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Coordinate-wise Transformation of Probability
Distributions to Achieve a Stein-type Identity

Tomonari SET*
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Abstract

It is shown that for any given multi-dimensional probability distribution, there
exists a unique coordinate-wise transformation such that the transformed distribution
satisfies a Stein-type identity. The proof is based on an energy minimization problem
over a subset of the Wasserstein space. The result is interpreted as a generalization
of the diagonal scaling theorem established by Marshall and Olkin (1968).

Keywords: Copositive distribution, Copula, Energy minimization, Optimal trans-
portation, Stein-type distribution, Wasserstein space.

1 Introduction

In their seminal paper [20], Marshall and Olkin proved the following diagonal scaling
theorem. Let S be a d x d positive semi-definite matrix and assume that S is strictly
copositive in the sense that

. 20 2 WiSijw;
inf 5 >0
wi,...,wg>0 Zl w;

(1)

Then, there exists a unique positive diagonal matrix D such that the sum of each row
of DSD is unity. Note that (1) is satisfied if S is positive definite. The theorem is
interpreted in a probabilistic framework. Let X be a random column vector with mean
zero and covariance matrix S. Then, since 25:1 (DSD);j = 1 for each 4, the distribution

p of the transformed random vector DX satisfies an identity

d
Z/wixjd,uzl, i=1,...,d. (2)
j=1

This property is applied to summarize multivariate data. Refer to [28] for details.
In the present paper, we provide a nonlinear analogue of the result. We admit a nonlinear

coordinate-wise transformation of a random vector to achieve a stronger condition than (2).
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This condition will be referred to as the Stein-type identity. Under some mild conditions
on p, it is shown that there exists such a unique transformation. The proof is based on
a variational formulation. The Marshall-Olkin theorem is, in fact, derived in a similar
manner [20, 15]. The space we use in the proof is the Wasserstein space, a distance
space induced from optimal transportation. Refer to [25, 32] for comprehensive studies of
optimal transportation and its applications. Another generalization of the Marshall-Olkin
theorem is considered by [3], where the dimension d is infinity but the transformation is
linear.

As is well known, Sklar’s theorem (see, e.g., [22]) states that any multi-dimensional
distribution is transformed by the probability integral transformation into a distribution
with uniform marginals. The resultant distribution is called a copula. Our result is
considered as an alternative to Sklar’s theorem.

The remainder of the present paper is organized as follows. In Section 2, we describe
the existence and uniqueness theorem as well as a variational characterization theorem. In
Section 3, we clarify the regularity properties of Stein-type distributions. In Section 4, we
prove the main results using the theory of optimal transportation. In Section 5, tractable
conditions for existence are considered. In Section 6, a numerical method to find the
transformation for piecewise uniform distributions is proposed. Finally, we discuss open

problems in Section 7.

2 Main results

We first define a class of distributions that satisfy a stronger condition than (2). Let P? =
P2(R?) be the set of probability distributions  on R? with mean zero and finite variance
such that each marginal distribution u; of p is absolutely continuous with respect to the
Lebesgue measure on R. Note that p itself is not assumed to be absolutely continuous.
The mean-zero condition is imposed only for simplicity. We say that a function f : R — R
is absolutely continuous if there exists a locally integrable function f’ such that f(z) =

f(0) + [; f'(y)dy in Lebesgue’s sense.

Definition 1. We say that a distribution p € P? is Stein-type if it satisfies

d
/f(xl) Z‘Tj d,u:/f/(%)dﬂy i=1,....d, (3)
j=1

for any absolutely continuous function f : R — R with essentially bounded derivative f.



Note that the equation (2) is a special case of (3), where f(z;) = ;.

We refer to the equation (3) as the Stein-type identity. Indeed, if d = 1, it reduces to
the Stein identity [ f(z1)z1dp = [ f'(21)du, which implies that 4 is the standard normal
distribution (see [29] and [5]). Similarly, if x4 is completely independent in the sense that
w1 is the direct product of its marginal p;, then only the d-dimensional standard normal
distribution satisfies (3). We focus on dependent cases.

For Gaussian random variables, we obtain the following lemma, where the expectation

is denoted by E.

Lemma 1 (Theorem 5 of [28]). Let p denote the d-dimensional normal distribution with
mean zero and covariance matrix S. Then, p is Stein-type if and only if Zj S;j = 1 for

each 1.
Proof. Let (X1,...,Xq) be distributed according to p. Then, E[X;|X;] = 5;;X;/Si; and

S /
E f(Xi)ZXj :Zéii Elf(X:)Xi] = ZS@' E[f(X;)].

The last equality follows from the Stein identity for the univariate normal distributions. [
The following example gives a rich class of Stein-type distributions.

Example 1. Let W be a random variable with the standard normal distribution and let
U be any random variable independent of W such that E[U] = 0 and E[U?] < co. Then,

the joint distribution of two variables

|44 W —
= +U and X, = v

V2 V2

X1

is Stein-type. Indeed, we obtain

o ()] =2 (557
for any f by the Stein identity with respect to W conditional on U. For d > 3, define a
random vector (X1,...,Xy) by X; = (W + U;)/Vd, where W has the standard normal
distribution independent of Uy,...,Us_1 and Uy = — Z;-l;% Uj. Then, the distribution of
(X1,...,Xy) is Stein-type as long as E[U;] = 0 and E[U?] < co. O

The example does not cover the entire class of Stein-type distributions. Other examples

are given in Section 6 and Appendix B.



If a random vector (Xi,...,Xy) has a Stein-type distribution, then the sum Zj X;
is positively correlated with any monotone transformation of X; due to (3). Refer to
Section 8 of [28] for an application of this property.

For each u € P?, let Ty (1) be the set of coordinate-wise transformations
T(z) = (Ti(z1), ..., Ta(zq)), x=(z1,...,74) €RY,

such that each T; : R — R U {—o0, 0} is non-decreasing and Tyu belongs to P2 Here,
Ty is the push-forward measure defined by (Tju)(A) = u(T'(A)) for any measurable
set A. The set Z¢y (1) depends only on the marginal distributions of x. Two maps 7' and
U in Zew(p) are identified if u(7'= U) = 1. Note that T; has discontinuous points if the
support of (Tyu); is not connected.

We consider a problem to find a map T' € T¢y (1) such that Ty is Stein-type. Let us
call such a map a Stein-type transformation of p. For example, if y is the direct measure
of one-dimensional continuous distributions p;, then the map T' defined by T;(x;) = &~ 1o
i ((—o0, z4]) is the Stein-type transformation of p, where ® is the cumulative distribution
function of the standard normal distribution.

The following lemma is immediate.

