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Abstract

Dynamical systems, such as electric circuits, mechanical systems, and chemical plants,
can be modeled by mixed matrix pencils, i.e., matrix pencils having two kinds of nonzero
coefficients: fixed constants that account for conservation laws and independent parameters
that represent physical characteristics. Based on dimension analysis of dynamical systems,
Murota (1985) introduced a physically meaningful subclass of mixed polynomial matrices.
For this class of mixed matrix pencils, we provide a combinatorial characterization of the
sums of the minimal row/column indices of the Kronecker canonical form. The characteri-
zation leads to an efficient algorithm for computing them. This is an extension of the result
by Iwata and Shimizu (2007) on matrix pencils whose nonzero entries are all independent
parameters.

1 Introduction

A matriz pencil is a polynomial matrix in which the degree of each entry is at most one. Each
matrix pencil is known to be strictly equivalent to its Kronecker canonical form, which is in
a block-diagonal form that consists of nilpotent blocks, rectangular blocks, and the residual
square block, where rectangular blocks appear only in the singular case.

The Kronecker canonical form of matrix pencils plays an important role in many fields
such as systems control [2, 27] and differential-algebraic equations [5, 12, 24]. The problem
of computing the Kronecker canonical form has been studied especially for singular matrix
pencils, because the singularity makes this problem much more complicated than the regular
case. Several algorithms are designed for numerically stable computation of the Kronecker
canonical form [1, 3, 4, 10, 28].

An alternative method for the Kronecker canonical form is based on the structural ap-
proach, which extracts zero/nonzero pattern of each coefficient in the matrix pencil, ignoring
the numerical values. The structural approach has been adopted in control theory [13] and in
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theory of differential-algebraic equations [23]. Such a simplification enables us to compute the
Kronecker canonical form of regular matrix pencils efficiently by exploiting graph-algorithmic
techniques under the genericity assumption that all the nonzero coefficients are independent
parameters, which do not cause any numerical cancellation. A recent work [7] has extended
the structural approach to deal with singular matrix pencils. Under the genericity assumption,
it provides a combinatorial characterization of the sizes of the nilpotent blocks as well as the
sum of the sizes of the rectangular blocks.

The size of each rectangular block in the Kronecker canonical form is called the minimal
row/column indices. They are also referred to as the left/right Kronecker indices in control
theory [11, 29]. For a linear time-invariant dynamical system

x(t) = Az(t) + Bu(t),

the minimal column indices of the matrix pencil D(s) = (s[ —A] B) provides the so-called
controllability indices [6, 11, 25, 30, 31|, and the sum of the minimal column indices corresponds
to the dimension of the controllable subspace.

An advantage of the structural approach is that it is supported by efficient combinatorial
algorithms that are free from errors in numerical computation. On the other hand, however,
the genericity assumption is often invalid when we set up a faithful model of a physical system.
This is partly because structural equations such as the conservation laws can be described with
specific numbers. This natural observation led Murota and Iri [20] to introduce the notion of
a mixed matrix, which is a constant matrix that consists of two kind of numbers as follows.

Accurate Numbers (Fixed Constants) Numbers that account for conservation laws are
precise in values. These numbers should be treated numerically.

Inaccurate Numbers (Independent Parameters) Numbers that represent physical char-
acteristics are not precise in values. These numbers should be treated combinatorially as
nonzero parameters without reference to their nominal values. Since each such nonzero
entry often comes from a single physical device, the parameters are assumed to be inde-
pendent.

A matrix consisting only of independent parameters is called a generic matriz, which is a
special type of a mixed matrix.

The polynomial matrix version of a mixed matrix is called a mized polynomial matriz. To be
more specific, a mixed polynomial matrix is a polynomial matrix with each coefficient matrix
being a mixed matrix. In other words, a mixed polynomial matrix is a polynomial matrix
D(s) = Q(s) + T'(s) such that the nonzero entries in the coefficient matrices of Q(s) are fixed
constants and those of T'(s) are independent parameters.

The concept of mixed polynomial matrices may be too broad as a mathematical tool for
describing dynamical systems in practice. Taking the consistency of physical dimensions in
structural equations into account, Murota [14] introduced a class of mixed polynomial matrices
that satisfy the following condition.

(DC) Every nonvanishing subdeterminant of @(s) is a monomial in s.



This subclass of mixed polynomial matrices has played an important role in matroid-theoretic
structural approach to dynamical systems [16, 17, 22].

The results in [7] on the nilpotent blocks have been successfully extended to the framework
of mixed matrix pencils, i.e., mixed polynomial matrices with degree at most one, without
imposing the assumption (DC) on dimensional consistency [8]. Extending the remaining results
on rectangular blocks has remained to be done. In this paper, we extend the characterization on
the sum of the minimal row /column indices to the framework of mixed matrix pencils satisfying
(DC). This characterization leads to an efficient matroid-theoretic algorithm for computing
them.

In the derivation of our result, we have two difficulties to be overcome. In mixed matrix
theory, a problem for a mixed matrix pencil is generally reduced to that for a certain layered
mixed matrix pencil, but this straightforward approach does not work well for the minimal
column indices as discussed in [8, Section 8]. This is the first difficulty, which is resolved
by Theorem 6.2. The second one occurs in using the Combinatorial Canonical Form (CCF)
decomposition [21], which is a generalized version of the Dulmage-Mendelsohn decomposition
utilized in [7]. When we transform a mixed matrix pencil D(s) into the CCF, the resulting
matrix is not necessarily a matrix pencil. We resolve this problem by showing in Section 8 that
a part of the CCF, called the horizontal tail, remains to be a matrix pencil and has the same
minimal column indices as D(s).

The rest of this paper is organized as follows. In Section 2, we recapitulate the Kronecker
canonical form and its relation to the ranks of expanded matrices. Section 3 gives characteri-
zations of square blocks of the Kronecker canonical form, and Section 4 discusses which blocks
are invariant under equivalence transformations with unimodular matrices. Sections 5 and 6
are devoted to mixed polynomial matrices and mixed matrix pencils. After explaining the CCF
in mixed matrix theory in Section 7, we give a combinatorial characterization of the sums of
the minimal row/column indices in Section 8. Section 9 describes an application of our result
to controllability analysis of dynamical systems. Finally, Section 10 concludes this paper.

