the power loss of a test, we next introduce the envelope power
function by P*(s) = sups Pr(s), where sup is taken at each s separately. We expand it
as

P*(s) = Pi(s) + P ()N V2 + Py (s)N "1 4+ O(N "),

and call P’(s) the i-th order envelope power at s. Then the (third-order) power-loss
function APr(s) of an efficient test 7 is defined by

APy(s) = Pi(s) — Pra(s). (4.2)

4.3 Ancillary family associated with a test

In calculating the power function Pr(s) of a test 7, it is convenient to associate an
ancillary family with a test. We attach to each point v € M, an (n — m)-dimensional
smooth submanifold A(u) of M, which transverses M. at 6(u) or equivalently at n(u).
Such an A(u) is called an ancillary submanifold, and the union A = {A(u) | u € M.} is
called an ancillary family. Let Ry;,, = RN M. be the intersection of M. and the critical
region R of a test 7. An ancillary family A is said to be associated with a test 7 when

R= U Alw) ={n|ne€ Alu), u € Ry} (4.3)

UGRMC

A(u)

Figure 2: Ancillary family A = w = (u,v)-coordinates associated with an

unbiased test of u = uyg.

By introducing a coordinate system v = (v™*1,... v") to each A(u) such that the
origin v = 0 is at the intersection of A(u) and M., we have a new local coordinate system
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of M, (Figure 2)
w=(w") = w",v%), a=1,...,n, a=1,....m, K=m+1,...,n, (4.4)

and we use indices «, 3,7 and so on for quantities related to the coordinate system w,
and indices k, A, u and so on for quantities related to the coordinate system wv.
The critical region R is written as

R ={w = (u,v) | u € Ry, v is arbitrary}

=
>
o
<

in the new coordinate system w. The sufficient statistic z is transformed to w =
Z = n(w), and the power Pr(u) is written as

= / f(w,u)dw = / [, u)dvda = f(u,u)da
R R, J A(u) Ru,
where f(t,u) = [ A(u (w,u)dv is the density function of & when the true parameter is u.

4.4 Metric, connections and curvatures

The basic tensors of M, are written as

- ; 00’
Jas(w) = ByBLgy;(0),  Tug,(w) = BLBLBYT;1(60), B, = pws
and the a-connection is given by
D\ (w) = ByBIBET(S)(0) + Bids Bl gy (0) = (03B7)Bs;

1—|—a

= Bg; B,; B I'"* () + Bs,05B,;9" () =
on; j

Bi=5 5= 9ij By,

Tsys + (03 B5;) By

in the w-coordinate system. When we evaluate a quantity ¢(u,v) on M., that is, at v = 0,
we often denote it by ¢(u) instead of by ¢(u,0) for brevity’s sake. The metric tensors of
M, and A(u) are given by

gab(1) = B.B]gi; = BaiByjg"”,  gex(u) = BLBlgij = BriBrjg”,

and then indices can be lowered or raised by using these metric tensors or their inverses
g*(u), g"*(u). The mixed part

gan( ) BIBngj BaiBlijgij

is the inner product of the tangent vectors B, of M, and the tangent vectors B, of A(u),
which represents the angles between M, and A(u). When g,.(up) = 0 holds at a point
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ug, the ancillary family is said to be locally orthogonal at uy. When g,.(u) = 0 holds at
every u, the ancillary family is said to be an orthogonal family.

For a locally orthogonal ancillary family, the inner product gu.(use) at use = ug +
se/ VN is expanded as

g(m(us,e> = Qb(mebs/\/ﬁ + O(Nil)y Qba/@ = abgan(UO)y (45)

where Q. is the tensor quantity characterizing the angles between U,,, vy (s)A(us,) and
M..

When the ancillary family is locally orthogonal, the mixed parts Fgﬁ; (uo) and F,(;\i) (uo)
of the +1-connections are tensor quantities, which are denoted by
(o) = (8aBi)Buiy,  HGP (ug) = T (ug) = (8,Bxi) Bl (4.6)

KAa KAa

Hap (o) =T

abk

These tensor quantities H éii(uo) and H ,g;i)(uo) are called the £1-ES curvature tensors of

M, and A(ug) in M., respectively. When H ,i;i)(uo) = 0 holds, the ancillary family A is
said to be mixture flat (m-flat) at ug in M,.
Related to the 1-ES curvature tensor H éii of M. in M,, we also define

H(l) — lH(l)gab’ K(l) — H(l)

— g HWY. 4.7
K m abk abk abk Gabdly, ( )

The first H, S) is called the mean 1-ES curvature tensor of M, in M., and the second K ()

abk
is called the 1-ES umbilic tensor of M, in M., respectively. When K éllu)i = 0 holds, M. is
said to be totally exponential umbilic (e-umbilic) in M..

We remark that the 1-ES curvature tensor variable h&)(x, u) of M, in Ry, can be also
introduced and expressed as

h) (2, 1) = 0,0yl (2, 1) + gap() — D)) Dol (2, w)

= HY (w)g™ (w)nly(z,u), 1 (x,u) = log fu(z, u). (4.8)

This expression shows that the 1-ES curvature tensor H Si(u) of M. in M, and the 1-ES
curvature tensor variable h&) (x,u) of M, in Ry, are the equivalent notions. Hence when
)

abk

= 0 holds, M, can also said to be totally e-umbilic in Rjy,.

4.5 First-order power

The first-order analysis is based on the normal distribution on f(w,u), and we have the
following result (cf. Amari, 1985, Theorem 6.17).

