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Abstract

In 2017, for inverse symmetric eigenvalue problems, a new quadrat-
ically convergent algorithm has been derived from simple matrix equa-
tions. Although this algorithm has some nice features compared with
the other quadratically convergent methods, it is not applied to multi-
ple eigenvalues. In this paper, we improve this algorithm with the aid
of an optimization problem for the eigenvectors associated with mul-
tiple eigenvalues. The proposed algorithm is adapted to an arbitrary
set of given eigenvalues. The main contribution is our convergence
theorem formulated in a different manner from previous work for the
existing quadratically convergent methods. Our theorem ensures the
quadratic convergence in a neighborhood of the solutions that satisfy
a mild condition.

1 Introduction
Let Ag, A1,..., A, be real symmetric n X n matrices and
NSNS << AT
be real numbers. In addition, let ¢ = [c1,...,c,|T € R™ and
A" =diag(\],..., \)).
Define
Ale) == Ag+ 1A + -+ cpAp, (1)

and denote its eigenvalues by A\(¢) < Aa(e) < --- < A\y(e) in the ascending
order. A typical inverse eigenvalue problem is to find ¢* € R™ such that



Ai(c*) = Af for all 1 <14 < n. Such inverse eigenvalue problems often arise
in a variety of applications, e.g., inverse Sturm—Liouville problems, inverse
vibration problems, and nuclear spectroscopy [6, 7, 8, 14]. In this study,
we focus on numerical algorithms for solving the above inverse eigenvalue
problems. Throughout the paper, [ is an identity matrix, and O is a zero
matrix. For any matrix, let || - || denote the spectral norm and [-];; denote
the (i,7) elements for 1 <i,5 < n.

There are various quadratically convergent methods for solving the above
problems. A typical method is the following Newton’s method. Define
f:R" - R" by f(c) = [M(e),..., \(c)], where A\i(c) < --- < A\, (c) are
eigenvalues of A(c). The Newton’s method computes ¢* such that f(c*) =0,
where the convergence rate is quadratic [14, Method I]. Since this approach
is straightforward, it can be extended to more general inverse eigenvalue
problems [11, 12]. However, the Newton’s method for the above nonlinear
equation f(c) = 0 requires an eigenvalue decomposition in each iteration.
Hence, a Newton-like method was derived from an approximation of the
eigenvalue decomposition [14, Method IIJ; see [3, 4, 18] for the details of
the algorithm developments and its convergence theory. Moreover, there is
a different approach with the use of matrix exponentials and Cayley trans-
forms [14, Method III]. This algorithm is now called the Cayley transform
method, which is also well studied [2, 5, 17, 19]. Furthermore, on the ba-
sis of a different formulation: det(A(c*) — AfI) = 0 for all i@ = 1,...,n,
another quadratically convergent method is derived as in [14, Method IV].
Some quadratically convergent methods have been proposed for more gen-
eral problems from the above formulation with some matrix factorizations
in recent studies [9, 10, 13]. However, according to the discussion in [14,
§2], the method as in [14, Method IV] almost always requires more itera-
tions than the Newton’s method for f(¢) = 0 as in [14, Method I] in the
numerical experiments.

In this paper, we focus on a latest iterative algorithm in [1], which is
summarized as follows. Let x} for ¢ = 1,...,n denote normalized eigen-
vectors corresponding to the eigenvalues A} for ¢ = 1,...,n. In addition,
let X* := [x},...,2;] € R™", which is an orthogonal matrix. For com-
puted matrices X®) € R™™ (k = 0,1,...) in the iterative process, define
E®) ¢ R™" (k = 0,1,...) such that X*!) = X*(I + E®) based on the

orthonormal set of the eigenvectors {z7,...,x}}. Then we compute E®)
approximating F (k) from the following relations:
X*Tx* =1,
*T * * * (2)
X*PA(e*) X = A*.

After computing E(k), we can update X *+1) .= x(®) (1 — E(k)), where I —
E®) is the first order approximation of I+ E(k))_l using the Neumann
series. Under some conditions, E®) — O and X®*) — X* as k — oo are
proved, where the convergence rates are quadratic.



Although this algorithm has some nice features compared with the other
quadratically convergent methods, it is not applied to multiple eigenvalues.
With such a background, our aim is to modify this algorithm to solve the
problems with multiple eigenvalues. Our approach is based on an optimiza-
tion problem, namely the orthogonal Procrustes problem [15, §6.4.1]. As a
result, the columns of X*) (k= 0,1,...) associated with multiple eigenval-
ues are computed with the aid of the polar decomposition, different from the
usual way explicitly computing the QR factorization as in [14, 18, 19]. Such
an idea using the polar decomposition is also found in [16] that presents an
efficient iterative refinement algorithms for symmetric eigenvalue problems.
In this sense, our approach to multiple eigenvalues is straightforward. Not-
ing the above algorithm design, we provide convergence theory to ensure the
quadratic convergence under a technical assumption. The main contribution
is the convergence theorem derived from Lemmas 4 and 5 newly shown in
this paper. It is worth noting that our convergence theorem is a different
formulation from the previous work for the existing quadratically convergent
methods.