2 The Kronecker Canonical Form of Matrix Pencils

Let D(s) = sX +Y be an m x n matrix pencil with row set R and column set C. We denote by
DII, J] the submatrix of D(s) determined by I C R and J C C. A matrix pencil D(s) is said
to be regular if D(s) is square and det D(s) # 0 as a polynomial in s. It is strictly regular if
both X and Y are nonsingular. The rank of D(s) is the maximum size of its submatrix that is
a regular matrix pencil. A matrix pencil D(s) is said to be strictly equivalent to D(s) if there
exists a pair of nonsingular constant matrices U and V such that D(s) = UD(s)V.

For a positive integer p, we consider p x p matrix pencils K, and N, defined by

s 1 o --- 0 1 s o --- 0
0 s 1 . o 0 1 s
K, = 01> Ny, = 0
s 1 1 s
0 0 s 0



For a positive integer €, we denote by L. an € X (e + 1) matrix pencil

s 1 0 0

L. — 0 s 1
- 0
0 0 s 1

We also denote by L;; the transpose matrix of L.

Let us denote by block-diag(D1, ..., Dy) the block-diagonal matrix with diagonal blocks
Dy, ..., Dy. A matrix pencil is known to be strictly equivalent to a block-diagonal form called
the Kronecker canonical form as follows.

Theorem 2.1. By a strict equivalence transformation, a matrix pencil D(s) can be brought
into a block-diagonal form D(s) with

D(s) = block-diag(H,, Kpy . Kpe, Nyys ooy Nugs Ley s Ly Ly -5 Ly ),

where

pr=-2pez2l, =z z2pg2l, a2 2620 M= 2n 20,

and H, is a strictly regular matrix pencil of size v. The numbers v, ¢, d, p, q, p1,-- -, Pe,
M1y -y fhds €15+ €py M, - - ., 7 are uniquely determined.

The matrix D(s) is called the Kronecker canonical form of D(s). The matrices N, , ..., Ny,
are called the nilpotent blocks, and the numbers p1, ..., uq are called the indices of nilpotency.
The numbers €1, ..., €, and 71, ...,74 are the minimal column indices and minimal row indices,
respectively. In addition, we call

(Vs Pl ey Pes s - s ods €15« - s €py T, - - - 5 1) (1)

the structural indices of D(s).
For the rank 7 of D(s), it holds that

c d D q
r:u+2pi+2m+zei+2m- (2)
i=1 i=1 i=1 =1

Moreover, we have

p=n-—r, qg=m-—r. (3)

We denote the degree of a polynomial f(s) by deg f(s), where deg0 = —oo by convention.
For a rational function f(s) = g(s)/h(s) with polynomials g(s) and h(s), its degree is defined
by deg f(s) = degg(s) — degh(s). Let B(s) be a rational function matrix with row set R and
column set C. For kK =1,...,rank B, we denote

0k(B) = max{degdet B(s)[I,J] | |I| =|J|=k,I C R,J C C},

where 6o(B) = 0 by convention.



A rational function f(s) is called a Laurent polynomial if sV f(s) is a polynomial for some
integer N. For a Laurent polynomial f(s), we define

ord f = —min{N € Z | s" f(s) is a polynomial}.
Let B(s) be a Laurent polynomial matrix. For k = 1,... ,rank B, we denote
Cx(B) = min{orddet B(s)[I,J] | |I| =|J| =k, I C R,J C C},

where (o(B) = 0 by convention. Note that ord f(s) = —deg f(1/s) holds for any Laurent
polynomial f(s), and thus we have

Ce(B(s)) = —0r(B(1/s)) (4)

for any Laurent polynomial matrix B(s).
For the indices of nilpotency of the Kronecker canonical form, it is known that

d=r— r}glgéi&c(D), i = 0p—i(D) = br—ix1(D) +1 (i=1,...,d) (5)

hold [19, Theorem 5.1.8]. We also have the following lemma.
Lemma 2.2 ([7]). Let D(s) be a matrix pencil of rank r with the structural indices (1). Then

we have

p q
v+ €+ Y mi=0.(D)— (D).
=1 =1

For an m x n matrix pencil D(s) = sX 4+ Y, we consider km x kn matrices O (D) and
Qk(D) defined by

X O - - O Y O -« .- O
Yy X . : X Y
OD)=o0 v . . 1|, WD)=[o0 x
: . X O : . .Y O
o -~ 0 Y X o -~ 0 X Y
We also construct a (k+1)m x kn matrix V(D) and a km x (k+ 1)n matrix ®;(D) defined by
X O --- O
X Y O 0
v O X Y
@) =(o v . o], ®D)= S
o -+ 0 Y

The ranks of these expanded matrices are denoted by
0i(D) = rank Oy (D), wi(D) = rank Q(D),
V(D) = rank ¥y (D), ¢i(D) = rank (D).

The following theorem shows a close relationship between the ranks of the expanded matrices
and the structural indices.



Theorem 2.3 ([7, Theorem 2.3]). Let D(s) be a matrix pencil of rank r with the structural
indices (1). Then we have

d c
0x(D) =rk — Zmin{k, wit, wip(D)=rk— Zmin{k,pi},
i=1 i=1

P q
V(D) =rk + Z min{k, ¢}, or(D)=rk+ Z min{k,n;}.
i=1 i=1

By Theorem 2.3, the ranks of the expanded matrices determine u; (i = 1,...,d), p; (i =

1,...50),€¢ (i=1,...;p),and n; (i=1,...,q).