Proposition 4.1. A test T is first-order uniformly efficient, if and only if the associated
ancillary family is asymptotically orthogonal in the sense

Jar(u) = O(N7Y?) Yu € ORy, = ORN M,,
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and the optimal intersection Ry, = R* N M, is given by
Ry = {0 | ga(uo)igal > i}, o = VN(@—ug), ¢ =Xma

where X?n,a denotes the upper 100a% point of the x2-distribution with m degrees of free-
dom. The first-order envelope power function Py (s) is expressed as

co
Pi(s)=1 —/ ZO (s, rdr,
0
1
Z0(sur) = ) Sz { = 0 L0 ),

A,(CO) (s,r) = / sin™"2 @ exp(sr cos ¢ )dp,
0

where S,,_o denotes the area of the (m — 2)-dimensional unit sphere with Sy = 2. Note

that Z,,S?)(s, 1) is the density function of the x*-distribution with m degrees of freedom and
non-centrality parameter s.

4.6 Second- and third-order powers

These powers can be calculated by taking account of the higher-order terms of f(w,u),
and by assuming the intersection Ry, as

Rur, = {ito | gun(uo)ig®as” > (co+€)°},  @5* =g + T3, "9 (@) /2VN),  (4.9)

where wf is the bias-corrected version of g, and € is introduced to adjust to the level
condition up to O(N~1). It is shown that ¢ = O(N~!), which depends on the ancillary
family through H ,i;i) and Q.. Hence it follows that the second-order power function
Pr(s) is common to all the first-order efficient tests (see Appendices 1, 2).

Here we introduce a class of efficient tests whose ancillary family satisfies

1
Q(ab)/{ - le(EII)L + kQ.gabH;gl)a Q(ab)n = §(Qabn + Qban)u kl; kQ € ]R7 (410>

and a test T with a pair of proportions (ki, k2) is said to be the k = (ky, k2)-test. Then
after cumbersome calculations, we have the following result on the third-order efficiency
of a k = (ky, k2)-test, which is the correction of Theorem 6.18 in Amari (1985).

Proposition 4.2. The third-order power loss function APx(s) of a k = (ki, ke)-test T is

given by
APxc(s) = K2AP,(5) +7*APy(s) + H Vgom(s), (4.11)
where
APy(s) = &im(sH{E1 — Kin(s)}?, APy(s) = Gom(s){Ka — Kom(s)}, (4.12)
K2 = KééLKc(;E\gacgbdgm7 72 _ mH}gl)H}(\l)gm\7
HCY? = GV HGD g g,
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An efficient k = (ky, ko)-test T is third-order so-efficient if and only if

]{1 = Klm<80)7 k‘g = Kgm(SQ), H)g)\i)(UO) O (413)
In the above expressions,
Klm(so) _ Jlm(so), KQm(S()) _ ng(so) + 61m($0){J1m<30) - JQm(SO)}7 (414>
Eam(80)
and
] _
Eim(s) = m 2c2s 7\ (s, ¢) — 2¢05*{ 20 (s, ¢o) — (s, co }+/ fim(s,m) }
fim(s,7) = —msrZW (s,1) + s*{(m +2) 29 (s,7) — 2ka2)(5,r)} +2s r{Zk (s,7) — Z9)(
éém(s) = m -CSSZS)<57 CO) + 0082{2129)(87 CO) - Z?Sf)(sa CO)} + /0v f2m(57r)dr1 )
f2m(87 T) = 87”27(7,})(8, T) - 82{227(3)<S7 T) - qug) (87 T)} - S3T{qunl) (87 7”) - Zﬁ)(57 T)}a
Eam (s Eam (s
Jlm(5> = 221—((3)> J2m(8) = 2;, ((8))7 £2m(5) = £1m<5> + mgém(5)>
m 2m
1 [ 0
fgm(s) = m _46(2)8Z7(71)(S, Co) — 2605227(79)(8, Co) + /0 fgm(S, T)d’l“:| s
fam(s,7) = =2msrZWV (s, 1) 4+ 2ms> 2O (s, r),
1 [ 0
Eam(s) = m 2c2s 72\ (s, ¢o) — co5>Z9 (s, o) —i—/o f4m(s,r)dr} )
fam(s,7) = 257 ZWV (s, 1) — 25220 (s, 7),

s) = 4m/ fom(s,7)d

fom(s,7) = —srZ W (s, 1) + szZ(O)( ),
1
2067 = (20) S sep {357 10} A,

AW (s 1) :/ sin™ 2
0

@ cos' @ exp(sr cos @)dy.
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Figure 4: Power loss coefficient &, (). Figure 5: Power loss coefficient &, ().

The third-order power loss function Py (s) of a k-test given by (4.11) depends on three
kinds of nonnegative scalar curvatures x2,+? and Hﬁ(l)Q. Among them, x? measures the
square of the anisotropy of the 1-ES curvature of M, in M., and 2 measures the square
of the mean 1-ES curvature of M, in M,. On the other hand, Hg_m measures the square
of the (—1)-ES curvature of the ancillary subspace A(ug) in M, associated with a k-test.

Figures 3, 4, 5 show the power loss coefficients o, (5), &1m(s), &am(s) given in (4.11),
(4.12) as functions of s in the cases of m = 2,3,4,5 with o = 0.05.

Figures 6, 7 show the optimal proportions K7,,(s), Kaom(s) given by (4.14) as functions
of s in the cases of m = 2,3,4,5 with a = 0.05.
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Figure 6: Optimal proportion Ki,,(s). Figure 7: Optimal proportion Ky, (s).