Lemma 2. Let p be the normal distribution with a covariance matrix S. Then, y has a

Stein-type transformation if S is strictly copositive in the sense of (1).

Proof. Let D be the diagonal matrix with entries wy, . .., wy satisfying (2). Set T'(x) = Dz.
Then, Typ is Stein-type due to Lemma 1. O

Denote the set of coordinate-wise transformed distributions of u by
Fu=A{Tup | T € Tew(p)} € P2,

We refer to F,, as a fiber. The following lemma is a direct consequence of the one-

dimensional optimal transportation. See Appendix A.

Lemma 3. For given 1 € P? and v € F, the map T € Tey(u) satisfying v = Tyu is
uniquely determined p-almost everywhere. Furthermore, the relation v € F,, between two
measures 4 and v is an equivalence relation. In particular, P? is partitioned into mutually

disjoint fibers.

Now, we state our three main theorems. All proofs are presented in Section 4.



The first theorem characterizes Stein-type distributions in terms of the variational prin-

ciple. Define an energy functional £(u) of p by

2

Z/pl ;) log p; (z;)dz; + / ZIL‘J dye, (4)

where p; = dpu;/dz; is the marginal density function. The first term of £(u) represents the
negative entropy of the marginal distributions, and the second term is the variance of the

diagonal part }_, x;.

Theorem 1. A measure yu € P? is Stein-type if and only if £(u) is finite and y minimizes

& over the fiber F,.

The second theorem is on the uniqueness of Stein-type transformations. A distribution
1 on R? is said to have a regular support if the support of p is equal to the direct product of
the supports of the marginal distributions p;. This property is invariant under coordinate-
wise transformations. Note that the regular support condition does not imply absolute

continuity of u with respect to Hle L.

Theorem 2 (Uniqueness). Assume that y € P? has a regular support. Then, a Stein-type

transformation of y is unique if it exists.

We conjecture that the uniqueness follows without the regular support condition. See
Section 7 for more details.

The third theorem is on existence. A measure p € P? is said to be copositive if

T;)2d
0=, dut SO @

For example, if p is completely independent, then [(3°.7;)2du = Y, [ T?du for any T,
and therefore 5(u) = 1. It is not difficult to see that G(u) < 1 for any p. If i is associated
in the sense of [7], [8], and [16], then [T;T;du > 0 for each pair of ¢ and j, and therefore
B(w) > 1. On the other hand, if d = 2 and p({z | x1+x2 = 0}) = 1, then S(u) = 0 because

[(z1+ x2)2dp = 0. Sufficient conditions for copositivity are presented in Section 5.

Theorem 3 (Existence). Let u € P? be copositive. Then, there exists a Stein-type

transformation of u.

We now present a few remarks before proceeding to the following section.
The uniqueness and existence results in Theorem 2 and Theorem 3 are consequences

of the variational characterization in Theorem 1, as will be shown in Section 4. For



d = 1, the functional £(u) is the Kullback-Leibler divergence from p to the standard
normal density up to a constant term. For d > 2, however, £ is not even bounded from
below. Indeed, for each ¢ > 0, let p! be the multivariate normal distribution with mean
zero and covariance matrix ¥; = P + t(I — P), where I is the identity matrix, and P
denotes the orthogonal projection to the direction (1,...,1)T € R% Then, each marginal
distribution of u! is normal with variance o? = (1/d) + t(1 — 1/d). We can show that
E(ut) = —(d/2)log(2ma?), which tends to —oo as t — oo. Therefore, it is not trivial
if there is a minimizer of £ over the fiber. Nevertheless, the existence and uniqueness
theorems are obtained.

If 1 has the joint density function p(x), then the negative joint entropy is defined by

Ua(s) = / p() log p(x)da.

In most cases, we can replace the marginal entropy term in £(u) with the joint entropy
because the difference Uy(p) — 2?21 Ui (u;), which is referred to as the multi-information
function or the measure of multivariate dependence, is invariant in each fiber (e.g., [11]
and [30]). However, in some pathological cases, the difference diverges. Therefore, it is
more appropriate to adopt the marginal entropy.

According to Sklar’s theorem (e.g. [22]), any d-dimensional distribution y is transformed
by the probability integral transformation T;(z;) = ff;o dp; into the distribution Typu
with uniform marginals unless some p; has an atom. The resultant distribution Tyu is
called a copula. The Stein-type distribution we defined is considered as an alternative
representation of the copula. Copulas are also characterized by an energy minimization
problem. Here, the potential term in (4) is replaced with [V (z)du, where V(z) = oo
if z ¢ [0,1]7 and 0 otherwise. In parallel, we have to remove the condition [ x;dy; = 0
from the definition of 2. Maximum entropy copulas under a given diagonal section are
discussed in [4], where, in contrast to the present paper, the marginals are fixed to be

uniform.

3 Regularity of Stein-type distributions

The Stein-type identity forces regularity of marginal density functions. We first charac-

terize this by an integral equation.

Theorem 4. Let u € P2. Denote the marginal density functions of p by p;(z;). Then, p



is a Stein-type distribution if and only if it satisfies a set of integral equations
[e.9]
pi(a) = / pi(zi)mi(z;)dz;, a€R, i=1,...,d, (6)
a
where m;(x;) denotes the conditional expectation of 2?21 x; given x; with respect to p.

Proof. First, note that m;(z;) is finite j;-almost everywhere because u belongs to P2.
Assume p is Stein-type. For —oo < a < b < o0, let hgy(z) = (b —a)~! ffoo I (4 (€)dE,

where I, ) is the indicator function of (a,b). The Stein-type identity for h,, implies

bia/abdui = /h;b(:ri)dui = /hab($i)zxjd,u:/hab(xi)mi(xi)dﬂi‘ (7)

Letting b — a in (7), we obtain (6).
Conversely, assume (6). The right-hand side of (6) converges to zero as a — £o0o because
i xjdp; = 0 for all j. Then, for any bounded and absolutely continuous function f with

bounded derivative f’, we obtain

[ r@maao= [ Z f(a) ( / N pi(xi)mi(xi)dxi> da

-/ Z Fla)piiyma(w:)da;
Z/f(ﬁi)zxjd%

where the second equality follows from the integral-by-parts formula. If f is not bounded,

then let far(z) = £(0) + [3 f'(u)1{ju<arydu and take M — oo. O
As a corollary, the regularity of the marginal density functions is established.

Corollary 1. Let p be Stein-type. Then, its marginal density functions p;(z;) are

bounded, absolutely continuous, and converge to zero as x; — £oo.