We generalize the definitions of Wi (D) and ¢y (D) for a matrix pencil D(s) to those for a
polynomial matrix as follows. Let A(s) = Zfi 0 $'A; be an m x n polynomial matrix such that
the maximum degree of entries is N. Given A(s) and an integer [, we define a (k + )m x kn

matrix U (A4) by

Co ¢y - Gy
Ry Ay o .- 0
Ry A Ay :
: : A . O
Wl (4) = Ry Ay A
Ry A A e Ay
Ryt @ A :
: : . Ay
Ry \ O e 0O A

with row set R = RgU Ry U---U Ryy;—1 and column set C=CyUCLU---UCk_q1. We can
check that W} (A) coincides with Wy (Ag + sA1). The ranks of Wl (A) for I > N attain the same
value, which we denote by 1 (A).

We conclude this section with the following lemma, which is a generalization of Corollary 2.4
in [7].

Lemma 2.4. If an m x n polynomial matrix A(s) is of full-column rank, we have ¢;(A4) = kn
for each k.

Proof. Let N denote the maximum degree of entries in A(s). We assume that ¢, (A) # kn,
which implies that U%(A) is not of full-column rank. Let hé- denote the Ith column vector of
UN(A)[R, C;]. Then we have

k—1
Lpl
j=01€C;
for some )\é» such that scalars )\g- are not all zero.
Let C denote the column set of A(s). By the definition of W& (A), a part of vector hé

indexed by R; is equal to the lth vector of A;_;, denoted by Aé_j, where we set A;_; = O if



i—j<0ori—j> N. Hence it follows from (6) that

k—1
SIS AMAL =0 (i=0,1,...,k+N—1). )

j=01eC

We denote the Ith vector of A(s) by a;(s). Consider a linear combination

k—1
YoM | ails) (8)

leC \j=0
of vectors in A(s), where each coefficient Z?;& )\é»sj is a polynomial in s. The coefficient of s’
in (8) is expressed as
k—1
L gl
D> AL,
leC j=0

which is equal to 0 by (7). Hence the value of (8) is also equal to 0. This implies that A(s) is
not of full-column rank. O

3 Characterization of Square Blocks in the Kronecker Canon-
ical Form

In Section 2, we have explained that the nilpotent blocks are characterized by (5). In this
section, we characterize the other square blocks K,,,..., K, and H,.

A rational function matrix B(s) = (B;;(s)) is called proper if deg B;j(s) < 0 for all (i, 7).
A square proper rational function matrix is called biproper if it is invertible and its inverse is
also proper.

A polynomial matrix is called unimodular if it is square and its determinant is a nonvan-
ishing constant. This implies that a square polynomial matrix is unimodular if and only if its
inverse is a polynomial matrix. If a polynomial matrix U(s) is unimodular, then U(1/s) is a
biproper Laurent polynomial matrix.

For a matrix pencil D(s), the indices pi,...,p. are expressed by (x(D) as shown in the
following lemma.

Lemma 3.1. For a matrix pencil D(s) = sX +Y of rank r, we have

c=r+ Ig{)l(Ck(D) —k), pi=Goiv1(D) = G-i(D) (i=1,...¢).

Proof. Consider a matrix pencil D'(s) = X + sY and its Kronecker canonical form with the
structural indices (V/,p}, ..., 0L, 1), €, ,e;,,ni, .. ,77;,). Then p; (i = 1,...,¢) of
D(s) coincides with p} (i =1,...,d") of D'(s).

It clearly holds that rank D'(s) = rank D(s) = r. Hence u, = 6,—;(D") — ,—ix1(D’) + 1
holds by (5). It follows from (4) that

(D) =~ (X + 17 ) =~ (Hex 4 1)) = —alD) 4k



Thus we obtain p; = u; = —G—i(D) + (r—ix1(D).
The former equation is given by

=d = — ! = — — = 1 —
c=d =r—maxd(D') =r —max(=((D) + k) =7+ min(Gx(D) — k),

where the second step is due to (5). O

Let A(s) be an m x n polynomial matrix. The kth determinantal divisor di(A) is defined
to be the greatest common divisor of all the subdeterminants of order k:

dp(A) = ged{det A[I, J] | |I| = |J| = k} (k=0,1,...,rank A), (9)

where di(A) is chosen to be monic and dy(s) = 1 by convention. The value of di(A) is
invariant under unimodular equivalence transformations, that is, dip(A4) = dp(A4") if A'(s) =
U(s)A(s)V(s) with unimodular matrices U(s) and V(s). The following lemma characterizes
the sum of H), block and K, blocks.

Lemma 3.2. For a matrix pencil D(s) of rank r, we have v + Y ;_, p; = degd, (D).
Proof. Let D(s) be the Kronecker canonical form of D(s). We now have

dy(H,) =detH,, d,(K,)=s" d,(N,) =1

de(L¢) = ged{s, s L, ... 1} =1, dn(L;) = ged{s",s" 1 ... 1} = 1.

Hence it holds that d,.(D) = d,(D) = sP**+Pc det H,,. Since H,, is strictly regular, this implies
that
degdr(D) =p1+-+ PtV

holds. O

4 Invariance under Unimodular Equivalence Transformations

For a rational function matrix B(s), it is known that dx(B) (k = 1,2,...) are invariant un-
der biproper equivalence transformations, that is, dx(B) = 0x(B’) (k = 1,2,...) if B'(s) =
U(s)B(s)V (s) with biproper matrices U(s) and V(s). Hence, it follows from (5) that w1, ..., uqg
are invariant under biproper equivalence transformations. The following lemma shows that
(k(B) is invariant under unimodular equivalence transformations.

Lemma 4.1. Let B(s) be a Laurent polynomial matrix. Then we have (x(B) = (x(B’) (k =
1,2,...)if B'(s) = U(s)B(s)V(s) with unimodular matrices U(s) and V(s).

Proof. 1t follows from (4) that
Ck(B'(s)) = =0k (U(1/5)B(1/5)V (1/s5)) = —6k(B(1/5)) = G(B()),

where the second step is due to the fact that U(1/s) and V(1/s) are biproper. O



Table 1: The invariance of structural indices under equivalence transformations with unimodu-
lar matrices and nonsingular constant matrices, where y/ represents that the indices are invari-
ant, and — represents that the indices can be different. Here, U(s) and V(s) are unimodular
matrices and U and V' are nonsingular constant matrices.