Widely used typical tests can be regarded as the m-flat k-tests in the following manner
(cf. Amari, 1985, Chapter 6). The m.l.e. test (M LT') or the Wald test uses

gab(ﬂmle)(a?nle - u8)<ﬂ$nle - uz) or gab(uo)(a?nle - u8)<ﬂfnle - ug)

as the test statistic, where ,,,. denotes the maximum likelihood estimator of u, and its
characteristic is
ki =ky =0, H Yu)=0. (4.15)

KAQ

The likelihood ratio test (LRT') uses

—2log {f(Z,u0)/ f(Z, tpmic) }
as the test statistic, and its characteristic is
by =ky =05, HSV(up)=0. (4.16)
The efficient score test (EST) or the Rao test uses
G (1) 0l (T, 1o Ol (T, ug)

as the test statistic, and its characteristic is

b=k =1, H Yw)=0. (4.17)
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Figure 8: Power loss AP;(s) of typical tests. Figure 9: Power loss AP,(s) of typical tests.

Figures 8, 9 show the power loss functions APy (s), APy(s) given by (4.12) for M LT, LRT, EST
in the case of m = 2 with o = 0.05.

Including these typical k-tests, we can design an efficient test whose ancillary family
is m-flat and has a desired value of Q4. When

Qak = k1K) + kogap HY

is specified, we modify the m.l.e. 1, of u to

~

u;nle = a?nle + gab(amle)Abc<afnle - US), (418)
Abc = kl [dbc - gbc(amle)d] + k?.gbc(ﬂmle)&7

&bc = gbc('&mle) + 0bacl(i’, amle)7 a= &bcgbc( U

umle)a

and uses the quadratic form

Gab (o) (tiye — u5) (e — Ug) (4.19)

as the test statistic. Then it gives the m-flat efficient test with the prescribed Q). In
particular, by specifying

k1 = Kim(so0), ko = Kan(so),

we obtain the third-order sg-efficient test for each sy. Note that a,. is the well-known
asymptotic ancillary statistic, which is the expected Fisher information gp.(tm) minus
the observed Fisher information —0,0.l(Z, tUme)-

The proposed designs will be numerically examined in comparison with the sequential
tests in Section 7.
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5 CONFORMAL TRANSFORMATION OF CURVED
EXPONENTIAL FAMILY

We reconsider the conformal transformation M, — M, of the f.r.m. exponential family
M, by the gauge function v(w) > 0. As shown by (3.17) and (3.22), the metric tensor
and the skewness tensor in terms of the w-coordinate system are changed into

gaﬁ = Vgas, Taﬁ’y - V[Ta,BW + 3g(a,83'y)]-
Dividing by the gauge factor v, we define

Gop = Gop:  Tapy = Tapy + 39(apSy): (5.1)

and introduce the scaled statistical manifold Me with the basic tensors gag, Tam. Asymp-
totic properties of sequential inferences will be expressed by the geometrical quantities
induced on M,. In view of (3.23), the a-connection of M, in terms of the w-coordinate
system is given by

~ (o 1-— 14+«
th)é = F(Bv)é + — 5 (95587 + 95-53) — 5 9355 (5.2)

Then we can express the change of quantities related to the scaled statlstlcal manifold
M., that is, the (—1)-connection Fg;cl)( ) of Mc, the 1-ES curvature tensor H( ) (u) of M,

in M,, and the (—1)-ES curvature tensor H( ( ) of A(u) in M, are given by
f(il) = F( Y + GeaSh + GebSas H( ) — - H( ) — GabSk, H( = - H(il) (53)

abc abc abk ab KAa KAa

so that the mean 1-ES curvature tensor H." (u) of M, in M,, and the 1-ES umbilic tensor
K (u) of M, in M, are

abk

HY = HgW _ g KO _ ®

K K abk abk

(5.4)

We remark that the scaled 1-ES curvature tensor variable E&)(az‘”, n,u) of M. in Ry
can be also introduced and expressed as

A (@ ) = 7/3 D (" n, ) = — 0uOMT (2" ) + o) — T3 ()0 (2" )|

N
1 -~ ~
= 75 (A g™ orla (@ 0) — gafw)n® (2", w)] (5.5)
n(l)(x”,w) =n—v(w)— saﬁal_n(x", u), §%= 55g6a, l_n(x", u) = log ﬁ(:c", n,u).
(5.6)

This expression shows that due to the additional term gq,(u)n™ (2™, w), the 1-ES
curvature tensor H éii(u) of M, in M, and the scaled 1-ES curvature tensor variable
B&)(x”, n,u) of M, in RMC are not in general the equivalent notions.

From Corollary 3.1 which states the condition for preserving the exponentiality of M,
under the appropriate conformal transformation, we obtain the following result as to the
above two curvature notions.
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Theorem 5.1. For a scaled curved exponential family M., the squared scalar curvature
N2 of the scaled 1-ES curvature tensor variable h&)(x”,n,u) of M. in Ry; is not less

than the squared scalar curvature 5\3 of the 1-ES curvature tensor ]:ILEII)L(U) of M, in M,

N2 = (B (@ n, w)h) (@ n, w))ug®gh > N2 = HG) ) greghlgs (5.7)

abk

where the equality holds if and only if the condition (3.43) in Corollary 3.1 is satisfied.
For a stopping time 1. € C introduced in Section 2, the equality asymptotically holds
in the sense

o= 401) as v(w) = oo. (5.8)

Proof. From (5.5) since O\l (2", u) € S(Ty.), nM(z",w) € S(Ny.), we have

(2", w)*), > A2

e’

