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Abstract

Parameter estimation using the maximum likelihood method is often difficult
since normalizing constants do not have explicit forms. We propose a new class of
strictly proper scoring rules for statistical models on spheres that does not require
the calculation of normalizing constants. The construction of the proposed class is
based on divergence functions. We investigate orthogonally-invariant scoring rules
in the proposed class. We show through numerical experiments that the proposed
scoring rules work well.

1 Introduction
We consider statistical inference for parametric models on an n-dimensional unit sphere
X = {:1: = (33'17 ce ,gjn+1)T c R . (:51)2 RS (3:”“)2 _ 1} '

Let M be a parametric statistical model on X'. We assume that each element in M has
a strictly positive and twice continuously differentiable probability density p with respect
to the uniform measure .

Statistical inference on spheres has gathered much attention not only in directional
statistics [13] but also in machine learning. For example, see [7] for context analysis, [14]
for visual learning, [11] for genomic analysis, and [17] for morphometrics.

Using the maximum likelihood method to estimate parameters of statistical models
on spheres is often difficult. Suppose that M is parametrized as {p(-;6) = p(+;0)/c(0) :
0 € ©} with © C R? and d € N. The normalizing constant c(6) of p(-;0) often does
not have an explicit form. A typical example of a distribution on X whose normalizing
constant is difficult to represent explicitly is the Fisher-Bingham distribution [13]. To
obtain maximum likelihood estimates for the Fisher-Bingham model, the saddle-point
approximation [12] and the holonomic gradient method [15] have been proposed.

Instead of using the maximum likelihood method, we consider parameter estimation
based on proper, 2-local, and homogeneous scoring rules. A scoring rule S is a loss
function S(z,Q) : X x M — R U {co} that measures the quality of a distribution @



as an estimate of the distribution of a random variable X on X when the realized value
of X is x. It is said to be proper if the expected score [ S(z,Q)dP(x) is minimized at
) = P for arbitrary P € M and is said to be strictly proper if the minimizer is unique.
If M is parametrized by 6, based on samples x1, xs,...,x7 and a proper scoring rule S,
we estimate 6 by

~

T
O(xy,...,x7) € argminz Sz, Q).

25 E——
A 2-local scoring rule S is a scoring rule represented by

S(z,Q) = s(z,q(x), Vi(z), V*q(x))

with s : X x Ry x R+ x ReHDx(H) 3 R U {00} for all # € X and all Q € M, where
q(z) is a probability density of @) € M with respect to the uniform probability measure
{1, 4 is an extension of ¢ to a function on R\ {0} such that §(z) := g(z/V=7 z) for any
z € R\ {0}, V is the gradient operator on R"" and V2§ = V(V§)'. A 2-local scoring
rule is said to be homogeneous if s(z, ¢(x), V§(x), V2§(x)) = s(x, \g(z), \Vq(x), A\V?¢(z))
for an arbitrary positive constant \. To evaluate a 2-local and homogeneous scoring rule,
we do not need the normalizing constant. This definition of a 2-local and homogeneous
scoring rule is based on [9] and [16].

For construction of proper homogeneous scoring rules on the Euclidean space, Hyvarinen
[10] proposed the Hyvérinen scoring rule, a strictly proper, 2-local and homogeneous scor-
ing rule on the Euclidean space. Ehm and Gneiting [9] and Parry et al. [16] proposed a
wide class of proper and homogeneous scoring rules on the Euclidean space.

In this paper, we introduce a useful class of strictly proper, 2-local and homogeneous
scoring rules for parametric models on spheres. Focusing on the relationship between
strictly proper scoring rules and divergence functions, we define divergence functions be-
tween probability distributions on X and construct the class including a scoring rule corre-
sponding to the Hyvérinen scoring rule for models on the Euclidean space. Furthermore,
we propose scoring rules that are invariant with respect to orthogonal transformations.

The rest of the paper is organized as follows. In Section 2, we prepare notations
and the relationship between strictly proper scoring rules and divergence functions. In
Section 3, we propose a class of strictly proper, 2-local and homogeneous scoring rules for
parametric models on spheres. In Section 4, we investigate orthogonally-invariant scoring
rules. In Section 5, we provide numerical experiments. In Section 6, we conclude the

paper.