H, | K, | N, | L | L}
(1) D(s) = Us)D(s)V(s) | vV | V [ — | — | —
(2) D(s) = UD(s)V(s) VI IiVIi—|—1V
(3) D(s) = U(s)D(s)V VIiVvIi—1V]—
(4) D(s) = UD(s)V VIiVIVIVIY

Consider a matrix pencil D’(s) obtained by D'(s) = U(s)D(s)V (s) with some unimodular
matrices U(s) and V(s). Let

/ / / / / / / / /
(V7/017'"7pc’7,u’17”'7lu’d’7617"'76p’7n17"'7nq’)

be the structural indices of D'(s). We have p = p/ and ¢ = ¢’ by (3) and ¢ = ¢ by Lemmas 3.1
and 4.1. These lemmas also indicate p; = p, (i = 1,...,¢). Since d,(D) = d,(D’) with
r = rank D(s) = rank D'(s), it then follows from Lemma 3.2 that v = /.

Table 1 shows whether the size of each block is invariant or not under the following four
kinds of transformations from D(s) into another matrix pencil D'(s).

(1) D'(s) = U(s)D(s)V(s) with unimodular matrices U(s) and V(s)
(2) D'(s) = UD(s)V(s) with a nonsingular constant matrix U and a unimodular matrix V(s)

(3) D'(s) = U(s)D(s)V with a unimodular matrix U(s) and a nonsingular constant matrix
\%4

(4) D'(s) = UD(s)V with nonsingular constant matrices U and V'

The results of (1) in Table 1 follow from the above discussion. The block N, is invariant
under biproper equivalence transformations, but not under (1)—(3).

We now consider the L, block in Table 1. Let A(s) = IV | A;s" be a polynomial matrix,
U(s) =Y, Uis' be a unimodular matrix and V be a nonsingular constant matrix. We denote
the maximum degree of entries in U(s)A(s)V by N'(> N). Then we have

VY (U()A(5)V) = Upsn—1 97 (A(5)) Vi,

where Uy n/—1 is a (k + N')m x (k + N’')m matrix and V}, is a kn x kn matrix defined by

Uy O - O Vv 0 - 0
~ U U . ~ OV
Upni—1 = _1 ° s V=

L 0 Lo 0
Upini—1 - Ui Uy O -« OV



We note that U(s)A(s)V does not have entries with degree N + 1, N +2,... . N + k — 1,
because N’ is the maximum degree of entries in U(s)A(s)V. Since U(s) is unimodular, Uy is
nonsingular, which implies that ﬁk+ ~/—1 is nonsingular. In addition, V is also nonsingular by
the nonsingularity of V. Hence we obtain

r(U(s)A(s)V) = tr(A(s))- (10)

Let D'(s) = U(s)D(s)V be a matrix pencil described in (3) in Table 1. Then it follows
from (10) that

Yr(D') = Pp(U(s)D(s)V) = (D).

Thus, D(s) and D’(s) have the same minimal column indices by Theorem 2.3.

For (2) in Table 1, we can prove that D(s) and UD(s)V(s) have the same minimal row
indices in a similar way. The results of (4) are obvious because D(s) and D’(s) have the same
Kronecker canonical form. Thus, we complete Table 1.

5 Mixed Polynomial Matrices

Let K be a subfield of a field F. A matrix A over F is called a mized matriz with respect to
(K,F) if A is given by A = Q + T, where @ and T satisfy the following two conditions.

(M-Q) Q is a matrix over K.

(M-T) T is a matrix over F such that the set of nonzero entries is algebraically independent
over K.

A typical setting of (K, F) is that K and F are the fields of rational and real numbers.

A matrix A(s) is called a mized polynomial matriz if A(s) is given by A(s) = Q(s) + T'(s)
with a pair of polynomial matrices Q(s) over K and T'(s) over F that satisfy the following two
conditions.

(MP-Q) The coefficients of nonzero entries of Q(s) belong to K.

(MP-T) The coefficients of nonzero entries of T'(s) belong to F, and the set of nonzero coef-
ficients of T'(s) is algebraically independent over K.

A layered mized polynomial matriz (or an LM-polynomial matriz for short) is defined to
be a mixed polynomial matrix such that Q(s) and T'(s) have disjoint nonzero rows. An LM-
polynomial matrix A(s) is expressed by A(s) = (ggz)))

In order to reflect the dimensional consistency in conservation laws of dynamical systems,
Murota [14] introduces the following condition on Q(s), which is a formal version of (DC) in

Section 1.

(MP-DC) Every nonvanishing subdeterminant of Q(s) is a monomial in s over K.

10



We call a mixed polynomial matrix and an LM-polynomial matrix satisfying (MP-DC) a di-
mensionally consistent mized polynomial matriz (a DCM-polynomial matriz) and a dimen-
sionally consistent LM-polynomial matriz (a DCLM-polynomial matriz), respectively. It is
known [14, 16] that an m x n matrix Q(s) satisfies (MP-DC) if and only if

P10 ... 0 s 0 ... 0
0 sP2 . 0 s %2 . :
o =| " " om| © " (11)
0O ... 0 sPm 0 .0 g n
for some integers p; (i =1,...,m)and ¢; (j =1,...,n).

A mixed polynomial matrix A(s) = Q(s)+T(s) is called a mized matriz pencil if the degree
of each entry is at most one. If in addition Q(s) and T'(s) have disjoint nonzero rows, A(s) is
called a layered mized matriz pencil (or an LM-matriz pencil for short). A mixed matrix
pencil and an LM-matrix pencil satisfying (MP-DC) are called a dimensionally consistent
mized matriz pencil (a DCM-matriz pencil) and a dimensionally consistent LM-matriz pencil
(a DCLM-matriz pencil), respectively.