A=+
and it follows that
A2 =22 o " w) =0,

For a stopping time 7, € C introduced in Section 2, since (3.44) holds, we have

Ao = A2+ %(nél)(x”,w)%u =N 40(1) as v(w) — oo.
This completes the proof of the theorem. n

From (5.3), (5.4) we know that under any conformal transformation M, — M.,

B2 — 2 — KéiiKéélgacgbdgnA7 ]jlﬁl—m _ Hﬁ,—m _ H,g;;)H,S;;)g”“gA”gab, (5.9)
and by setting s, (u) = H,gl)(u), we have
A2 = mﬁ,gl)ﬁ)(\l)g”’\ =0. (5.10)
When the ancillary family A is m-flat and M, is totally e-umbilic in M., we further get
P=k?=0 H{=H{"=0 (5.11)

As noted after (4.18) M, is also totally e-umbilic in Ry, and then from (3.46) M. is
conformally m(e)-flat, so that there exists a gauge function v(u) > 0 and a (—1)-affine

coordinate system @, = (), a=1,...,m of M, satisfying
n(=D~ \ —
r.’(a,) =0 (5.12)

These possibilities will be realized in the subsequent sections.
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6 SEQUENTIAL TEST IN CURVED EXPONEN-
TIAL FAMILY

We deal with an unbiased sequential test of the simple null hypothesis
Hy:u=wuy vs Hy:u# ug,

in an (n, m)-curved exponential family M.. Let K be a large number playing the role of
the average time of observations, and let v(n) > 0 (v(w) > 0) be a smooth gauge function
defined on M, in the n-(w-)coordinate system.

The sample mean up to time n, Z, = >, x(t)/n has the same value in the n-
coordinate system, and its value in the w-coordinate system is denoted by w,, = (i, 0,) =
n~'(Z,). The random stopping time 7 is assumed to satisfy (see Okamoto et al., 1991)

7= Kv(i;) + c(iir) + ¢, (6.1)

1 _
e(u) = 5 (Oass — Tep"sy = 5085)9°", 50 = Oalogr(w),

e=0,(1), E,]=o0(1), E,[r]=Kv(u), Var,[r]=O0(K).
The term ¢(u) is due to the bias of w, from the true w = (u,0), which is obtained by the
requirement E,[7] = Kv(u). The term ¢ includes a rounding error and the “overshooting”
at the stopping time 7.

We note that a stopping time 7. € C introduced in Section 2 satisfies the above
conditions with K = ¢'/(=%)_ On the other hand, by expanding (6.1) at the true w = (u, 0)
we have

T = Kv(w) + Kv(w)s,(w* —w®) + O,(1)
= Kv(w) + s°00 (X7, w) + O,(1), §° = 5,9,
which implies that the condition (3.43) in Corollary 3.1 is asymptotically satisfied in the
sense
(M (z" w)?, =0(1) as K — oo,
nM (2" w) = n — Kv(w) — s°0sl, (2", w).
The formulation proceeds almost the same way as in the nonsequential case. Let R

be the critical region of a sequential test 7, and let U K (s) be a set of alternatives given
by

Uk(s) = {use = up + se// Kvy € J\ch, s> 0, gab(uo)e“eb =1}, vy = v(up).

We compare sequential tests based on the average power Pf(s) defined by

Pr(s) = (Priwpe = [  Priudu/i(s)
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where Sk (s) denotes the area of Uk (s).

By expanding P5(s) in the power series of (Kvp) =1/

, we have

Pr(s) = Pra(s) + Pro(s) ()2 + Profs) ()™ + O ),

and call ISﬁ(s) the -th order power of a sequential test 7 at s. When discussing the -th
order power, the tests are assumed to satisfy the level condition

P7(0) = a+ O(K %),

up to the same i-th order.
A sequential test T is said to be (first-order uniformly) efficient when

Pz ,(s) > Py (s), Vs>0, VT

It can be shown that an efficient sequential test is automatically second-order uniformly
efficient, and that there does not in general exist a third-order uniformly efficient sequen-
tial test.

Introducing the envelope power function by P*(s) = sup# P:r(s), and expanding it as

PH(s) = Py (s) + By(s) (Kuo) ™ + By ()(Kwp) ™ + O(K ),

we call 152-*(~s) the i-th order envelope power at s. Then the (third-order) power-loss
function APz (s) of an efficient sequential test 7 is defined by

APy(s) = P;(s) — Pry(s). (6.2)

From Propositions 4.1, 4.2, Theorem 5.1 and Appendices 1, 2, 3, we can state the
asymptotic results for the possibility of uniformly efficient sequential test.

Theorem 6.1. For an unbiased sequential test T of D = {uwo} in a curved exponential
family M., the following hold.

(i) A sequential test T is first-order uniformly efficient, if and only if the associated
ancillary family is asymptotically orthogonal in the sense

Jax(w) = O(K™Y?), Yu e dRy,

and the optimal intersection R*. = R* N M, is given by

c

Ry = {fno | gan(uo)iloli g > 3}, Tino = vV EKvoliin — ug), €5 = Xo 0

The first-order envelope power function Pi(s) is the same as Py(s) given in Proposition

4.1.
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(ii) The second- and third-order powers are analyzed by assuming the intersection RMC as

Ry, = {iino | gan(uo)iiiisty 2 (co + &)}, (6.3)
S L >“ga5< ) /(2 Kwp), [0 =100 4+ 6855 + 0854

From Appendz'ces 2, 8 we have € = O(K 1), which depends on the ancillary family through

Qb and ana Hence it follows that the second-order power function p:m(s) s common

to all the first-order uniformly efficient sequential tests.