Proof. From the formula (6), it is obvious that p; is absolutely continuous and bounded
by [ Y |zildu; < oo. We also have p;(x;) — 0 as z; — +oo because the right-hand side

of (6) vanishes as a — £oo. O

Although the marginal density function of any Stein-type distribution is absolutely
continuous, it can have non-differentiable points as shown in an example in Section 6. The
continuous differentiability of p;(z;) follows from the regularity of the pair-wise copula of p

along formula (6). We do not pursue this line of investigation here. On the other hand, we



conjecture that the marginal density of any Stein-type distribution is positive everywhere.
See Section 7 for more details.

The following corollary will be used in Section 4.

Corollary 2. Let u be Stein-type. Then, its negative marginal entropy [ p;(x;) log p;(z;)da;

is finite.

Proof. Since the marginal density p;(x;) is bounded, we have [ p;(x;)logp;(z;)dz; < oo.
To prove [ pi(x;)logp;(z;)dz; > —oo, we use the non-negativity of the Kullback-Leibler
information from p; to the standard normal density ¢(z;) = e~%/2//2x. Indeed,

[ pitaitogpitenn > [ e logwi)da: = [{~(1/2)log(zn) - a?/2)du, > o0
because [ 2?du; < oo. O

As a remark, we also show that Stein-type distributions have finite Fisher information.

The Fisher information of a density function ¢ on R is defined by

10 = [ (18 gwyas

where ¢ is assumed to be absolutely continuous, and ¢'(x)/q(x) is set to 0 if ¢ is not differ-

entiable or not positive at x. See [13] for properties implied by finite Fisher information.
Note that the Fisher information we defined is that of location family {q(x — ) | € R}
in statistics (e.g., [18]).

Corollary 3. For any Stein-type distribution p, the Fisher information I(p;) of each

marginal density p; is bounded by the dimension d. In particular, p; has bounded variation.
Proof. From (6), the score function pj(x;)/pi(x;) is equal to —m;(x;). Since m;(z;) is the
conditional expectation of 3 ;5 given x;, we obtain

2

I(pi) Z/mi(@“i)Qdﬂé/ ij dp = d,

where the last equality follows from the Stein-type identity with f(xz;) = x;. By the
Cauchy-Schwarz inequality, we also have [ |p}(x;)|dz; < \/I(p;). Then, p; has bounded

variation. ]

Other properties are given in Appendix C.



4 Proofs based on the theory of optimal transportation

In this section, we prove the three main theorems stated in Section 2. The proof is based
on the theory of optimal transportation. Necessary facts about one-dimensional optimal

transportation are summarized in Appendix A.

4.1 Variational problem over a fiber of Wasserstein space

Let F be a fiber of P? (see Section 2 for the definition) and choose two measures u and
v = Ty in F, where T' € Teyw(p). Define the geodesic, which is also referred to as the

displacement interpolation [21], from u to v by
[, v]e = [(1 = 0)Id + Ty, £ €[0,1],

where Id denotes the identity map. Based on the one-dimensional optimal transportation,
it follows that [u,v]; € F and [, v]; = [v, p]1—¢ for each t.

Although a geodesic between any pair of distributions in P? is similarly defined, we need
only geodesics in a common fiber. It is known that a geodesic actually attains the minimum
length of a path between two measures with respect to the L2-Wasserstein distance (see e.g.
2] and [32]). Here the L?-Wasserstein distance is the infimum of ([ ||z — y[/*dv(, y))1/2
over the joint distribution v on R?¢ with the marginal distributions p and v. Note that
each fiber F is totally geodesic in the sense of [31].

From a different perspective from ours, optimal transportation between two distributions
sharing the same copula is considered in [1], where the various cost functions are the center
of discussion.

Recall that 4 is said to have a regular support if its support is the direct product of the

supports of marginal distributions.

Lemma 4. Let F be a fiber and choose any two distributions p and v in F, where pu # v.
Then, E([u,v]t) is convex in t. Furthermore, &([u,v];) is strictly convex if one of the

following conditions is satisfied:

(i) p (and therefore v) has a regular support, or

(ii) the supports of u; and v; are connected, respectively, for each 1.

Proof. Let v = Ty, with T € Tew(p). Let p; be the marginal density of p. By the



change-of-variable formula (Lemma 11 in Appendix A), we obtain

2
E(lu,v]t) = ZZ: /pz(arl) log - ng;)ﬂ/(%)dxl + ;/ (Z}((l —t)z; + tTZ(azz))> du,
(8)
where T/(z;) is the derivative of T; if it exists, and T}(x;) = 0 otherwise. Both terms in
(8) are convex in t.

Assume (i) and that ([, v]¢) is not strictly convex. Then, there is an interval over which
E([u, v]¢) is linear. It is deduced from (8) that Ele(Ti(xi) —x;) = 0, p-almost everywhere.
Let I be the set of indices 7 such that p;(T;(z;) # x;) > 0. Then, I is not empty because
T # Id. For each i € I, the probability j;(T;(z;) — x; > 0) is positive because [(T;(x;) —
x;)dp; = 0. Then, by the regular support condition, we have u(> o (Ti(x;) — 2;) > 0)
is positive. However, this contradicts Zle(Ti(:ci) — ;) = 0. Thus, &([p,v]:) should be
strictly convex under (i).

Next, assume (ii). Then, 7; has no discontinuous points. Assume &([u,v];) is not
strictly convex. Then, if follows from (8) that T(z;) = 1 and, therefore, T;(x;) = xz; by
the connectedness of the support together with the condition | T;du; = 0. However, this
contradicts p # v. Thus, £([u,v];) is strictly convex. O

Example 2. The strict convexity of £([u, v];) can fail if neither condition (i) nor condition
(ii) in Lemma 4 is satisfied. For example, let d = 2 and assume that g is uniformly
distributed over the region ([—1,0] x [0,1]) U ([0,1] x [—1,0]). Define the map T by
Ti(x;) = @ + 1 if ; > 0, and Tj(z;) = x; — 1 otherwise for each i. Let v = Typu.
Then, £([u, v]¢) is constant along ¢ € [0,1] because T} (z;) = 1 and Y, Ti(x;) = >, 4,
p-almost everywhere. In this case, p; is supported on [—1, 1], whereas v; is supported on

[—2,—-1]U[1,2]. O

Convexity along a geodesic is referred to as displacement convexity [21]. Lemma 4
shows that & is displacement convex over each fiber. Refer to [2] for further details on

displacement convexity.

