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Abstract

This paper presents an algorithm for transforming a matrix pencil A(s) into another
matrix pencil U(s)A(s) with a unimodular matrix U(s) so that the resulting Kronecker
index is at most one. The algorithm is based on the framework of combinatorial relaxation,
which combines graph-algorithmic techniques and matrix computation. Our algorithm
works for index reduction of linear differential-algebraic equations, including those for which
the existing index reduction methods based on Pantelides’ algorithm are known to fail.

1 Introduction

A matrix pencil is a polynomial matrix in which the degree of each entry is at most one.
By a strict equivalence transformation, each matrix pencil can be brought into its Kronecker
canonical form (KCF). Numerically stable computation of KCF is a challenging problem, which
has required enormous efforts [2, 4, 5, 9, 21].

Let A(s) be an n x n matrix pencil. The Kronecker index v(A) of A(s) is defined in terms of
the KCF of A(s). Previous work given in [7, 8, 14, 19] aims at finding v(A) without obtaining
the KCF. They utilize the following combinatorial characterization:

V(A) = 6p-1(A) — 0,(A) + 1. (1)
Here, 5 (A) denotes the maximum degree of minors of order k in A(s), i.e.,
51(A) = max{deg det AT, J] | 1] = |J| = &}, 2)

where dega(s) designates the degree of a polynomial a(s) and A(s)[I, J] denotes the submatrix
with row set I and column set J.

While the previous work [7, 8, 14, 19] deals with the index computation, this paper focuses
on the index reduction of a matrix pencil. Our aim is to transform A(s) into another matrix
pencil with the Kronecker index at most one. More precisely, we present an algorithm for finding
a unimodular polynomial matrix U(s) such that U(s)A(s) is a matrix pencil with »(UA) < 1.
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Once the KCF of A(s) is obtained together with the transformation matrices, it is straight-
forward to construct such a unimodular matrix U(s). Since numerical difficulty is inherent in
the computation of KCF, we aim at finding U(s) more directly without relying on the KCF.
Instead of computing the KCF, our algorithm makes use of (1).

Our motivation comes from the study of differential-algebraic equations (DAEs) [1, 3, 6,
11, 18]. Consider a linear DAE

dz(t)
dt

F + Hz(t) =g(t) (3)
with an initial condition z(0) = 2o, where F' and H are constant matrices. By the Laplace
transformation, we obtain

A(s)z(s) = g(s) + Fzg

with the matrix pencil A(s) = sF' + H. The numerical difficulty of the DAE (3) is measured
by the Kronecker index v(A).

A common approach for solving a high index DAE is to transform it into an equivalent DAE
with index at most one, which can be solved easily by numerical methods including the back-
ward differentiation formulas (BDF). This motivates a variety of index reduction algorithms, in
which we are allowed to differentiate a certain equation and add it to another equation. Such an
operation corresponds to equivalence row transformations with unimodular polynomial matrix
U(s). The Laplace transform of the resulting DAE is in the form of

U(s)A(s)%(s) = U(s)(g(s) + Fz0).

If U(s)A(s) is a matrix pencil and v(UA) < 1 holds, the index of the DAE is now reduced to
at most one.

The modeling and simulation software for dynamical systems, such as Dymola, OpenMod-
elica, and MapleSim, is equipped with the index reduction methods based on Pantelides’ al-
gorithm [16], the dummy derivative approach [12], or the signature method [17]. These al-
gorithms adopt a structural approach, which extracts zero/nonzero pattern of coefficients in
equations, ignoring the numerical values. Such algorithms are efficient, because they exploit
graph-algorithmic techniques. However, the discard of numerical information can cause a fail-
ure even for linear DAEs. In contrast, our algorithm always works for any instances of linear
DAEs.

The algorithms for computing 6;(A) given in [7, 8, 14, 19] are based on the framework of
“combinatorial relaxation,” which combines graph-algorithmic techniques and matrix compu-
tation. In combinatorial relaxation algorithms, we find an estimate 0;(A) of &;(A) by solv-
ing a matching problem and check if 5k(A) = 0x(A) by constant matrix computation. If
ok(A) # 05(A), then we modify A(s) to improve d,(A) without changing 6;(A). After a finite
number of iterations, the algorithms terminate with 0;(A) = 6;(A). They mainly rely on fast
combinatorial algorithms and perform numerical computation only when necessary.