2 Preparation

2.1 Unit spheres as Riemannian manifolds

The metric tensor on a unit sphere X with respect to a local coordinate (u',..., u") is
given by
(2) s 0z (u) Ox* (u)
xT) =
Jab c~ Out Ou



for a,b € {1,...,n} and for x € X, In this paper, we use a system of local coordinates
{(Uy, un), (Ug, uq)} defined by U, = X\ {(0,...,0,—1)"} and

1 n T
X X
uu:(ulll,...,uﬁ)T:<—.. —) ,

L a7 ] 4 gt

and Ug = X\ {(0,...,0,1)7} and

1 n T
T T
ud:(ué,...,uQ)T:(—... —) s

—1 4t =1 4 gt

respectively. We use the partition {Hy,, Hq} of X defined by H, := {z € X : x,41 > 0}
and Hy :={zr € X : x4 <0}

Throughout the paper, we use the Einstein summation convention: if the same index
appears in an upper position and in a lower position, a summation over the index is
implied.

For a scalar function h : X — R, the function & : R"1\ {0} — R denotes an extension
of h such that h(z) := h(z/V2Tz) for z € R**1\ {0}. Then, we have

Vh(x) = —agif)g“b% e R™M (1)
where g% = ¢g%(z) is the (i, j)-component of the inverse matrix G=! of the matrix G' =
(gap). We use this representation in the proof of Theorem 1.

2.2 Scoring rules and divergence functions
First, we give the definition of divergence functions.

Definition 1 (divergence function; see for example pp. 97-98 in [1]). A function d :
M x M — RU {0} is said to be a divergence function if for P,Q € M, d(P,Q) > 0
with the equality if and only if P = Q.

For a scoring rule S, we define

ds(P.Q) = / S(z,Q)dP(x) — / Sz, P)AP(x). @)

Lemma 1 (See for example [5]). If a scoring rule S is strictly proper, then dg is a
divergence function. If S is a scoring rule and dg is a divergence function, then S is
strictly proper.

We provide two examples of strictly proper scoring rules and the corresponding diver-
gence functions.

Example 1 (The Bregman scoring rule; see for example [6, 16]). The Bregman scoring
rule for a distribution ) on X is defined by

S(z,Q) = ¢ (q(z)) +/(¢ (q(y)) — a(y)¢' (q(y))) duly),



where ¢ : Ry — R is strictly concave and differentiable and ¢’ denotes the derivative.
Since

ds(P,Q) = /{¢ (a(x)) = ¢ (p(2)) + (p(x) — q(=)) ¢' (q(x)) } dp(z) (3)

and ¢ is strictly concave, dg is a divergence. Thus, by Lemma 1, the Bregman scoring
rule is strictly proper. The function dg is known as the separable Bregman divergence
[4, 6, 8, 16]. However, it is neither 2-local nor homogeneous.

The following is an example of a scoring rule for parametric models on R™*!.

Example 2 (The Hyvérinen scoring rule; see [10]). The Hyvérinen scoring rule S for a
distribution @ on R"*! is defined by

5(2.Q) = 5V logg(a)|]* + Aloga(x).

where || - || is the Euclidean norm, V is the gradient operator on the Euclidean space, A
is the Laplacian on the Euclidean space, and ¢ is a density with respect to the Lebesgue
measure on R". Since by the integration by parts, dg is represented as

A5(P.Q) = [ p() [V g a(x) — Viogp(a) | d )

dg is a divergence. Thus, by Lemma 1, the Hyvarinen scoring rule is strictly proper. This
divergence is known as the Hyvérinen divergence function [10]. The scoring rule is 2-local
and homogeneous.

3 Proposed scoring rules on unit spheres

In this section, we introduce a useful class of strictly proper, 2-local, and homogeneous
scoring rules for parametric models on an n-dimensional unit sphere X.

Let f be a function X x R"™* — R such that for each x € X, z — f(x,2) is strictly
concave and differentiable. We define

4(r.a) - [

Xp(:r){f (2. V log () - f (2, Vlogp(z))

= (Vios 2, (921) (0, Vioga) ) bnto

plx

(5)

for P,Q € M, where (-, ) is the standard inner product in R**! 5 and ¢ are the extensions
of p and ¢, respectively, and

(Vaf)(w,2) = (%f(x,z), e %f(a:,z))T.