6 Mixed Matrix Pencils and LM-matrix Pencils

This section reveals the relation between a mixed matrix pencil and its associated LM-matrix
pencil. Let Dy(s) = s(Xg + Xr) + (Yo + Y7r) be an m x n mixed matrix pencil with Q(s) =
sXg+ Yo and T'(s) = sX7 + Yr. We construct an LM-matrix pencil

D(s):s<g f(g)Jr(_IZ 1;2) (12)

where Z is a diagonal matrix with the (¢,7) entry being a new parameter t; € F. We transform
D(s) into its strictly equivalent matrix

I 0 (o0 X I Y
(0 Z—1>D(3>5<0 Z—lXT>+<—I Z—1YT>'

Each entry of Z~' X7 and Z~'Y7 can be replaced by a new parameter belonging to F. Thus,
we regard Z ~1 X1 and Z~ 'Yy as new matrices X7 and Y7 such that the set of nonzero entries of

5 ~ X 1 Y
X7 and Y7 is algebraically independent over K. Hence, D(s) and s 0 O @ ,
O Xrp -1 Yr

0 X I Y,
s Q) Q
O Xr ~I Yr

The following corollary shows that the minimal row indices of Dy(s) are the same as those
of D(s), which is derived from Table 1.

as well as D(s) = , have the same Kronecker canonical form.

Corollary 6.1. Let Dy(s) = s(Xg + X7) + (Yo + Y7) be an m x n mixed matrix pencil and
D(s) its associated LM-matrix pencil defined by (12). Then, the minimal row indices of Dy(s)
coincide with those of D(s).

11



Proof. As noted above, D(s) has the same Kronecker canonical form as

o= (5 )+ (4 %)

Let us define a nonsingular constant matrix U and a unimodular matrix V (s) by

(1 o0 (T —(sXo+Yg)
U_(I I), v<s>_(0 ) )

UD(s)V(s) = ( é Dﬁ@)) .

Then we have

This transformation corresponds to (2) in Table 1. Hence, D(s) and UD(s)V(s) have the
same minimal row indices. The Kronecker canonical form of UD(s)V (s) consists of m copies
of N; and the Kronecker canonical form of Dyj(s). Therefore, D(s) and Dyj(s) have the same
minimal row indices. O

According to (2) in Table 1, the indices of nilpotency and the minimal column indices of
Dyi(s) and D(s) can be different. However, their sum has the following relation.

Theorem 6.2. Let Dyi(s) = s(Xg + X7) + (Yo + Yr) be an m x n mixed matrix pencil and
D(s) its associated LM-matrix pencil defined by (12). We denote the structural indices of
Dyi(s) and D(s) by

(V/7p/17‘ . '7p/c’7M/17"')M2l’)6I17"‘ 76;3’77717"‘777;’)7

(V>p17'- <y Py U1y ooy Hdy €15+ - -5 €Epy TNy - - - 777(1)7

respectively. Then we have
d P d P
UXD SIOED SR SRS o0t )
i=1 i=1 i=1 i=1

Proof. As shown in the proof of Corollary 6.1, the transformation from a mixed matrix pencil
into the associated LM-matrix pencil is regarded as the transformation (2) in Table 1. Hence
we have

d=c, q, =49,

/

V=v, pi=pi(i=1,....¢), ni=mn (i=1,...,q).

Let 7" and r denote the ranks of Dyi(s) and D(s), respectively. Due to the proof of Corol-
lary 6.1,

r = rank D(s) = rank ((I) Dl\?(s)> =m-+r

holds. It follows from (2) that
d P d’ 4
ZMMLZQ = m+ZM/i+Z€,i-
=1 i=1 =1 =1
Thus we obtain (13). O

12



7 The Combinatorial Canonical Form in Mixed Matrix Theory

In this section, we expound the combinatorial canonical form (CCF) in mixed matrix the-

ory [21]. In particular, we describe the CCF for a DCLM-polynomial matrix D(s) = (%3)

An LM-admissible transformation is defined to be an equivalence transformation in the

W(s) O) [Q(s)
(9 9) (@) ”

where P, and P, are permutation matrices, and W(s) is a unimodular matrix. Remark that

form of

the resulting matrix is an LM-polynomial matrix but is not necessarily a matrix pencil even if
D(s) = (?8) is an LM-matrix pencil.

We denote the row set and the column set of D(s) = (?Ezg) by R and C, and the row sets

of Q(s) and T(s) by Rg and Ry. Consider a set function o : 2¢ — Z defined by

o(J) = rank Q(s)[Rq, J) + || J{i € Rr | Tij(s) # 03| = 1], (15)
jedJ

where Tj;(s) denotes the (7, j) entry of T'(s). Then the set function o is known to be submodular,
and the family of minimizers

Lmin(o) ={J CC|ao(J) <o(J),VJ CC}

forms a sublattice of 2¢. Let C : Jy € J; € --- € J, be a maximal chain in Lin(0).
Put Cy = Jy, Cx = Ji \ Jgp—q for k = 1,...,b, and C, = C\ Jp to obtain a partition
(Co; Cq,...,Ch; Cx) of C. Based on this partition, D(s) can be brought into the CCF by an
LM-admissible transformation as follows.

Theorem 7.1 ([17, Lemma 3.1]). Let D(s) = (?8) be a DCLM-polynomial matrix. By

an LM-admissible transformation, D(s) can be brought into another LM-polynomial matrix
D(s) = (%3) with the following properties.

(B1) D(s) is block-triangularized, i.e.,
D[Rk,CZ]ZO if 0<Ii<k<oo,

with respect to partitions (Ro; R1, ..., Rp; Rs) and (Cp; C1,...,Ch; Cx) of the row set
and the column set of D(s), where b > 0, R # () and Cy # 0 for k = 1,...,b, and Ry,
R, Cy, and C can be empty.

(B2) The sizes of the diagonal blocks satisfy:

|Ro| < |Co|  or  |Ro|=|Co| =0,
\Rk]:]Ck\>0 for k=1,...,b,
IRoo| > [Cool  or  |Ruo| = |Cuo| = 0.