4.2 Proof of Theorem 1

Let 1 be a Stein-type distribution. Corollary 2 implies that u belongs to dom €. From the

convexity (Lemma 4), it is sufficient to show that

d
— >
g €| =0

10



for any v = Ty € F, where d/dt, denotes the right derivative. It follows from formula
(8) that

d
ar, )

S Z/pz‘(xi)(T{(xi) — 1)da; + ZZ/(Ti(xi) — )z (9)

If T; is absolutely continuous, the right-hand side vanishes by the Stein-type identity,

t=0

where the boundedness of the derivatives T} can be assumed by a standard approximation
argument, as in the proof of Theorem 4. If T; is not absolutely continuous, T; can be
decomposed into an absolutely continuous part and a discontinuous part as T; = T7¢ +
Tid. See Appendix A. The contribution of T*° in (9) vanishes due to the Stein-type
identity. It is sufficient to prove that 3, [T (x;)zjdu > 0 for each i because (T1) =0
by definition. We can take a sequence { f; ,,}°2; of non-decreasing differentiable functions
with a bounded derivative such that f;,(z;) converges to T (x;) p-almost everywhere.
More specifically, a step function Ij¢ ..)(7;) at each § € R is approximated by a logistic

function 1/(1 + exp(—n(x; —&£))). Then, by Lebesgue’s dominated convergence theorem

and the Stein-type identity, we obtain

> Ti@)adp = lim > [ fi(z)zdp
e g f i

n—oo

> 0.

Conversely, assume that £(Tyu) is minimized at 7' = Id. Let f be an absolutely con-
tinuous function with bounded derivative f’. Then, for sufficiently small € > 0, both
of T(x) = x £ ef(x) belong to Tew(p). Thus, (9) is zero, and p satisfies the Stein-type
identity.

4.3 Proof of Theorem 2

Assume that p has a regular support and admits a Stein-type transformation 7. Then,
Theorem 1 implies that Ty minimizes £ over the fiber F,. However, it is deduced from

Lemma 4 that £ is strictly convex over F,. Thus, the minimizer is unique.

4.4 Proof of Theorem 3

Assume that p is copositive. Denote the functional £ restricted to the fiber F, by &,.

From Theorem 1, it is sufficient to show that £, has a minimum point. We first show that

11



&, is bounded from below and that the level set {v | £, < ¢} for each ¢ € R is tight. For

any v € JF,, the copositivity condition implies

Eulv) > Zd: {/qz‘(ﬂﬁz’)log%’(xi)dxi + g/xgd’/z} :
i=1

where ¢; = dv;/dz; and 5 = B(v) = B(n) > 0. We obtain

e Vow o (2 de = | o (a qi(2:) B g, P
/qz(zl)logql(ml)dml—/ql(ajl)log ﬁ/(47r)e_ﬁxz2/4d$z 4/midyz+ log -

1
> —/Z/:L‘?dui—|—2log b

E?
where the last inequality follows from the nonnegativity of the Kullback-Leibler divergence.

Then, &, is bounded from below as

d
g NE:
EM(I/) >C+ 1 2 /xidyi,

where C' is a constant independent of v. This inequality also implies that the level set
{v | &u(v) < c} is tight.

Now there exists a weakly converging sequence v, such that £,(vy) converges to inf £, (v).
Let vy be the weak limit. Then, Corollary 3.5 of [21] shows that v, € P? and &,(v) <

limy, £, (vx). The distribution v, gives a minimum point of &,. This completes the proof.

5 Sufficient conditions for copositivity

We now present the sufficient conditions for copositivity of a given distribution p. In
Subsection 5.1, we first take into account the measures with a non-zero mean as well as
coordinate-wise transformations that are constant over an interval. We then present a
lower bound of the quantity () in (5). Subsequent subsections are devoted to finding

sufficient conditions for copositivity.

5.1 Extension of the definition and a lower bound

Let P2 be the set of measures on R? such that each marginal p; is absolutely continuous
and [ z?dp; < oo without assuming [ z;dp; = 0. The set Zeyws () for p € P2 is defined
by the set of coordinate-wise non-decreasing map 7 : R¢ — R? such that [ T;dp; = 0 and
[ T?dp,; < oo for each i.

The following lemma is useful to consider copositivity. Denote the inner product and

norm of L2(u) by (f,9) = [ f(x)g(x)dp and || f|| = (f, f)!/?, respectively.

12



Lemma 5. If y € P, then
1> TP
B(p) = in ! :
(k) 0ATETew (1) D, || T
Proof. Denote the right-hand side of (10) by d(u). Then, it is obvious that 5(u) > 6(u)

(10)

since Tew (1) C Zews (). In order to prove the converse inequality, choose 0 # T € Teyw (1)
such that || Y, Ti|12/ (3, IT5]12) < 6(u) + € for given e. It follows from Lemma 13 in
Appendix A that a map 7" defined by T"(z) = T'(x) + nz belongs to Zcy(p) for each

n > 0. Then, we have
ISP ISP
2lTlP =0 22T
implying B(u) < §(u) + . O

We extend the definition of 3(u) for any u € P2 by (10). In the following, y is a measure
in P2 unless otherwise stated.

Let L3(u;) be the set of functions T; : R — R such that [T;dp, = 0 and [ T2dp,; < oc.
The set Tews (1) is a subset of H;-izl L2(j1;). The space L3(p;) is considered to be a subspace
of L?(u). More precisely, T; € L3(u;) is identified with the function z +— Tj(z;) in L?(u).

By relaxing the set Zcw« () in (10), we obtain a lower bound of 3(u) as

112
Br () = P DYl

< B(p).
02T, L3(us) 2 1737

Therefore, p is copositive if Gy (u) > 0.

It is shown that 5(u) and Fr(p) are invariant under coordinate-wise transformations.
Thus, #(u) and (B (u) depend only on the copula of p. Furthermore, they depend only on
the set of two-dimensional marginal copulas of .

If d = 2, then the quantity G, () is related to the Hirschfeld-Gebelein-Rényi maximal
correlation coefficient (refer to [9], [26] and [19])

_ (Th, T3)
V() = sup T
02T €L2 (1) 04 Toe L2 (uz) 11 T2l

Lemma 6. Let d = 2. Then, fr,(¢) =1 —vy(p). In particular, p is copositive if y(p) < 1.
Proof. Let v = y(u). For any Ty € L3(u1) and Ty € L2(u2), we have
Ty + Tolf* = | Ta|* + | T2 + 2(T1, Tz)
> 1Tl + 2] = 29| Ta | 2]
= (T2l = |1 721)* + (1 = DA + 1 72]1%)

> (1 =N(IT2)? + 1]

13



Thus, we have O, (1) > 1 —~. In order to prove the converse inequality, take sequences

Ty, and Ty, satistying ||T1,|| = ||T2n]] = 1 and limy, 00 (T1p, Ton) = 7. Then,

) < tim W= Tl

=1—7.
noo0 [ Tinl2 + [ Ton]? 7

In the literature, two subspaces H; and Hs of a Hilbert space with the property

hi,h
wp | h)

e < 1
met hoet; |[Plll|hz]l

are said to satisfy the strengthened Cauchy-Schwarz inequality [6]. In our setting, p is
copositive if L3(u1) and L(u2) satisfy the strengthened Cauchy-Schwarz inequality.