(iii) A class of efficient sequential tests is introduced whose ancillary family satisfies

Q(ab)ﬁ = le(l)

abk

+ kg HWY | ky, ks € R, (6.4)

and a sequential test T with a pair of proportions (kl,kg) 1 said to be the sequential
k = (ki1,kz)-test. The third-order power loss function APc(s) of an efficient sequential
k = (ki, ko)-test T is given by

APy(s) = 2 APy(s) + 3 APy(s) + HS P&on(s), 32 =mHVHP g™, (6.5)
where functions APi(s), APs(s), om(s) are the same as given in Proposition 4.2.

(iv) Using the stopping rule derived from (3.41) (cf. Okamoto et al., 1991),

7 = inf { ’ - Z a abll umle n) b(amle,n) Z Ky(amle,n) + C(amle,n>} ) (66)

we have 2 = 0, 30 that the third-order power loss function of a sequential m-flat k =
(ky, k2)-test with H (uo) =0 is given by
APx(s) = K2AP,(s). (6.7)

When M., is totally e-umbilic in M, or equivalently in Ry, we have k* = 0, and thus a
sequential m-flat k = (kq, ko)-test is third-order uniformly efficient in the sense

APy(s) = 0. (6.8)
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7 EXAMPLES

7.1 von Mises-Fisher model

This is an (m+ 1, m)-curved exponential family, of which density function with respect to
the invariant measure on the m-dimensional unit sphere under rotational transformations
is given by (cf. Barndorff-Nielsen et al., 1989, p.76)

fc(x7 U) = eXp{e(U) T @ZJ[Q(U)]}, 0-x= 911,1 + (92$2 +o 9m+1xm+la
O=r&=(re"), £cS™={(ecR™ |- £=1}, z=(n;)eS™,
() = —logan(r), 1/an(r)= (27r)(mﬂ)/zr(l’m)ﬂ](m_l)/g(r), r >0,

where [(,,,_1)2(r) is the modified Bessel function of the first kind and of order (m —1)/2.
The concentration parameter r is assumed to be a given positive constant. The paramet-
ric representations 6 = 6(u) and 1 = n(u) are given by

0'(u) = r cosu? m(u) = r'cosu!
62(u) = rsinu! cos u? no(u) = 7T sin u' cos u?

03 (u) = rsinu! sin u? cos u? n3(u) = 71 sin u! sin u?

cos u>

" (u) = rsinulsinu?- - sinu™ tsinu™ Ny (u) = risinul sinu? - - sinu™ sinu™

where 0 < w',..., 0™t <7, 0 <u™ < 2mandr! = —dlog an(r)/dr = Limi1)2(r)/Lim—1)2(r).
Note that E[z] = r'¢, and T is a strictly increasing function of 7 that maps (0, 00) onto
(0,1).

From these representations the tangent vectors B! (u) and B,;(u) can be calculated,
and then the unit normal vectors Bi(u) and By;(u) (k = m + 1) are derived from the
relations B’ (u)B,;(u) = 0 and B;(u)B.(u) = 0 as follows.

1 1

Bl(u) = cosu Byi(u) = cosu
B2(u) = sinu! cos u? Bio(u) = sinu' cos u?

B3(u) = sinu! sin u? cos u? Biy3(u) = sinu! sin u? cos u?

2 2

B (y) = sinu! sinw? - - - sinu™ 'sinu™ By py1(u) = sinu! sinw? - - - sine™ ! sinu™

The related geometrical quantities are given below.

a
Gap(u) = Suprr H sin?u!, sin?u’ =1,

c=1

1 1 1
Hyp(u) = = —ga(w),  HD(u) = ——. Ky (u) =0.

This model is totally e-umbilic in M, or equivalently in Ry, with k* = 0, v2 = m/(r")?,
and since this M, is conformally m(e)-flat, there exist a gauge function v(u) > 0 and a
(—1)-affine coordinate system i, = (%) of M, satisfying f‘ég;)(ﬂl,) = 0. The concrete

v
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forms are (see Kumon et al., 2011)

_ . 1
s = D%n;(u), = 7.1
i = V) D), vl) = ()
where D% (¢ =1,...,m, i =1,...,m+ 1) are constants with rank D% = m.

7.2 Hyperboloid model

This is an (m + 1,m)-curved exponential family, of which density function with respect
to the invariant measure on the m-dimensional unit hyperboloid under hyperbolic trans-
formations is given by (cf. Barndorff-Nielsen et al., 1989, p.104)

folw,u) = exp{f(u) -z — Y[O(u)]}, O'=—re', O =re i=2,... . m+1,
E=(E) e H™ = {€€R™ | €xE=1, € >0}, 2= (x;) € H",

ExE= ()2 — (&)= — (")

P(0) = —logan(r), 1/an(r)= 2(27r)(m_l)/zr(l_m)/QK(m,l)/g(7"), r >0,

where K(,,—1)/2(r) is the modified Bessel function of the third kind and of order (m—1)/2.
The concentration parameter r is assumed to be a given positive constant. The paramet-
ric representations § = 6(u) and n = n(u) are given by

0'(u) = —r coshu! m(u) = rfcoshu!
6?(u) = rsinh u! cos u? no(u) = 7T sinh u! cos u?

63(u) = rsinh u! sin u? cos u? n3(u) = 7T sinh u' sin u? cos u?