13



(B3) The diagonal blocks are of full-rank, i.e.,

rank D[Ry, Co] = |Rol,
rank D[Ry, Cy] = |Ri| = |Ci| for k=1,...,b,
rank D[Rog, Coo] = |Col-

(B4) The diagonal blocks satisfy:

I“ank[)[Ro,Co \ {]}] = ‘R0| (] S Co),

rank D[Ry \ {i},Cx \ {j}] = |Rk| —1=|Cx| =1 (i € Ry,j € Cy)
for k=1,...,0,

rank D[Roo \ {i},Coo] = |Coo| (i € Roo).

(B5) D(s) is the finest proper block-triangular matrix among LM-polynomial matrices con-
nected by an LM-admissible transformation.

The LM-polynomial matrix D(s) in Theorem 7.1 is called the combinatorial canonical
form (CCF) of D(s). We call Dy(s) := D[Rg, Co] and Duo(s) := D[Reo, Cno] the horizontal tail
and the vertical tail, respectively. Their ranks are denoted by 7 := |Rp| and 7o := |Cool.

In the special case of D(s) = T'(s), the LM-admissible transformations reduce to permuta-
tions, and the CCF decomposition reduces to the Dulmage-Mendelsohn decomposition (DM-
decomposition). In the case of D(s) = @, the transformation reduces to P,FQF,, and the
CCF decomposition agrees with the ordinary Gauss-Jordan elimination in matrix computa-
tion. Thus, we may interpret the CCF decomposition as a generalized DM-decomposition with
possible numerical computation of accurate numbers.

Recall the definition of di(A) in (9). We now have the following lemma.

Lemma 7.2 ([19, Theorem 6.3.4 and Remark 6.3.7]). Let D(s) = (%3) be a DCLM-polynomial

matrix of rank 7. The rth monic determinantal divisor d,(D) can be expressed by
b ~
d(D) = o - g(s) - [ [ det D(s)[Ry, C1], (16)
=1
where o, € F is a constant, g(s) is a monomial in s, and D(s)[R;,C)] (I = 1,...,b) are the

square blocks which appear in the CCF of D(s).

If D(s) is a DCLM-matrix pencil, we can construct a CCF such that the horizontal tail
Dy(s) is also a DCLM-matrix pencil. In the expression (11) of Q(s), we can assume that

PLESp2<-<Pm @U<@<--<q

without loss of generality. We now briefly describe the algorithm for computing Dy(s), which
is given in [17, §3.2].

Step 1 Determine the partition (Cp; C1, ..., Cy; Cx) of C with reference to the set function o
defined by (15).

14



Step 2 Find a basis of the row vectors of the submatrix Q(1)[Rg, Co] by collecting independent
row vectors according to the ordering with reference to p; in such a manner that p; <
p2 < -+ < pp,. This ordering guarantees that W (s) of (14) is a unimodular matrix. We
denote the basis by Rgo.

Step 3 Output Ry = Rgo U R and Cp, where
Rpo = {Z € Rpr | Tij(s) 75 O,j S C()}.
In Step 2, we have assumed that an ordering of rows h and h’' with p, = py is arbitrary.
By determining this ordering based on ¢1, ¢, ..., g,, we prove the following lemma.

Lemma 7.3. If D(s) = (%zg) is a DCLM-matrix pencil, one can construct a CCF of D(s)

such that the horizontal tail Dg(s) is also a DCLM-matrix pencil.

Proof. Since Q(s) is a matrix pencil, Q(1)[Rg, Co] is in the form of

Col(0) Col(1) --- Col(y—2) Col(y—-1)
Row(0) * O e e O
Row(1) ok * ' :
Q° = Row(2) O *x
' * (0]
: : . Kok *
Row () (@) e e 0] *ok

for some v, where Row(h) = {i € Rg | p; = h} and Col(h) = {j € Cy | ¢; = h}. Here, x and *x
denote a constant matrix and a coefficient matrix of s, respectively.

We can find a basis of the row vectors of the submatrix Q° [Rq, Co] by collecting independent
row vectors from the top row to the bottom row, as explained below. We first find R? C Row(0)
satisfying rank Q°[R?, Col(0)] = rank Q°[Row(0), Col(0)], which means that R? is a basis of
Row(0). By row transformations, we obtain Q! from Q° such that

+— Col(0) — Col(1)

RY 1 * * @) @)
Q'[Row(0) URow(1),Co] = Row(O)\R°{ O O O o 0 |,
Row(1) O kk  kk * O

because the row vectors of Q°[Row(0)\ RY, Cp] can be expressed as linear combinations of those
of Q°[RY, Col.

Next, we find R!, C Row(1) satisfying rank Q'[R},, Col(0)] = rank Q'[Row(1), Col(0)].
Then we obtain Q? from Q' such that

~ Col(0) — Col(1)
RS I * * 0] O
, _Row(0\R? |O O O O O
Q“[Row(0) URow(1),Co] = RL, O I *ox * O
Row(1)\ R, \ O @ 0 * o



by row transformations. Then, we apply the same procedure to Q?[Rg \ (Row(0) U RL,),Co \
Col(0)].

As a result, we obtain

Col(0) Col(1) -+ Col(y—2) Col(y—-1)
I % x
Row(0) 0 0 O 0] 1)
O I *x * * *
Row(l)| O O O I x =«
O O O O O O
O T *x
Row(2) 0 0 O O
Q': * ok % ,
I *x x @)
O O
O T =x*x * ok %k
O O O I x %
O O O O O O
O T =x*x
Row () 0] 0 0 0 O

where the row sets of I in Q'[Row(h), Col(h)] and Q'[Row(h), Col(h — 1)] correspond to R" and
R, respectively. This transformation preserves Q'[Row(h), Col(l)] = O for any h, I satisfying
0<h<~v0<I<~y—1,and h—17#0,1. We define

g

Rgo = | J(RITURL).

i=1

Then Rgo is a basis of the row vectors of Q' as well as Q(1)[Rg, Co] = Q°.
Let W be a nonsingular constant matrix such that Q" = WQ". We define W (s) in (14) by