Our index reduction algorithm, which consists of two phases, inherits the idea of combina-
torial relaxation. In the first phase, we transform A(s) into another matrix pencil A(s) such
that an estimate of v(A) is at most one. In the second phase, we determine if the estimate is
correct. If not, we further transform A(s) into another matrix pencil A(s) with v(A) < 1. In



the both phases, we exploit a feasible dual solution of the matching problem, which was also
used by Pryce [17] in the interpretation of Pantelides’ algorithm [16].

The rest of this paper is organized as follows. In Section 2, we explain the bipartite matching
problems associated with matrix pencils. We present an index reduction algorithm in Section 3.
Section 4 gives numerical examples, and Section 5 concludes this paper.

2 DMatrix Pencils and Matching Problems

For a polynomial a(s), we denote the degree of a(s) by deg a, where deg 0 = —oo by convention.
A polynomial matrix A(s) = (a;j(s)) with dega;; < 1 for all (4, ) is called a matriz pencil.
A matrix pencil A(s) is said to be regular if A(s) is square and det A(s) is a nonvanishing
polynomial.

Let us denote by block-diag(Dy,...,Dy) the block-diagonal matrix pencil with diagonal
blocks Dy, ..., Dy. By a strict equivalence transformation, a regular matrix pencil A(s) can be
brought into its Kronecker canonical form block-diag(s/,, + Jug, Npuys - -, Ny, ), where I, is a
fo X po identity matrix, J,, is a po X po constant matrix, and N, is a g X p matrix pencil
defined by

1 s 0 0
0 1 s
Ny = 0
1 s
0 0 1

The matrices N, ,...,N,, are called the nilpotent blocks.

For a matrix pencil A(s), the Kronecker index v(A) is defined to be the maximum size of
the nilpotent blocks in the Kronecker canonical form of A(s), i.e., maxj<;<q ;. It is known [15,
Theorem 5.1.8] that v(A) is expressed by (1).

A polynomial matrix is called unimodular if it is square and its determinant is a nonvan-
ishing constant. This implies that a square polynomial matrix is unimodular if and only if its
inverse is a polynomial matrix.

Let A(s) be an n x n regular matrix pencil with row set R and column set C. We construct
a bipartite graph G(A) = (R,C; E(A)) with E(A) = {(4,5) | i € R,j € C, Ayj(s) # 0}. The
weight ¢, of an edge e = (7,7) is given by c. = ¢;; = deg A;;(s). We remark that c. is 0 or 1
for each e € E(A) because A(s) is a matrix pencil. A subset M of E(A) is called a matching if
every pair of edges in M are disjoint. A matching M is called a perfect matching if M covers
all the vertices.

Consider the following maximum-weight perfect matching problem P(A):

maximize E Ce
eeM

subject to M is a perfect matching.

Since A(s) is regular, G(A) has a perfect matching. The maximum weight of a perfect matching
in G(A), denoted by 6, (A), is an upper bound on 8, (A).



The dual problem D(A) of P(A) is given by
minimize Z Di — Z qj
i€ER jec
subject to p; —q; > c. (e=(i,7) € E(A)),
pi€Z (1€ R),
G €Z (jeC).

We construct an optimal solutlon (p,q) of D(A) as follows. Let M be a maximum-weight
perfect matching in G(A) = (R,C; E(A)). The reorientation of a € E(A) is denoted by a.
Consider an auxiliary graph Gy = ( 7)) with V.= RUCU{r} and E = EUM UW, where
r is a new vertex, £ = {a | a € E(A)}, and W = {(r,i) | i € R}. We define the arc length
~v:E— Zby

We denote the objective function of D(A) by A, (p,q).
)-

—cz (a€E)
Y(a)=qca (aeM).
0 (a e W)

Let d(i, j) be the shortest distance from i € V to j € V with respect to the arc length v in
Gr. We define

pi = —d(ri)+maxd(r,f) (i€R), (4)
q = —d(?”,j)—i—l}leac)‘(d(ﬁf) (]EC) (5)