This paper is organized as follows. In Section 2, we derive a new algo-
rithm applied to multiple eigenvalues, modifying the basic algorithm pre-
sented in [1]. In Section 3, we prove quadratic convergence of the proposed
algorithm. The strength of our convergence analysis is described in Sec-
tion 4. In Section 5, we report a numerical result to illustrate our conver-
gence theory. Concluding remarks are given in Section 6.

2 Proposed algorithm

In this section, we derive a new algorithm based on the relations in (2).
Before that, we briefly review a basic algorithm presented in [1] for the
situation where all prescribed eigenvalues are distinct, i.e., A] < --- < A}.
As in the previous section, for a given X*) ¢ R"*" define E*) ¢ R"*n
such that

X0 = x*(1+ EW), (3)

where X %) is assumed to be sufficiently close to X*. First, using X*TX* = I
in (2), we have

I+ E® 4 EWT L AW = xWTx®k - AW = pRTRE - (y)

Since we assume ||E®)|| is sufficiently small, omitting the quadratic term

||Agk)|| < |E® |2, we obtain the following matrix equation for E®):

B 4 BT — xWT x (k) _ . (5)



Next, noting X*TA(c*)X* = A* in (2), we have

A+ A E® 4 EOTAx 4 AP = xWT (e x®) | AP .= EWTA*E®),
(6)

Asin (5), omitting Agk), we have the following equation for E® and c*+D);
Combining (5) and (7), we obtain the following equations:

I+ E® 4 pOT = x*)T x (k)
A* +A*E(k) + EE)T A+ — X(k)TA(c(k+1))X(k)7 (8)
where the elements of E®) and ¢*+1) are unknown variables. In (8), E*)
and c¢*+1) can be easily obtained as shown in [1].
However, if A* has multiple eigenvalues, the matrix equations in (8)
have no solutions in general, and hence some modifications are required.
For simplicity, we assume that the first p eigenvalues are multiple, i.e.,

A== A <A < <A
in the same manner as [14, 17, 18, 19]. It is easy to generalize the following
discussion to an arbitrary set of prescribed eigenvalues as shown later.
First of all, note that, even if the problem has a locally unique solution
c*, the corresponding X™* as in (2) is not unique. In other words, X, :=
[x7,...,x;] associated with the multiple eigenvalues is not unique. More
specifically, for any orthogonal matrix Q € RP*P, all the columns of X0

are also eigenvectors. Hence, for a given X (¥ let

y*®) .— argXI*nin || X — X(k)HF, 9)
where || - ||r denotes the Frobenius norm. In addition, define F*) that
satisfies

x®) = y® (1 4 gk, (10)
Then, we see
IF®) g = [ X — y®)||p = min | X~ — X®p (11)

from easy calculations.

For a given X (k). the above F*) ig locally unique, and the leading prin-
cipal p x p submatrix of F*) is symmetric matrix. Such a feature is relevant
to the orthogonal Procrustes problem [15, §6.4.1]. In other words, for fixed

X, and X](,k), we consider an optimization problem
i xX*Q® — x (k) 12
oo, 1X,Q o IS (12)



relevant to (9). We can obtain the optimal Q™ using the polar decomposi-
tion

QWTH .= x»Tx k), (13)

where Q®) is an orthogonal matrix, and T") is a positive semi-definite
matrix, as shown in [15, §6.4.1]. Note that T in (13) is independent of the
choice of X because of the uniqueness of the polar decomposition, while the
solution Q®) depends on X,. Therefore, for the solution YO =[y,,....y,]
in (9), we see

}/p(k) = [ylv s 7yp]7

k)T 5 (k * ()T v (k k
yp() XIE):(XPQ()) XIE)ZT()’

which implies that the leading principal p x p submatrix of F(*) in (10) is
equal to the symmetric matrix T®*) — I, (I, € RP*P). Note that the above
discussion is easily generalized to an arbitrary set of prescribed eigenvalues.
In summary, we have the next lemma for any eigenvalue distribution A} <
c <

Lemma 1. For any fited X®) | suppose that Y¥) and F*) are defined as (9)
and (10), respectively. Then, F*) satisfies (11) and [F®));; = [F®));; for
i,j corresponding to multiple eigenvalues A\j = A7.