2 “tsinu™  npyi(u) = rfsinhu! sinu?- - - sinu™ !sinu™

where u! € R, 0 < o%...,u™! < 7, 0 < u™ < 27 and rf = dloga,(r)/dr =
Kmi1)/2(1)/ Km-1)/2(r). Note that E[z] = ¢, and ' is a strictly decreasing function of
r that maps (0, c0) onto (1,00).

From these representations the tangent vectors BY(u) and B,;(u) can be calculated,
and then the unit normal vectors B’ (u) and B,;(u) (k = m + 1) are derived from the
relations B (u)B,i(u) = 0 and B,;(u)B:(u) = 0 as follows.

0™ (u) = rsinhu! sinw? - - - sin u™

Bl(u) = coshu! Byi(u) = cosh ut
B2(u) = — sinh u! cos u?
B3(u) = — sinh u! sin u? cos u

Byo(u) = sinh u' cos u?

3 By3(u) = sinh u' sin u? cosu

3

B™(u) = —sinhu! sinu? - - - sinu™ 'sinu™ B, 11 (u) = sinhu! sinu? - - - sinu™ ! sinu™

The related geometrical quantities are given below.

gi1(u) = rrt, Gap(u) = Soprr! sinh? ! H sin?u™t, sinful =1, a=2,...,m,
c=2
1 1 1 1
Hy(u) = = —ga(w),  H(w) =~ Ky (u) =0.



This model is totally e-umbilic in M, or equivalently in Ry, with 2 =0, v2 = m/(r")?,
and since this M, is conformally m(e)-flat, there exist a gauge function v(u) > 0 and a
(—1)-affine coordinate system i, = (%) of M, satisfying fégé”(au) = 0. The concrete
forms are (see Kumon et al., 2011)

~a ai !
i, = v(u)D"ni(u), v(v) = | sinh w!| [, | sinue|’

(7.2)

where D% (a=1,...,m, i =1,...,m+ 1) are constants with rank D% = m.

7.3 Numerical results

We examine our theoretical results numerically by using the von Mises-Fisher and the
hyperboloid models. It will be shown that the sequential m-flat test is uniformly superior
to the nonsequential m-flat tests. At first the third-order power loss functions in the
nonsequential tests are evaluated in the two dimensional case m = 2. We take 20 values
of the distance s from 0 to 5, and for each value of s, we select the number of H; equally
spaced alternatives. At each point of alternatives, the number of N random simulated
data are generated. The empirical average power Py.(s) of an m-flat k-test is calculated
as the number of rejections relative to the number of H;. Tests are compared by the
empirical third-order power loss function

AP}Ce(5> = N[PK*e(S) - PKe(S)]/727

where Py-.(s) denotes the empirical average power of the third-order s-efficient test for
each value of s.

As for the von Mises-Fisher model, numerical results are based on the following set of
values

m=2, a=005 1r=01 H : (uy,us)=(7/2,7/2), N =2000, H;=1000,
and for the hyperboloid model, numerical results are based on the following set of values
m=2 «a=0.05 r=2 H : (up,ul)=(1,7/2), N =50, H; =5000.

Figure 10 shows the von Mises-Fisher model, and Figure 11 shows the hyperboloid
model. In each figure, APy, (s) are depicted for M LT, LRT, EST. The notations in the
figures indicate the following tests.

DMLT : k=(0,0), DLRT : k=(05,05), DEST : k=(1,1).

We remark that these tests are designed by (4.19), which are the approximate versions of
the exact m-flat k = (kq, ko)-tests. Thus the theoretical third-order power loss functions
APy(s) = APx(s)/v? shown by Figure 9 are not precisely reflected in these figures.

Next the power function of the sequential m-flat k-test is evaluated in the two dimen-
sional case m = 2. Again we take 20 values of the distance s from 0 to 5, and for each value
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Figure 10: APy.(s) von Mises-Fisher Figure 11: APy.(s) hyperboloid

of s, we select the number of H; equally spaced alternatives. The empirical average power
Pi+o(s) of the sequential m-flat k* = (0,0)-test is calculated as the number of rejections
relative to the number of H;. This empirical average power Is;c*e(s) is compared with the
nonsequential empirical average powers Py, (s) of MLT, LRT, EST. The stopping time
7 for the sequential test is determined by (6.6)

1 n
T = inf {n ‘ - E Z 8(1811[1(37({;)7 amle,n)gab(’&mle,n) Z Ky(ﬁmlem) + C(ﬁ'mle,n)} )
t=1

1 1 1 1
c(u) = ——(ﬁ - —) : von Mises-Fisher ¢(u) = ——( _ —) . hyperboloid.

2\prpf  pf2 2 rrt pt2

Then the rejection region of the sequential m-flat £* = (0, 0)-test is given by (6.3)
RMC = {aV ‘ gal}(uo)agoago > (CO + €)2} ) ZNL?,O =V KVO [ﬁ’(z,mleﬂ' - ag(u())} :

As for the von Mises-Fisher model, numerical results are based on the following set of

values (cf. (7.1))

m=2 «a=005 1r=02 H : (up,ul)=(7/2,7/2), N =1000, H; =500,
1%

i = v(wn(u), @ = v, v =1/snd][sma?, K= 1000,

and for the hyperboloid model, numerical results are based on the following set of values
(cf. (7.2))

=2, a=005 r=2 Hy : (u5,ul)=(1,7/2), N =50, H; =500,
=v(u)m(uv), @ =v(un(u), v(u)=1/|sinhu'|[sinu?®, K =60
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Figures 12, 13 show the von Mises-Fisher model, and Figures 14, 15 show the hy-
perboloid model. Figures 12, 14 depict Pisc(s), Pxe(s), and the notations in the figures
indicate the following tests.