Lemma 2.1. Suppose that (p,q) is defined by (4) and (5). Then (p, ¢) is an optimal solution
of D(A) satisfying

minp; > 0, ming; =0, maxqg; <n. 6
i€R pi jeC 9 T jec 4= (6)

Proof. By the definition of (p,q), p; € Z (i € R) and ¢; € Z (j € C) clearly hold. For
e=(i,5) € E(A), we have d(r,i) < d(r,j) — c.. Hence

bi —q; = —d(’l", ’L) + d(?",]) > Ce (7)

holds. Thus (p, q) is a feasible solution of D(A).
Since G has both arcs (i, ) and (4,4) for e = (i,§) € M, we obtain

pi —¢q; = —d(r,i) +d(r,j) = ce. (8)

It follows from |R| = |C| and (8) that

Zpi—qu:—Zd(r,i)—i—Zd(r,j): Z (—d(r, i) +d(r,j)) Zce,

1E€ER jeC 1ER jeC (4,9)eM ecM

which implies that (p, ¢) is optimal to D(A).



Finally, we show that (p,q) satisfies (6). The second condition follows from the definition
of gj. Since G(A) has a perfect matching, each i € R is incident to at least one vertex j € C.
Hence we have p; > ¢ + ¢;; > 0 by (7), ¢; > 0, and ¢;; > 0. This implies min;cgp; > 0. Let
P; and P, denote the shortest paths from r to j and /, respectively. Let v be the last common
vertex in Pj and Pp. Then d(r,¢) — d(r,j) = d(v,{) — d(v,j). Note that d(v, /) is at most the
number of arcs in M between v and ¢ along Py, whereas —d(v, j) is at most the number of arcs
in E between v and j along P;. The sum of these upper bounds is at most n. Thus we obtain
g; < n for every j € C. O

Next, consider the following matching problem corresponding to d,—1(A).

maximize E Ce
eeM

subject to M is a matching,
|M|=n—1.

The optimal value is denoted by 8,_1(A), which is an upper bound on 6,_;(A).
For a feasible solution (p,q) of D(A), we define

An_1(p,q) = An(p, q) — min p; + max gj.

The following lemma gives upper bounds on 8, (A) and é,_1(A).

Lemma 2.2. For a feasible solution (p, q) of D(A), we have

~

on(A) < Au(p,q)y  On—1(A) < Ap_i(p, ).

Proof. Let M, denote a maximum-weight matching of size n. Since (p, q) is a feasible solution
of D(A), we have p; — q; > c. for e = (i,5) € E(A). The former follows from the weak duality
for the maximum-weight perfect matching problem:

on(A)=> < > i—a) = _pi— > 0 ="2(p0q)

e€M* (i,5)EM: i€eR jec

We now prove the latter. Let M, ; denote a maximum-weight matching of size n — 1. Let
OM_, denote the set of vertices incident to M_;. Then we have

37171(14) = Z ce < Z (p’i - Qj) = Z bi — Z q;

e€eM*_, (i) EM’_, i€RNOM_, JECNOM?*_,
< Z ; — min -—Z i+ maxq; = A1 .
< Di o Di q; s q; n (p7 Q)

i€R jec



3 Index Reduction Algorithm

3.1 Outline of Algorithm

Let A(s) be an n x n regular matrix pencil, and (p, ¢) be a feasible solution of D(A) satisfying
(6). By Lemma 2.2, we have

On(A) < bu(4) < An(p.a). 9)
61171(‘4) S 31171(14) S Anfl(pa Q)' (10)

Our aim is to find a unimodular matrix U(s) such that A(s) = U(s)A(s) is a matrix pencil
with index v(A) < 1. The following algorithm updates a matrix pencil A(s) and a feasible
solution (p,q). The upper bounds A,(p,q) and A,_1(p,q) are non-increasing. The resulting

matrix pencil A(s) and its feasible solution (p, q) satisfy

5n(A) = Sn(‘zl) = An(ﬁ7 CY)’ 5n71(A) = Snfl(;‘) = Anfl(pa (Y)v (11)
pi € {0,1} (i € R), =0 (jel). (12)

We describe the outline of the index reduction algorithm. The algorithm consists of two
phases. In the first phase, we make use of

v(p,q) == Ap—1(p,q) — An(p,q) +1

as an estimate of v(A) = d,-1(A4) — d,(A) + 1. At the end of the first phase, we obtain an
updated matrix pencil A(s) and a feasible solution (p, ¢) with 2(p, ¢) < 1. It should be remarked
that this does not imply v(A) < 1, because 7(p, q) is not an upper bound on v(A).