5.2 (Gaussian case
We obtain an explicit expression of fr,(u) if 4 is a multivariate normal distribution.

Lemma 7. Let p be the multivariate normal distribution with mean vector 0 and covari-
ance matrix S. Then, fr,(p) is the minimum eigenvalue of the correlation matrix of S. In

particular, u is copositive if S is non-singular.

Proof. The case of d = 2 has been proven by [17].

Assume that the marginal density of y is the standard normal ¢(z) = (2m)1/2e=%"/2
without loss of generality. Then, the covariance matrix coincides with the correlation
matrix R = (p;;). We prove that fr(1) = Amin(R), where the minimum eigenvalue of
a positive definite matrix A is denoted by Apin(A4). Note that Apin(R) < 1 because
tr(R) = d.

Denote the Hermite polynomial of order k by ni(z) = (—=1)*¢(x)~*(d*/dz*)¢(z) for
z € R. Any function T; € L&(y;) is expanded as

Ti(x;) = Zciknk(xi), Zk!c?k < 0.

k>1 k>1
Since [ g (z;)mi(z;)dp = 5kl(k!pfj), we obtain
2
[ () - Ty Sencut
i k>1 i g

and

DY R DTS

i k>1 i

14



For any k > 1, we can show that

Z Z Ciijkpégj > )\mln(R) Z c?k_

]

Indeed, set A;; = p;; and B;; = cikcjkp?jfl in an inequality tr(AB) > Amin(A)tr(B) for

any positive definite matrices A and B. Thus, we have

[ mran = )3 [ 1200,

which implies 51, (1) > Amin(R).
Conversely, let (v1,...,v4) be the eigenvector corresponding to Apin(R) and T;(z;) =

viz;. Then, we have [(3°,T;)%dp = Amin(R) Y_; [ T2du;. Thus, Br(1) < Amin(R). O

We conjecture that [(u) coincides with (1) if p is Gaussian and S is its covariance

matrix. See Section 7.

5.3 Rényi’s condition of positive copula densities

The following theorem, which has been proven by [26] for d = 2, provides a checkable

condition for copositivity.

Theorem 5 ([26] for d = 2). Assume that u has a regular support (see Section 2 for the
definition) and for each pair ¢ # j, the two-dimensional marginal copula density function

cij of p is square integrable. Then, () > 0. In particular, 4 is copositive.

Proof. We first prove that if T € Hle L (w;) satisfies an equation Y, T; = 0, then 7' = 0.
Assume ) . T; = 0. Let I C {1,...,d} be the set of indices ¢ such that u(7; # 0) > 0.
Next, by contradiction, assume I is not empty. Let A; = {x; | T; > 0} for ¢ € I. Since
f T;du; = 0, we have u;(A;) > 0. However, based on the assumption about the support,
we obtain p(N;erA;) > 0, which implies that p(3,7; > 0) > 0 and contradiction. Thus,
I is empty, and T = 0.

Now, we prove that Oy (n) > 0 using elementary cocepts of functional analysis (refer
to [33]). Assume that p; is uniform over [0, 1], i.e., u is a copula distribution. Let H =
Hle L(11;) be a Hilbert space of R-valued functions and define the inner product of H
as (I, U)g = >, [ T;U;dx;. Let ¢;j be the pairwise copula density and define an operator
C:H — H by

1
(CT); = Z/ cijlidxy, i=1,...,d.
j#i 70

15



Based on the assumption that [ cfjdxidxj < 00, we deduce that C' is a Hilbert-Schmidt

operator. It is easy to see that C is self-adjoint. Now, we can write

/ (3 TPdu = (T, (I +C)T)s (1)

If (I + C)T = 0, then (11) implies ), T; = 0 and, therefore, T = 0. Thus, I + C' is
injective. Since the operator I + C'is an injective Fredholm operator, it is surjective. By
the continuous inverse theorem, we deduce that the inverse operator (I+C)~! is bounded.

Therefore, we have

1
<Ta (I+ C)T>L > m

which means B, (p) > ||(I +C)7Y|~! > 0. O

<T> T>L7

Corollary 4. If ;4 has a positive and bounded copula density function, then p is copositive.

By Theorem 5, we obtain an alternative proof of Lemma 7 without evaluating fr, (1)
(details omitted). In Section 6, we deal with positive and piecewise uniform copula density
functions.

Note that the support of u is not determined from the support of two-dimensional

marginal distributions. See the following example. Refer to [27] for related topics.
Example 3. Let u € P?(R*) be the uniform measure supported on the region
(+7 +7 ) _) U (+7 ] +7 _) U (+’ T T +) U (_7 +> +a _) U (_7 +7 ) +) U (_7 ] +7 +)a

where (+, +, —, —) denotes the set [0, 1] x [0, 1] x [-1,0] x [-1,0], and so on. Then x is not
copositive although each two-dimensional marginal distribution is supported on [—1, 1]
In order to demonstrate this point, let T;(x;) = sign(z;) for each i. Then [ T;dp; = 0 and
[T2du; > 0 but [(3; T3)%*dp = 0. Hence, B(u) = 0. O

5.4 A condition without regular supports

Theorem 5 assumes regularity of the support. Here, we present a result without assuming

the regular support condition.

Theorem 6. Let i be a d-dimensional copula with density c(x). Assume that there exists

a constant 0 < 6 < 1 such that an inequality
C(:Ela cee ,min(xi, y1)> s 733d) + C(yh sy Inax(:ni, yl)v s 7yd) > 5{C($) + C(y)} (12)
holds for any 4 and z,y € [0,1]%. Then, u is copositive.
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Proof. We first prove the case d = 2. For each i € {1,2}, let 0 # T; € L3(11;), and let T;-
be the positive and negative parts of T; such that T; = T;r —T; . Let Il-i be the support
of Tii. Assume that 77 is non-decreasing. Then, we have a; < by for any a; € I; and

by € I . Setting Z; = [ T;" (x;)dx; = [T, (x;)dz; > 0, we obtain

(Ty. Ty ) + (1", 1)
:/ c(abaQ)Tf(al)T{(aQ)daldag —|-/ C(bl,bQ)Tfr(bl)T;r(bQ)dbldbg
I xIy I <1t
Ty (a1) Ty (az) i (b1) Ty (ba)
= 7175 / c(ay, az) + c(by, by)} =+ daidasdbydby
I;x[;x[jx]j{ ( )+ el )} Z Z Z Z

Ty (a1) Ty (a2) Ty (b1) Ty (ba)
2(521Z2/ c(bi,a2) + c(ay, by 1
I;x[;x[fxf,j{ ( )+ el )} Z 23 Z Z3

= 6<<T1+7T2_> + <T1_7T2+>>'

daldagdbl dbg

Therefore,

Ty + Tolf* = | Talf* + 1 T2)1” + 2((T5, T57) — (177, Ty ) — (7, T57) + (17, T5)
> |11 + |1 Talf* = 201 = (1Y, Ty) + (T, T5))
= 6(ITal* + I172)1%) + (1 = )|y = Ty 1P + 177 = T57[1%)

> S(| T + 1 T2]1%)

and the result follows. Note that we did not use the monotonicity of T5.