We show that the function dy in (5) is a divergence function. Since for any z € X,
z — f(z,z) is strictly concave, we have f(z,z1) — f(x,22) > (21 — 22, (Vaf)(z,21)) for



any z € X and for any two distinct points z1, 29 € R™"!; see p.70 in [3]. Thus, for all
P,Q e M, d;(P,Q) >0 with the equality if and only if P = Q).

Let f be a function X x R"™* — R such that for each z € M, 2z — f(x,2) is
twice continuously differentiable and such that for each 2z, € R 2 — Vyf(21, 22) is
differentiable at any z; € R"*\ {0}. We define S; : X x R"™! — R by

S¢(w,Q) =f (x,Viogg(x)) — (Viog§(z)) " (Vaf) (z, Vlogi(x))
— (V1 Vaf) (z, Vg ()
—tr (( f) (z, Viogg(x)) Vlog (x))
+na' (Vaf) (z,Viogg(x)), (6)

where

(V1 Vaof)(z,2) = tr{V(Vyf(z,2)}.

Here tr is the trace of an (n + 1) x (n + 1) matrix.
The following theorem provides a class of strictly proper, 2-local, and homogeneous
scoring rules on unit spheres.

Theorem 1. Assume that f : X x R"" — R is a function such that for each v € X,
2z f(x,z) is strictly concave and twice continuously differentiable and such that for each
29 E R 2 VQf(Zl, 29) is differentiable at every z; € R\ {0}. Then, the scoring
rule Sy defined by (6) is strictly proper, 2-local, and homogeneous. The corresponding
divergence function dg, defined by (2) and (6) is equal to dy defined by (5).

Proof. By definition, S is 2-local and homogeneous. To prove that Sy is strictly proper,
it suffices to show that dg, = dy since dy is a divergence and Lemma 1 holds.
First, we show that d; = dg,, by assuming the equality

/ (@)(V log 2), (Vf)(, ¥ 0g ()} ()
= 5 [ vt (s (o (Ve Vioxita) ) VIG)

ac{u,d}
X dul Ao A du? (7)

with {H,, Hq} and {uy,uq} defined in Section 2, where for a € {u,d}, g, is the metric
tensor with respect to (U,, us) and G, is the matrix representation of g,. The equality
(7) will be proved later. From (5), we have

14(r.Q) = [ p(sc){f (e, Vlog d(a)) — (Vlog d(x), (Vaf) (2, V o 4(x))

- (Vlog ple) (Vaf) (2, V log d(x))>}du(x) o), ®)



where C'(P) represents terms dependent only on P. From the assumption that equality
(7) holds, we have

= 5 [ s .V ordo) (7 lox(o). (V) (2. T ogi)

ae{ud}
- (2 (G (a0 Thonito) ) VTG )}
xdu;Aa...Adug—C(P). (9)

By Appendix A.2, for a € {u,d}, for z € H,,
o)) - <v1og i(2), (Vaf) (2, V log q<x>>>
(o2 (5 (VaDle Viogie)) VIGT) . (10

Sp(x, Q) =f (x, Vlogq
1

~ VIGal Ou

Combining (10) with (9) yields

4(P.Q) = [ p(e)S(z.Qp(a) — C(P).
Since dy(P, P) = 0, we have

c(P) = [ p@)Syla, Piauta).

Thus, we obtain dy = dg, under the assumption that equality (7) holds.
In the rest of the proof, we show that equality (7) holds. Let

o) = S0 pla)g(e) (T (Ve (e Viog (e )

x /|G(x)|dut (z) A -+ Adu®Ha) Adu*THx) A A du™(),

which is a differential (n — 1)-form. As shown in Appendix A.3, n is independent of the
choice of a coordinate u and is C''. From Stoke’s theorem (e.g.,[18]), we have [, d§ =0
for any differential (n — 1)-form £ on X'. Thus,

O:/dn

= 5 [ (e (g (Ven) e Vo)) VG )

ac{u,d}

><du A Adul

-5 [ () s (G (2 0 Vgt ) VTG

acf{u,d}

x dul /\---Adug

3 [ st (0 (G (Ve Viogata) ) VIG)

ac{u,d}
x dul A+ Adul. (11)