In the second phase, we check if both §,,(4) = 5n(A) = A,(p,q) and 6,—1(A) = Sn_l(A) =
An—1(p,q) hold without computing 6, (A) and 0,-1(A) directly. If these equations hold, we
obtain

V(A) =6p—1(A) —0n(A) +1=Ap_1(p,q) — An(p,q) + 1 =D(p,q) < 1.

If not, we further update A(s) to another matrix pencil. A formal description is as follows.

Outline of Index Reduction Algorithm
Step 1: Construct an optimal solution (p,q) of D(A) satisfying (6).
Step 2: If ¢g; = 0 for every j € C, then go to Step 4.

Step 3: Bring A(s) into another matrix pencil fl(s) by a unimodular transformation, and
construct a feasible solution (p,§) of D(A) from (p,q). Set A(s) < A(s) and (p,q)
(p,q). Go back to Step 2.

A

Step 4: If both 6,(A) = 6,(A) = An(p,q) and 6,_1(A) = 6p_1(A) = Ap_1(p,q) hold, then

terminate.

Step 5: Bring A(s) into another matrix pencil A(s) by a unimodular transformation, and
construct a feasible solution (p,§) of D(fl) from (p,q). Set A(s) + A(s) and (p,q) «
(p,4). Go back to Step 4.



Phase 1 corresponds to Steps 1-3, while Phase 2 corresponds to Steps 4-5. In Steps 1-3, we
aim at constructing a feasible solution (p,q) satisfying (12), which implies #(p,q) < 1. Then
we further update p to obtain a feasible solution satisfying (11) in Steps 4-5. The details of
Steps 3-5 are given in Sections 3.2-3.4, respectively.

3.2 Unimodular Transformations in Step 3

We describe how to construct (p,q) from a feasible solution (p,q) of D(A) satisfying (6) in
Step 3. For nonnegative integer h, we define

Ry={ieR|pi=h}, C,={jeC|q =nh}

Then A(s) is expressed as
C, Chpor Cha -+ C1 Gy
R, * *ok I

R,.1| O * Kok

A(s) =
. . - . . kk
Ry o .. N o

for some 7, where * and ** denote a constant matrix and a matrix pencil, respectively. Since
A(s) is regular, the submatrix A[Ry,Cy| is of full-row rank, and hence we can express it as
* H0> with a nonsingular constant matrix Hy.
Next, consider the submatrix

Ry [ xx sF1 + H;
Ro * HQ

I —sFH;!
with constant matrices F1 and H;. By multiplying a unimodular matrix <O s 1[ 0 ) from

the left, we obtain
Co

Ry [ sF5 + Hy H;
Ro * HO

with constant matrices Fy and Hj. Since A[Ry, Ci] = O, this transformation does not change
A[Ry, C4].
Then consider the submatrix < sFy + Ho ‘ H; >, which can be transformed into

)

by row transformations, so that the lower part does not contain s with nonsingular constant

* *x

( sF3 + Hs *x

matrix F3 and constant matrix Hs.
As a result, we obtain another matrix pencil A(s) satisfying the following conditions.



e It holds that

x| sk3 4+ Hs x| x
A(s)[R1URy,C1UCy = | = * | x|, (13)
0 ‘ * * ‘ HO

where the first two row sets correspond to R;, the last row set corresponds to Ry, the
first column set corresponds to C, and the last three column sets correspond to Cj.

e The other entries coincide with the corresponding entries of A(s).

Let us denote the first row set of (13) by S. We construct (p, G) from (p, q) by
pi=pi—1 (i€ R\(RoUS)), pi=pi (i€ RUSI),
Gj=a—1 (€C\C), Gj=qj =0 (jeCo).

The following lemma ensures that (5, ) is a feasible solution of D(A).

Lemma 3.1. Let (p,q) be a feasible solution of D(A) satisfying (6). Then (p, q) is a feasible
solution of D(A) satisfying (6).