Our aim is to obtain F'(®) approximating F(*) using the above lemma.
To this end, using Y®)TY*) = [ in (2), we have

I+ F®) 4 p(&)T Agk) = X(k)TX(k), Agk) = FRT Rk, (14)
Next, noting Y®)TA(c*)Y*®) = A* in (2), we have

A+ A F® 4 FRTAx L AP = xWIT g x B AP = pRIT A k),

(15)

Noting the diagonal elements for (14) and (15), we have the following
linearized equations:

[Hﬁ(k) +ﬁ<k>T} = [xWTx®]
[A* + A*F() + f(}iZ)TA*] = [X(k)TA(c(k-i-l))X(k)] (16)

i 2
for ¢ = 1,...,n. The linearization for the off-diagonal elements is slightly
different from the basic version for the situation where the eigenvalues are
all distinct. For ¢ # j corresponding to A} = )\;'f, on the basis of the above
symmetry of F*) in Lemma 1, let
[[+ﬁ(k) +ﬁ(k>T] = [xWTX®]
N 7 Y (17)
], =[]

i Jt



On the other hand, for i # j corresponding to A} # A%, let
[Hﬁ(k) 4 ﬁ(k)T} = [x®BTx®)]
ij

= [X(k)TA(C(k’H))X(k)] g
ij K

- Y 18
in the same manner as the basic algorithm.

Similarly to the basic algorithm in [1], the above equations can be easily
solved as follows. First, noting the first equation in (16), we see

N (k)1 (k) _
[FR));; = %@1 (1<i<n). (19)

In addition, for ¢ # j corresponding to multiple eigenvalues A = A7,

= (k) T; 3 . C o ax "
FO)y =25 (1<ijsn, it X =X) (20)

from (17).
Next, we compute ¢*1) as follows. For the left hand-side of the second
equation in (16), we have

el o
for i = 1,...,n, where the second equality is due to the first equation in
(16). Here, letting

T®); = 2P Ta2® (1< j<n), (22)

we have
(XBTA(*HD) X B = [JRFD] 4 2®T 4020 (1 <i<n). (23)
Therefore, letting

[d®)], = 2P Ta® — 2WT 402 (1 <i<n),

7

we obtain
B = (g1 g k) (24)
by (16), (21), and (23). B
Finally, we compute the off-diagonal parts of Fk) corresponding to the
distinct eigenvalues A} # Aj. Using (24), in each (4,7) element of (18) we
see the following 2 x 2 linear system

{ [F®); + [F0)j; = 2Tz (
*[ 70 *[ T k k
N[FW]; + by [F®),; = x; )TA(c(kJrl))C,% )

1

6



Therefore, we obtain

w (F)T_(K) _ (R)T 40 (k+1)Y,.(R)
B, = Nz e —a Ale )x
/ N

(1<i,j <nAf#N). (25)

As a result, we can compute the next step
Xk = xR (1 — plR)y, (26)

where I — F®) is the first order approximation of (I + ﬁ(k))_l using the
Neumann series. In Algorithm 1, we present the proposed algorithm.

Algorithm 1 The proposed algorithm.
Require: \f <--- <)%, Ag,..., A, € R X(O0) ¢ Rrxn
1: for k=0,1,... do

9. Rk) — x (k)T x (k)

3 [F®]; = ([RW]; —1)/2 (1<i<n)

g [0 =2PTae® (1<ij<n)

5o [d®], = A [RW]; — 2P T4 (1<i<n)
6: c(k+1) — (J(k))—ld(k)

7. SU+1) = X (W)T g(clk+1)) x (k)

8: if A} = )\;‘- then

0: FP = [RW);/2 (1<ij<n, i#]j)

10: else~

11: [F®i = (W [R®]; —[SED]5) /(= A7) (1<d,5 <n, i # )
12: end if B

13 XD = x (k) (1 — pR))

14: end for

In 2017, a similar algorithm is proposed in [19], while the proposed al-
gorithm is based on an approximation of the Cayley transform different
from Algorithm 1. To clarify it, let us introduce the normalizations of

acl(-kﬂ) (i=1,...,n) for X+ In other words, if line 13 is replaced with
)’Z(k—l—l)(:z [%ngrl), o %gﬁ-l)]) _ X(k) (I o ﬁ(k))7
=@ E =1 ),
X(k+1) _ [a:gk-‘rl) o Cc(/erl)]

then this variant of Algorithm 1 is equivalent to the algorithm in [19] when-
ever the prescribed eigenvalues are all distinct. However, if multiple eigen-
values are present, this variant is also different from the algorithm in [19].
More importantly, we can provide a novel convergence theorem based on
our algorithm design different from existing formulations in the next sec-
tion. The strength of our convergence analysis is described in Section 4. In



addition, note that the basic idea using the polar decomposition is also found
in [16] that presents an efficient iterative refinement algorithms for symmet-
ric eigenvalue problems. In this sense, our approach to multiple eigenvalues
is straightforward.

3 Convergence analysis

In this section, we prove quadratic convergence of the proposed algorithm
under some assumption that X (¥) for some k is sufficiently close to an eigen-
vector matrix of A(c*).

In the following, we would like to use the spectral norm as usual, though
Y*®) is the optimal matrix in terms of the Frobenius norm as Lemma 1.
Obviously,

YO - XO < [y - X0 < x* - XOfe < VX - X0
for any X*. Thus, letting {E®*) | X*) = X*(I + E(®)}, we have
IEW < val| EW)

for any E®) in terms of the spectral norm. In fact, \/n can be replaced with
3 as follows, which is essentially proved in [16, Lemma 4].