P10 ... 0 P 0o .- 0
D2 —p2 :
wsy=| % ° W 0 s
0 ) 0
0 0 sbm 0 0 s7pm

The horizontal trail Dy(s) is given by

_ [ W(s)Q(s)[Rqo, Co
Dy(s) = < T(s)[RTo,CO’O] 0) )

where Ry is defined in Step 3 in the algorithm for computing Dy(s).
To prove that Dy(s) is a matrix pencil, it suffices to show that W (s)Q(s)[Rqgo, Co] is also a
matrix pencil, because T'(s) is a matrix pencil. We now have

st 0 0 s 0 0
0 sP2 . 0 g2
W(s)Q(s) = we@) [
0 : 0
0 0 sPm 0 0 s I



and WQ(1)[Rg,Co]l = WQ" = @Q’'. Hence W (s)Q(s)[Rg, Co) is a matrix pencil, which implies
that the submatrix W (s)Q(s)[Rqgo, Co] of W(s)Q(s)[Rq, Co] is also a matrix pencil. Moreover,
Dy(s) satisfies (MP-DC), because W (s)Q(s) satisfies (MP-DC). O

8 The Kronecker Canonical Form via CCF

In this section, we investigate the Kronecker canonical form of DCLM-matrix pencils via the
CCF decomposition. For a DCLM-matrix pencil D(s) = (gég) of rank r, we construct its CCF
D(s) so that the horizontal tail Dg(s) is also a DCLM-matrix pencil. The existence of such

CCF is assured by Lemma 7.3. The rank of Dy(s) is denoted by ro.
Lemma 8.1. We have ¢y (D) = ¥x(Dy) + k(r — r9).

Proof. We define D,(s) = D(s)[R\ Ro,C \ Cy]. Since D,(s) is of full-column rank, it holds
that

V(D) = k|C\ Co| = k(r — o)
by Lemma 2.4. We also have (D) = (Do) + ¢x(D,) by D(s)[R\ Ro,Co] = O. By (10)

and the definition of an LM-admissible transformation (14), 1x(D) = 93 (D) holds. Thus we
obtain (D) = ¥x(Dg) + k(r — r9). O

We now investigate the Kronecker canonical form of Dy(s).
Lemma 8.2. The monic determinantal divisor d,,(Dp) is a monomial in s.

Proof. By rank Dy(s) = rg, we can apply Lemma 7.2 to d,,(Dy). Since the CCF of Dy(s) has
no square blocks, dy,(Dyp) is a monomial in s by Lemma 7.2. O

We now obtain the following theorem on the sum of the minimal column indices.

Theorem 8.3. The sum of the minimal column indices of a DCLM-matrix pencil D(s) is
obtained by

i = 80 (Do) — Gro (D). (17)
=1

Proof. The horizontal tail Dy(s) has the Kronecker canonical form, because Dy(s) is a matrix
pencil by Lemma 7.3. By Theorem 2.3 and Lemma 8.1, the minimal column indices of D(s)
coincide with those of the horizontal tail Dg(s). Let Dg(s) be the Kronecker canonical form of
Dy(s). Since Dy(s) is of full-row rank, Dy(s) contains no rectangular blocks L; . In addition,
Dy(s) does not contain a strictly regular block by Lemma 8.2. Hence we obtain (17) by
Lemma 2.2. Ul

Theorem 8.3 indicates that the computation of the sum of the minimal column indices for
a DCLM-matrix pencil D(s) reduces to that of d,,(Do) and ¢, (D). Here, Dy(s) is smaller
(and sometimes much smaller) than D(s). Several efficient algorithms for d; and ¢; have been
developed [9, 18, 26]. Furthermore, since Dy(s) satisfies (MP-DC), the computation of d; and
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Ck is reduced to a weighted matroid intersection problem [19, Remark 6.2.10]. Thus, one can
compute efficiently the sum of the minimal column indices of a DCLM-matrix pencil.

Theorem 8.3 combined with Theorem 6.2 enables us to compute the sum of the minimal
column indices of a DCM-matrix pencil, as explained below. Let Dyi(s) = s(Xq+X7)+ (Yo +
Yr) be an m x n DCM-matrix pencil and D(s) its associated LM-matrix pencil defined by (12).
We denote the structural indices of Dyi(s) and D(s) by

/ / / !/ / / / / /
(V7p17'"7pc’7/’L17"'7/’l'd’7617"'76p’77717"'777q’)7

(l/apla"'apcaﬂla-~'auda€1a-"aepa’r]la"'a’r}q)v

respectively. It follows from Theorem 6.2 that

/ » d &
Zf/i = ZEi +Zﬂi - ZM/i = 1.
i=1 i=1 i=1 i=1

In the right-hand side, Y 7_; ¢ of the LM-matrix pencil D(s) can be computed by Theo-
rem 8.3. We can also find Z?:l w; of D(s) and Zflzl w'; of Dyi(s) based on (5), because 0, is
computed efficiently as already mentioned. It should be noted that, in the computation of &,
the transformation from a mixed matrix pencil into an LM-matrix pencil is different from (12).
Thus we can obtain Zflzl ¢; of the DCM-matrix pencil Dy(s).

In order to compute the sum of the minimal row indices, we apply Theorems 6.2 and 8.3
to D(s)", because the minimal row indices of D(s) coincide with the minimal column indices
of D(s)".

We conclude this section with an example.

Example 8.4. Consider a DCM-matrix pencil

tt 00
Dy(s) = .
m(s) <0 s t25+1>

Its associated LM-matrix pencil are given by

1 0]o 0 o
1 1
D(S): 0 0 s
—t3 0 |¢t1 O O
0 —t4 0 t9s

The Kronecker canonical forms of Dy(s) and D(s) are given by

1{0 0
0ls 1/’

respectively. As described below, we can compute the sums of the minimal column indices

; (18)

S »w | OO
»n RO O
=] k=l N

O OO

O OO+

efficiently based on Theorems 6.2 and 8.3, even if they are different between Dyi(s) and D(s).