Now, we prove the case d > 3. In the same manner as above, we have
IT7 + -+ Tull> = S{|T0[” + 1T + - - + Tul*}.
Since the condition (12) is invariant under marginalization, it is inductively shown that
ITy+ -+ Tall> = ST + -+ 69| T ||* + 67| T
Thus, u is copositive, where §(u) > 6471, O

For example, if p is the uniform distribution over the region [—1,1]2\ [~1,0]%, then u

does not have a regular support but is copositive, where the constant § in (12) is 1/2.

5.5 Tail dependence

Many useful copulas in application exhibit tail dependence (e.g. [22], [12], [10]). The
following lemma shows that, unfortunately, Theorem 5 is not helpful for this class of

copulas.
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Lemma 8. Let d = 2 and assume that the copula density c(uj,ug) has lower-tail depen-

dency

\ — lim f06 f05 c(uy, ug)duydus
- 60—0 1)

Then, [[ c(u1, u2)?duydug = co. Similar results hold for other types of tail dependency.

Proof. The Cauchy-Schwarz inequality implies that

5 o 1 5 6 2
/ / C(u1,u2)2du1du2 > ﬁ </ / c(ul,uz)dulduQ> .
0 0 0 0

If ¢ is square-integrable, then the left-hand side should converge to 0 as § — 0, which is

impossible. Thus, ¢ is not square-integrable. ]

We conjecture that many copulas with tail dependence are copositive. On the other

hand, there is a non-copositive measure with positive copula density, as follows.

Example 4 (Tail counter-comonotonic copula). It is known that there is a positive copula

density function with the property
%iHéP(XQ < (5’X1 < 5) =1,

which is equivalent to A = 1 in Lemma 8. Such a copula is referred to as a lower tail
comonotonic copula (see Section 2.21 of [12]). Let u be the induced measure of Y7 = X3

and Y2 =1 — X5. Then, p is not copositive. Indeed, define a map T' € Teys (1) by
Ti(y1) = 6150y (y1) — (1= 0) o) (1), Taly2) = (1 =) L1—s1)(y2) — 61 (0,1-5)(y2),
where I4 denotes the indicator function of a set A. Then, ||T1|| = 72| = 1/d(1 — §) and

(T),Ty) = —6(1 — 6)’P(Yy > 1 —§|Y; < 68) +0(6?%), §—0.

Therefore,
. (Th,Ty)
lim ———— = —1.
6=0 [ Th[[| 72|
In a similar manner to Lemma 6, we deduce that S(u) = 0. O

6 Piecewise uniform densities

In this section, it is shown that if p has piecewise uniform density function, then the
Stein-type transformation of u is obtained by finite-dimensional optimization. Here, we

do not impose the zero mean condition on measures p as the preceding section.
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We say that a probability density function c(u) on [0,1]¢ is piecewise uniform if its

two-dimensional marginal densities are written as

Cij(uiauj) - n2ﬂ-ZJb if (uzau]) € (an;l’ %] X (biTlv %L a)b € {]‘a e an}’ (13)

for some n, where 77 is a positive number such that

n n ..

> =

a=1b=1
Let ! = > b1 7'['2]1;. Note that ¢ is not necessarily a copula density. However, it is
transformed by a piecewise linear transform into a copula density. Then, Corollary 4
guarantees the existence of a Stein-type transformation.

By solving Equation (6), we obtain an expression of the Stein-type transformation of

c as follows. Denote the cumulative distribution function and density function of the

standard normal distribution by ® and ¢, respectively.

Lemma 9. Let ¢ satisfy (13), and let p be the Stein-type density corresponding to c.

Then, there exist real constants o, ...,y and &§; < -+ < &,—1; such that

() — i P(@i — o)
pi(w;) = m, Zi

for o1 <@ < &ui (14)
where y; = —00, & = 00, and Z; = ({4 — ai) — P(§a—1, — @ai). The Stein-type

transformation is

zi = Ti(u;) = qi + 71 (®(Eam1yi — i) + 0w — 1) Z4),  w € (51, 9), (15)

n
and the two-dimensional marginal density is

(i — ) (i — o
pij(xi, ;) :Wybqﬁ( zZm' ai) ¢ JZb- j),
J

(w4, 25) € (Ea—1,is Cai] X (&p—1,5-&p5)-  (16)

Furthermore, the following identity is satisfied:
&bj _
, b gy — owy)

i = ZZ A 7 ——————=dz;. (17)

j#i b b—1,j5 ]
Proof. Equation (6) implies that O;p;(x;) = —(@i + >_; 4 E[Xj|2i])pi(z;), where 0; =
0/0x;. Since the conditional expectation E[X;|z;] has to be piecewise constant, p;(x;)
is piecewise Gaussian up to a normalizing constant. Since the mass of each piece is
preserved under a coordinate-wise transformation, we obtain the form (14). Then, the
unique monotone transformation (15) is derived from c¢;(u;)du; = p;(x;)dz;. Equation

(16) results from the transformation of ¢;;(u;, u;). Finally, Equation (17) is obtained from

dilog pi(x;) = —(x; + Zj;éi E[Xj|zi]). H
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The parameters a,; and &,; are determined by the continuity of (14) at x; = &,;; and the
identity (17). However, instead of solving the simultaneous equations directly, we adopt
an optimization approach.