Hence combining (1) with (11) yields
[ (9108 3(0). (V) (e, Vo 1)) )
Ox
— Z / (Gu“ ) <87,(V2f)(x Vlog ¢(z >\/|G dul A -

acf{u,d}
0 0 B
== > / (@) o (92b<—ai,(V2f)(x7V10gq(a:))> \/!Gay> dub A< Adul
ae{uvd} Ha ua ua

—/ WW% o (5 (Vi Vo (o)) VG ) o)

which shows that equality (7) holds. O

Example 3. Let fi(z,z) := —(||2|[*)* for k > 1. The scoring rule Sy, is

S (2,Q) = (2k — 1)||V1og G(x)||** + 2k V log ¢(x)||** Dt (V2 log g(x))
+4k(k —1)||Vlog g(z)[|**=2 (V1og d(z)) " V2 log §(2)V log (),

where || - || is the standard norm in R"™!. Since for all z € X, fi(z,) is strictly concave,
Sy, is strictly proper.

k

When k =1, Sy, is given by

St (5,Q) = [ Vlog (x)||* + 2tr(V*log g(x)).

The corresponding divergence function ds, in (5) is

ds, (P.Q) = / p(a) |V log () — V log (a)||? du(z).

Here, Sy, and dg i for probability densities on the sphere correspond to the Hyvarinen
scoring rule and the Hyvarinen divergence for probability densities on the Euclidean space,
respectively.

4 Orthogonally-invariant scoring rules on unit spheres

In this section, we investigate orthogonally invariant scoring rules. We denote an orthog-
onal transformation with an orthogonal matrix V as V(z) = V.

In the following, suppose that a parametric model M on the sphere satisfies QoV € M
for any (Q € M and any orthogonal transformation V', where () o V' is the distribution
given by Qo V(A) = Q(V~1(A)) for any measurable set A. A scoring rule S on X is said
to be orthogonally-invariant if

SVz,QoV™) =S(z,Q).

The following lemma gives a sufficient condition for Sy in (6) to be orthogonally-
invariant.



Lemma 2. The scoring rule Sy defined by (6) is orthogonally-invariant if f has the form

fl@,2) =g(l2]*),

where g : Ry — R is twice continuously differentiable and || - || is the standard norm in
R+,

Proof. Let H(x) := V?logg(x) € RMDX+) and let ¢(x) := Vlog §(x) € R,
Since VTV = I,,41 with the (n+1) x (n+ 1) identity matrix I,,,; and since for z € X
and for z € R+,

fVa,vz) = g(IVzll?) = g(ll=1),

(Vo )(Va,Vz) = 24/(|[zlI*)V 2,
(V3N (Va,Vz) = 2g/ (|11 + 4g"(|2]*)V 22"V,

we obtain

Si(Vz,Qo V‘l)

=f (Va,Vip(x)) = (¥(2))" VT (Vaf) (Va, Vi(x))
— (V1 Vaf) (Va, Vip(2)) — tr (V3f) (Va, V() H(z))
+ nxTVT(VQf) (Va,Vi(x))

=g (Il(@)11?) = 29" (I(@)I?) {Ilv (@) + tr (H(z))}
—4g" (|0 (@)]*) (¥())" H(x)(x)

=54(x,Q).

Combining Lemma 2 with Theorem 1 yields the following theorem.

Theorem 2. Suppose that a twice continuously differentiable function g : Ry — R satis-

fies
lim ¢'(w)yvw =0, (12)

w—+-0
. " o
wliniog (w)w =0, (13)
g (w) <0 forwe R, (14)
and
g (w) +2¢" (w)w < 0 for w € Ry. (15)

Then, the scoring rule Sy defined by (6) with f(z,z) = g(||z||?) is strictly proper, 2-local,
homogeneous, and orthogonally-invariant.

The first assumption (12) and the second assumption (13) ensure that f(x, z) in (5) and
(6) is twice continuously differentiable with respect to z at z = 0. The third assumption
(14) and the fourth assumption (15) ensure that for each x € X, f(z, -) is strictly concave.

8



5 Numerical experiments

In this section, we give several numerical experiments of parameter estimation using
the proposed scoring rules. We consider the Fisher-Bingham distribution with density
function

p(z;a,A) = exp(a’z + 2" Az),

c(a, A)

where a € R"*! and A € RM+DX(+1) gatisfying AT = A and tr(A) = 0.