Lemma 2. For a given X*®) € R™"  let {X*} be the set of the n x n
eigenvector matrices for A(c*) and

{E® | x®) = x*(1 + E®). (27)
In addition, F*%) is defined as in Lemma 1. Then, for any E®),
IF®| < 3| EW]. (28)

Proof. For any E®) in (27), define a block diagonal matrix Ec(llf;g such that

E® = { E (=)
diagJ 0 (otherwise)

related to the block diagonal part of F(*). Here, we consider the polar
decomposition

I+EY), = UuMHE®, (29)

where H®) is a symmetric positive definite matrix, and U*) is an orthogonal
matrix. Then, noting

X® = (x*u*Hu®T (1 + ER),



we have
y® = x*uy® (30)
from the definition of Y*) as in Lemma 1, and
k) — yETxk) g
T xT (k) _ 1
= UNMTE® 1) -1
= uMT(EHk EW 4 UmHE®Y 1

diag
= yWT(g® _g® y gk g (31)

diag

where the first, second, third, and fourth equalities are consequences of (10),
(30), (27), and (29), respectively. In addition, we see that

k
| — 1)) < 1B (32)
because all eigenvalues of H®*) range over the interval [1 — Hnga)gH, 1+
HE((i]f;gm from (29). Moreover, note that
k
1Bl < 159 (33)
Therefore, we obtain
k
IO < [UWTED — BE)|+ [HY ~ 1) < 3|1E®)
from (31), (32), and (33), giving us (28). O

Next, we focus on the relationship between F*) and F®). From (14),
(15), (16), (17), and (18), we have

Aﬁ(k) + Aﬁ(k)T + Agk) - O, (34)

[A*Aﬁ(k) + Aﬁ(,@TA* + Agk)Lj = [X(k)TA(Ak)X(k) y (otherwise)(35)

k * k k %
AP = A(er) — Ay, AP < E® 2 AP < (AT F®)2

For the convergence analysis, define J*) as [J_(k)]ij = y(k)TAjy(k) in a

% i
similar manner as line 4 in Algorithm 1. Suppose that J () is nonsingular.

Then, we have
7B D 14,012 > 1
j=1

9



because

B 3 3 n kT k n
TP < IS Ay < ST )42

j=1 j=1

for any i = 1,...,n. Using J®, we introduce
V= VllTE L A2 > Vi (36)
(=1

If all the prescribe eigenvalues are distinct, J*¥) and o®) are independent of
k. As a result, a condition of the convergence is written as
minA;«#)\; |/\:< — )\;‘

EW| <
| = 6n||A*||(1 + «)

n [1, Theorem 1], where a = o (k = 0,1,...). In the following, we
prove the convergence under a similar condition, where the right-hand side
is changed to

1 minA;«;,g)\; |/\Z< — )\;‘

3 6n||A*[|(1+ k)’

depending on a constant 3 in (28). First, we prove the next lemma analo-
gously to [1, §4].

Lemma 3. Let Ay,..., A, be real symmetric n x n matrices and \j <
- < Ay, be prescribed eigenvalues. Suppose that Algorithm 1 is applied to

X©) e R™*" . Moreover, for some k, suppose that
minyr 2y A7 — AJ]

VIS T amy o

where F%) is defined as Lemma 1, and o™ is defined as (36). For the
computed X*tV - define G such that

XD — y &) (1 4 gDy, (38)
Then, we obtain
2n[|A*|[(1 + oa®)(1 + || FW) II)
(k+1) 2
GED) < ( S g, X IFOI2,  (39)
IFEED| < 3G, (40)
where
575

B0 =1 —a® @+ | FOIFD) = py - (41)

T 648

10



Proof. Noting (38) and
Xk = x®) (1 — pRy = y B (1 4 R (1 — F)),
we see
GEHD = k) _ ptk) 4 pR)(pk) _ plR)y 4 p(k)2, (42)
It then follows that
IGED < (14 [FPFE® — FO) 4 | F0)2. (43)

Hence, to prove (39), we estimate ||[F®*) — F(k)||;
First, we estimate the diagonal elements of F*) — F(*) We see

k
1Al _ 1F®)?2
2 - 2
from the diagonal elements in (34). In addition, for the off-diagonal elements
corresponding to multiple eigenvalues A\ = )\;, we have

I[A g il = [FE®],; — [FR);] =

(i=1,...,n) (44)

k
APyl _ IIE®?
2 - 2
from (34) and the first equation in (35).