Proof. By the construction rule of fl(s), we have p; — q; > ¢;;. If p; — @; > p; — g holds, then
]5,’ — qu Z Pi — q]' Z 5@' also holds.

Consider the case with p; —; < p; —¢;. This implies that i € R\ (RgUS) and j € Cy. Then
we have p; — ¢; = p; — 1. If i ¢ Ry holds, it follows from p; > 2 that p; — ¢ =p;i —1 > 1 > &;.
Next, suppose i € Ry \ S. Then we have p; = 1 and &, = 0 for (i,5) € E(A) by (13). Hence
Pi —q; = pi —1 =0 > ¢&; holds. Moreover, (p, ) satisfies (6) by the construction rule. O

The following lemma shows that the values of the right-hand sides in (9) and (10) decrease
or remain the same when we update (p, q) to (p, q).

Lemma 3.2. Let (p,q) be a feasible solution of D(A) satisfying (6). The dual solution (p, §)
obtained by the above procedure satisfies

An(p, Q) > An(ﬁv (j)a Anfl(p7 Q) > Anfl(ﬁv (j)

Proof. By the definition of p; and ¢, we have
Dobi—Y d@j=y pi— R\ (RoUS)| = a;+[C\Col.
1ER jeC 1ER jeC
Since F3 and Hp in (13) are nonsingular, A[Ry U S,Cp] is of full-row rank. Hence we have
|Ro U S| < |Cpl|, which implies that
[R\ (RoUS)| = [C\ Col. (14)

Thus the first inequality holds.
By the definition of p, the value of min;cg p; is equal to min;cg p; or min;cgp; — 1. Since

Y icrDi = > icrPi — |R\ (RoUS)| holds, we have

D_Bi—ming <> pi-minpi+1=3 pi-minp —[R\(RoUS)|+1.
i€ER i€ER i€ER



Now C' # Cj holds, because the condition in Step 2 is not fulfilled. Hence
ji —maxq; = i —maxq; — (|C\ Cy| — 1
]ZE;QJ s 4aj JZE;QJ s qj — (IC\ G )

follows. Thus we obtain

An () <Y pi— minp; — [R\ (Ro U S)| - > g +maxg; + [C\ Co
i€ER jeC

i€ER
- An—l (p7 Q)7

where the second inequality is due to (14). O

<> pi—minp; - ;Qj +maxq
J

By executing Steps 1-3, we obtain a matrix pencil A(s) and its feasible solution (p, q) with
the following property.

Lemma 3.3. At the end of Phase 1, we obtain (p, ¢) such that p; € {0,1} for every i € R and
g; = 0 for every j € C. Moreover, the number of iterations in Phase 1 is at most n.

Proof. Step 2 ensures that ¢; = 0 for every j € C. Since ¢;; = 0 or 1, this implies p; € {0,1}
for each ¢« € R. At each iteration, max;cc g; decreases by one. Lemma 2.1 ensures that
max;ec ¢; < n holds for an initial solution (p, ¢), which indicates that the number of iterations
is at most n. 0

Lemma 3.3 leads to the following corollary.
Corollary 3.4. At the end of Phase 1, we have 7(p,q) < 1.

Proof. By Lemma 3.3, p; € {0,1} holds for every i € R and ¢; = 0 holds for every j € C. Let
m denote the number of rows with p; = 1. Then we have

m (m < n),
An<p> Q) =m, An—l(py Q) = (15)
m—1 (m=n).
Hence it holds that
A 1 (m<n),
(p,q) = An-1(p,q) — An(pyq) +1 =
0 (m=n)
O

3.3 Test for Tightness in Step 4

In this section, we present how to check if both 6,(A) = 6,(A) = An(p,q) and 6,_1(A) =
bn_1(A) = Ap_1(p, q) hold in Step 4.

Suppose that we have a feasible solution (p, q) of D(A) such that p; € {0,1} for every i € R
and g; = 0 for every j € C. The tight coefficient matrix of A(s) is defined to be the constant
matrix A% = (Af;) with AZ&- being the coefficient of s?~% in A;;(s). The following lemma
enables us to check 0, (A) = 0,(A) = An(p,q) and 6,_1(A) = 6p_1(A) = Ap_1(p, q) efficiently.