Suppose that the dimension n of X is 3 and the true values of (a, A) are a = (0,0,0,0)"
and A = diag(4,2,—2, —4), where diag(dy,...,d;) is the diagonal matrix of which the
(i,1)-component is d;.

Consider the estimation of A when a is known. We generate samples x1, ...,z and
calculate the estimates Ay(z,...,z7) based on the scoring rule in Theorem 2 with g :
R; — R. We denote the scoring rule in Theorem 2 with g by S,. We obtain Ag using
the gradient descent method where the initial value is the zero matrix, and evaluate the
squared error ||flg — A*||% where || - ||r is the Frobenius norm. We repeat the process above
N times and obtain the average squared error.

We consider two classes of scoring rules. First, we consider gy (w) = —w* with
k > 1/2. Figure 1 shows the average squared error with respect to the sample size T
when £ =1 and N = 100. Figures 2 and 3 show the average squared error with respect
to kK when N = 1000 and 7" = 100 and 7" = 500, respectively.

From Figure 1, we observe that Agm is consistent. From Figures 2 and 3, we see that

average of || Ay, , — A*||2 is minimized at about k = 1.

Second, we consider gax(w) = —(1 + kw)log(l 4+ kw) with k > 0. Figure 4 shows the
average squared error with respect to the sample size T" when k£ = 1000 and N = 100.
Figure 5 and 6 show the average squared error with respect to k& when N = 1000 and
T"= 100 and T" = 500, respectively.

From Figure 4, we see that A is consistent. From Figures 5 and 6, we see that

92,1000

the average of ||A,,, — A*||% decreases as k gets larger.

92,k

Here, we compare the average squared errors of A, and AQQ’ . to the expected squared
error of the maximum likelihood estimator AMLE of A. Since we cannot calculate AMLE

directly, we calculate the Fisher information /() of

91,k

0= (an, a22, . -, Qpp, A12, @413, - - - , Aln+1, A23, - - - 7ann+1)

by the Monte Carlo method.

From Figure 3, we see that when T" = 500, the minimal value of the average squared
error of Agl,k is about 0.705: this is 113.3% of that of AMLE. From Figure 6, we see that
when T = 500, the minimal value of the average squared error of A, . is about 0.652:
this is 104.8% of that of Aypg.

These results show that the parameter estimation in the Fisher-Bingham distribution

based on our scoring rules is comparable to the maximum likelihood estimation and show
that the class {Sy,, } work better than {S,, ,} in this example.

92,k
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Figure 1. Average of ||flgly1 — A*||3 with respect to T

Squared Ei
81
Squared Ei

Figure 2. Average of ||/Algl’k — A% Figure 3. Average of ||Ag1,k — A%

with respect to & when T" = 100. with respect to & when T = 500.
Figure 4. Average H/lgmmm — A*||% with respect to T

Figure 5. Average |4y, , — A*[|2 Figure 6. Average || Ay, , — A*||2

with respect to & when 7" = 100. with respect to k& when T = 500.

6 Conclusion

We have proposed a class of strictly proper scoring rules to estimate the parameters of
statistical models on spheres. We have defined new divergence functions on probabil-
ity distributions on spheres. To evaluate these scoring rules, we do not need normaliz-

10



ing constants because they are 2-local and homogeneous. Moreover, we have considered
orthogonally-invariant scoring rules. The proposed scoring rules work well and the per-
formance for parameter estimation is comparable to the maximum likelihood estimator
with respect to the squared error throughout numerical experiments.
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Appendix A

In this appendix, we provide the calculations used in Theorem 1.