Next, we discuss ¢*+1) using the second equation in (35). In the left-
hand side, we have

Az il = IF®; — [FW];] = I

(i 7 J, Al = A7) (45)

% jad jad * k * k k
[A*(F® — PRy 4 (PBT — FOTY A L AT < (a1 Al + a3
from (44). It then follows that

J S [A*(F®) — F®) 4 (FOT = FOT)Ax 4 AP 2
=1

* k k
< Va(IATIIAT ]+ 1457]).
Therefore, using J*) as in (22) and the diagonal elements of the second

equation in (35), we obtain

||c(k+1) -

* - * k k
o< B aA AP ] + 1A
< 2 JWY | A FR))2, (46)

Concerning ||J®)~1||, noting :L‘Z(k) = ygk) + Z?Zl[F(k)]giyék) from the defini-
tion in (10), we see

T9h =7 ®) = 1 A - 2T A
_ IZyEk)TAj Z[F(k)]&,ygk) + Z[F(k)]&,ygk)TAj Z[F(k)]&,ygk)‘
=1 =1 =1
< @+IFPIDIFD)A]

11



from || Z?Zl[F(k)]giyék)H < [|[F®)||. Using the Weyl’s inequality for singular
values, we have

1.,
(A

v

[ N D | = [JW];;[?

1<7,5<n

ITOH = = Va2 + | FOIFS ZIIAeH2

= IO (1= a® (2 + | FO) P H)

v

We prove here that 1 — a®) (2 + |[F®|N)|F®)|| in the right-hand side is
positive. Since we assume (37), we have

1

1
FRj <= =

< min(1/36,1/18a")) (47)

for n > 2 and a'k) > 1. Hence, we see

LYE)

1= a® @+ [FOIFD ] 21— (2+1/36)/18 = 0.

Thus, we obtain (41) and

=

_1 o -1 J(k
707 < 17O (1 - a®2+ @ Ee) = 12

o (48)

Using the inequalities (46) and (48), we estimate the off-diagonal ele-
ments of F®) — F() corresponding to Af # A7 (1 <14,5 <n). Similarly to
(25), we have

[E®)]; — [F®)5)

\A*H[A(k)]w! + AP + | zg 1< FD eV A

from (34) and the second equation in (35). In addition,

|Z (k+1) — k)TAm()|

k+1 *
< Z\cé DA (1 + |F® )2
/=1

< @ IEWD?®D — el | > 1A (50)
/=1

12



Therefore, we have

[F®];; — [F®];5]
- 2[A || F®2 + (14 [[FE N2t — e*[|/Sp A2

B AT = A5l
* -1 n
_ 2AMFEBPE + Vel SO+ IFWD VI TAAR)
- X=X
= mings 3 - X L T=a® @+ [FO))[FD]

2] A%[(1 + o®)
— AW miniy; [N = A

IE®2,

where the first inequality is due to (49) and (50), the second inequality
is due to (46), the third inequality is due to (36) and (48), and the last
inequality is due to the definition of ) in (41). Using (44), (45), and

|F® — FO| < /55 [[FO]; — [FEO]512, we have

2n[A%]|(1 + o)

: FR)2.

|F® — O <
B

In view of (43), we obtain (39). We see (40) from Lemma 2. O

From (39) and (40) in the above lemma, it is easy to see that

* (k) (k)
B mlnA;‘;ﬁA;f ‘)‘z — )‘j|

If o) for k =0,1,... are fixed as in the situation where all the eigenvalues
are distinct, the asymptotic quadratic convergence as || F®)|| — 0 is obvious.
Otherwise, we require a rigorous analysis of {a(k)}zozo. For this purpose, we
show a key lemma to estimate an upper bound of {a(k)}zozo.

Lemma 4. Under the same assumptions as in Lemma 3, we have

(k)
(k+1) < @ . 51
e R ST Tl ol WP Tl (51
In addition,
3239
prim S G| < [P (52)

13



Proof. Let

Combined this with the estimation in (48) for X*®) = Y(®)(1 4 F()) we
have

B B _ _ ~1
JTEDTH < O (1 - a® @+ (GEDIGED]) L (53)

To estimate ||G**D||, we use the relations in Lemma 3:
X0 = y )1 1 qRD) = y kD) (1 4 plhtD).
which implies
GED] = [y 6~y B < [FED] 4 aE ) < gl (54

Therefore, noting (53) and the definition of a*) in (36), we obtain (51).
Moreover, we see (52) from

iy < (24 DO @+ FOD | pe
ety < (ZRIE el ey ) e
A (AT = A B
1 648 1 1
< (2. 2.1+ )+ =) ||IF®
- <9 575 ( +36)+36> | I

where the first inequality is due to (39), and the second inequality is due to
(37), (41), and (47), respectively. O

Using the above lemmas, we have the next lemma that states a crucial
relationship between F*) and a(¥).

Lemma 5. Let Ag,..., A, be real symmetric n x n matrices and \} <
- < AY be prescribed eigenvalues. Suppose that Algorithm 1 is applied to
X©) ¢ Rr*" - Moreover, suppose that there exist k and 'y(k) such that

min)\;¢)\; |AF — )\;‘|

0<~® < 1, R = k) ) 55
Then, we obtain
3p2 (k+1) (k) minysoys [A7 — A
=—=, ||F < p3 - : ! , 56

where p3 = 0.529 --- < 1.