Assume the density of a distribution p obeys the parametric form given by Equation
(14). Then, the energy function £(u) defined in Section 4 is a function of o and &, which
is denoted by F'(«, &) and is obtained as follows:

Oé f Z/pz Ly Ingz xz Z/x pz I d$z+2/xzxjng xzvxj)dxzdflj]
1<J
Sai
ORI

ozm) i (25 — vgi)? :c2>
lo — —log Z,; + 2+
a » < g /27"' 2 g al 2

éaz §bg
+ Z Z Z / / 1"1‘/1“]@25 aaz)¢( - Oébj)d.’Eidxj
1< Z‘“ZbJ Ea—1,i /€1
Jj a ¥
+ E E T, (- L+ agiMy; — log Zai>

= Z Z T, log
+ Z > Z 79 Moi My,

i<j a
where
1 gai
Mgy = 7 zip(x; — ags)da;

at JEq_1,

1
= Qai + o — (—=p(€ai — @ai) + O(Ea—1,i — Qai)) -

at

Since Z,; and M,; are functions of three parameters g, £qi, and §,—1,, we denote the

corresponding partial derivative by Dy, Do, and Ds. The derivatives of F' are

OF - DZ
8& : - 7'['(21 < Qgj + M(u + OéleMaz - 2 m) + Z Zﬂ- DlMaZ)Mb]
ai a J#i b
=7 | Cai + > “be] (D1 Mai), (18)
J#Fi b
OF , DoZ4; . D3Z,11
- = 7'(‘2 <Oém'D2Mm' — M) + 7T(Zl+1 <aa+1,iD3Ma+1,i - W)
6£m Zm Za+1,z

+ Z Z { (D2Me;) + Wa+1 b<D3Ma+1,i>} My;
J#L b

]
. T .
i ab i a+1 b
=, | ovai + E g i My; | DoMeai + gy | Qay1i + g E My; | D3Megy1,

j#i b j#i b Tat1
Do Z,; D3Zqi1,
-t -t = 19
T Za@' 7Ta+1 Za+1,i ( )

By using these formulas, we obtain the following theorem.
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Theorem 7. A stationary point of F' together with formula (14) provides the global
minimum point of the energy functional £(u) over the fiber. In other words, F' has a

unique stationary point that corresponds to the Stein-type density.

Proof. Since My; = [ 2;¢(x; — ogi)dwi/Za; is the expectation parameter of an exponential
family ¢(z; — i)/ Zai, it is an increasing function of a; (e.g., [18]). Therefore, D; M,; > 0.

Thus, the stationary condition OF/dag,; = 0 is equivalent to

]
Qo+ DD “ My =0,

jFi b e
which is equivalent to (17) and solves the integral equation (6) except at boundary points

&qi. Furthermore, substituting this relation into (19), we obtain

)
Ta+1

. D3Zq1,
0&ai “ Zai Zat1,i

= —pi(§ai—) + pi(&ait)-

Therefore, 0F/0&,; = 0 is equivalent to the continuity of p; at £,;. Then, the density p is
the Stein-type density, which is unique due to Theorem 2. ]

The minimization problem of F(a,§) over o € R and &1; < -+ < §,—1,; is performed
using a standard optimization package (e.g., the function optim in R [24]) when the coor-

dinate 74; = €4 — a—1,, rather than &, is used for 2 <a <n —1.

Example 5. We numerically obtain the Stein-type densities of discretized copulas. The
result is shown in Figure 1. The copula used here is the Clayton copula
_p _0 —-1/6
Co(x1,22) = [max(:cl +az," —1,0)

The discretized copula density of n x n cells is given by (13) with

maf = Cos 5) = Co(*52 %) = ol 154) + Go( 52, 571,

n

7 Discussion

In the present paper, we showed that a class of multi-dimensional distributions has a
unique representation via the Stein-type identity. Now, we describe areas for future study
and some open problems.

In Section 3, we derived some properties of Stein-type distributions. The author could

not find any counter-example against the following conjecture.
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Figure 1: Coordinate-wise transformation for the two-dimensional discretized Clayton
copula with # = 2 and n = 10 is shown. The joint density function (top-left) is transformed
into a Stein-type density function (top-right) by the inverse function of a cumulative
distribution (bottom-left), the density of which is piece-wise Gaussian (bottom-right).
The dashed curve in the bottom figures represents the standard normal distribution.
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Conjecture 1. The marginal density function of any Stein-type distribution is positive

everywhere.
A partial answer to Conjecture 1 is given in the following lemma.

Lemma 10. Let i be a Stein-type distribution. If the copula of y has pair-wise marginal

densities ¢;; such that

1
D= sup sup /cij(ui,uj)2duj<oo,
i,jiij use[0,1] Jo

then each marginal density p; of p is positive everywhere. In particular, if the copula

density of u is bounded, then the same consequence follows.

Proof. The density p;(z;) satisfies 9;p;(2;) + pi(wi)mi(z;) = 0 with m;(z;) = B[}, X;|z;]
by Theorem 4. The conditional expectation satisfies

B loi = | [ aycs (B Fyas )| < (DB,
where F(z;) = [*_pi(¢)d€. Let D, = Z#i(DE[X]?])l/Q. Then, we obtain an inequality

—(x; + Ds)pi(xi) < Oipi(x;) < — (5 — Das)pi(25)

Let a € R be a point at which p;(a) > 0. Then, Gronwall’s lemma shows that p;(z;) >

pi(a)e‘("“JFD*)Q/%(‘“FD*)Z/2 > 0 for z; > a, and similarly p;(z;) > 0 for z; < a. O

If Conjecture 1 is positively solved, then the following conjecture, which is based on

Theorem 2, is also positive according to Lemma 4 (ii).
Conjecture 2. A Stein-type transformation is unique if it exists.
We state a relevant conjecture that is the converse of Theorem 3.
Conjecture 3. A distribution is copositive if it has a Stein-type transformation.

In Section 4, we showed that a Stein-type distribution is characterized by the stationary
point of an energy functional £ over a fiber F. From the perspective of optimal trans-
portation, we can construct the gradient flow of the energy functional with respect to the

L2-Wasserstein space ([14], [23] and [32]). The formal equation is as follows

where m;(x;) = E[_; X;|z;]. Although this appears to be an independent system of one-

dimensional Fokker-Planck equations, the equations interact with each other via m;(x;).
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Moreover, the physical meaning of the equation is not clear. From Theorem 4, it follows
that each Stein-type density is a stationary point of (20). The time evolution will be
theoretically of interest.

In Section 5, we presented sufficient conditions for copositivity of distributions. In
particular, a Gaussian distribution is copositive if its covariance matrix is not degenerated.
Conversely, if a Gaussian distribution is copositive, then the covariance matrix must, by
definition, be strictly copositive (see Equation (1)). The following conjecture naturally

arises but is not proven. This is positively solved if Conjecture 3 is correct, due to Lemma 2.

Conjecture 4. A Gaussian distribution is copositive if the covariance matrix is strictly

copositive.

As stated in Subsection 5.5, tail-dependent copulas do not satisfy the sufficient condition
in Theorem 5. The copositivity of tail-dependent copulas remains unclear.