Lemma 3.5. The tight coefficient matrix A# is nonsingular if and only if both §,(A) =
5n(A) = An(py Q) and 5n—1(A) = 5n—1(A) = An—l(pa Q) hold.

Proof. Note that det A(s) = s2»P9{det A# 4 o(1)} holds. Therefore, if §,(4) = An(p,q),
then A” must be nonsingular. Conversely, if A% is nonsingular, then 6,(A) = A,(p, ¢), which
together with (9) implies 8,(A) = §,(A4) = A,(p,q). The nonsingularity of A# further implies
that there exists a nonsingular submatrix A#[I, .J] such that |I| = |J| = n—1and I D R*, where
R ={ieR|p > %igpe}. Since det A(s)[I, J] = s2n1PD{det A#[I,J] + o(1)}, we have

6n_1(A) > A,_1(p,q), which together with (10) implies 6,_1(A) = 6,_1(A4) = Ap_1(p,q). O

By Lemma 3.5, we can perform Step 4 by checking the nonsingularity of A%.

3.4 Unimodular Transformations in Step 5

Let A(s) be a matrix pencil in Step 5. The algorithm has detected that the condition in Step 4
is not fulfilled, i.e., the tight coefficient matrix A# is singular. Hence there exists a nonzero

row vector u = (u; | ¢ € R) such that
uA? = 0.

By executing the Gaussian elimination on A# with column transformations, we can find w such
that suppwu := {i € R | u; # 0} is minimal with respect to set inclusion.

By the definition of A%, we have A#[Rg, C] = A(s)[Ry, C]. Since A(s) is regular, A#[Ry, C]
is of full-row rank. This implies that there exists [ € suppu with p; = 1.

We now define U by
U / uy (Z = l),
Ui, = { ,
5ik (Z 7& l)7
where §;;, denotes Kronecker’s delta. We remark that the row set and the column set of U
correspond to Ry U Ry and U[Ry, R1] = O. We denote by diag(s;p) the square diagonal matrix
with each (7,7) entry being sPi. Then the polynomial matrix U(s) = diag(s;p) - U - diag(s; —p)

is unimodular.
Since A(s) can be expressed as

A(s) = diag(s;p) - (A# + ! (A(O)[Rl’ C])) ,

it holds that

U(s)A(s) = diag(s;p) - U - (A# + % (g)) = diag(s; p) - (UA# + % (g :) <(*)>)
= diag(s;p) - (UA# + % (g)) = diag(s;p) - UA# ¢ (g) ,

where * denotes a constant matrix. Hence U(s)A(s) remains to be a matrix pencil. Since the
Ith row vector of UA¥ is zero, U(s)A(s) does not contain s in the Ith row. Hence we can

10



decrease p; = 1 by one. By setting

. X 0 (=1, .
A(s) :=U(s)A(s), i = =g,
(s) (s)A(s), P {pz- (£, G:=q

we obtain another matrix pencil A(s) and its feasible solution (p, §).

Lemma 3.6. The number of iterations in Phase 2 is at most n.

Proof. At each iteration, the number of rows with p; = 0 increases by one. O

At the end of the index reduction algorithm, we obtain a matrix pencil with index at most
one.

Theorem 3.7. The algorithm finds a matrix pencil with the Kronecker index at most one in
O(n?) time.

Proof. When the algorithm terminates, we obtain A(s) and its optimal solution (p, §) satisfying
(11) and (12) by Lemmas 3.3 and 3.5. Let m denote the number of rows with p; = 1. Then we

have (15) for (p,q). Hence the Kronecker index v(A) is given by

V(A) = 6p—1(A) = 6,(A) + 1= Ay 1(p,7) — An(pq) + 1 = {(1) E: i n;

Thus the index of the obtained matrix pencil is at most one.

In Step 1, we solve a maximum-weighted perfect matching problem. This can be performed
in O(n?) time by the Hungarian method [10, 13, 20]. Steps 3 and 5 require the Gaussian
elimination, which costs O(n?) time at each iteration. Since the number of iterations of Steps 3
and 5 is O(n) by Lemmas 3.3 and 3.6, the total time complexity is O(n?). O

4 Examples

We give two examples below. The first one is a famous example for which Pantelides’ algorithm
does not work:

21— 21+ 229+ 323 =0,
z21+ 204+ 23+ 1=0,
221 4+ 29 + 23 = 0.