18



Since the CCF of D(s) is

1 s 1 0 O
—t4 0 t28 0 0
00 01 0]’
0 0 0|—t; #
. . 1 s 1
we have the horizontal tail Dy(s) = (—t4 0 t25> . It follows from Theorem 8.3 that

Zei = 52(D0) — C:Q(DO) =2-0=2.

We can obtain ), p; = 2 and ), pi/; = 1 by executing any of the algorithms given in [9, 18, 26]
or reducing to a weighted matroid intersection problem [19, Remark 6.2.10]. Thus we have

Ze'i:2+2—1—2:1

%

by Theorem 6.2. We can check the correctness of these values by (18).

9 Application to Controllable Subspace

In this section, we present an application of our main result to controllability analysis of
dynamical systems.
Consider a linear time-invariant dynamical system in a descriptor form

Fi(t) = Az(t) + Bu(t), (19)

where F' and A are n X n matrices and B is an n X [ matrix. For the unique solvability, we
assume that A — sF is a regular matrix pencil.
Van Dooren [29] introduced the controllable subspace of the system (19) defined by

C =inf{S | dim(F'S + AS) =dimS,im B C F'§ + AS},

where the infimum can be proven to exist. In fact, the controllable subspace C is obtained as
follows. With an appropriate nonsingular constant matrix S, one can transform (A —sF| B>

S(A—3F|B>:<AO_*SFO g())

so that By is of full-row rank. Since Ay — sFy is of full-row rank, its Kronecker canonical form

into

does not contain a rectangular block L;. Therefore one can further transform Ay — sFy with
an appropriate pair of nonsingular constant matrices U and V' into

A1 — $F1 O
U — V=
<AO SFO) ( O AQ — SFQ) ’

where A1 — sF} is a regular matrix pencil and the Kronecker canonical form of As — sF5 consists
only of rectangular blocks L.. Then the column set of As — sF5 corresponds to the controllable
subspace C, and the number of columns is equal to dimC.
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The system (19) is controllable iff dimC = n. Murota [15] presented a matroid-theoretic
algorithm for testing the controllability of a dynamical system (19) described by a DCM-
matrix pencil (A — sF' | B). The algorithm, however, does not provide the dimension of the
controllable subspace.

The dimension of C is characterized by the rank of the (n + 1)n x (n? 4+ nl + [) matrix

B -F O O --- O O O O
O A B -F

S(F, A, B) = O O 0O A 0O O O O 7
o o o o . -F O o0 o
: : : : . A B —-F O
o o o o --- 0 O A B

as shown in the following lemma.

Lemma 9.1. It holds that
dimC = rank X(F, A, B) — n®.

Proof. We denote the row sets of Ay —sFy, As —sks, and By by R1, Ro, and R3. Since A; —sF}
is a regular matrix pencil, we have dimC = n — |Ry|.
The rank of X(F, A, B) is invariant under the above equivalence transformation. By putting

A O Fi O [0)
A - O A2 5 F - O F2 P B = O 5
x % * % By

we have rank ¥(F, A, B) = rank E(F, A, B’) Since By is of full-row rank, we have

rank (F, A, B) = (n + 1)| Rs| + rank ¥, ((é Z) - (Fo 1?))

A1 —SFl) O )

U, (
= k
(n 4+ 1)|R3| 4+ ran ( 0 U, (A — sFy)

Since A; — sk is regular, it follows from Lemma 2.4 that ¢,(A; — sF}) = n|Ry|. By
Theorem 2.3, we have

/ /

p P
Un(Az — sFp) = n|Ry| + > min{n, €}} =n|Ry| + > ¢,
i—1 i=1
where €], €, ... ,e;, denote the minimal column indices of As — sF5. Since the Kronecker

canonical form of Ay — sFy consists only of rectangular blocks L., it holds that Zflzl €, = |Ra|.

Thus we obtain
rank X(F, A, B) = (n + 1)|R3| + n|R1| + (n + 1)|Ry| = n* + dim C

by n = |R1| + |R2| + |R3] and dimC = n — |Ry]. O
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The following theorem states that if F' is nonsingular, the computation of dimC is reduced
to the computation of the sum of the minimal column indices of (A — sF | B).

Theorem 9.2. Let C be the controllable subspace of the system (19), and €1, €2,. .., €, be the

minimal column indices of a matrix pencil D(s) = (A —sF| B). If F' is nonsingular, the

p
i=1

dimension of C is given by

Proof. Since

“F O --- O
A

Unr(D) = | O S(F,A,B) |
o)

we have 1,11(D) = n + rank X(F, A, B) by the nonsingularity of F. Then it follows from
Theorem 2.3 and rank D(s) = n that

P p
Yp+1(D) =n(n+1)+ Zmin{n—F 1} =n? —i—n—l—Zei

i=1 i=1
holds. Thus we obtain
P
dimC = rank %(F, A, B) = n® = ¢ 1 (D) —n —n*> = ¢
i=1
by Lemma 9.1. 0

By Theorem 9.2, if F' is nonsingular, the computation of the dimension of the controllable
subspace C is reduced to that of the sum of the minimal column indices of D(s) = (A — sF' | B) .
If in addition D(s) is a DCM-matrix pencil, one can obtain the dimension of C by solving a
weighted matroid intersection problem as described in Section 8.

10 Conclusion

For mixed matrix pencils satisfying the assumption on dimensional consistency, we have char-
acterized the sum of the minimal row/column indices of the Kronecker canonical form. An
efficient matroid-theoretic algorithm for computing them is derived from this characterization.
As an application example of our results, we describe the dimension of the controllable subspace
of dynamical systems. In analysis of the controllable subspace, we have assumed that a coef-
ficient matrix F' of &(t) is nonsingular. The computation of the dimension of the controllable
subspace with singular F' is left for future work.

The computation of the minimal row/column indices is difficult even under the genericity
assumption, as discussed in [7, Section 7]. Our ultimate target is to present an algorithm based
on structural approach for computing the minimal row/column indices. We anticipate that the
characterization of the sums is useful for design of such algorithms.
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