CM LT (sequential) : k™ = (0,0), OM LT (nonsequential) : k= (0,0),
OLRT (nonsequential) : k= (0.5,0.5), OEST(nonsequential) : k= (1,1).

Figures 13, 15 depict the differences DPy(s) = Pire(s) — Pre(s), and the notations
in the figures indicate the following tests.

DMLT : k=(0,0), DLRT : k=(05,05), DEST : k=(1,1).

We see that in each model, the empirical average power ﬁ;c*e(s) of the sequential m-
flat k* = (0,0)-test (CMLT') surpasses the empirical average powers Py.(s) of typical
nonsequential m-flat k-tests (OM LT, OLRT, OFEST) almost uniformly in the distance
s> 0.
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Figure 14: Py«(s), Pce(s) hyperboloid Figure 15: DPx.(s) hyperboloid

8 DISCUSSION

Conformal geometry of statistical manifold has produced the concrete third-order effi-
cient sequential test procedure in a multidimensional curved exponential family M.. The
method is divided into two stages: the first is to choose the stopping rule which reduces
the mean 1-ES curvature of the conformally transformed M, to zero, and the second is to
determine the significance of the null hypothesis based on the mixture-flat k-test statistic
at the stopping time.

This method was also designed to verify that the totally exponential umbilic statistical
manifold (TEU for short) guarantees the third-order uniformly efficient sequential test
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procedure. TEU implies the conformal mixture (exponential) flatness, and this flatness
leads to a gauge function v(u) > 0 and a dual affine coordinate system of M, which
reduces the (—1)-connection of M, to zero. This coordinate system is not pertinent to
the power function itself but is effective for the simplification of the sequential mixture-
flat k-test statistic without the bias-correction. Therefore TEU can be regarded as an
f.r.m. exponential family in the appropriate sequential inferential procedure. The von-
Mises Fisher model and the hyperboloid model are the examples of the dual quadric
hypersurface which was coined in the previous work (Kumon et al., 2011). This type
of hypersurface belongs to the class of TEU, and the complete characterization of TEU
remains a future subject.

The present and the previous works exhibit one feature of active information geometry
which encompasses geometries not only as interpretations but as strategic actions. It has
been recognized that the sequential inferential procedures are rather restrictive in the
sense that they cannot reduce the anisotoropy of statistical manifold. Another feature
of the proposed spirit can be found in the field of dynamical systems, where dynamical
actions such as feedback and feedforward may produce more flexible geometrical actions
on system manifolds. This is a promising theme which is to be studied in a future work.
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APPENDICES

1 Edgeworth expansion of f(w,u)

The observed sufficient statistic z is decomposed into (u,0) by & = n(u, ), implying that
7 is in the ancillary subspace A(@) and its coordinates are v in A(@). Then we define the
normalized and bias-corrected statistics ug, and v by

. . _ - L N . .
Use = VN(l—use), ugy =1, + mrm “g"(4), T=VNb,
and denote them by @}, = (4} ,7). The density functions of the statistics w}, and @
are given in Amari and Kumon (1983), and we only enumerate the results.
When the true parameter is u,., the density function f(@;us.) is expanded as

1/2 1
~ % Gap\Us,e ~kQU, _
i) = PO o {Sgualu szl |+ O, (s
The distribution of 4} is obtained by integrating (8.1) with respect to 9,
= 1/2 1
~ % Gab\Us e _ ~xq ~ % _
f(us,e; us,e) - | (Q(W)m)/L €xp {_égab(u8,6>us,eus?e} + O(N 1/2)7 (82>
where
gab(us,e) = gab(us,e) - gangbAgHA' (83)

The matrix gop — Gap is positive semi-definite, and gap(use) = gap(us ) holds if and only if
Gar(use) = 0, that is, A is orthogonal at ug,.
When A is locally orthogonal at ug, the density function of @}, is further expanded as

F@ s use) = (@] s use) [1+ AN (5 5 use) + Ba (@ use)] + O(N™2), (8.4)
where
~ % gab(us,e 1/2 1 ~ k@ &~k
@(us,e; u87€) = W exp _§gab(us,e)us,eu5i§ 5 (85)
1
A a* g ) = Ka Chabc
N( s.e ) ) 6\/N b
1 1 1
_Ka hab Ka . habcd Ka cK . habcdef 8.6
+4N b +24N bed +72N bl def , (8.6)
Kabc = Labec — 3Oab67
Ky = CeaaCerag™ 9" + 2H . Hig\ 99",

Kabcd - Sabcd - 4Dabcd + 12<Ceab + C’abe — Tabe)cfcdgefu
Tabc - E]kBZLBng, Cabc = ame‘Bi = F(_l)

abc

Sabed = 0:0;0000 ByB] BBy, Datea = 0:0yBai By
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~ % ac a _C ac K 1 _ a
2N By (tg ¢ s,e) = |:Qacri {(9 + s%e% ) Qvar — 29 Hé;;} g™ + §Héb W} pab

+ Sch)\ <2Qabﬁ _ Hé;i) g"f)\edhabc + Qalm (ch)\ _ H(E;z\) gn)\habccl7
(8.7)

(=1)2 (=D g7 (=1) _rp v
Hab - HN)\a H;u/b g #g )

and h® etc. are the tensorial Hermite polynomials in Us e as follows.
hab(u) _ uaub . gab’ habc(u) _ UaU,bU,C . 3g(abuc)’
habcd<u) _ uaubucud . 6g(abucud) + gg(abgcd)’
habcdef(,u) — uaubucudueuf . 15g(abucudueuf) + 45g(abgcdueuf) . 15g(abgcdgef).