The corresponding matrix pencil A(s) is expressed as

—s+1 2 3
A(s) = 1 11
2 11

By d2(A) =1 and 03(A) = 0, the index v(A) is equal to 2. However, when we apply Pantelides’
algorithm [16] to A(s), the algorithm terminates without detecting equations to be differenti-
ated. Pantelides’ algorithm is adopted in the MATLAB function called reduceDAEIndex. In
fact, this function does not work for the DAE.
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Let us apply our algorithm to A(s). In Step 1, we find an optimal solution p = (1 1 1)
and ¢ = (0 1 1) of D(A). In Step 3, we obtain another solution p = (1 0 0) and ¢ =
(0 0 O) without changing A(s). Then we go to Step 4 by ¢ = 0. The tight coefficient matrix

-1 0 0 1 —s s
A#¥ = 1 1 1| issingular. In Step 5, we have u = (1 -1 1) andU(s)=10 1 0
2 11 0 0 1

1 2 3
The matrix pencil A(s) is transformed into U(s)A(s) = [1 1 1| withp = (0 0 0) and
2 11

q= (O 0 0). Then we obtain v(UA) = 1.
Next, consider another matrix pencil

A(s) =

_ = O O

1
0
1
1

»w = »n O

s
1
0
1

It follows from d3(A) = 2 and d4(A) = 0 that v(A) = 3. We apply the algorithm described in
Section 3 to A(s).

In Step 1, we find an optimal solution p= (1 1 1 1) and q= (1 10 0) of D(A).
Then we go to Step 3 by ¢ # 0. In Step 3, we delete s in the last row by row transformations
and obtain a feasible dual solution p’ = (1 10 0) and ¢ = (0 0 0 ()) as follows:

Ci Gy Co
01 s O Ry 01 s O
4 R 0 01 s o Uo(s1A 0 01 s
G=fly 101 7 AGO=TE (8)_1% 110 1]
111 s \1 100
1 0 0
] 01 00 , .
where U°(s) = 0 o0 1 ol We return to Step 2 and then go to Step 4 by ¢’ # 0. The tight
0 -1 0 1
0010
. ) 000 1. . . /
coefficient matrix A% = 110 1 is singular in Step 4, and we have u’ = (0 1 -1 1)
1 1 00
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10 0 O
, 01 —s s, . cArr N s .
and U'(s) = 00 1 ol® Step 5. The matrix pencil A’(s) is transformed into
0 0 1
Co
R1 01 s O
0 010
Al/ :U/ Al —
() =T =5 |1 1 o 1
1 100
Withp”:(l 0 0 0) andq”:(o 0 0 0).
0010
. . . . 001 0]. i
Returning to Step 4, the tight coefficient matrix A% = 110 1 is also singular. In
1 1 00
1 —s 0 0
" " 0 1 00 ) o
Step 5, we have u :<1 -1 0 0) and U"(s) = 00 10 . The matrix pencil A”(s)
0 0 01
is transformed into
01 00
- 0 010
A :U// A// —
() =)A= [0 00
1100

with p = (0 0 0 0) and § = (0 00 0). Returning to Step 4, the tight coefficient matrix

A% = A(s) is nonsingular and hence we terminate the algorithm.
As a result, we obtain a unimodular matrix U(s) and a matrix pencil A(s) with v(A) = 1
expressed as

1 s“—s s —S 01 0 0

o 0 —s+1 —s s - 0 010

U =V U0 = [T T L A=
0 -1 0 1 1 1 00

5 Conclusion

We have presented a new index reduction algorithm of matrix pencils which makes use of
unimodular transformations. The algorithm is based on the framework of combinatorial relax-
ation, which combines graph-algorithmic techniques and matrix computation. Our algorithm
can be used as an index reduction method for linear DAEs. It works correctly for any linear
DAEs including those for which Pantelides’ algorithm is known to fail. An extension of our
algorithm to index reduction of nonlinear DAEs is left for future investigation.
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