14



Proof. Similarly to (47), we have
1

1 .
HF(k)H < ’Y(k) : n : m < ’Y(k) : mln(1/36, 1/1805(k))- (57)
From Lemma 4, we have
okt < ﬂ < @’
A

where ) and p; are defined in (41). It then follows that

1 1 1
a(k) +1 < 01 a(k-l—l) + 17
which implies
min/\;‘?ﬁ,\;ﬁ ’)\j — )\;‘ ,y(k‘) mil’l)\:#,\;ﬁ ’)\j — )\}k‘

k) . S .
18n[A*[[(1+a®) = pr 18n|A*||(1 + ak+D)

v

Therefore, noting (40), (52), and (55), we have

min)\ﬁg)\;_ A — )\;‘|
18n||A*||(1 + alk+1)’

|FGHD| < 3o F®) | < 2220
P

which shows (56). O

Using the above lemmas, we prove the quadratic convergence of the
proposed algorithm as follows.

Theorem 1. Let Ag,..., A, be real symmetric n X n matrices and A} <
- < Ay be prescribed eigenvalues. Suppose that Algorithm 1 is applied to
X e R I addition, F*®) (k= 0,1,...) are defined as in Lemma 1.
Moreover, for some k, suppose that F¥) satisfies (37). Then, we obtain

HF(kJrf)H < (3p2)€‘|p(k)” (¢=0,1,...) (58)
. || 2n||A*]|(1 + psa'®)

lim su <3 : +1], o9
troo [FRHO]2 itz |4} = A5 Y

where po is defined as in (52) and

73 1
= _— = 1 o
pa = oxp ( . p3> (= 1.309---)

for ps defined as in (56).
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Proof. Define v*+0) (¢ =1,2,...) such that

min)\*7g)\* )\* - /\*’
18n||A*|(1 4 alk+0)

HF(IH—Z)H _ ~k+0)

in the same manner as (55). Then, we see
YR < gty < pgf <1 (0=0,1,..)) (60)
from Lemma 5. Therefore, noting

1n,\*¢>\* |/\ — )\*‘
nfA*[[(1+ alk+9)

Fk+0) (=0,1,...
a2 ||_18 ( 1,.0)

and Lemmas 3 and 4, we obtain (58). In addition, we see

¢
P3
|FEO) < B oS OIpE) < B e=0,1,..) (61)

from (57) and (60). Hence, we have

g+ < o (k+0)

= 1— a0 (2 + 4)|GEHAD]]) - 4||GEHD |

< ak+0)

- 01— a(k+£)(2 + HF(k+£) H)HF(kH) I

— k0 (1 a(k+€)(2 + ||F(k:+é)||)HF(k+z)H
1= alFD(2 + [FGHD| 0]
648 1 1

< og® O (112222 9 Ty =

- < T Bt ge) 1

73 1— p3ttt
< oW fo 1Py
< a'exp <575 T s 7

where the first inequality is due to (51), the second inequality is due to
4|GHEHED || < |[FEHD)| from (52), and the third inequality is due to (41)
and (61), respectively. It then follows that

73 1 73 1
(k+0) < (k) 2. - — 1.
« <a exp< >, p<575 1—,03) 309

575 1-— pP3
for all £ =0,1,.... Therefore, using (39) and (40), we obtain (59). O

Here, we prove that there exist lim_,», ¥ #9 and limy_,oc X #**+9. From (54),
we see ||[Y(*k+0) — y(k+&41)| g quadratically convergent as £ — co. In other
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words, {||Y#+9||}22, is the Cauchy sequence, and hence there exists Y (>).
In addition, there exists X(*) from X*) =Y ®)(1 + F(*)) and ||F()| = 0.

Finally, noting the above convergence analysis, we show a simple exten-
sion of our result to inverse Hermitian eigenvalue problems. Let Ag, A1,..., A, €
C™ "™ be Hermitian matrices. The purpose is to find a real vector ¢* € R"
such that A(c*) has prescribed real eigenvalues. If we replace the trans-
pose with the conjugate transpose in Algorithm 1, this generalized version
can be applied to the above inverse Hermitian eigenvalue problems. How-
ever, we must note that, for any diagonal unitary matrix U, X*U is also an
eigenvector matrix; there is a continuum of X* even if all the eigenvalues
are distinct. Since this property is completely different from the real case,
below we analyze the details. For simplicity, let us consider the situation
where the prescribed eigenvalues are all distinct. As shown above, since X*
is not unique, E*) is not unique for a fixed X *) for any k. The lack of the
uniqueness is relevant the diagonal elements for E® given by

EWH | B _ xWHx (k) _

corresponding to (5), where the symbol H denotes the conjugate transpose.
It is easy to see that the diagonal elements for E*) are not uniquely deter-
mined in C. However, Algorithm 1 computes

(X®WHX®E) _ 1),

[FR);,; = 5 eR (62)

fori=1,...,n in line 3. Recall that we introduce Y'*) € {X*} in Section 2.
(k)