The term Ay (@} ,;us.) does not depend on the ancillary family A, so that it is common

to all the efficient tests. The term B ~ (U5 s us.e) shows that the density function f(u} ; us.)
depends on A through the two geometrical quantities Qg and H, /i;;) Thus when A is
associated with a test, the third-order characteristics of an efficient test are determined
by the angles Q)4 between the boundary OR of the critical region R and M., and the

(—1)-ES curvature H,S;) of OR.
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2 Outline on the second- and third-order powers

From the third-order level condition Pr(0) = o + O(N~%/2), we have

 [f(ao;uo) ditg + €(f (@ u0))ors, =1—a, Ry, = {uo | gap(uo)ufig < g},
Ry, ¢

(f (to; uo))ors, :/ f (@05 uo) dito/Sn(ORy,,), IRy, = {do | gan(uo)uig = 3},

ORy,

where Sy (OR}, ) denotes the area of the (m —1)-dimensional sphere R}, with the radius
Cop-

We denote by ¢y for the m.l.e. test, and for a general efficient test, we put € = ¢y + €.
Then from the expression of Ay (4g; uo) given by (8.6) we have for ¢,

1

Kac 3 (ab cd)h
—24m(m+2) bedd9" g 3(60)

1
Ney = Im abgabhl(co) +

KacKe 15 (ab cd efh
T Tm(m 1 2)(m 4 4) ket des 109 (o),

hi(co) = co, ha(co) = cg — (m+2)cg, hs(co) = cg —2(m+ 4)08 + (m+2)(m+4)co

On the other hand, from the expression of By (ug; ug) given by (8.7) we have for €
1 _ 1
Ne, = [%H‘(“ b2 + _Qabn <ch/\ - QH,E;D gacgbdgm\] hl(CO)

+ {WQG[)E (ch,\ cd>\> g\%g°D g 1 hs(co).

Since it needs long and complicated calculations to derive Proposition 3.2, we only

enumerate key formulae on the integrations of the tensorial Hermite polynomials which
were also used to get €, €.

~ % 1 a
/ (Bt 5 tse) Do = ——g™h(co),
R m

*
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/7”< (use7u ) us,e> m<m+2) g g 3(00)7
1
habcdef TRETI dir J—— 15 (ab cd ef)h
/*< Pl i Use) dit ) T o) m 999 hs(co).
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3 Edgeworth expansion of f(w,u)

We define the normalized and bias-corrected statistics ay, , . and v, by

ﬂn,s,e = KVO(an - Us,e)u a:fs e — ﬂg ,5,€e \/— (ﬁ'y ) 957(un>7 1~1n =V KVO@,
and denote them by @y, .. = (u, , ., Un).

When the true parameter is u, ., the density function f (W), ;o5 Us,e) of W . is expanded

nse7
as

1

Flx L . ‘gaﬂ(us,e)|1/2 *Q ~*,8 O -1/2 8.8
f<wn,s,e7u5,€> - W exp _égaﬁ<u576)wnse n,s,e + ( ) ( : )

The distribution of @y _ . is obtained by integrating (8.8) with respect to oy,

Fraw . |G (t15,) 2 1_ *a  oxb ~1/2
f(un,s,67 u3,€> = W exp _§gab(u37€)un s,e n ,5,€ + O( )7 (89>
where ggp(us,e) is the same as (8.3).
When A is locally orthogonal at ug, the density function of ay, ;. is further expanded
as

F @ i t00) = (0 5 ) |1+ Ape (1) + B3 s,) | + O(K2), - (8.10)

where
~x ‘gab(u&e)’l/Q 1 ~xq  ~xb
Sp(un s,er Us 6) - (27T)m/2 exXp _§gab(u5,e)un,s,eun,s,e ) (811)
~ 1 ~
Ak (uy yUse) = Ka chabc
K( n,s,e ) 6\/K_l/0 b

- 1 -
Ka hab Ka . habcd
+ 4Ky, @ + UKy, + 72K 1,

f(abc = Tupe — 3Coabes
Ka = CeaaCerag™y® + 2H) H{N 99",
Kapea = Savea — 4Davea + 12(Ceap + Cave — Tape) Creag,
Cabe =50, Dabea = 0:Caba — Cope(Coar — Toap) 9,
Subea = Saved + 65(avgedy + 45@Thea) + (1 — 5a559°%)3G(avGedys  Sab = OaSy + Sasp — r0)s.,

f{abckdefhab“lef, (812)

~ 1
2KVOBK( ns e’ U’S 6) - |:QLICK, {(g _I_ 526(160) deA - 2gaCHlEdz\} g’{)\ _|_ 2H :| hab

+ Sch)\ (2Qab,‘i — Néb’){> KA dhabc + Qabn (ch)\ ~C(Cllg\> n)\habcd.
(8.13)
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The term Ag (i Uy, o o5 Us,e) does not depend on the ancillary family A, so that it is common to
all the efficient sequential tests. The term B (i Uy, o o5 Use) shows that the density function
f (1, , s Use) depends on A through the two geometrical quantities Q. and H ,g)\ ). Thus

when A is associated with a sequential test, the third-order characteristics of an efficient
sequential test are determined by the angles Qabre between the boundary OR of the critical
region R and M., and the (—1)-ES curvature H( of OR.
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