A.1 Calculations over two local coordinates (U, u,) and (Ug, uq)

We summarize calculations over (U, u,) and (Ug,uq) used in Appendices A.2 and A.3.
Let H(z) := V2logd(x) € R®FVX0H) and let ¢ (z) := Vlog §(z) € R,
From the definition,

2ul X
TS e =1 ...
i) ) (i=1,....,m) (16)
4307 (uh)?’
for all z € U,. Therefore
du,, Ju}
(‘)Uu ozl 77 §pntT
O 3”;3 ' 81;:}
ozl T GgntT
SR A ——
ozl Szl
. SR
8“11 B ar'r.wrl ' 61‘7.1+1
g
2 4 -
B .
= <1+Z?1(uﬂ)2 " 31-1-2?:1(1@2}2 uuuu>
(1+ 2™, — (1 + 2" 2uu]
— _(1 + xn—‘,—l)QuT . (17)

12



Hence the representation of the metric tensor on (U, u,) denoted by G, is

a - ox\ ' ox
Y\ Ouy Ouy,
{ (1+ 2™, — (14 2" 2wl Y+ (14 2" ) ugu]

14 2" H2r 1 xn+1 —14+ 2"+ 1+ 2" uy, Y ugu
+ u u
(1 + 2" )21,

and
Gl = (L4571

Here we use

7=1
\2
+ xn+1)2 Z(l‘j)
j=1
1 n+1\2

= m(l — ("))

1 — gntt
S Lt

Similarly,
2uy _
7t 1+E;L:1(;d) (Z N 1’ ’ 7”)7
REES (i=n+1)

for all z € (Uy). Therefore

8[[’ — (_1+xn+l In 1_$n+1 ud) 9
Oz ((—1 + 2", + (1 - "+1)2udu§)

(1 - xn+1)2 (T

8ud
Hence the representation of the metric tensor on (Ug, uq) denoted by Gy is

-
Gy = (O_x) @ = (1—2"h?21,,

8Ud aud
Ga| = (1 —2"*1)*,
where we use

14 gntt

T,
Uq Ud = 1 — gntl’

13



A.2 Proof for equality (10)

We show that Sy is equal to the right-hand side in (10). To show this, it suffices to show
that the third term in (10) is equal to

(Vi Vaf)(,d(2)) + tr (Vaf) (2, () H(x)) = na' (Vaf)(z, 9 (2)).

First, for a € {u,d}, for z € U, the third term in (10) is expanded as

\/ﬁaig {gzb <§Ticg’ (Vaf) (z, Viog q<x))> W}

(o o (Vaf) 0. Vg (o) )

Wﬁ (o (VG55 ) (Ta) (0. Viogie). (2

The first term in the above equality (24) is

o ( (f”i o (V2 . T log(0) )

R >>

).

Second, from (17), (18) and (19), for z € U,, a part of the second term in (24) is
calculated as

— (V1 9a) (0 Vo (o)) + 62" 55 (V30) 0 V108 (2) 5
= (Vi Vaf) . Vlog () + r ((V3) (. VIog(x) V2 log (s

0 Ox
Ous; (\/mggbaug)
= o () = () ] (1))
0 9 o
o () (s )]
S, ( 2 | >n+1 (M[n_uuuz> .
T e .

* (1 n 2:-2:1@6)2)” (o)

— (1 . 2?21(”{1)2)1 ({—n %7;8(1_—335::;1)_;71} uu)
i (L
= —n/|Glz.
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From (21), (22) and (23), for « € Uy, a part of the second term of (24) is calculated as

(\/_9“” or )

T () b (= ] (1 7))
d

(9 2 " 1+Zn ( j)2 )
= n __T4g=117d %a T
aud { (1 + Z?:1<ufj)2) ( 5 [n + udud Uq

n+1 ;

2 1+Z?:1(“Z{)QI —u 'LLT
- <1+z@ (W) ( S Y

j=1\Ug d (26)

N 2 (—ud + (n+ l)ud)
1+ Z?:l (ud)? n
_ 2 " ({n—n(1+x”+1)+n}ud)
L4 30 (a)? —nl+ 2™ 40
natvn [(—n(l — 2™
= (1—a"") ( (_nanrl ) d)
= —n/|Gqlz.
From (25) and (26), we obtain

5 (o (VI 55 (Van) (o, V(o) )

= —nz' (Vaf )(z, Viogq(z)).
Thus, the third term of (10) is equal to
(Vi Vaf)(,d(x)) +tr (V3f)(@, ¢ (2))H(x)) — na' (Vaf)(z, (),

which completes the proof.

A.3 Proofs about 7 in Theorem 2

We show that 7 is independent of coordinates and is of class C*.