Analogously, for any x;”’ for ¢ = 1,...,n, we consider an optimization

problem:
min ||z — z"|| such that @} € C" with [|a}] = 1

for every i = 1,...,n. Similarly to the optimization problem in (12), the so-
Ek)HwEk) eR
foralli =1,...,n. Hence, for the eigenvector matrix Y(¥) = [ygk), .. ,y,(f)],
we introduce F*) as in Lemma 1. Note that the diagonal elements of F(*)
Z(k)Hach(-k) € Rforalli=1,...,n. Thus, we see that the gener-
alized version of Algorithm 1 computes F® approximating F'*) as in (62).
Therefore, the convergence results in Section 3 can be extended to the above
Hermitian case. Moreover, the above discussion can be easily generalized to
an arbitrary set of prescribed eigenvalues A7 < --- < A},

lution vectors ygk) (1 =1,...,n) of the above problems satisfy y

are real from y

4 Comparison with previous work

In this section, to clarify the strength of our convergence analysis, we first
review some previous work.
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More precisely, we discuss convergence analysis for various quadratically
convergent methods originally presented in [14, §2]; see [2, 3, 4, 5, 6, 7, 8] for
the details of their algorithm developments and the corresponding conver-
gence theory. All of the existing quadratically convergent methods require to
solve linear systems. The coefficient matrices J(X*)) € R™*" (k=0,1,...)
are defined as

X))y =T (k=0,1,...),

where X %) .= [azgk), e ,mg{)] for k=0,1,... are approximated eigenvector
matrices in the iterative methods. Hence, one may think

(X)) o= " A, S)l(lgllJ(X*)_lH

for the convergence analysis. However, in general, the above supremum does
not exist as shown in [14, §3.1]. Since the convergence proof is not easy due
to the above singularity of J(X™*) for some X*, the following inequalities

|J(X®N) Y <00 (k=0,1,...), limsup [|J(X®)™ < o0 (63)
k—o0

are always assumed for the proof of the quadratic convergence also in recent
papers [17, 18, 19]. One may think that the above conditions as in (63)
are not so restrictive because the set of the singular matrices are almost
surely avoided in the iterative process. In fact, the quadratic convergence is
usually observed in numerical tests even if multiple eigenvalues are present.
Hence, from the mathematical point of view, many efforts have been made
to remove the assumptions in (63) that must be satisfied automatically. For
example, noting that X*TA(¢*)X* = A* can be considered an overdeter-
mined system of equations, Friedland, Nocedal, and Overton proposed the
modified versions in [14, §3.2] applied to multiple eigenvalues. The idea is
to reduce the number of the specified eigenvalues depending on the num-
ber of multiple eigenvalues. The quadratic convergence is proved under more
natural assumptions in [14, §3.3] as in the problem where the specified eigen-
values are all simple, i.e., \] < --- < \};. However, one difficulty remains
as shown in [14, §3.2]. If some eigenvalues that are not specified are actu-
ally multiple, a tolerance parameter is required for avoiding the divergence
of |X®)| (k = 0,1,...). In addition, recall that the assumptions in (63)
cannot be removed for the proof of the quadratic convergence of unmodified
methods.

With such a background, we provide a different formulation for the proof
of quadratic convergence in the previous section. Intuitively, if X*) for some
k is close to some X* associated with J(X*) whose condition number is not
so large, then {X(k+€)}2§0 should converge to some neighborhood of X*.
From such a perspective, we first construct an ideal matrix Y*) ¢ {X*}
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depending on X*) as in Lemma 1. Next, we suppose that ||[F*)|, defined
as in Lemma 1, is sufficiently small compared with ||.J(Y*))~1| as in (37). In
other words, our convergence proof only requires the assumption on some k
as in (37), resulting in Theorem 1 that ensures quadratic convergence. This
formulation is the crucial strength of our convergence analysis. Note that,
if we assume (63), the quadratic convergence is immediately proved from
(39) and (40) in Lemma 3 without Lemmas 4 and 5 that state important
properties of |F®| and || J(Y®)~1|| for k =0,1,....

From the above mathematical discussion, one may notice that a concept
of relative generalized Jacobian matrices is introduced in [20]. On the basis
of the relative generalized Jacobian matrices, the quadratic convergence for
some existing algorithms is proved as follows. Let

D = {c € R" | Eigenvalues of A(c) are all distinct}.

In addition, let X*(¢) = [x](c),..., =} (c)] denote an eigenvector matrix of

A(c) for ¢ € D. Moreover, let [J*(¢)];; := z}(c)T Azl (c) forall 1 <i,j < n.
Then, the relative generalized Jacobian matrices in [20] are defined as

{J*:= lim J*(C(k)) with {c(k)}k:0,17,,, C D and (™ = c'}. (64)
k—o0
According to [17, 19, 20], quadratic convergence for some methods is proved
if all of {J*} are nonsingular, where such assumptions appear to be almost
surely satisfied.
The question then arises: in general, all of {J*} are nonsingular indeed?
The answer with mathematical rigor is not explicitly written in [20]. Alter-
natively, the following example is shown. To see the example, let

01

Ag=0, A =1, Ay = L .