In the present paper, we did not consider statistical models that explain a given data
set. A statistical model involving a Stein-type distribution is essentially equivalent to
a copula model because such models correspond to each other through coordinate-wise
transformations, whereas the marginal distributions are not of much interest in copula
modelling. The class given in Example 1 provides a flexible model because the distribution
of U;’s in the construction can be selected arbitrarily.

Finally, it is expected that there is a coordinate-wise transformation to satisfy

for any monotone increasing functions f and g. Although the condition (21) appears to

be too strong, how to deal with this problem remains unclear.
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Appendix
A One-dimensional optimal transportation

Necessary information about one-dimensional optimal transportation is summarized. Re-

fer to [25] and [32] for further details.
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Let P2(R) be the set of absolutely continuous probability distributions x on R such that
[xdp =0 and [2%dp < oco. For given u € P*(R), let 7 (u) be the set of non-decreasing
functions T : R — R U {—o00, 00} such that Tyu € P%(R).

For given p and v in P%(R), there exists T € 7 (u) such that v = Tyu. The map is
uniquely determined p-almost everywhere. More explicitly, T is given by T' = G~ o F,
where F(z) = [* _dp, Gz) = [* _dv, and G~ (u) = inf{z € R | G(z) > u}. The
map T is called the optimal transportation from p to v because this map minimizes the
functional [(T(z) — x)?du over {T' | Tyu = v}. Since p and v are absolutely continuous,
T is decomposed into an absolutely continuous part, 72, and a discontinuous part, 79,
without a singular continuous part. This is because G~ constructed above has the same
property. The decomposition is unique up to a p-negligible set.

The following lemmas are used in Section 4 and Section 5. These lemmas were originally
proven for multi-dimensional measures but here we simplify them for the one-dimensional

case.

Lemma 11 (Theorem 4.4 of [21]). For given y and v in P?(R), let T’ be a unique monotone
map such that v = Tyu. Let p and ¢ be density functions of 4 and v, respectively. Let
X C R denote the set of points where the derivative T” is defined and positive. Then,
pu(X) = 1. Furthermore,

/A(q(y))dy = /XA <£,(8)> T'(x)dx

for any measurable function A on [0, 00) with A(0) = 0.

Lemma 12 (Proposition 1.3 of [21]). Let u € P? and T € 7 (). Then, (1 —t)Id + tT €
T () for each t € [0,1].

Lemma 13 (Proposition 4.2 of [21]). Let 4 € P2, If T : R — R is a non-decreasing
function written as T' = T2 + T9 and the derivative (7%¢)’ of the absolutely continuous

part is strictly positive p-almost everywhere, then Tiu is absolutely continuous.

B Explicit expression of Stein-type distributions

We formally derive an explicit expression of the Stein-type distributions.
Assume that € P? has a smooth density function p with decay at infinity. Then, p is
Stein-type if and only if there exists a function r(x) such that

zp: (agg(f) + :cjp(:v)> = (), /R L r(@)de =0 foralli, (22)

j=1 J
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where dz_; means dzy - - - dz;_1dz;y1 - - - dxg. In fact, formula (22) is rewritten as dp; /dx;+
pi(zi)mi(z;) = 0, where m;(x;) is the conditional expectation of }; z; given z;, and this
equation is equivalent to (6).

Equation (22) is explicitly solved if r(z) is given. Let @ be a fixed orthogonal matrix
such that (QTz); = > x;/v/d, where QT denotes the matrix transpose of Q. Then, (22)

is written as
Ip(Quw)
8w1

_ Q)
N

w=Q z.

+ wip(Quw)

The general solution is

p(Qu) = " “Eev%/zr

e <q(w2,...,wd) + (Qv1, w2, ... 7wd))dvl> ’

V2T 0

where ¢ is any probability density function on R¢~1.

In particular, if r(x) = 0, we obtain a simple formula
1 —w?/2 T
p(x) = N 2q(wa,y ..o ywa), w=Q . (23)

Example 1 in Section 2 is this solution. The class of densities (23) is characterized by a

stronger condition than the Stein-type identity, i.e.,
of(x)
/f(x);xjdu = /;%dﬂ
for any function f(z) = f(x1,...,zq).

C Closedness properties of Stein-type distributions

Let S be the set of Stein-type distributions on R¢. We prove that S is closed under

mixture, normalized convolution, and weak limit.

Lemma 14 (Mixture). If 4 and v are two distributions in S, then (1 — ¢)u + tv belongs
to S for any ¢ € [0, 1].

Proof. This follows from the linearity of the Stein-type identity (3) with respect to p. [

Lemma 15 (Normalized convolution). Let X = (Xi,...,Xy) and Y = (Y1,...,Yy) be
independent random vectors with Stein-type distributions. Let a and b be real numbers

with a? + b = 1. Then, aX + bY has a Stein-type distribution.
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Proof. The Stein-type identity with respect to X implies that
E | f(aX; + bY;) ZX = aE [f'(aX; + bY;)]

for each 4, because X and Y are independent. By changing the roles of X and Y, we have

E | f(aX; + bY;) ZY = bE [f'(aX; + bY;)]
Their average is
E | faX;+bY;) | Y (aX;+bY)) | | = (a® + b))E [f/(aX; + bY)] .
J
Thus, the Stein-type identity for aX + bY holds if and only if a? + b = 1. O

The set S is also closed under weak limit in the following sense. Denote the Euclidean

norm on R? by ||z| for z € R%.

Lemma 16 (Weak convergence). Let p(™ be a sequence in S. If 4™ converges to p in

law and [ [|z[2dpu™ converges to [ |jz||2du < oo, then u belongs to S.

Proof. These conditions imply that [ @du(") — [ ¢dp for any continuous function ¢ such
that |p(z)] < C(1 + ||z||?) for some C > 0. (Refer to Theorem 7.12 of [32].) Letting ¢(z)
be f(z;)>>;xj and f'(x;), respectively, we obtain the Stein-type identity for u. Absolute

continuity of u; is shown in the same manner as in the proof of Theorem 4. O

The condition regarding moment convergence in Lemma 16 is necessary. Indeed, we
can construct a sequence (W, U (”)) of Stein-type random variables in the same manner as
in Example 1 of Section 2 such that U™ converges in law to a random variable U with
E[U?] = 00

By Lemma 15 and Lemma 16 together with the central limit theorem, if we have indepen-
dent and identically distributed samples X', ..., X™ according to a Stein-type distribution
p, then the limit distribution of (X' + .-+ X™)/{/n is a Stein-type normal distribution
that is characterized by Lemma 1.

Note that the set of copulas satisfies the same consequence as Lemma 14 and Lemma 16.
If we modify the definition of the copulas in such a way that the marginal distribution is

standard normal, then the same consequence as Lemma 15 also follows.
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