First, we show that 7 is independent of coordinates. We consider expressing n by
another coordinate system u that has the same orientation as u. We denote indices for u
by a,b,c,d € {1,...,n} and denote indices for @ by o', ¥, ¢/, d" € {1,...,n}, respectively.
The change of coordinates yields the following transformations:

(—D)* tdut A AduTE AU A A du”

ou| 0uc
it | Oue

/ / 27
AdaE A AT A - A dan, (27)

o ou” ou”

Gab = Ga'v' oue oud s (28)
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ab ~ lbl aua 8ub

= g 90 o’ (29)
- |oa)’
Gl = 1Gl|5] - (30)

where the metric tensor of X defined through @ is denoted by g and its matrix form is
denoted by G. To see that equality (27) holds, note that

da® A (=1 tdut Ao Adut A duttEA A du”

1 a—1
— i A (—1)*! (a? daba) A (32/ dﬂbgl)

oubt
a'U/OH_l b 8u” oy
A ((%bfxﬂdu + ) A A (aﬁ%du )

a ’ a a—1 , a a+1 ,
— u,dubl A A U du“ 1) AdTE A u—/dﬁba+1 A
8ub1 (3’& afu/baJrl
8u” ~b
A (8715% du ”)
aua(l) auo(lc’fl) 8ua(k’+1) auo(n) i .
- Z Sgn(o-) aal T aﬂk/_l a'lj[/k/—i_l s aﬂn du VANRREIVAY du
o:permutation
o(k")=1
ou| ouc
= |5 A i
ou | ou® " Y
au au / /
= (—1)°! cAdac Tt AdaT T A - A dan
(=1) 0| Oue u u u

From (27), (28), (29), and (30), we have

n

Z( alabaxv\Gdu A - du®" " Adu®™ A A du”
a=1
, Out Ou or ou? / ou
_ — ~a'b
B Zl < ou 8ub’> <3ﬂd' 8ub) ( c] ou >
% a—lf ot ' A AdEETEAdGETE A - A dE”
ou| Ou®

n

/ //8 / !
:Z(—l)“‘lgab S IGIAEE A - AdEE AT A - A dan

a’'=1

Therefore, we have

) = o) -1 (S5 (V) (o, T (o) )

a’'=1

|Gldat A - Ada® ™t Ada® A - A dan,

which shows that 7 is independent of coordinates.

16



Next, we show that 1 is C!. Since U, U Uyq = X, we only need to prove that elements
in 7 are of class C! over these two coordinates.

Consider (U, u,). From (17), (18) and (19), the element of n with respect to dul A
s AdutP A dufTE A A du® s given as

(=1)*"p(x)gs® <0g§jzu) ,(Vaf)(z,Vlog éi(x))> V |Gyl

= (=1)""'p(x) (1 +23 Mz)
) < (1 - Zj;(“ﬂ) €0 — Ulty, —u3>  (Vaf)(z, V log q<x>>> (31)

where e, is a unit vector in R"*! whose a-th element is 1 and the other elements are 0.
To show that 7 is C, it suffices to show that each element in (31) is C*. Since from (16),
(17) and (18), x and V log ¢(z) are given as

2ul .
xi _ m, (Z—l,...,TL),
14+ —=*—3, (i=n+1),

LY (uh)?

_ 0 . 0log q(x(uy
Viegg(z) = (8%) Gul—ggi( )

_ %In—uutﬂ 0log q(x(u.))
—u] Juy

and since p and q are of class C?, since p(x) # 0 and q(x) # 0 for all z € X, and since f
is of class C?, we conclude that 7 is of class C* over U,.

Consider (Ug,uq). From (21), (22) and (23), the element of n with respect to du} A
coo AdudTPAdudT A - A du? s given as

(1 ey (P, (9, Vo) ) VG

2 n
= (=1)""'p(x) ( ' 2)
PO e (u3)
) < (1 N ZjQ:l<ud) o0 g, uﬁ) (Vaf)(z, Viog 5($))> . (32)

Since from (20), (21) and (22),  and V log ¢(x) are given as

R -
PR T
T S PR
UG STINCEALY (i=n+1),

. oz (u L O0logqg(z(u
Vlog q(x) — ( aidd)) Gdl ggid( d))
_ _1+Z?=21(“f1) I, + uqu) 0log q(z(uq))
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we conclude that 7 is of class C! over Uy. Thus, n is C*.
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