],X{:A;:L

where the solution is ¢* = [1, 0]T. Obviously, D = {c € R? | c3 # 0}. Thus,
the relative Jacobian matrices {J*} are

1 -1 1 1
1 1 {1 —=1]f’
which are nonsingular.

To more deeply investigate the features of the relative Jacobian matrices,
let us consider the following inverse eigenvalue problem:

A0207A1:|:0 t:|7A2:|:1 0:|7)‘1:)‘2:07

where the solution is ¢* = [0, 0]T. If ¢+ = 1, the relative Jacobians are the
same as the previous example. Otherwise, D = {c¢ € R? | ¢ # ¢*}. Thus,
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for ¢ = [c1, 0] (c1 #0), {J*(c)} are

e ol bl 2

which implies that some relative generalized Jacobian matrices are singular.
Here, to consider any eigenvector matrix, let

o= [0 0= [0 0= la, 0
Noting

JH(Q) = ai A1q; gt Asqq]  [cos?(6) +tsin®(0)  2cos(f)sin(0)
T lq3A1gs gl Aags|  |tcos?(0) +sin?(0) —2cos(f)sin(0) ]

det(J*(Q)) = —2(1 + t) cos(#) sin(6).

If t = —1, then J*(Q) is always singular. Otherwise, in general, J*(Q) is
nonsingular, unless cos(#)sin(f) = 0 associated with ¢ = [c1, 0T (¢1 #
0). In other words, if we chose a vector ¢ = [c1, 2] (co # 0), J*(Q) is
nonsingular, and hence the convergence from such a direction c is expected,
even though some relative Jacobian matrices are singular as in (65). This
indicates that the above assumption for the relative Jacobian matrices {.J*}
in (64) might be too strong to ensure (63) for some fixed {X*)}%° Tt is not
required that all of {J*} in (64) concerning any sequence of {c¥)}r_o; .
are assumed to be nonsingular.

After all, from the mathematical point of view, the actual convergence
behavior should be verified using a distance between an approximate solution
X®) and some exact solution, such as Y *) € {X*} in the previous section.
In this sense, our convergence analysis is straightforward and convincing.
Theorem 1 ensures the quadratic convergence under the assumption on some
k as in (37) concerning X®)| Y(¥) ¢ {X*} and J*). Again we stress that
this formulation is the crucial strength of our convergence analysis.

5 Numerical test

In this section, we report a numerical result to illustrate the convergence
theory for the proposed algorithm. The following test was performed in
MATLAB. We used a typical problem in [14, Example 2], where the target
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Table 1: Convergence of ||F®)|| and ||c®) — ¢*||
FO e -
9.41E-02 1.22E-02
1.66E—-02 1.77E—02
4.29E-04 3.69E—-04
6.45E—07 6.63E—-07
1.15E-12 1.03E—-12

B w N — O

matrix A(c*) has multiple eigenvalues. First, let

1 -1 -3 -5 -6

1 1 -2 -5 17

1 -1 -1 5 18

1 1 1 2 0
V= 1 -1 2 0 1

1 1 3 0 -1

25 02 03 05 0.6
|2 —02 03 05 0.8

Next, we generate B = I + V'V that has 3 multiple eigenvalues \} = \5 =
A3 = 1. The other eigenvalues are all simple. In addition, let Ag = O, and
define A; fori=1,2,...,8 as

i—1
Ai = [B}“ezeZT + Z[B]”(GZGJT + ejeiT) (l = 1, 2, ey 8),
j=1

where e; are the ith columns of I € R8*® for i = 1,2,...,8. We suppose
c* =[1,1,...,1]T and use an initial guess ¢ = ¢* + ¢, where each element
of £ is chosen by a random number uniformly distributed between —10~2 and
10~2. Let the corresponding initial matrix X () be an eigenvector matrix of
A(e®), which is computed by the MATLAB build-in function eig.

The numerical result is displayed in Table 1. The quadratic convergence
can be observed in some neighborhood of the exact solutions.

6 Concluding remarks

In this paper, improving the latest algorithm in [1], we have derived the
new algorithm adapted to an arbitrary set of prescribed eigenvalues, and
then proved the quadratic convergence under a technical assumption. More
specifically, we have shown a straightforward and sophisticated approach to
multiple eigenvalues using the orthogonal Procrustes problem [15, §6.4.1].
Such an idea based on the polar decomposition is found in [16] that presents
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an efficient iterative refinement algorithm for symmetric eigenvalue prob-
lems. As shown in Section 4, it is worth noting that the quadratic con-
vergence is theoretically guaranteed under a natural assumption on some
iteration number k as in Theorem 1. It is a different formulation from the
previous work for the other quadratically convergent methods in the research
fields of inverse eigenvalue problems.
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